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ABSTRACT. We first consider pairs (N,7) where A is a closed connected
smooth manifold and 7 a nowhere vanishing smooth real vector field on
N that admits an invariant metric and show that there is an embedding
F: N — S§2N-1 c CN for some N mapping 7 to a vector field of the
form 7' = ’LZ;\LI T (zj% -7 %) for some 7; # 0.

We further consider pairs (N, T) with the additional datum of an involutive
subbundle V C CTN such that V+V = CTAN and VNV = spang 7T for which

there is a section § of the dual bundle of V such that (3, 7) = —i and
X{(B,Y) =Y (B,X)—(B,[X,Y]) =0 whenever X,Y € C®(N;V).

Then K = ker 8 is a CR structure and we give necessary and sufficient condi-
tions for the existence of a CR embedding of N (with a possibly different, but
related, CR structure) into S2Y =1 mapping 7 to 7.

The first result is an analogue of the fact that for any line bundle L — B
over a compact base there is an embedding f : B — CPV~! such that L is
isomorphic to the pullback by f of the tautological line bundle I' — CPN 1,
The second is an analogue of the statement in complex differential geometry
that a holomorphic line bundle over a compact complex manifold is positive if
and only if one of its tensor powers is very ample.

1. INTRODUCTION

Let .Z be the family of pairs (M,7) where N is a closed connected smooth
manifold and 7 is a smooth nowhere vanishing real vector field on N admitting an
invariant metric. An example of such a pair is the sphere S2Y~—1 ¢ CV with the
vector field 77 in formula (1.2) below.

We will show:

Theorem 1.1. Let (N, T) € F. Then there is a positive integer N, an embedding
F : N — CN with image contained in the sphere S*N =1, and positive numbers T
such that F,T is the vector field

al 0 0
T =34 § N _ %
(12) 2T (z 921~ c’)zj>'
Furthermore, no component function of F is flat at any point of N.

An element (N, 7) € .7 is like the circle bundle of a complex line bundle over
a closed manifold B (with 7 being the infinitesimal generator of the circle action),
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and the theorem is like the basic ingredient in the classification theorem for line
bundles. In our general setting, the orbits of 7 need not be compact.

Theorem 1.1 was stated without proof in [14] as Theorem 3.11. The fact that
no component of F' is flat was used there in an argument involving the Malgrange
Preparation Theorem. The complete proof is given here in Section 2.

The statement of our second result requires us recalling some terminology and a
few facts. Associated with any involutive subbundle W of T'A or its complexifica-
tion CTN there is a first order differential cochain complex on the exterior powers
of its dual,

o CRNGATW) = O WS AT
where the coboundary operator is given by Cartan’s formula for the differential. We
review this in more detail below. The complex is elliptic if and only if W+ W =
CTN (or =TN it W C TN), in which case W is referred to as an elliptic structure.

Let Zan be the set of triples (A, T,V) such that (N, T) € #,V C CTN is an
elliptic structure with V NV = spang T, and there is a closed section 3 of V* such
that (8,7) = —i. Closed means in the sense of the associated complex, that is,
DB = 0 where D refers to the coboundary operator of the induced complex:

(1.3)  V(BW)—W(B,V)—(B,[V,W]) =0 forall V, W e C®N;D).

If 3, B/ € C®(N;V*) are two sections as described, we say that 8 and 3’ are
equivalent if 8’ — 8 = Du with a real-valued function v and write B for the class of
B. Here Du means the restriction of du to V. Observe that necessarily 7u = 0.

Suppose that (N, T,V) € Z and that 3 is a section of V* as just described.
Let

Kg={veV:(B,v)=0}

Then Kg is a CR structure of codimension 1. Let g be the real 1-form that satisfies
(65, T) = 1 and whose restriction to K vanishes. Define

(1.4) Levig, (v,w) = —idfg(v,w), v, we Kgyp, peN;

K is the conjugate of Kg.
A map F : N = C¥ we be called equivariant if F,7 = T’ for some 7' of the
form (1.2).

Theorem 1.5. Suppose that (N, T,V) € Feon with dim N > 5. Fiz a class B as
described above. The following are equivalent:

(1) There is B € B and an equivariant CR immersion of N with the CR struc-
ture Kg into CN for some N.

(2) There is B € B and an equivariant CR immersion of N with the CR
structure Kgr into CV for some N with image in S*N~1.

(3) There is 8’ € B such that the CR structure Kg: is definite.

(4) There is 8’ € B and an equivariant CR embedding of N with the CR struc-
ture K,g/ into CN with image in S*N =1 for some N.

The implication (3) = (4) is like Kodaira’s embedding theorem of Kéhler man-
ifolds with integral fundamental form into complex projective space. This is ex-
plained in some detail the paragraphs following Example 1.7. The proof of the
implication relies on Boutet de Monvel’s construction in [4] of an embedding under
the same condition, strict pseudoconvexity; this is the only reason for the restriction
on the dimension of A in the hypothesis of the theorem.
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Concrete models of manifolds N/ with the structure described above are the
following.

Example 1.6. Let N/ = §2"+!1 ¢ C"HL| et

Then (N, T) € .Z, since T preserves the standard metric of S?"*!. Suppose all 7;
have the same sign. Let K be the standard CR structure of S?"*! (as a subbundle
of T®IC"*1 along S?"*1). Then T is transverse to K and V = K @ spang T is
involutive. Let 6 be the unique real 1-form on S?"*! which vanishes on K and
satisfies (0, 7) = 1 and let 8 = —iy*6 where 7: K — CT'S?"*! is the inclusion map.
Then (1.3) holds. Indeed, if V' and W are CR vector fields, then so is [V, W] since
K is involutive, and if V is CR then [V, T] is also CR, so (1.3) holds if V is CR and
W = T. Since (3, T) = —i, (N, T,V) € Ze1. The set of closures of the orbits of T
is a Hausdorff space, an analogue of complex projective space.

Example 1.7. Let B be a complex manifold, let £ — B a Hermitian holomorphic
line bundle, and let p : N'— B be its circle bundle. Define

(1.8) V={veCTN :p.vecT""B.

This vector bundle satisfies (1) and (2); the vector field 7 is the infinitesimal
generator of the standard circle action on N. Identifying N with the bundle of
oriented orthonormal bases of the real bundle underlying F, let  be the connection
form of the Hermitian holomorphic connection, a real smooth 1-form with (8, 7) =1
and L£70 = 0, where L1 is Lie derivative. Let ¢ : V — CTN be the inclusion map.
Using the dual map ¢* : CT*N — V*, let 8 = —it*f. Then $(B8,7) = —1 and
DB = 0; that 3 is D-closed is equivalent to the statement that @ corresponds
to a holomorphic connection. Adding Du to S with u real-valued and Tu = 0
corresponds to a change of the Hermitian metric.

In the context of Example 1.7, let KX = ker3; this is a CR structure. The
statement that Levig (as defined in (1.4)) is positive definite is equivalent to the
statement that the line bundle F — B is negative (Grauert [6], see also Kobayashi
[8, p. 87]), that is, the form w on B such that p*w = —idf is the fundamental form
of a Kéhler metric on B.

Kodaira’s embedding theorem [9] asserts that if B is compact and admits a
Kéhler metric whose fundamental form is in the image of an integral class, then B
admits an embedding into a projective space. The line bundle E — B associated
to such fundamental form is, by definition, negative, and its circle bundle with the
induced CR structure, strictly pseudoconvex. For any integer m let $H(B, E®™)
be the space of holomorphic sections of E€™. The proof of Kodaira’s existence
theorem consists of showing that for a suitable m (a negative number here), the
map sending the point b € B to the kernel of the map

H(B,E®™) 5 ¢ ¢(b) € EX™

defines an embedding ¥ : B — PH(B, E®™)*. We describe an interpretation of this
along the lines of the last assertion in Theorem 1.5. Fix a Hermitian metric on £
and use it to induce metrics on each of the tensor powers of E. For each integer
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m # 0, define p,, : SE — SE®™ by

PR...QD ifm>0
om(p) =197, . .
pPrR...ep* ifm<O0,

(Im| factors in either case) with p* € E7  such that (p*,p) = 1. A section ¢ of

E®(=m) is 3 map E®™ — C which in turn gives a map SE — C by way of the
formula

SE>p— fo(p) = (¢, om(p)) € C.

