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ABSTRACT

On Monge-Ampere Type Equations Arising In Optimal Transportation

Problems

Truyen Van Nguyen
DOCTOR OF PHILOSOPHY

Temple University, May, 2005

Professor Cristian E. Gutiérrez, Chair

In this dissertation we study Monge-Ampere type equations arising in opti-
mal transportation problems. We introduce notions of weak solutions, and
prove the stability of solutions, the comparison principle and the analogous
maximum principle of Aleksandrov-Bakelman-Pucci. We also establish a quan-
titative estimate of Aleksandrov type for c-convex functions which generalizes
the well known estimate of Aleksandrov proved for convex functions. These
results are in turn used to give a positive answer for the solvability and unique-
ness of the Dirichlet problems for any continuous boundary condition and for
finite Borel measures provided the domains satisfy a so called c-strictly convex

condition which we have introduced.
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CHAPTER 1
Introduction

The problem of optimal transportation is to find an optimal map that
pushes masses from one location to another, where the optimality depends
upon the context of the problem. These types of problems appear in several
forms and in various areas of mathematics and its applications: economics,
probability theory, optimization, meteorology, and computer graphics. We
refer to [RR98] for a detailed and complete description of the probabilistic
approach of Kantorovitch to this problem and to the Preface to Volume I
of this work for a large number of examples of applications in econometrics,
probability, quality control, etc.

The mathematical formulation of the optimal transportation problem con-
sidered in this thesis originates with Gaspar Monge 1746-1818. Let f,g €
L'(R™) be nonnegative compactly supported with / f = / g, and let
du = fdx, dv = gdx. The Borel measurable map Hg: R™ —Hf an is mea-
sure preserving with respect to u and v if u(¢~'(F)) = v(FE) for each Borel set
E C R™. Let S(u,v) denote the class of all these measure preserving maps,
and let ¢ : R® — R be a convex function®, the cost function. The problem is

minimizing the cost functional

C(s) = / el — s(@)) dp(a)? (L1)

!The convexity assumption is technical and to be able to use the tools of convex analysis.
2A more general cost function can be used: ¢ = ¢(x,y), but for simplicity we



among all s € S(u,v), and the answer is given by the following theorem due
to Caffarelli, Gangbo and McCann, see [Caf96], [GM96] and also [Urb98|.

Theorem 1.1 Let c: R® — R be C! and strictly convex, f,g and C as above.
Then

1. there exists t € S(u,v) such that C(t) = infyes(u,) C(s);

2. t is essentially unique, i.e., if the infimum is attained also at t, then

t(x) = t(x) for a.e. x in the supp(f);

3. t is essentially one to one, that is, there exists t* € S(v,u) such that

t*(t(x)) = x for a.e. x € supp(f), and t(t*(y)) =y for a.e. y € supp(g);

4. there exists a c-convex function u such that t is given by the formula

t(z) =z — (De) ' (= Du(z)).

Monge’s original problem is the case ¢(x) = |z|, and the minimizer is not
unique, see [EG99, TWO01] for recent results.
The objective in this thesis is to study the following fully nonlinear pde of

Monge-Ampere type arising in the problem of optimal transport:
g(x — Dc*(—Du(z))) det[I + D*c*(—Du(x))D*u(z)] = f(x) in ©, (1.2)

where Q is a bounded open set, g € L{_(R") is positive, f € L (Q) is
nonnegative, and c¢* is the Legendre-Fenchel transform of ¢, see (2.2). Solutions
to this equation are understood in a weak sense and in a way parallel to the
notion of weak solution to the Monge-Ampere equation this time with a notion
of subdifferential associated with the cost function ¢, see Definition 3.1. Note
that when the cost function is given by ¢(z) = 1|z|* then (1.2) is reduced to

the standard Monge-Ampere equation

g(Dv) det D*v(x) = f(z) in €, (1.3)

choose ¢ = ¢(x — y).



with v(z) = ]z|? + u(z). A particular case of (1.3) is the Gaussian curvature
equation arising in differential geometry. A fundamental difference between
equation (1.2) and equation (1.3) is that the principle part of the latter has
affine invariant structure whereas that of the first one no longer shares this
nice property unless the cost function is quadratic. This fact presents serious
difficulties in extending the classical results to the present setting since the
analysis for the standard Monge-Ampere equation heavily relies on the affine
invariant structure of the equation. Our main results in this thesis are notions
of weak solutions, comparison and maximum principles for this equation, and
the solvability of the Dirichlet problem in this class of solutions. Also, we
establish a quantitative estimate of Aleksandrov type for c-convex functions.
The organization of the thesis is the following. In Chapter 2 we study the
notions of convexity and subdifferential associated with the cost function ¢
and define the notion of generalized Monge-Ampere measure associated with
(1.2). The notions of weak solutions to (1.2) are given in Chapter 3 where we
also prove a stability property, Corollary 3.1. Chapter 4 contains maximum
principles extending to the present setting the Aleksandrov-Bakelman-Pucci
estimate for the Monge-Ampere operator. Chapter 5 contains the proofs of
the comparison principles. Chapters 4 and 5 have independent interest and
are used later to solve the Dirichlet problem. In Chapter 6 we solve the
Dirichlet problem for a class of domains strictly convex with respect to the
cost function ¢, see Definition 6.2, first for the homogeneous case, Theorem
6.1, next for the case when the right hand side is a sum of deltas, Theorem 6.2,
and finally for general right hand sides, Theorem 6.3 and Corollary 6.1. We
also consider the second boundary value problems in Chapter 7 where we show
that Aleksandrov solution and Brenier solution for the problems are equivalent
when the target domain is ¢*-convex. In Chapter 8 we establish a quantitative
estimate of Aleksandrov type for c-convex functions which generalizes the well
known estimate of Aleksandrov proved for convex functions. We end the thesis
by an appendix showing that the standard Perron’s method can be carried out

to prove Theorem 6.2 provided that we assume in addition a subsolution to



the problem exists.



CHAPTER 2

Generalized Monge-Ampere

Measures

Let ¢ : R" — R be a continuous function and {2 be an open set in R".

2.1 c-subdifferential and c-convexity

1
Definition 2.1 Letu: Q — RU{+oc}. The c-subdifferential O.u(x) at x € Q
15 defined by

du(x) ={p € R" : u(z) > u(x) — c(z — p) + c(x — p), Vz € Q}.
Also for E C Q we define 0.u(F) = Uzepleu(z).

Remark 2.1 If ¢(z) = i|z|?, then it is clear that p € d.u(x) if and only
if p € O(u+ ¢)(x), ie., du(r) = O(u+ c¢)(x) where 9 denotes the standard

subdifferential.