This map has the property that
d it . it
S Tole'p) = imfs(ep).

Conversely, any f : SE — F with this property determines a section ¢ of F®(=™)
such that f, = f. It is not hard to see that f, is a CR function if and only if
¢ is a holomorphic section. Suppose E — B is a negative line bundle. Suppose
m is so large that the map ¥ described above is an embedding. Let ¢q,...,¢N
be a basis of §(B, E~™). Then the map F : SE — CV with components fo; 18
an equivariant CR embedding, the assertion in part (1) of Theorem 1.5. In this
case, since F(e''p) = e F(p), the numbers 7; are all equal to m (here a positive
number). Kodaira’s embedding map consists of sending the point b € B to the
complex line containing F(SE}).

Theorems 1.1 and 1.5 are generalization of classical theorems about line bundles.
Other generalizations of classical results about line bundles to the contexts of these
theorems were given in [14] (generalizing classification by the first Chern class)
and [15] (concerning a kind of Gysin sequence). We point out, however, that
Theorem 1.5 applied to line bundles does not quite give Kodaira’s Embedding
Theorem because one cannot guarantee that the vector field 77 alluded to in the
statement about the embedding being equivariant has all 7; equal to each other. A
similar remark applies to Theorem 1.1.

The proof of Theorem (1.1), contained in Section 2, exploits an idea used by
Bochner [3] to prove analytic embeddability in R of real analytic compact man-
ifolds with analytic Riemannian metric. The rest of the paper is devoted to the
proof of Theorem 1.5. In Section 3 we recall some basic facts about involutive struc-
tures and their associated complexes, including some aspects of elliptic structures
(of which the subbundles V in the definition of .Z. are examples). In Section 4
we discuss the complexes relevant to this work. The presentation here is motivated
by earlier work on complex b-structures, see [12, 13] and [14, Section 1]. Section 5
is a preliminary analysis of the structure of the space of CR functions on N for a
given 5. This is used in Section 6 to prove that (1) = (2) (Proposition 6.9) and
that (2) = (3) (Proposition 6.11) in Theorem 1.5. The implication (3) = (4) is
proved in Section 7 (Theorem 7.1). This last section includes a result (Proposi-
tion 7.4) about a decomposition of the space of L? CR functions into eigenspaces
of L+. This can be interpreted as giving a global version of the Baouendi-Treves
Approximation Theorem [1], see Remark 7.14. The implication (4) = (1) is im-
mediate.
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2. REAL EMBEDDINGS

Suppose (N, T) € F and fix some T-invariant Riemannian metric g on /. Let
A denote the Laplace-Beltrami operator. Since L7g = 0, A commutes with 7.
It is of course well known that the eigenspaces of A are finite-dimensional and
consist of smooth functions. Since A commutes with 7, these eigenspaces are
invariant under —i7. The latter operator acts on these finite-dimensional spaces
as a selfadjoint operator (with the inner product of the L? space defined by the
Riemannian density), in particular with real eigenvalues. Let

Ern={0€CTN): —iT¢ =19, Ap = Ap}
and let
spec(—iT,A) = {(1,\) : & x # 0}.
The latter set, the joint spectrum of A and —iT, is a discrete subset of R2. Since
A is a real operator (that is, A¢ = A¢),

(2.1) (1,A) € spec(—iT,A) = (—7, ) € spec(—iT,A).

Note that the map F satisfies F,7T = T’ with 7’ given by (1.2) if and only
if its component functions f7 satisfy 7 f7 = ir;f7. This justifies using functions
in the spaces & as building blocks for the components of F. For each (7,)) €
spec(—iT,A) let ¢rxj, j =1,..., Ny, be an orthonormal basis of &- 5, so

{7, (1, A) € spec(—iT,A), j=1,...,N-x}
is an orthonormal basis of L?(N). To construct F we will take advantage of the
following two properties of the ¢, ;:
(1) for all py € N, CT;‘ON = span{d¢, » ;(po) : (1,A) € spec(—iT,A), j =
1, ey NT,)\};
(2) the functions ¢- x j, (1, A) € spec(—iT,A), j=1,...,N; , separate points
of V.

To prove the first assertion, suppose that the span of the d¢; x j(po) is a proper
subspace W of CT; N, and let f : N' — C be a smooth function such that df (po) ¢
W. By standard results from the theory of elliptic selfadjoint operators on compact
manifolds, the Fourier series of f,

N- A
(2.2) F= > > frajbrri

(rAes j=1

converges to f in C°°(N); here we used X to denote spec(—i7T, A). So

Nz a
df(po) = D D frajddra(po)

(T,A)ex j=1

with uniform convergence of the series. The terms of the series belong to W, a
complete space because it is finite-dimensional, so the convergence takes place in
W. But df (po) ¢ W, a contradiction. Thus in fact W = CT,; N as claimed.

The second assertion is proved by using the pointwise convergence of the series
(2.2) for a smooth function f separating two distinct points pg and p; to contradict
the supposition that ¢, ;(po) = ¢-,;(p1) for all values of the indices.

It follows from property (1) that there are (7%, Ak,J%), & = 1,...,dim N such
that the differentials at po of the functions f* = ¢, , ;. span CT;; N'. Then, if



6 GERARDO A. MENDOZA

v is a real tangent vector at pg, the condition df*(v) = 0 for all k implies v = 0.
The same property is true if some or all of the functions f* are replaced by their

conjugates. So replacing f* by Tk if 7, < 0 we get that the map

p= (f ) f N ()
has injective differential at pg (hence in a neighborhood of py) and components that
satisfy T f* = imp f* with 73, > 0, see (2.1).

By the compactness of N, there are smooth functions fl,..., fN such that
Tf* = irgf* for each k with 7, > 0, and such that the map F : N — cN
with components f* is an immersion. The origin of CV is not in the image of F.
Indeed, if there is pg such that fk(po) = 0 for all k, then Tfk(po) = irkf(po) =0
for all k, so T (pp) belongs to the kernel of dﬁ‘(po), a contradiction.

Since ||[F(p)| # 0 for all p, the map p — ||F(p)||"'F(p) is smooth and has
image in S2V-1. However, it may not be an immersion, since the differential of the
radial projection CNV\0 — S?V~1 has nontrivial kernel at every point: the kernel
at z € (CN\O is the radial vector R = 3, 2°0,« + z°0z.. To fix this problem we
augment F by adjoining the functions ( fk)zz redefine F to be

F= (Y N (P,

Then F is again an immersion. Moreover, for all p € N, R(F(p)) ¢ rgdF(p). To
see this, suppose v € Ty, N is such that

dF(v) = cR(F(po))
for some c¢. Then

<dfk7 U> = C.fk(p()) and <d<fk)271}> = c(fk<p0))27 k= 1a oo 7N-
Using the first set of equations in the second we get
(¥ (po))? = (d(f*)?, v) = 27* (po)(df*,v) = 2¢(F*(po))? for all k
so, since f¥(pg) # 0 for some k, ¢ = 2¢, hence ¢ = 0. Thus the composition of F

with the radial projection on S4N*1,
1 ~
Fo(p) = —=—F(p),
IE(p)l
is an immersion. Let No = 2:7§7 and let L ..., fNo denote the components of Fy.
Since T|f7|*> = 0 (because T f = ir; f7 and 7; is real), T f7 = ir; f7 with 7; > 0.
We will now augment Fjy so as to obtain an injective map. Let

Z ={(po,p1) €N x N :po # p1, fF(po) = f¥(p1) for all k}.

Since Fp is an immersion, the diagonal in A/ x A has a neighborhood U on which
the condition

(po,p1) € Uand Fo(po) = Fo(p1) = po =p1
holds. Thus Z is a closed set. Suppose (po,p1) € Z. By the second property of the
functions ¢, » ; there is f smooth such that 7f = irf and f(po) # f(p1). If the
latter happens, then also f(pg) # f(p1), so we may assume 7 > 0. With such f the

map
1
Fi:p— VRO |f(p)|2(F(p),f(p))7



TWO EMBEDDING THEOREMS 7

which has image in the unit sphere in CNo*!, separates py and p;. Indeed, if
F(po)/v1+|f(po)> = F(p1)/+/1+[f(p1)[* and
fPo)/v1+1f(po)l> = f(p1)/V1+[f(p1)?

then, since F(po) = F(p1) (because (po,p1) € Z), /14 [f(po)]> = /1 +[f(p1)]%,
so f(po) = f(p1) contradicting the choice of f. So Fi(py) # Fi(p1), and (po,p1)
has a neighborhood U such that (p,p’) € U = Fi(p) # Fi(p’). Using the
compactness of Z we get a finite number of maps Fi, ..., Fr, each mapping A into
the unit sphere in CNo+1, such that (pg,p1) € Z implies Fy(po) # Fu(p1) for some
£. Then, with N = Ny + (Ng + 1)L + 1,

F= \/LliH(FO,Fl,...,FL) ‘N — §ENAL
is an embedding whose components f7 satisfy T f/ = ir;f7 with 7; > 0, hence
F, T =T with T’ given by (1.2) as claimed.

That no component of the map F just constructed is flat at any point of N is a
consequence of the fact that these functions are constructed out of eigenfunctions
of a second order elliptic real operator (see [7, Theorem 17.2.6]). In particular, the
set {p € N :Vj F’(p) # 0} is dense in .

Remark 2.3. The last assertion of Theorem 1.1 was an essential component in the
proof of Proposition 3.7 used in [14].

3. INVOLUTIVE STRUCTURES

Let M be a smooth manifold. An involutive structure on M is a subbundle
of the complexification CT'M of the tangent bundle of M. We will briefly review
some facts in connection with such structures here and then discuss particularities
in the context of Theorem 7.1. For a detailed account of various aspects of such
structures see Treves [18, 19, 20].

Associated to any involutive structure W C CT M there is a complex based on
the exterior powers of the dual bundle:

(3.1) o C(MEATWY) 2 (M AT
Namely, if n € C*°(M; /\qW*) and Vp, ..., V, are smooth sections of W, then

(32) (a+ DOn(Vo,....Vy) = S (=1 Vin(Vo, ... Vyu... Vi)

J
Y (1 E(V VAL Vi Vi Vi V).

i<k
These satisfy
D2=0
and
(3.3) DAQ =DM A+ (1) AD(C)

if n € C®M;A\"W*) and ¢ € CO"(M;/\QIW*). For a function f we have Df =
cdf , where * : CT* M — W* is the dual of the inclusion homomorphism ¢ : W —
CT M. This just means that

(3.4) ®f,v)=vf
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ifvew.

The structure W is said to be elliptic if W + W = CT' M, the reason being that
the complex (3.1) is elliptic if and only if W is. If W is an elliptic structure, WNW
is the complexification of a subbundle of T'M; its integral manifolds are called the
real leaves of the structure.

Suppose W is an elliptic structure, By a theorem of Nirenberg [17] (a consequence
of the Newlander-Nireberg Theorem [16]), every point py € M has a neighborhood
U on which there are local coordinates

R N
such that, with z# = z# + izHT" W]y is the span of the vector fields
(35) 8217...785n,8t17...,atn.
Such a local chart (21,... 2", ¢!, ... t%) is called a hypoanalytic chart (Baouendi-

Chang-Treves [2], Treves [20]). The intersection of the real leaves and U are the
level sets of the function p — (z1(p),...,2"(p)). If U is connected and ¢ : U — C
satisfies ®( = 0, then ( is constant on the connected components of the real leaves
in U and a holomorphic function of the z#.

Lemma 3.6. Suppose that M is connected, let W C CT* M be an elliptic structure,
and let B € C°(M;W*) be D-closed. If ( : M — C is not identically zero and
D¢+ (B =0, then the set {p € M : ((p) = 0} has empty interior.

Proof. Let po € (71(0) and let (z1,...,2",¢!,...,t%) be a hypoanalytic chart cen-
tered at pg, mapping its domain U onto B x C where B is a ball in C™ with center 0
and C is the cube (—1,1)" C R*. We will show in a moment that thereis f: U — C
such that ® f = 5 in U. Assuming this, we have

D(ef() = ! (DC+ (D) = e/ (=¢B+¢B) =0
so e/ ¢ is a holomorphic function of the z#. Thus if the set ¢ ~1(0)NU does not have
empty interior then ¢ vanishes on U. A simple argument using the connectedness
of M then leads to the conclusion that if the interior of (71(0) is not empty, then
( is identically 0.
To complete the proof we show that 3 is exact on U using a well-known argument.
Over U, the sections D z#, Dt/ of W* form the frame dual to the frame (3.5) of W.

Writing
B=> 327+ 8D
p=1 7j=1

we have
5@/ 5@ 3@ 0By~ - ;
D=3 (5o~ 50)07 ADZ +ZZ@—W )DE A D
p<v p=1j=1
0Bx  0B;

e AN .
+§(ata ot Ot AD

From the condition ®8 = 0 we derive the existence of a smooth function g such
that dg/0t? = j3; for each j. Then
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is again D-closed, and consequently the coefficients of 5’ are independent of the .
We may then view ' as a (0, 1)-form, and as such it is 0-closed. Since B is a ball,
there is h(z) such that 0h = ', and it follows that 5 =D (g + h) in U. O

We end our discussion of general elliptic structures with the following observa-
tion:

Lemma 3.7. Suppose that M is compact and connected. If ( : M — C solves
D¢ =0, then ¢ is constant.

Proof. Let py be an extremal point of |¢|. Fix a hypoanalytic chart (z,t) for V
centered at pg. Since D¢ = 0, {(z,t) is independent of ¢t and 9+ = 0. So there is
a holomorphic function Z defined in a neighborhood of 0 in C™ such that ( = Zo z.
Then |Z| has a maximum at 0, so Z is constant near 0. Therefore ¢ is constant,
say ((p) = ¢, near pg. Let C = {p: {(p) = c}, a closed set. Let p; € C. Since p; is
also an extremal point of (, the above argument gives that ¢ is constant near pq,
therefore equal to ¢. Thus C' is open, and consequently ( is constant on M. O

4. UNDERLYING COMPLEXES

Fix (N, T,V) € Zy, that is, (N,T) € .#, V c CTN is an involutive elliptic
subbundle with VNV = spanc T, and there is a global section 3 € C°°(N; V*) such

that
EL) <67T> = 77:;
(4.1) b) 5 — 0

where D refers to the coboundary operator of the induced differential complex on
| Z
(4.2) S CRWGATYY B oW AT

In addition to the complex (4.2), which exists independently of 3, there is another
complex on A induced by 3, namely let

Kg={veV:(B,v)=0}
Indeed, ks is involutive: For if V and W are sections of Kg, then by (3.2),

which vanishes by property b) above and because (3, V) = (3, W) = 0. Now, Kz is
a CR structure: KgNKg = 0. To see this, suppose v € KgNKg. Then in particular
v EVNV, s0v=cT for some c¢. Thus 0= (B,v) = (B,cT) = ic, hence v =0. We
will write 9y for the coboundary operators of the complex

o O ATR) = O W ATTIR ) =

Occasionally there will be two such complexes involved, determined by sections (3
and 3. We will not distinguish this in the notation.