Definition 2.2 A function u : & — R U {+o0}, not identically +oo, is c-
convex in S if there is a set A C R™ x R such that

uw(z) = sup [—c(z —y) — A] for all z € Q.
(y,A\)€A

ntroduced in [Die88] and [ENT74].



Proposition 2.1 If ¢(z) = 3|z|?, then u is c-convex if and only if u + 3|x|*

18 convez.

Proor: It follows immediately noticing that c(x — y) = %(m —y,z—y). O

Remark 2.2 The definition of c-convexity is not stable by linear operations.
For example, from Proposition 2.1 it follows that the function u(z) = 1 — |z
is |z|?/2-convex, but 2u(z) = 2 — |z|? is not |z|*/2-convex. However it can
be proved, see [Vil03], that if u is c-convex then tu is also c-convex for every

te0,1].

Remark 2.3 If u is a c-convex function in €2, then there exists a function
¢ : W — R such that

u(z) = SEI/II)/ [—c(x —y) — ¢(y)] for all z € Q, (2.1)

where W is the projection of A into R™, ie., W = {y € R" : (y,\) €

A for some A € R}. Indeed, for each y € W define ¢(y) = inf {\: (y, \) € A}.
Then ¢(y) > —oo, since otherwise there exists a sequence {\,}°°, such that

(y, A\n) € A and A, | —oo. But then we get —c(z —y) — A\, T +o0o for all

x € Q, and therefore u(x) = +oo for all z € 2 which contradicts the definition

of c-convex function. So we have ¢ : W — R.

Let us now prove (2.1). If x € €, then by the definition of ¢ we have
—c(z—y) —dy) = —clz—y)— A  forall (y,\) € 4,

or

sup [—c(z —y') — d(y)] > —c(x —y) — X for all (y,\) € A.
y' eW

Hence,

sup [—c(z —y) — o(y)] > u(w).

Now let y € W. Given € > 0 we have

[—c(z —y) = d(y)] —e= —c(z —y) — [o(y) + €] < —clxr —y) — A, <u(x),



for some A, such that (y,\,) € A. Hence —c(z —y) — ¢(y) < u(z) for each
y € W and so

sup [—c(z —y) — d(y)] < u(x).

This completes the remark.

In the following we shall consider the following conditions for the cost function
c.
(H1) ¢:R" — Ris a C' and strictly convex function.

c(x)

(H2) c:R"™ — R is a strictly convex function and limj,— ﬁ = +00.
x
, . . c(x)
(H3) c:R"™ — Ris a convex function and limj;— ‘— = +00.
x
Notice that the function c(z) = (1 + |2|?)'/? satisfies (H1) and does not

satisfy (H2).

Proposition 2.2 Suppose ¢ satisfies (H3). If u : Q@ — R U {+o0} is lower

semicontinuous and convex, then u is c-conver.

PROOF: Since every lower semicontinuous convex function is the supremum of
affine functions, it is enough to assume that u(z) = g-z+b. Since ¢ is continuous
and limg|— 4o % = 400, it follows sliding —u in a parallel fashion that
—u~+ A is a supporting hyperplane to ¢ at some point for some \. That is, there
exist z, € R" and \, € R such that ¢(z,) = —u(z,)+\, and ¢(2) > —u(2)+ A\,
for all z € R™. Given z € Q, let y, = 2z — x, and A\, = —u(z) + u(z,) — Ay
We have u(z) = —c(x — y,) — A and u(z) > —c(z —y,) — A\, for all z € Q

since w is affine. Setting A = {(yz, Az) : © € Q} we obtain the proposition. [

Remark 2.4 Suppose c satisfies (H3). If u is a c-convex function in 2 that
is bounded in a neighborhood of zy € €, then d.u(zg) # 0. Indeed, without
loss of generality we can assume that the set A C R™ x R in the definition of u
is closed. Then arguing as in Claim 2 of the proof of Lemma 2.1 below, there
exists (y, A) € A such that u(zg) = —c(xg—y)—Aand so u(x) > —c(z—y)—A =
u(zo) — c(x —y) + c(xg — y) for all x € Q. Therefore y € O.u(xy).



If ¢ satisfies (H1), then we also notice that 0. (—c(- —y)) = {y} from
Proposition 2.3(1).

Remark 2.5 Suppose c satisfies (H3). It follows from the convexity of ¢ that
if u is c-convex and locally bounded in 2, then w is locally Lipschitz in €.
Indeed, let K C  be compact and z1,z5 € K. From Remark 2.4, we have
that d.u(x;) # 0 for i = 1,2. Let y; € O.u(xy1). By Lemma 2.3, |y1| < R, and

since c is locally Lipschitz we have
u(xz) —u(@1) 2 —c(z2 —y1) + el — y1) = —C(K, R) [wg — 21,

Proposition 2.3 Let u be a function defined on €2, and suppose that xq is a

point of differentiability of u, and d.u(xg) # (0. Then we have

1. If (H1) holds, then
deu(wo) = {xo — (De)~ (= Du(wo))}-
2. If (H2) holds, then
deu(xo) = {wo — Dc*(—Du(x))},
where c* is the Legendre-Fenchel transform? of ¢ defined by

¢(y) = sup -y — (). (2:2)

PROOF: Suppose first that ¢ satisfies (H1). Let p € d.u(xp). Then u(z) +
c(x —p) > u(zo) + c(zo — p) for all z € Q with equality at x = (. That is,
u(z) + ¢(x —p) attains a minimum at z and therefore De(xg —p) = —Du(xg).
Since ¢ is C'!' and strictly convex, (Dc)™! exists on the image of D¢ and we
have p = zg — (De) ™' (—Du(xy)).

To prove (2) we need the following definition.

2See [RW98, Chapter 11].



Definition 2.3 The function u : Q — RU{+o00} is subdifferentiable at xy € Q
if u(xo) is finite and there exists z € R™ such that

u(zo +v) > u(xg) +v- 2+ o(|v])

as |v| — 0. Let us denote by M,(xy) the set of z’s satisfying the property

above.

Suppose that (H2) holds, and let p € d.u(z() with g a point of differentiability
of u. Then

u(zo) — c(wo +v —p) + c(xo — p) < ulwo +v) < ulxo) + v - Du(xo) + 0(|v]).

Hence c¢(zg + v — p) > c(xg — p) + v - (—Du(xo)) + o(|v]) as [v] — 0, and so
—Du(xy) € M.(z9 — p). From [GM96, Corollary A.2] we get that xy —p =
Dc*(—Du(xg)) and the proposition follows. O

Note that if u is a c-convex function and u is differentiable at zy € €2, then

from Remark 2.4 we get 0.u(xq) # 0.

Remark 2.6 Suppose c is strictly convex satisfying ¢ and ¢* are C?(R%)? and
u : © — R has a second derivative D*u(xg) at zg. Then if d.u(xg) # 0, we

have

I + D?*c* (—Du(wp)) D*u(zo) is diagonalizable with nonnegative eigenvalues.

(2.3)
Indeed, let p € O.u(xy), then u(z) 4+ c(x —p) > u(xy) + c(xg — p) for all z € Q.
Hence Du(zg) + Dc(xg — p) = 0 and by Taylor’s theorem D?u(xg) + D?c(zo —
p) > 0. So from Proposition 2.3(2) we get

D?u(xg) + D*c(Dc* (—Du(wg))) > 0. (2.4)

On the other hand, from [Roc97, Corollary 23.5.1 and Theorem 26.1] we have
that Dc* (De(x)) = x for every x € R™ and De (Dc*(y)) = y for every y in the

image of Dc. Differentiating these equations yields

D?*c* (Dc(x)) D*c(x) = I, and D*c(Dc*(y)) D*c*(y) = 1

3If ¢ is C?(R™) and D?c(w) is positive definite for all x, then ¢* € C?(R"), D?c*(z) is
positive definite for all z, and (¢*)* = ¢, see [RW98, Example 11.9, p. 480].
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for every z in R" and every y in the image of Dc. From this we derive that
for any y in the image of Dc we have D?c*(y) is invertible with [D?c*(y)] ™! =

D?%c(Dc*(y)), and letting y = —Du(zo), we obtain from (2.4) that
D?u(zg) > —[D?*c* (—Du(zg))] ™ (2.5)

Since ¢* is convex, the symmetric matrix D?c* (—Du(xg)) is positive definite

as it is invertible. Therefore, (2.5) implies (2.3).

Lemma 2.1 Let Q C R? be an open set and suppose that (H3) holds. If
u, : Q — R is a sequence of c-convex functions such that w, — u locally

uniformly in Q0 with w locally bounded in €2, then u is c-convex in €.
PrOOF: By definition of c-convexity we have

up(x) = sup [—c(z—y)— A Vo € Q,
(y:A)€An

for each n. Since c¢ is continuous on R?, without loss of generality we can
assume that each A, is a closed subset of R? x R.
Claim 1. If {yx} and {\;} are sequences such that there exists constants
A, B,r with
A< —c(zo—yr) — Mk (2.6)

and
—c(r—yx) — A < B (2.7)

for all x € B(xo,r) € Q and for all k, then {y;} is a bounded sequence, and
consequently {A\;} is also bounded.

Suppose by contradiction that {y;} is unbounded. Passing through a sub-
sequence we can assume that |yi| — 400. Let vy := xo—yg. Since |vg| — 400,

we may assume that |vg| > 1 for all k sufficiently large. Setting (j := 1 — .

cA
we have (;, — 1. Applying (2.7) at © = zo + ({» — 1)v and using (2.6) we get

B > —c(xo + (G — Dor — yk)) — Ak = —c(Grvr) — Ak
> —C(Ckvk) + C(JZO — yk) + A= —c(Ckvk) + C(Uk) + A.
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Hence

B —A > c(vk) — (). (2.8)

Since ¢ is convex, this difference can be bounded using a subgradient p, €
dc(Crvg):
v
B = Az (v = Geud = (o (1= Qo) =7 (pi ). (29)
k

On the other hand, being p, a subgradient also implies that

c(0) > e(Cevr) + (Pr, 0 — Cevg)- (2.10)

Since |vg| — +o0, we have that ¢, > 0 and dividing (2.10) by (x|vg| — +o0

yields
lim inf (py, U—k> > liminf M
k—o0 |V koo |Crug
L c(x) L o
The assumption limjy— 4o ﬁ = +o00 implies that both these limits diverge,
x

yielding a contradiction with (2.9). Therefore y; is bounded and since ¢ is
continuous we get from (2.6) that A is also bounded and Claim 1 is proved.

Claim 2. For each x € () there exists N, € N and a sequence

(Yn(2), An(2)) € An

such that u,(x) = —c(z — yn(z)) — A (z) for all n > N,.
Let r, € (0,1) such that B(x,r,) € Q and u is bounded on B(x,r,). Then
since u,, — u uniformly on B(z,7,), there exist constants M, > 0 and N, € N

such that
M, <un(z) <M, Vz€B(x,r,), and Vn> N,.

Since u, is c-convex, for each n we can find a sequence {(y*(z), \¥(z))}2, C
A, satisfying
up(2) = lim [—c(z =y, (2)) — An(@)],

k—o00

un(2) =1 < —c(z — yp(@)) — Ay ().
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Hence if n > N,, then

and
—c(z — 9y (x)) = N(2) S wup(z) < M, Vzé€ B(z,r,).
Therefore from Claim 1, there exist (y,(x), \o(x)) € A, and a subsequence

{(yn’ (), M’ (2))}52, such that (yn’ (2), A (2) — (ya(2), Mu(z)) as j — oo

Therefore,

un(2) = lim [—c(z — g7 (2)) = A7 (2)] = —c(@ = yu(@)) — Au(2)

j—oo
and Claim 2 is proved.

Claim 3. Let

B, = {(y,A) € R*R: (y,A) = lim (y,,,(2), A, (2)), for some subsequence n;},

J—00

and set A = UgyeqB,. We claim that

u(z) = sup [—c(z—y)—A VzeQ. (2.11)
(y,A\)eA

Let z € © and choose 7, € (0,1) as above. Then B(z,r.) C  and as

before we have

—~M(2) <un(z) < M(2) Vz€ B(z,7.), Yn>N,.
If (yn(2), An(2)) is the sequence in Claim 2, we have that for any n > N,
—M(2) < —c(z2=yn(2))=An(2),and —c(z—y,(2)) =M (2) < M(2)Vx € B(z,7.).