There is a third complex associated with V and 3, in which the terms of the
cochain complex are those in (4.2), but the coboundary operator is

(4.3) Dy(0)p =Do+ioBAg, ¢ CN; ANV
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with a fixed o € C. That Dy41(0)Dy(c) = 0 follows immediately form the corre-
sponding property for D together with b) in (4.1). This complex is, again, elliptic.
Write H%(U) (N) for the cohomology groups and let

spec!(D) = {0 : H%(J)(N) # 0}.
Lemma 4.4. The cohomology groups H%(G)(J\/) are finite-dimensional for each
o € C. For each q, the set spec?(D) is closed and discrete, in fact

{o € spec?!(D): —a < o < a}
is finite for each a > 0.

Proof. Fix a T-invariant metric g on N for which g(7,7) = 1. It determines a
metric on V, hence on the various exterior powers of V*. We use these metrics
and the Riemannian measure to give an L? inner product to each of the spaces
C>®(N; \'V*). Let

_* g+1554 A 9yx
D (o) : C¥N;AT V) = C=(W; AV

denote the formal adjoint of D,(7); it depends holomorphically on o. Define
Oy(0) = Dy(0)Dy(0) + Dy-1(0)Dy_y(0).

This is a family of elliptic operators depending holomorphically on . Since O, (o)
is elliptic (because the complex is) and N is compact, this is a Fredholm family.
Furthermore, if (0, (c0)) denotes the principal symbol of O, (o) and ||3|| denotes
the pointwise norm of 3, we have that

o(0)(€) + 0 [18]*1
is invertible at every point & € T*A and every o € C with estimates

2 2\ —1 < C
H(”(Dq)(g)"‘g 181l I) ” = €2+ |o]2
with uniform C for arbitrary £ and o such that |So| < a (C depends on a) because
I8]] is nowhere zero. This estimate implies that for each a > 0 there is b such
that Oy (o) is invertible if |So| < @ and |Ro| > b. Since O,(0) is a holomorphic
Fredholm family, the intersection of

Y, ={0o € C:0,(0) is invertible}
with any horizontal strip {¢ € C : |So| < a} is finite. We now show that the

analogous statement holds for spec?(D). Let

Gylo) : L*(NEY) — H* (N Ef))
be the inverse of O4(0), 0 ¢ ¥,. The map o0 — G,(0) is meromorphic with
poles in ¥,. The operators J,(c) are the Laplacians of the complex (4.2) with

the coboundary operators (4.3) when o is real. Thus for o € R\(spec, r(0,) U
specy, or(0g+1)) we have

5q(g)gq(U) = gq-i-l(a)ﬁq(a)a 5q(U)*gq-ﬁ-l(U) = gq(o)ﬁq(a)*

by standard Hodge theory. Since all operators depend holomorphically on o, the
same equalities hold for 0 € R = C\(X, U 3y41). It follows that

D, (0)Dy(0)Gq(0) = G4(0)D, () Dy ()
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in . By analytic continuation the equality holds on all of C\X,. Thus if gy ¢ X,
and ¢ is a D,(0g)-closed section, D,(0g)$ = 0, then the formula

¢ = [D(00)Dy(00) + Dy—1(00)D;y_1(00)]Gy(00) 6
leads to
¢ = Dy-1(00)[D,_1(00)Gq(00)¢]-

Therefore oo ¢ spec?(D). Thus spec!(D) C X,,. O
Remark 4.5. The argument concerning the poles of the inverse of O,(o) is ex-
tracted from a related problem in the analysis of elliptic operators on b-manifolds,
see Melrose [11]

Later we will allow replacing the section 8 by an equivalent section in the fol-
lowing sense.

Definition 4.6. Two smooth sections 3, 8’ of V* satisfying (4.1) are equivalent if
B' — = Du for some real-valued function u. The class of § is denoted S.

Lemma 4.7. Suppose 3, 8 are equivalent, let D(o), 5/(0) be the associated oper-
ators. Then

q ~ 74
Hﬁ(a)(N) ~ Hf’(a)

(N)

for all ¢ and o. Consequently spec?(D) depends only on the class of B.

Proof. There is u real valued such that 3’ = f+Du. Using (3.3) and Dei”* = ¢/““Dy
we see that

D WAV 2D e AT s

(4.8) eo | e |

D oW AT 2 o N

is a cochain isomorphism for any o. O

5. CR FUNCTIONS

We continue our discussion with a fixed element (N, 7,V) of .. and section 3
of V* satisfying (4.1). The section 3 gives a CR structure Kz = ker 3 and operators
D(0) defined in (4.3).

The one-parameter group of diffeomorphisms generated by 7 will be denoted by
t — a;. We write O), for the orbit of 7 through p. The integral curves of 7 need
not be periodic, i.e., the orbits need not be closed.

Lemma 5.1. A distribution ( € C~°°(N) solves D(c)¢ = 0 if and only if it is a
CR function and satisfies

(5.2) T¢C+o(=0
If D(0)¢ = 0, then ( is smooth.

Proof. Since V = Kz @ span T, the statement that D¢ +io 3¢ vanishes is equivalent
to

(D¢ +io¢B,v) =0V e Kg and (D¢ +ioB¢,T) = 0.
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In view of Part a) of (4.1), and since (8,v) = 0 and (D¢, v) = (Op(,v) if v € Kg,
these statements are equivalent, respectively, to

O¢=0 and T(+o(=0

as claimed. That ¢ is smooth if @(U)sz 0 is a consequence of the complex (4.2)
being elliptic (the principal symbol of D(o) on functions is injective). O

The space of smooth CR functions, Cg% (N) = C°°(N)Nker dp, is a ring. We will
see that C&% (N) decomposes as a direct sum of the spaces ker Dy(0), o € spec’(D).

Lemma 5.3. The set spec’(D) C C is a subset of the imaginary azis and an addi-
tive discrete semigroup with identity. If spec®(D) is not a group, then spec’(D)\0
is contained in a single component of iR\{0}.

Proof. That spec’(D) is discrete is a consequence of Lemma 4.4. Suppose o €
spec’ (D) is not zero and let ¢ be a nonzero function that satisfies D(0¢)¢ = 0; such
¢ exists precisely because og € spec’(D). Furthermore, ¢ is bounded because it is
smooth and N is compact. By Lemma 5.1, ((a;p) = e~ 9°'((p). So |e~7°(p)]| is
bounded. Since ( is not identically zero, there is p such that ¢(p) # 0. Thus |e~7°¢|
is bounded, hence Rog = 0.

Since D1 = 0, 0 € spec®(D). Let oy, 0o € spec’(D), and pick nonvanishing
elements (! € H%(Ul)(J\/)7 % e H%(U2)(N). Since

D(¢'¢?) = ¢*D¢ + ¢D(C?) = —i(o1 + 02)¢ %8,
(% e H%(01+02)(N) which by Lemma 3.6 is not identically 0 (since neither of (!,

¢?%is). Thus oy + 02 € spec’(D).