We conclude from Claim 1 that {y,(2)}sy, and {A\,(2)};2y, are bounded.
Hence, there exist (y*, \*) € R" xR and a subsequence { (Y, (2), A\, (2))}72, of
{(yn(2), An(2)) }22n, such that (yn, (2), An, (2)) = (y*, A*). Therefore, (y*, \*) €
B, C A and

u(z) = Tty (2) = Tn [z — gy (2)) — Ay (2)] = —(z — ) — A"

k—o0 k—o0
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Thus to prove (2.11) it is enough to show that
—c(z—y)— A <u(z) V(y,\) €A

Indeed, let (y,A\) € A. Then (y,\) € B, for some z € Q and hence there
exists a subsequence {(yn,(7), An; (7)) }52; of {(Yn(x), Au(2))}oly, such that
(ynj (':L‘)7 >‘nj (l’)) - <y7 A) We ha’ve

Un; (2) = =c(z = yn; (2)) = An; (2) 2 =c(z =y, (2)) = Ay (2) V5.
Letting j — oo and since (yn, (2), An,; (7)) — (y,A), we then get
u(z) > —c(z —y) — A

This completes the proof of the lemma. O

2.2 A Monge-Ampere measure associated with

the cost function ¢

In this subsection we define a generalized Monge-Ampere measure, and to
do it we need the following lemma, which is a generalization of a classical

lemma of Aleksandrov.

Lemma 2.2 Suppose that either (H1) or (H2) holds. Let X C R" be a
nonempty bounded set and u : X — RU{+oo}, not identically +oo, be

bounded from below on X. Then the Lebesgue measure of the set
S = {peR": pedu(z)Ndu(zy) for some xy,x9 € X, 1 # 13}
18 zero.

PRrROOF: Define for each y € R”,

w(y) = sup [~z —y) — ()]
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Since ¢ € C(R"), X is bounded, u # +o00 and u is bounded from below on
X we get u* : R® — R. Moreover, as c is locally Lipschitz on R", it is clear
that u* is also locally Lipschitz on R"™. Hence, if we let £ = {z € R" :
u* is not differentiable at '}, then |E| = 0. We shall show that S C E.
Indeed, let p € S then p € O.u(zy) N Oeu(xy) for some xy, 29 € X, w1 # To.
Hence,

u(2) > u(er) — oz — p) + o1 —p) V2 € X,

u(z) > u(xe) —c(z —p) + c(xzg —p) Vze X.

Therefore,
—c(z1 —p) —u(z1) = —c(z —p) —u(z) Vz€X,

—c(xg — p) —u(xz) > —c(z —p) —u(z) Vz € X.

Thus, u*(p) = —c(x1 — p) — u(xy) and u*(p) = —c(x2 — p) — u(xz). Moreover,
by definition of u* we have u*(z) > —c(xr; — 2) — u(x;) Vz € R", and
u*(z) > —c(wg — 2) —u(zy) Vz €R"™ So

u*(z) > u*(p) —c(ry — 2) + c(xy —p) VzeR"

and

u*(z) > u*(p) —c(xe — 2) + c¢(xa —p) VzeR™

Hence, we obtain xq,z9 € Jy(u*,R™)(p) where we denote h(z) = ¢(—x) for
every x € R". Note that h satisfies the same assumptions as c¢. Then by

Proposition 2.3 we must have p € E since x; # x5. The proof is complete. [J

Remark 2.7 Suppose ¢ satisfies (H3). Let 2 be a bounded open set in R"
and u € C(Q) be c-convex. Then

p € O.u(z) if and only if x € Op(u*,R"™)(p),

where h(x) = c(—x) and u*(y) = sup,cq [—c(z —y) — u(x)].
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PRrooOF: It follows by the argument in Lemma 2.2 that if p € J.u(z) then = €
On(u*,R™)(p). Now if z € Oy, (u*,R™)(p), then u*(y) > u*(p) —c(x—y)+c(x—p)
for all y € R™. This gives by the definition of u* that for each y € R,
u*(y) > —c(z—p) —u(z) —c(x —y)+c(x —p) for all z € Q. Picking y € d.u(z)
which is nonempty by Remark 2.4, then as u*(y) = —c(x —y) —u(z) we obtain
u(z) > u(z) — c(z — p) + c(x —p) for all z € Q. That is, p € J.u(x) as desired.

U

Corollary 2.1 Let ) be an open set in R"™ and suppose that either (H1) or
(H2) holds. Let u : @ — RU{+o0} be such that on any bounded open set
U €, u is not identical to 400 and bounded from below. Then the Lebesgue

measure of the set
S={peR": thereexist x,y € Q,x#y and p € d.u(z)Nd.u(y)}
18 Zero.

PRrROOF: We can write Q = U2, where ), C 41 are open and Q;, C Q are
compact. If p € S then there exist z,y € Q,z # y with u(z) > u(z) — c(z —
p)+c(x—p) VzeQ,and u(z) > u(y) —c(z —p) +c(y —p) Vz € Q. Since

Q) increases, x,y € €2, for some m. That is, if
Sm={peR": Fz,ye€Qp,z#y and p € de(u, L) (z) N I(u, L) (y)},

then we have p € S,,, i.e., S C UX_,S,,. But by the assumptions and Lemma
2.2 we get |S,,| = 0 for all m. Hence the proof is complete. O

Lemma 2.3 Suppose c satisfies (H3). Let u : Q@ — R be a locally bounded
function in Q. If K C ) is compact, then there exists R > 0, depending only

on K and the L>*-norm of u over a small neighborhood of K, such that
J.u(K) C B(0,R).

PrOOF: Indeed, assume that this is not true. Then for each n € N, there

exists x,, € K and p, € d.u(x,) with |p,| > n. Hence u(z) > u(x,) — c¢(x —



16

pn) + c(z, —pn)  Va € Q, and since u is locally bounded, there exists M > 0
such that

—c(x —pp) +c(xy —pp) <M Ve Ks and Vn € N, (2.12)

1
where 0 = §min{dist(x,5)9),1} and K5 = {z € Q : dist(z, K) < 0}. Let
Up = Xy — Pu. Since |v,| — 400, we may assume |v,| > 1 Vn. Setting

)
(h=1-— ﬁ and evaluating (2.12) at © = =, + (¢, — 1)v, € K, yields
vn

M > _C(xn + (Cn - 1)Un - pn) + C(In - pn) = C(Un) - C(Cn Un)'

Applying the argument used after the inequality (2.8) yields a contradiction.

This proves the lemma. 0

Lemma 2.4 Suppose ¢ : R™ — R s a continuous function. Let 2 C R"™ be an
open set, u € C(Q), and B={E C Q: d.u(E) is Lebesque measurable}. We

have

(i) If K C Q is compact, then O.u(K) is closed. Moreover, if (H3) holds
then O.u(K) is compact.

(i1) B contains all closed subsets and all open subsets of €.

(iii) If either (H1) or (H2) holds, then B is a o-algebra on Q0 containing all

Borel subsets of 2. Moreover,
0\ B)| = |0u()\ Buu(E)|  VE € B.
Proor: (i). Let K be a compact subset of Q, {p,}>2, C Jd.u(K), and suppose
pn — p. We shall show that p € d.u(K). For each n, since p, € Jd.u(K) we

have p,, € O.u(x,) for some z,, € K. But K is compact, so there exist x € K

and a subsequence {z,, } of {z,} such that x,, — x. We have
u(z) > u(xn,) — c(z — pp,) + c(Tn, —Dn,) V2 €Q,
passing to limit and since u and ¢ are continuous we obtain

uw(z) > u(x) —c(z —p)+clx—p) Vzel



17

So p € d.u(z) C d.u(K). Hence, O.u(K) is closed. The second statement then
follows from Lemma 2.3.

(ii). Let E be a closed subset of Q2. Then we can write £ = Uy° , K,, where
K,, are compact. Therefore, O.u(F) = J.u(U2 | K,) = U, 0.u(K,,). By (i),
each 0.u(K,) is Lebesgue measurable. So 0.u(FE) is measurable, i.e., F € B.
The proof is identical if £ is open.

(iii). Suppose {E;}2, C B. Since d.u(U2 E;) = UP,0.u(E;) we then get
J.u(U2 E;) is Lebesgue measurable. So U2, E; € B. We also have Q2 € B by
(77). Now suppose E € B, we shall show that Q \ E € B. Indeed, we have

Ou(Q\ E) = [0,u(Q) \ u(E)] U [0.u(Q\ E) N dau(E)).

By Corollary 2.1, the second set on the right hand side has measure zero. So
J.u(2\ E) is Lebesgue measurable and |0.u(Q2\ E)| = |0.u(2) \ O.u(E)|. Also
since B is a o-algebra and by (ii) B contains all closed subsets of Q) we get B
contains all Borel subsets of (2. 0J

From Lemma 2.4 we then define

Definition 2.4 Let g be a locally integrable function which is positive a.e. on
R™. Suppose that ¢ satisfies either (H1) or (H2), and S is an open set in
R™. Then for each given function u € C(), the generalized Monge-Ampére
measure of u associated with the cost function ¢ and the weight g is the Borel

measure defined by
o )(E) = [ glw)dy
Ocu(E)

for every Borel set E C Q). When g = 1, we simply write the measure as w.(u).

Remark 2.8 The c-additivity of w.(g,u) follows from Corollary 2.1 and the
argument from [Gut01, Theorem 1.1.13].

Remark 2.9 If ¢ satisfies (H2) and u € C'(2) is c-convex in 2, then we know
from Lemma 2.4(i) that J.u(K) is compact for every compact set K C €.

Therefore the measure w,(g, u) is finite on compact subsets of 2, and so w,(g, u)
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is a regular measure. Namely, it has the following regularity properties
we(g,u)(F) = inf {w.(g,u)(U) : ECU C, U open}

for all Borel sets E C €2, and
we(g,u)(U) = sup {we(g,u)(K): K CU, K compact}

for all open sets U C ().

Definition 2.5 Let u € C(Q) and xo € Q2. Then u is called strictly c-convex
at xg if O.u(xg) # O and for any p € d.u(xg) we have

u(z) > u(xo) — c(x —p) + c(zo — p)
for all x € Q\ {xo}.

Remark 2.10 The definition means precisely that the set of supporting hy-
persurfaces of u at xy is nonempty and any such supporting hypersurface

touches the graph of u only at x.

For u € C(Q), define I'y, = {z € Q : du(x) # 0}. Then T, is a relatively
closed set in Q since I'), = {x € Q : u,(x) = u(x)}, where u, is the continuous
function defined in (4.1). We then have the following result noticing that

I', = Qiff uis c-convex in ).
Proposition 2.4 Suppose that ¢ satisfies (H2) and ¢* € C*(R™). We have
1. If u e C*(Q), then
we(g,u)(E) :/E ) g(x — Dc*(—Du))|det(I + D*c*(—Du)D?*u)| dx
Al
for all Borel sets E C ().
2. If in addition ¢ € C*(R™) then for any u € C*(Q),
we(g,u)(E) —/E ) g(x — Dc*(—Du)) det(I + D*c*(—Du)D*u) dw
iy

for all Borel sets E C §2.
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ProoF: (1) Define s(z) = © — Dc*(—Du(x)) for every = in €. Since ¢* €
C?*(R") and u € C?*(Q), it follows that s : Q — R" is a C'! mapping, and by
Proposition 2.3 we have 0.u(z) = {s(x)} for every z in Q satisfying d.u(z) # 0.
Let A = {z € Q : u is not strictly c-convex at z} and let S be defined as in
Corollary 2.1. Then |S| = 0 and we claim that A = (Q —T',) U (T, N s~(9)).
Indeed, if z € A and = € T, then p = s(z) € du(z). Since d.u(z) can
not contain more than one element, there exists y € €2, y # x such that

u(y) = u(z) — c(y — p) + c(x — p). Hence,
u(z) > u(z) —c(z —p) +c(z —p) = u(y) —c(z —p) + c(y — p)

for every z in Q. So p € d.u(x) N d.u(y), i.e., x € s7*(S). This implies the
claim as the reverse relation is obvious. We now let S C R" be a Borel set
such that S € S  and |S'| = 0. Put A = (2 —T,) U ([, Ns~(S")), then
clearly A is a measurable set, A C A, and as d.u(A) = du(l, N s (S)) =
s(I'y N s71(S")) € S" we have |0.u(A)] = 0. We now proceed the proof as
follows. From the definition of A it is easy to see that s is one-to-one on \ A,
and hence one-to-one on Q \ A. Therefore for any Borel subset E of Q, by

using the usual change variables formula we obtain
/ g(x — Dc*(—Du))|det(I + D*c*(—Du)D*u)| dx
ENT,

= /Enr g(s(x))|det Ds(x)| dx > / g(s(x))|det Ds(x)| dx

E\A

_ / o(y) dy = / oy) dy 2 / o(y) dy = we(g, u)(E).
s(E\A) Beu(E\A) deu(E)

Note that the equality (%) holds since |O.u(E) — du(E\ A)| = |u(E —
(E\A))| =|0u(ENA)| =0. Thus we have proved that

/EOF g(x — Dc*(—Du)) det(I + D*c*(—Du)D*u) dv > w.(g,u)(E)

for every Borel set E C €. Hence, (1) will be proved if we can show the reverse
inequality. To do that, let B = {z € Q : det Ds(xz) = 0} and let E be a Borel
set in (). Then for any open set U with £ C U C (), we can write the open
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set U\ B as U\ B = U2,C; where {C;}5°, are cubes with disjoint interior
and sides parallel to the coordinate axes. We can choose C; are small enough

so that s : C; — s(C;) is a diffeomorphism. We therefore have

/ g(x — Dc*(—Du))|det(I + D*c*(—Du)D*u)| dx
BT,

< s(x))|det Ds(x)| dx = s(x))|det Ds(x)| dx

< [ ot@nderDs@de= [ giaeplaet Dato)