Suppose now that spec’(D) has elements in both components of C\R and let o
be the element with smallest modulus among the elements of spec®(D) with positive
imaginary part, and let o_ be the analogous element with negative imaginary part.
If o =04 +0_ #0, then either So > 0 and |o] < |o4| or So < 0 and |o| < |o_].
Either way we get a contradiction, since o € spec®(D). So o_ = —o . In particular,
moy € spec’ (D) for every m € Z. If o € spec®(D) is arbitrary, then there is m € Z
such that |0 — mo,| < |o,|. Consequently o —mo, = 0. Thus spec®(D) = 0,7,
a group. Therefore, if spec’(D) is not a group, then spec®(D)\0 is contained in a
single component of C\R. O

Thus the space

@ H%(U) (N)7

o€specO (D)

is a subring of C&; (N) graded by spec’ (D).
The spaces H%

(o) (N) are particularly simple when spec’(D) is a group.
Proposition 5.4. Suppose that spec®(D) is a group. Then all cohomology groups
H%(J)(N), o € spec®(D), are one-dimensional, and all their nonzero elements are
nowhere vanishing functions.

Proof. The dimension of H%(O)(N ) = HZ(N) is 1, since this space contains the
constant functions, and only the constant functions by Lemma 3.7. If spec’(D) =
{0} there is nothing more to prove. So suppose spec’(D) # {0}. Pick a generator
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o1 of spec’(D) and a nonzero element 1 € HO( )(N) If o € HO( )(./\/) is
a nonzero element, then 17’ is not identically zero (Lemma 3.6) and belongs to

HS (N). Therefore nn’ is a nonzero constant. Thus 7 vanishes nowhere and 7*

D(0)

belongs to HD(k )(N) for each k € Z. If ¢ € H. D(k )(./\/), then (n~F is a constant
¢, so ¢ = cn®. Thus each group HZO) (ko )(./\/ ) is one-dimensional and its nonzero
elements vanish nowhere. O

As a consequence of the proof we get

Corollary 5.5. Suppose that spec’(D) is a group. If (7 € HO N), 7 =1,2,

;)
then d¢' and d¢? are everywhere linearly dependent.

If dim N = 1, then NV is a circle and spec®(D) is a group. Somewhat less trivially:

Example 5.6. Let B be a compact complex manifold, let £ — B be a flat line
bundle; the holomorphic structure is the one for which the local flat section are
holomorphic. Pick a hermitian metric and let N be the circle bundle, with the
usual structure as in Example 1.7. If some power E™, m # 0, is holomorphically
trivial, then with the smallest such power, mg, we get that spec®(D) = imoZ. If no
such m exists, then spec’(D) = {0}.

6. CR maps INTO CV
We now analyze maps N — CN\0.

Proposition 6.1. Suppose that there is a map F : N'— CN\0 whose components
¢ satisfy

(6.2) D¢ +io;¢PB =0

with all the o; in one component of iR\{0}. Then there is u: N'— R smooth such
that the map F : N — CN\0 with components CJ = eI has image in SZN L.

Proof. Let s; = —S0; and define g : Ry x (E+ \0) = R by
N
glpyts o yN) =D py
=1

Since all s; have the same sign, 9,9(p,y) does not vanish. If the s; are positive,
then for fixed y, g(p,y) — o0 as p — 0 and g(p,y) — 0 as p — co. An analogous
statement holds if all s; are negative. So for each y € R 4 \0 there is a unique
positive p(y) such that g(p(y),y) = 1, and p(y) depends smoothly on y. Define
f:N = Rby f=p(¢?...,|¢"V|?). The function f is well defined because the
¢7 do not vanish simultaneously, is positive everywhere, and satisfies

N
(6.3) DR =1
j=1
By Lemma 5.3, o; = is; for some real number s;. The identity 7¢/ = —o;¢7 gives

¢ (ap) = e "' (p) so
(6.4) TIP =0
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Applying T to both members of (6.3) and using (6.4) gives
N .
—2f 7Y s fTIPT =0,
j=1

The function Zjvzl $;f72%|¢7]? vanishes nowhere, since all the s; have the same
sign. Thus 7 f = 0, and with u = log f we also have

(6.5) Tu=0.
Define (7 = e~"75"¢7. Then (3|2 = f725|¢7 2, so by (6.3) the map F : N — CN\0
with components ¢/ has image in S?N~1 O

With the notation of the proof let 8/ = 3 + Du. Thus ﬁﬁL = 0 and because of
(6.5), also (', T) = —i. Thus B’ is an admissible section of V*. The functions ¢’
satisfy
(6.6) D¢ +i0;¢7 8" = 0.

Therefore, by Lemma 5.1, they are CR functions with respect to the CR structure
Kgr. Thus F : N'— S?N~=1is a CR map (as was F but for the CR structure defined

by f).
Using (6.5) in (6.6) gives

T —imld =0
with 7; = —s; (they all have the same sign). Therefore

E.T(p)=T'(F(p))

where
N

(6.7) T =iy 7w Oy — W Oy)
j=1

using w', ..., w" as coordinates in C.

Suppose that ¢ vanishes nowhere and solves D¢ + iog( 3 with oo # 0. Applying
Proposition 6.1 we may assume that || = 1 after a suitable change of 8 (in this
case this just means that ¢ is replaced by (/|¢| and 8 is changed accordingly). The
following is analogous to the situation of the circle bundle of a flat line bundle, see
Example 5.6.

Proposition 6.8. Suppose ¢ : N' = S solves DC + ioo(3 = 0 with o9 # 0. Then
¢ is a submersion whose fibers are complex manifolds.

Proof. Since ¢ vanishes nowhere and o¢ # 0, T¢ # 0 everywhere. Thus ( is a
submersion. Since ¢ is CR with respect to K, v¢ = 0 if v € K. Since ¢ is nowhere
0, also v(1/¢) = 0 if v € Kg. But 1/¢ = (. Thus v is tangent to the fibers of
¢: the CR structure Kz is tangent to the fibers of ¢, and can be viewed as the
(0, 1)-tangent bundle of a complex structure. O

The case dim N = 1 is trivially included in Proposition 6.8. On the other hand,
we have

Proposition 6.9. Suppose that dimN = 2n +1 > 1 and that F : N' — CV is a
map whose components (7 satisfy (6.2) with oj # 0. Suppose further that at every
p €N, n+1 of the differentials d¢’ (p) are independent. Then
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(1) spec®(D)\O is contained in one component of iR\{0};
(2) 0 is not in the image of F.

Let F: N — S2N=1 pe the map n Proposition 6.1. Then
(3) for each p, n+ 1 of the differentials dci (p) are independent.

Proof. Since dimspand(? > 1, Corollary 5.5 gives that spec®(D) is not a group, so
spec?(D)\0 is contained in one component of iR\{0} by Lemma 5.3.

To show that the image of F' does not contain 0 we show that for every p € N
there is jo such that 7¢%(p) # 0. Since T¢% = —0;,(%(p) and o, # 0, we
conclude from 7¢%(p) # 0 that ¢7°(p) # 0.

Let then p € N and suppose that the differentials d¢’(p), j = 1,...,n + 1,
are independent. The restrictions to the fiber Kg, of these differentials vanish,
so they give n + 1 independent linear functions on the (n + 1)-dimensional vector
space CT,N /Kg,. The image of T(p) in this quotient is not 0, so for some jo,
T¢%0(p) # 0. Thus the image of F' does not contain 0. This and the fact that the
o; lie in one component of {R\{0} allow us to apply Proposition 6.1.

Let then u : N' — R be the function in Proposition 6.1. Suppose again that
d¢t,...,d¢" ! are independent at p and T¢"*(p) # 0. Let ¢7 = e~i%(J. Then
also T (p) # 0. The 1-forms

; T .
¢’ — TC”*ldC tli=1,...n
are independent at p and a brief calculation gives that
9 Té:] e —ioju 7 TCJ 7 .
(6.10) d¢? — deﬁ“ =e % (d¢? — TC”Hdg”“), j=1,...n

so these n differential forms are also independent at p. They all vanish when paired
with 7. Furthermore, since ¢("t(p) # 0, T¢"H(p) # 0. So the differential forms
(6.10) together with d¢™*! are independent at p. a

The differentials of the component functions of both F and F' are independent
over C. Since they are CR function, this is equivalent to F' and F being immersions.