:/ g(s(z))|det Ds(x)| dx :/ ) g(s(z))|det Ds(x)| dx
(Uge, Ci)NTy (U2, Ci)NTy

= Z/co.mr g(s(x))| det Ds(z)| do = Z/(co.mr )g(y) dy

o
%

= ch(% u)(C; NTy) = welg, w)((UZ,C;) NTy) < we(g, w)(U).
i=1
Hence since the measure w.(g, u) is regular, we deduce that
/ g(x — Dc*(—Du))|det(I + D*c*(—Du)D*u)| dv < w.(g,u)(E).
ENTy,

This combined with the previous inequality yield the desired result for (1).
(2) This is a consequence of (1) and Remark 2.6. O
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CHAPTER 3

Notions Of Weak Solutions

3.1 Aleksandrov Solutions

The equation (1.2) is highly fully nonlinear and at least when the cost func-
tion c is nice enough, it is degenerate elliptic on the set of c-convex functions.
Motivated by Proposition 2.4 and by using the previous results we shall define
a notion of weak solutions for (1.2) and study the stability property of the

solutions.

Definition 3.1 We say that a c-convexr function u € C(Q) is a generalized
solution of (1.2) in the sense of Aleksandrov, or simply Aleksandrov solution,
of

g a)(B) = [ fla) da

for any Borel set E C (.

Remark 3.1 In (1.2) the function f on the right hand side can be replaced by
a locally finite Borel measure p on ). And as above a notion of Aleksandrov

solutions can be defined similarly.

Proposition 3.1 Suppose c satisfies (H2), and that c,c* € C*(R"). Let u €
C(2) be a c-convex function. Then u is an Aleksandrov solution of (1.2)
iff we(g,u) is absolutely continuous w.r.t. the Lebesque measure and (1.2) is

satisfied pointwise a.e. on €.
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PROOF:  Observing first that by [GM96, Corollary C.5], u is locally semi-
convex® and hence twice differentiable a.e. on € in the sense of Aleksandrov.
Also, by using Remark 2.6 and an argument similar to [McC97, Proposition
A.2] we have that whenever u has an Aleksandrov second derivative D?*u(zg)

at xo € Q then

lim |0cu( B, (70))]

0t |BT(ZE0>| - det[[ -+ D c*(—Du(JI()))D u(xO)L (31)

and if in addition I + D?c*(—Du(xg))D?*u(xy) is invertible, then d.u(B,(zo))
shrinks nicely to g — Dc*(—Du(zy)).

Suppose w.(g, u) is absolutely continuous w.r.t. the Lebesgue measure on
the o-algebra of Borel sets in €2 and with density F'(x). The proposition will

be proved if we can show that
F(z) = g(x—Dc*(—Du(x))) det[[—|—D2c*(—Du(x))D2u(x)] a.e. x in Q. (3.2)

Since g > 0 a.e. on R" we get w.(u) is also absolutely continuous w.r.t. the

Lebesgue measure. Combining this with (3.1) we see that
det[I + D*c*(—Du(z))D*u(z)]

is the density of w.(u). Now let M be the set of points x € () satisfying u has
Aleksandrov second derivative at z and det[I+D?*c*(—Du(z))D?*u(x)] > 0, and
let H be a Borel set in R” with Lebesgue measure zero such that every point in
R™\ H is a Lebesgue point of g. Define F = {z € M : x — Dc*(—Du(x)) € H}.
Then it is clear from Remark 2.7 that E = 0p,(u*,R")(H) N M and hence E is
Lebesgue measurable by Lemma 2.4 as u* € C(R"). We claim that |E| = 0.
Indeed, let K C FE be a compact set then we have d.u(K) C Jd.u(E) C
H. Hence, [, det[I+ D*c*(—Du(x))D*u(z)] dx = w(u)(K) =0. This im-
plies that | K| = 0 as the integrand is positive on K. Since E is Lebesgue mea-

surable, the claim follows because |E| = sup{|K|: K C F, K is compact}.

!This means that given x € () there exist a ball B,.(z) and a nonnegative constant \ such
that u(z) + A|z|? is convex on B,.(z) in the standard sense, see [GM96, p. 134].
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For each * € M — E since I + D?c*(—Du(z))D?u(z) is positive definite
we get J.u(B,(z)) shrinks nicely to x — Dc*(—Du(z)), a Lebesgue point of g.

Consequently,
- we(g, u)(By(x)) . |Oeu(Br(z))] /
1 =1 ) d
o Ba) o &@||WL N oo "

)
= g(z — Dc’(=Du(z))) det[I + D*c"(—Du(x )) ( )| Vo e M - E.
Thus we obtain
F(z) = g(x — Dc*(—Du(x))) det[I + D*c*(— Du(z)) D*u(x)] a.e. on M. (3.3)

On the other hand, by letting B be a Borel set in 2 such that M C B and
|M| = |B| we have [0.u(Q2—B)| = [,_pdet[] + D*c*(—Du(x))D*u(x)] dz =0
since det[I + D?*c*(—Du(x))D?*u(x)] is zero a.e. on @ — M. Therefore,

[ r@de—st@-B=[  gwd-o
0-B deu(Q—B)
which gives F'(z) = 0 a.e. on 2 — B. This implies that

F(x) = g(x — Dc*(—Du(z))) det[I + D*c*(—Du(z))D*u(z)] a.e. on Q — M.
(3.4)

From (3.3) and (3.4) we get (3.2) and the proof is complete. O
A problem considered in this thesis is whether (1.2) has a unique general-
ized solution in the sense of Aleksandrov satisfying certain boundary condition.
There are some obstructions to the existence of a solution, and one needs to
impose some conditions on the datum and 2. An obvious necessary condition

of solvability is

1@< [ sy = Blo) 35
If B(g) = 400, then (3.5) is not a restriction on the function f(x). Another
condition one may assume is that (2 is strictly convex.

In order to solve the Dirichlet problem for the equation (1.2) we need the

following lemma.
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Lemma 3.1 Let Q C R™ be a bounded open set and uy € C(Q2) be a sequence

such that ui, — w uniformly on compact subsets of €Q.
(i) If K C § is compact, then

lim sup O.ug(K) C d.u(K),

k—oo
and by Fatou
lim sup we(g, ug) (K) < we(g, u) (K).

k—o0

(ii) Assume further that (H2) holds, wy are c-conver on € and for every

subsequence {k;} and {z,} C Q with 2, — 2o € 082, we have
lim inf u(zg;) < limsup ug, (2, ). (3.6)
j—00 j—00
If K is compact and U is open such that K C U C (2, then we get

Ju(K) C lign inf O.ux (U)

where the inclusion holds for almost every point of the set on the left

hand side, and by Fatou

we(g, u)(K) < liminfwe(g, ug) (U).

Proor: (i). Let p € limsup,_,., O.uk(K). Then for each n, there exist k,
and zy, € K such that p € J.uy,(xy,). By selecting a subsequence {z;} of

{z, } we may assume z; — o € K. On the other hand,
uj(x) 2 uj(x;) — ez —p) + c(z; —p) Ve el

and by letting j — oo, the uniform convergence of u; on compacts yields
u(x) > u(zg) —c(x —p) +c(zg —p) Vo e

that is, p € d.u(xy).
(ii). Without loss of generality we can assume that U C (2.
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Let A = {(z,p)|zr € K and p € O.u(x)} and for every z € R" we define
the auxiliary function v(z) = sup(, e fop(2), where for each (z,p) € A we
denote f,,(2) = —c(z — p) + c(z — p) + u(z) for all z € R™. We first observe
that since O.u(K) is bounded by Lemma 2.3 and c¢ is locally Lipschitz it is
easy to see that v is locally Lipschitz on R". If (z,p) € A, then u(z) > f,,(2)
for z € €2 and so v < w on 2. Since by Lemma 2.1 u is c-convex, then by
taking p € O.u(z) we have v(z) > f,,(2) = u(z) for z € K and so v = u
in K. Moreover, 0.(v,R")(z) = J.u(x) for every z in K. Now let S = {p €
R™: p € Oc(v,R")(x1) N Oc(v,R™)(x2) for some x1,20 € R" 2y # z3}. By
Corollary 2.1, |S| = 0. Therefore (i) will be proved if we can show that
O.(v,R")(K) \ S C liminfy_ o O.ux(U). Let p € 9.(v,R™")(K) \ S, then there
exists zg € K such that p € 0.(v,R")(x¢) and p & 0.(v,R")(z) for every x in
R™\ {z}. Hence we have

v(x) > v(xg) — c(x —p) + c(xg —p) Vo eR"\ {zo}. (3.7)

Now let 0y, := min, g {ur(x) — ur(xo) + c(x — p) — c(xo — p)}. Then this min-
imum is attained at some x, € U. So 0y = up(ws) —up(wo) +c(xr—p) —c(z0—p)

and uy, () > up(ro) — c(x — p) + c(xg — p) + & Va € U. Thus we obtain
ug(z) > ug(zy) — c(x — p) + c(zy —p) VxeU. (3.8)

We first claim that z; — xo. Indeed, let {x,} be any convergent subsequence
of {z}}, say to z € U. If & # x then since u, — u uniformly on U, passing

to the limit in (3.8) and using (3.7) we get

in particular, u(zo) > u(zo), a contradiction. So we must have x;;, — z¢ and

hence we obtain z;, — x¢ € U.
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We next claim that there exists kg such that for all k > ky we have
u(r) > ug(zy) — c(x —p) +clzy —p) Vo €Q,

in other words, the inequality (3.8) holds true in 2. Otherwise, we can find a

subsequence {k;} and {z,} C ©\ U such that
ug, (2x,) < ur;(wr;) — c(zn; —p) +clzr, —p) VJ. (3.9)
Since (2 is bounded, passing through a subsequence, we can assume that z;, —

2z € Q\U. If zp € Q\ U, then by letting j — oo in (3.9) and using the

assumption that uy, — v uniformly on compact subsets of €2, we deduce that
v(20) < u(wo) — (20 — p) + c(xo — p) = v(xo) — (20 — p) + c(xo — p). (3.10)
On the other hand, if zg € 012, then from (3.9) we obtain

lim sup uy; (zx,;) < w(zo) — c(20 — p) + c(20 — p) = v(wo) — c(20 — p) + c(z0 — ).

Jj—00

But (3.6) and since u > v on 2 yield

lim sup ug, (2x,) > liminf u(zy,) > liminf v(2;) = v(20),

j—o0 j—0o0 j—o0

and therefore (3.10) also holds. This gives a contradiction with (3.7) since
20 # xo. So the claim is proved. But then we get p € O.ug(xy) for all k > ko
and hence p € liminfy_, ., d.ui(U) as xp — x¢ € U. This completes the proof.
0

As an immediate consequence we have the following stability property,

which will be useful in various contexts later.

Corollary 3.1 Let Q@ C R"™ be a bounded open set and suppose that (H2)
holds. If {ux} C C(Q) is a sequence of c-convex functions converging locally
uniformly in Q to a function u and condition (3.6) holds, then w.(g,uy) tend

to we(g,u) weakly, i.e.,

/Q F(x) duelg, ) — / £(z) duelg,u)

for any f in Co(Q).
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Remark 3.2 We note that by following the proof of Lemma 3.1 we see that if
either wuy, are in C'(Q2) or uy, are convex in the standard sense, then the above
results still hold without condition (3.6). The reason is that in these cases we
have that (3.8) holds for every = in an open neighborhood of xy, iff it holds for
every z in ). However, this seems no longer true if u; are merely c-convex.
We also remark that (3.6) is satisfied if either uy — u locally uniformly and
ur > u on ) or up — wu uniformly on €2. The verification is obvious in the
first case, while for the latter we just use the fact that limsup; . {a; +b;} >
limsup;_, ., a; + liminf; .. b; and apply for a; = [ug,(2;) — u(2,)] and b; =

u(2,;).

3.2 Viscosity Solutions

In this section we shall introduce a notion of viscosity solutions for the
equation (1.2) when the function f on the right hand side is continuous. We
also study the relationship between these solutions with Aleksandrov solutions
defined in the previous section. More generally, we consider the Monge-Ampere

type equation of the form
det[I + D*c*(—Du(x))D*u(x)] = F(z,u(z), Du(x)) in Q (3.11)
where F' € C(2 x R x R") is nonnegative.