The following result is similar to the statement in complex geometry asserting
that very ample holomorphic line bundles are ample.

Proposition 6.11. Let F : N' — CV be an immersion with image in S*N~1,
N > 1, and components (’ that satisfy (6.2). Then the Levi form of the CR
structure Kg is definite.

Proof. Let 05 € C*°(N;T*N) be the 1-form which vanishes on K3®K 5 and satisfies
(0, T) = 1. Define the Levi form with respect to 0z as

Levig, (v, w) = —idfg(v, W), v, we Kgy, peN.

In this definition we switched to the conjugate of Ks to adapt to the traditional
setup. Give S?2V~1 the standard CR structure K as in Example 1.6, let 7' be the
vector field in (6.7) and let ¢’ be real 1-form which vanishes on K and satisfies
(0',7") = 1. Then F*¢ = 63, since F is a CR map and F,T = T'. The Levi
form Levig: is positive (negative) definite if the 7; are positive (negative). Let
v, w € Kgp. Then —idbg(v,w) = —id’(Fiv, Frw). Since F is an immersion,
(v,w) = —idf'(F.v, F,w) is nondegenerate with the same signature as Levig:. [
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Propositions 6.9 and 6.11 give (1) = (2) and (2) = (3) in Theorem 1.5.

7. CR EMBEDDINGS

Boutet de Monvel [4] showed that if A is a compact strictly pseudoconvex CR
manifold of dimension > 5 then there is a CR embedding F' : N' — CN for some
N. The proof of the following theorem, a version of the assertion that ample line
bundles are very ample, takes advantage of this and, as mentioned already, an idea
of Bochner [3].

Theorem 7.1. Suppose that (N, T,V) € Fey with dim N > 5 and that 3 is a
smooth D-closed section of V* such that Kg has definite Levi form. Then there is
B' € B (see Definition 4.6) and a CR embedding F : N — S*N=1 C CN of N with
the CR structure Kg: such that, with w',... wY denoting the standard coordinates
in CN
F.T = iZTj(wjawj —@j%;‘)
J

for some numbers 7;, 7 =1,...N. The 7 are all positive or all negative depending
on the signature of Levig, .

Let j%ob (N) be the subspace of L?(N) consisting of CR functions. If the Levi
form of K is definite, as in the theorem, the space %%2 (N)NC>(N) is infinite di-
mensional. Boutet de Monvel’s proof of his embedding theorem consists essentially
on proving that

(a) ffr all po € N, span{df(po) : f € %%l(/\ﬂ N C>®(N)} is the annihilator of
Kp in CT; N;
(b) the functions in %%Ob (N) N C>(N) separate points of N.
The embedding map is then constructed taking advantage of these properties. In
the present case we also wish (7.1) to hold, so in addition the component functions
¢7 of F should satisfy £7¢7 = i7;¢; with all 7; of the same sign. We will therefore
prepare for the proof of Theorem 7.1 by exhibiting a decomposition of %%O (N),
b —
more generally without assumptions on the Levi form, a decomposition of the 0,
cohomology spaces in any degree, into eigenspaces of —i7 .
We begin with the following two lemmas whose proofs are elementary.

Lemma 7.2. If o is a smooth section of the annihilator of V in CT*N, then
(Lra)ly = 0. Consequently, for each p € N and t € R, da; : CT,N — CTy, (z)N

maps Vy, onto Vg, (p)-

It follows that there is a well defined smooth bundle homomorphism aj : /\qV* —
N'V* covering a_;. In particular, one can define the Lie derivative L1 ¢ with respect
to T of an element in ¢ € C°(N; A’V*). The usual formula holds:

Lemma 7.3. If ¢ € C®(N;A\"V*), then L7¢ = irD¢ + Diy¢, where it denotes
interior multiplication by T. Consequently, for each t and ¢ € C>®(N; /\qV*),
Dajf¢ = a;De.

In particular, it follows from (4.1) that £L78 = 0. Let g and the Levi form

Levig, be defined as at the beginning of the proof of Proposition 6.11. If Levig, is
either positive or negative definite (as in the hypothesis of Theorem 7.1) we may
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use it to define a Hermitian metric on Kg and extend it to V so that 7 is a unit
vector field orthogonal to Kz. Lemma 7.3 gives that £73 = 0, so K, 6, hence also
Levig, are all T-invariant, h is T-invariant. This metric gives an obvious metric
on Kg & Ks @ spang T which in turn gives a T-invariant Riemannian metric on N/
giving a T-invariant positive density on N.

In the general case where there is no assumption on the behavior of Levig, we first

construct a 7-invariant Hermitian metric on K/g as follows. Fix some 7 -invariant
metric g on NV, let H = (Kg + Kg) N TN and define

1
g(v7w)=i(g(um)—f—g(Jva)), u, v € Hp, peEN

where J is the complex structure on H for which the (0,1) subbundle of CH is
Kg. Since g(Ju, Jv) = g(u,v), there is an induced hermitian metric h on K. Now
define the rest of the object as was done in the previous paragraph.

Use the metric & (extended to each exterior power A*V*) and the Riemannian
density to define L?(N; /\qV*) and the formal adjoint operators 5:. With these,
construct the Laplacian [y 4, in each degree. This operator commutes with L.

Let 75 (N) be the kernel of 0, 4 in L2(N; ATV,

A (N) = {9 € L*(V; AK) : Oy 40 = 0},

In each degree, the operator —iLy, viewed initially as acting on distributional
sections, gives by restriction an operator on J%q (N) with values in distributional
b

sections in the kernel of Dyq. Let
Dom(L7) = {¢ € 5 (N) : —iLr¢ € LAN;A'V*)}
Thus L7¢ € %%qb(J\f) if ¢ € ji%i(]\/)
Proposition 7.4. The operator
(7.5) —iLy : Dom(L7) C J%qb(./\/) — J%qb(./\/),

is Fredholm selfadjoint with compact resolvent. Hence spec(—iLy) is a closed dis-
crete subset of R and there is an orthogonal decomposition

W= B AW

TEspec(—iLlT)

where

AL (N) = {6 € HLWN) : ~ilyd =76},

Oy,

It is immediate that (7.5) is densely defined.

Proof. The operator Oy , — E%— is a nonnegative symmetric operator when viewed
in the space of smooth sections. Furthermore, it is elliptic. To see this let ¢ : K[g —
CTN be the inclusion map. The kernel of dual map * : CT*N — V* intersects
T*N (the real covectors) in exactly the characteristic variety of Kg, the span of the
form 6. The principal symbol of 9, at &€ € T*N is @(0y)(€)(¢) = i(L*€) A b, so just
as for the standard Laplacian, o(0p 4)(€) = ||t*(€)]|?] where the norm is the one
induced on V* by that of V. So @(0p)(£) is nonnegative, and vanishes to exactly
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order 2 on CharKg. The principal symbol of —£% is a(—L%)(€) = ((¢,T))%I,
hence o(—£%)(£) is positive when £ is nonzero and proportional to . Thus

o(Oh.q — L7)(€)

is invertible for any & € T*A\0. This analysis also leads to the conclusion that
Dom(L7) is a subspace of the Sobolev space H'(N; A"V*).

Using ellipticity and that Oy , — £27 is symmetric we deduce the existence of a
parametrix B so that

B(Oyg— £3) = Oy~ L3)B =111,

where II is the orthogonal projection on H = ker((J ; — 527), a finite dimensional
space consisting of smooth sections. The operator

B: L*(N;N'V*) — LAV ATYY)
is pseudodifferential of order —2, selfadjoint, and commutes with £, hence with
Op.4. In particular, it maps ker [, , into ker [, 4, that is, %%qb(./\/') into itself. If
¢ € H, then

190811 + 05 611% + 1£76]1 = 0,
so ¢ € c%%q(N') and L7¢ = 0. In particular, H C ,%%i(./\/) and we may view
the restriction of II to %%i(/\/) as a finite rank projection %%i(]\/') — c%%qb(/\/‘)
(mapping into Dom(£L7)). Suppose ¢ € Dom(L7). Then

(7.6) [B(—iLr)l(—iLy)¢ = —BLr¢ = B(Opg — L7)¢ = ¢ — 119

using that Dom(L7) C e%%‘i(./\/‘) Since B commutes with £, we may write the
equality of the left and rightmost terms also as

(7.7) [—iLr B(~iL7)6 = 6~ 116, &€ Dom(Ly).

If ¢ € %%‘Ib(./\/'), then B¢ € (%%i(f\/) N H2(N; A"V, so

BLr € A5 (N) N H (N AV*) € Dom(Lr)
Thus if
7 L2(NGAY) = L2V;ATY), o A (N) = L*(NE)
are, respectively, the orthogonal projection on %%qb (N) and the inclusion map, then

(7.6), (7.7) give that S = —iw Ly Bt is a parametrix for (7.5), compact because LB
is of order —1.
We now show that Dom(L7) is dense in %%i (N). Lety € j%qb (N) be orthogonal

to Dom(L7). If ¢ € %%i(./\/') then BL7¢ € Dom(L7), so (BL1¢,1) = 0. Since

(BL1¢,¥) = (¢, LTBY)
and ¢ is arbitrary, we conclude that £+ By = 0. Thus also E%—Bw = 0, hence
(Op,g — £2) By = 0. Consequently ¢ = ITtp, hence ¢ € Dom(L7). Therefore 1) = 0.
Thus (7.5) is a densely defined operator.
Finally, to prove selfadjointness of (7.5) we only need to verify that its deficiency
indices vanish. This can be accomplished as follows. Suppose

B\)(Opy — L5 - XN) =1.
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This formula can be viewed as holding in the Sobolev space H'(N;AV*), and
gives
B\)(—L% = X)¢ = ¢, ¢ € Dom(Ly)
since Dom(L7) € HY(N; A"V*). Writing this as
[BA)(—iLr + N(—ilr —N)¢ = ¢, ¢ € Dom(Lr)
and using that [B(A)(—iL7 + A)] commutes with (—if3 — ) we see that the

resolvent set of (7.5) contains C\R.
This completes the proof of the proposition. O

The proof of Theorem 7.1 will also require a rough Weyl estimate. The main
ingredient is:

Lemma 7.8. Let {¢;},;cs be an orthonormal basis off%q (N) consisting of eigen-
b
vectors of —iLr, ¢; € é%q . (N). Then there are positive constants C' and j such
bsTj
that

(7.9) o) < CA+|mD)"  forallpe N, jeJ.

If ¢ € C®(N; /\QV*), then for each positive integer N there is Cn (depending on
) such that

(7.10) (¥, 0;) <On(L+ 7)Y for all j.

Proof. The proof is similar to that of the analogous statement for elliptic selfadjoint
operators. The ellipticity of [ 4 — E%— gives the a priori estimates

16134 < Corm(I0,00 — L74IIZ + 1012), & € H™ (N E)

for any s. Replacing ¢; for ¢ gives

951342 < Cora(llmi o512 + 6512),
that is,

1951342 < Cora(1+ |75l 13-
By induction, there is, for each k € N, a constant C}, such that
313 < Ci(L+ I751)* 105113

With k large enough the Sobolev embedding theorem gives
(7.11) 161 < CA+Im1 llgsll5  forall j €7

with some constant C. This proves (7.9), since ||@;][o = 1. To prove the second
statement let ¢p € C*°(N; E) and pick an integer N. Then

731715, ) = 1(LF 65, 0)] = (65, LT )] < lI65]l0 LT I-
Then (7.10) follows, since ||¢;]lo = 1. O

The estimates (7.11) can be used as in an argument of W. Allard presented in
Gilkey [5, Lemma 1.6.3], see also [10, Proposition 1.4.7], to prove:

Lemma 7.12. There are positive constants C' and p such that

dm € &, <O

ToEspecy (—iLlT)
|To|<T

This and the estimates (7.10) give:
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Lemma 7.13. Let {¢;},es be an orthonormal basis of,%%i(./\/') consisting of eigen-
vectors of —iLy. If ¢ € %%qb(J\/') NC>®(N; E), then the Fourier series

V= (1,69

j€d
converges in C°(N; E).
Of course these lemmas are of interest only when %%q (N) is infinite dimensional.
b

Remark 7.14. Suppose N with the CR structure Kz is nondegenerate. Let
{de}72, is an orthonormal basis of %%i (N) consisting of eigenfunctions of the op-
erator (7.5). Using an invariant positive density to trivialize the bundle of densities
we identify generalized functions and densities. If u is a CR distribution, then

u = Z<u’$é>¢é

with convergence in the space of generalized functions. This may be interpreted as
a global version of the Baouendi-Treves Approximation formula [1] when written

as
L

u= lim (u, @)y

L—o0
£=0

Proof of Theorem 7.1. Since Levig is definite, the space ji%ob (N)NC*>(N) is infinite
dimensional. Let {¢¢}72, be an orthonormal basis of fz%ob (N) as in Example 7.14.
Then properties (a-b) on page 16 imply
(1) for all py € N, span{dge(po) : £ = 0,1,...} is the annihilator of Kz in
CT; N
(2) the functions ¢y, £ = 1,2,... separate points of N.

This is proved in the same way as the analogous two statements in the proof of
Theorem 1.1, taking advantage of the fact that if f € %%0 (N)NC>(N), then the
b

Fourier series

F=> (f60)
£

converges in C*°(N), see Lemma 7.13. As in the proof of Theorem 1.1, we conclude
that there is an embedding

F:N—=CV
whose components ¢ are CR functions with respect to Kg and satisfy —i7¢/ =
7;¢7. We assume, making full use of (2), that the differentials of these component
functions span the annihilator of Kg at each p € . By Lemma 5.1,

D¢ +ioj¢?B=0, j=1,...,N

with o; = —it;. The map F in constructed from F as in Proposition 6.1 then has
components which are CR with respect to 8’ = 3 + Du and maps into S?V~!. By
Proposition 6.9, F is an immersion. However, while F' is injective, F' may not be.
We will correct this by increasing the number of components of F'.

Let w',...,w" be the complex coordinates in CV. The vector fields

R=> 1j(wdy +Woy), T =iy 7w 0y — 0 dy)

J J
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on CV are real and commute, so give a foliation F of C¥\0 by real 2-dimensional
submanifolds. Since JR = T, the leaves are 1-dimensional complex (immersed)
submanifolds of CN¥\0. The leaves are parametrized by their intersection with
S§2N=1"each intersection being an orbit of 77 in the sphere (the leaves are analogues
of the complex lines forming CPY™1). For p € C and w € CN \O define

N) )

1

0-w=(e"w,..., e

For each ¢ € C and w € CV\0, o - w belongs to the leaf passing through w. Since
T¢I =irj¢?, F,T =T, so F maps orbits to orbits. In particular F' maps orbits of
T into leaves of the foliation. Since the components of F' are e *7%(J = e~ Ti%(J,

F(p) = —u(p) - F(p),
which means that F(p) lies in the intersection of the leaf containing F(p) and the
unit sphere. Using that F is injective it is easy to see that the restriction of F to
any orbit of 7 is injective. But it may happen that points pgy, p1 € M on different
orbits of T are mapped by F' to the same leaf of F, so the two orbits are mapped to
the same orbit by F' with the effect that F is not injective. To solve this problem
we will increase the number of components of the original map F'.

Let Z = {(po,p1) € N X N : po # p1, F(po) = F(p1)}. We show that this is a
closed set. Suppose {(pok,p1,k)} is a sequence in Z that converges in ' x N to
some point (pg, p1). By continuity, F(po) = ﬁ’(pl). We will show that pg # p1, and
thus we conclude (pg,p1) € Z. Suppose, to the contrary, that py = p;. Since Fis
an immersion, po has a neighborhood U with the property that (pj,pj) € U x U
and F(p})) = F(p}) imply py = p|. This contradicts the existence of a sequence in
Z converging to (pg,po). Thus no point on the diagonal in N x A belongs to Z,
hence Z is indeed closed.

More generally, Z contains no pair (pg,p1) such that p; € O,,, the orbit of T
through po. For if the latter relation holds for (pg,p1) € Z, then Z:_'(po) = F(pl)
gives u(pg) - F(po) = u(p1) - F(p1), but since u(pg) = u(p1) (because Tu = 0),
F(po) = F(p1). Since F is injective, pg = p1, but we have already concluded that
W contains no point of the diagonal of A" x N.

If (po,p1) € Z, then F(po) = F(pl), so F(po) and F(p1) belong to the same leaf
of F: Therefore there is ¢ € C such that F(pg) = 0- F(p1), that is,

(7.15) F(po) =€ (pr), j=1,....N.

If the real part of ¢ vanishes, then F'(p;) and F(pg) belong to the same orbit of T,
S0 po and p; belong to the same orbit of 7 since F' is injective. But then pg = p1,
contradicting (pg,p1) € Z. So Rp # 0. We will show later that

(3) if Ko # 0 then {(po,p1) : Pe(po) = €™@py(p1) for all £} is empty.
Granted this, we proceed as follows. Pick (pg,p1) € Z. Associated with this pair
there is a number o(po, p1) with Ro(po,p1) # 0 such that (7.15) holds. Pick ¢ such
that

(7.16) be(po) # €W by (py)

taking advantage of (3). Fix some jo such that ¢7°(p;) # 0. Such jg exists because
of Part (2) of Proposition 6.9 There is a neighborhood U of (pg,p1) in N'x A in
which there is a unique continuous function g : U — C such that

¢ (qo) = eme i (qr),  (go,q1) €U
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By continuity and because of (7.16), we may assume

belqo) # €™M py(q1),  (qo,q1) €U

shrinking U if necessary. Then, if F is augmented with the function ¢y, (7.15) will
cease to hold for (go,q1) € U and all the component functions of the augmented
map. Since Z is compact, we can cover it with finitely many such open sets and
augment the map F to a map F' : N — CN’ for which the construction of Propo-
sition 6.1 gives an injective map F' : N — S2N'=1 fence an embedding. Indeed, if
F’(po) = F"(pl), then, if pg and p; lie in the same orbit of 7 then py = p1, and if
po and p; lie in different orbits, then (7.15) holds with j = 1,..., N’ in particular
j=1,...,N, with some ¢ with nonzero real part (determined by F, py and p1).
So (po,p1) € Z, hence for some ¢/ with j > N we must have (?(py) # €27 (p1),
contradicting (7.15).

To complete the proof we show the validity of (3) (see page 21). Let o € C be
such that Ro # 0. We will assume that there is (po,p1) such that

(7.17) Vi pu(po) = €™ pu(p1)

and derive a contradiction. We first note that py # p1, since there is £ such that
¢e(po) # 0 (and Rp # 0). If Rp > 0, exchange po and p;, so we may assume that
(7.17) holds with o < 0. By Part (1) of Proposition 6.9, all 7, have the same sign.
Changing 7 to —7 (and 8 to —f for the sake of consistency) if necessary we may
assume that all 7; are positive; this is already the case if Levig, is positive definite,
but we do not need this fact in our proof.

The estimate (7.9) applied to ¢.(p1) gives

(7.18) |e(po)| < CeRer?

for some C' > 0. Suppose u € j%i (N). Then u has a restriction to the orbit through
po- Let ¢ : R — N be the map ¢(t) = a;(po). Let W = Char [J; o. The Fourier series
u = ,upe, ug = (u,Pg), converges in Cp;>°(N') because Oy g E’Z:O ugpy = 0 for
all k and O, is elliptic off of W. So, since v* : Cj;”°(N) — C~°°(R) is continuous,
u = upe™rgy(po) in C~°°(R). Let x € C°(R). The Fourier transform of x¢*u
is

> wX(r = 70)¢e(po)
4

and the estimates (7.18) imply that (x¢*u)(7) is rapidly decreasing in 7 (since
Ro < 0). Thus t*u is smooth.

We will now show that there is u € J’%[l (N) such that ¢*u is not smooth using
a support function for the CR structure at pg and a well known trick used in the
study of hypoelliptic operators. Let (z,t) be a hypoanalytic chart for the structure
V centered at pg, mapping its domain U to B x I where B is an open ball in
C™ centered at 0 and I C R is an open interval around 0. The vector fields Oz,
pw=1,...,n, 0, form a frame of ¥V over U with dual frame Dz*, D¢, and

B=>_pB,Dz"—iDt.

p=1
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Since DB = 0, the coefficients 3, are independent of t. Let

t’:t+2ﬂ%{ (Zﬁﬂ Do) z”+ Z

;W—

Since 9sv 8, = 013, (because DB = 0),

i - D¥ —zz(ﬂﬂ B, (po)

) Dz*.

The right hand side is ]D)—closgi, since the left hand side is, and since the right hand
side is independent of ¢t and D¢, the form

b—ZZ(ﬂu Bulpo) - pro =) dz

is O-closed. Let « solve da = b in B and let

Oa 1 & 9o
= t— - - B m
g=a+t —alp) > Ban (po)z" = 5 2 50 5 (Po)2"'2
Then
Dg = i3,

so Dg vanishes on Kg: g is a CR function.
It is easily verified that

9By
g=1t —i—i; a—zi(po)z‘?“ +O(|2*).
On the other hand, the form 63 is given by

05 = dt—i—iiﬂudz“ —iiﬁudz“,

pn=1 p=1
and _
. B n 8IBH /B .
—idf = M;I 5o — 5 |de ndz
using Oz B, = 0z 3,. The vector fields
0 0
L, ay—i—zﬁyat v=1,....,n

form a frame for Kg in U, and by hypothesis Levig, is positive definite. So the
matrix with coefficients

: — . 08, B
_ LV L — ok M
idhs (Lo L) = 3o ~ g
is positive definite. It follows that the quadratic part of
" /108, 1B, . 3
= —— _— — v O
(ﬁo 92" B, 0% )27+ Olf)

at po is positive definite. T hus shrinking B we may assume that

g > c|z|? for some ¢ > 0.
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Define
ug = / eI(1 + 73" dr.
0

in U. The function ug is CR (since g is) and in L2 _, but not in C*(U). In fact,
WEF (ug) = {705(po) € Ty, N : 7> 0}. Let x € C(U) be equal to 1 near po and let

0
G be Green’s operator for [, ;. The operator G, being a pseudodifferential operator

of type (1/2,1/2), preserves wavefront set. Therefore, since dyxuo is smooth, so is
ngngUo Let
U= XUy — EZGE})XUO.

The pull-back of 5;G5bxuo to the orbit through pg is smooth. The orbit through
po intersects U on sets z = const., in particular {(z,t) : z = 0} is part of the orbit.
On the latter set, g = t, therefore the pull-back of xug is equal to

/ et 4+ dr
0
near t = 0, which is not smooth. Thus for no pair (pg,p1) does (7.17) hold. (|
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