Definition 3.2 A c-convez function uw € C(Q) is said to be a viscosity sub-
solution (or supersolution) of (3.11) if for any c-convexr C? function 1 on
such that u — has a strict local mazimum (or strict local minimum) at some

zo € Q we have
det[I + D¢ (= Di(x0)) D*(x0)] > (<) F(wo,u(x0), Dip(0))-

And u is said to be a viscosity solution of (3.11) if it is both a viscosity subso-

lution and supersolution.
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CHAPTER 4
Maximum Principles

Let €2 be a bounded open set in R™ and u € C(£2). Consider the classes of

functions
F(u):={v: vis c-convex in Q and v(z) <wu(z) Vr e Q},

G(u) :={w: wis c-concave in Q and w(z) > u(z) Vr € Q},

where w is called c-concave if —w is c-convex. Let
us(z) = sup v(z) and u(z) == inf w(x). (4.1)
vEF (u) weG(u)

Then u, is c-convex and u* is c-concave on §2. Moreover, if ¢ satisfies condition
(H3), then it follows from Remark 2.5 that u, and u* are in C(€2). We call
these functions the c-convex and c-concave envelopes of u in ) respectively,

and we have the inequalities

us(x) <wu(z) <u*(zr) VoeQ

We also have that F(—u) = —G(u), and hence
—(u")(x) =— inf w(x)= sup —w(x)
weG(u) weG(u)

= sup v(x)= sup v(x)= sup v(zr)=(—u)(x). (4.2)
—veG(u) veE—G(u) vEF(—u)
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Consider the set of contact points
Ci(u) ={z € Q: uz) =ulx)} ; C"(u):={re: u(z)=u(r)}
which are relative closed in  if ¢ satisfies (H3). Then by (4.2) we get
Ci(u) = C*(—u). (4.3)
Since u(z) > u.(z) for every x in €, it is clear that
Oc (1) (Ci(u)) C Oou(Cy(u)). (4.4)

It is easy to check that if xg & C,(u), then d.u(zg) = 0. Also if A and B are
sets, then d.u(AU B) = d.u(A) U d.u(B). Hence,

0o (2) = Deu(Cy(u)) U Deu(Q2\ Ci(u)) = d.u(Ci(u)). (4.5)
Let p € O.u(Cy(u)), then p € d.u(zy) for some zy € Ci(u). Hence,
u(z) > u(zg) — c(x —p) + c(xg — p) = us(xo) — c(x —p) + c(xg —p) Vo e

But then by definition of u, we get u.(z) > u.(zo)—c(x—p)+c(xrg—p) Vz € Q.
So p € O.u(xg). Therefore,

Ocu(C(u)) C Oc(us)(Cu(u)). (4.6)
From (4.4), (4.5), (4.6) we obtain
0-u(2) = 0.u(Ci(u)) = O (us) (Ci(u)). (4.7)
Let
u(zg) ={p e R": u(x) <u(zg) +c(xr —p) —c(zg —p) VreQ}
be the c-superdifferential of u at xy. Notice then that 0°(—u)(zg) = d.u(zo).

Lemma 4.1 Let ¢ : R" — R be a continuous function and 2 C R™ be a

bounded open set. Suppose u € C(2) is such that u < 0 on 0. Then for any

xo € Q with u(xy) > 0, we have
Q(zo, u(wo)) C O°(u")(C*(u))

where Qz,t) ={y €R" 1 c(z —y) —c(x —y)+t >0 VzeQ}.
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PROOF: Let y € Q(xq, u(xg)), then
c(z —y) —c(zo —y) +u(rg) >0 Vze . (4.8)

Let
No=inf{\: AN +c(z—y) —clzg—y) >u(z) VzeQ}

By continuity we have
Mo +c(z—y) —clzo—y) >u(z) Vzel. (4.9)
Consider the minimum

rzréiél Ao +c(z—y) —c(xg —y) — u(2)]

which is nonnegative by (4.9). This minimum is attained at some point z € €,
and we have

Xo+c(Z—y)—c(zg—y) —u(z) =0, (4.10)
because on the contrary
Mtc(z—y)—clzg—y)—u(z) >e>0 Vze

and A\g would not be the minimum. We now claim that z € €. Indeed, since
u < 0 on 09, the claim will be proved if we show that u(z) > 0. By taking
z =z in (4.9) we get \g > u(zy), and consequently by (4.8)

clz—y)—clro—y)+ >0 VzeQ.

Combining with (4.10) yields w(z) = ¢(z — y) — ¢(xg — y) + Ao > 0. Thus we
must have z € . Therefore we have proved that if y € Q(zg, u(z)), then
there exists z € {2 such that

u(z) = c(z —y) — c(zo — y) + Ao,
and since the above minimum is zero we also have

u(z) < Ao+ ce(z—y) —clxg —y) Vz € Q.
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Therefore by definition of u* we obtain
u(z) <u'(z) < Xo+c(z—y)—c(zg —y) Vz € Q.
In particular,
w(z) <u'(2) < Ao+ c(Z2—y) —clzo —y) = u(Z).
So u*(2) = Ao+ c(Z2 —y) — c(xg — y) = u(2) and hence z € C*(u). Moreover
by combining with the above inequality we get
uw(z) SAot+e(z—y)—clzo—y)=u'(z)tc(z—y) —c(z2—y) VzeQ
So y € 0°(u*)(2) C 0°(u*)(C*(u)) and this completes the proof. O
We notice that from Lemma 4.1, (4.2), (4.3) and (4.7) we have
(o, u(x0)) C °(u")(C*(u)) = De(—(u"))(C™ (u))
= 0c((=u):)(C"(u)) = Oe((—u).) (Cu(=u)) = De(—u)(Ci(—u)). (4.11)
Suppose ¢ : R" — R is a continuous cost function satisfying c(0) =
mingegn c(z). Let © C R™ be a bounded open set. For each x in Q and
each t > 0, let Q(x,t) be as in Lemma 4.1, i.e.,
Qe t)={yeR": —t —c(z —y) + c(xr —y) <0,Vz € Q},
and define
Qz,t) ={y e R": —t —c(z —y) + c(z —y) <0,Vz € Q}.

First observe that Q(x,0) = (), x € Q(x,t) for any t > 0 and Q(z,t) is closed.
Since c is uniformly continuous on any bounded set of R", it is easy to see that
Q(x,t) is an open set for every x in Q and every t > 0. Also if 0 < t; < t, then
Qz,t) C Qz,ty) C Qz,ty), and UpsQ(z,t) = R™. Particularly, we have
Q(x,t1) N B(z,t1) C Qx,ty) N B(x, ta) where the first set is compact and the

later is a nonempty open set. Therefore, for any z € Q and any 0 < t; < to,

we have that

00z, 6) N Bz, 81)| < [z, £2) N Bz, t2)]. (4.12)

The following lemma will be needed later.
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Lemma 4.2 Suppose c satisfies either (H1) or (H2), and ¢(0) = mingegn ¢(x).
Then |Q(z,t) — Q(z,t)| = 0 for all z € Q and all t > 0.

PROOF: Let 25 € Q and t, > 0. Define
F = {c-convex function v € C(Q) : v <0 on Q and v(xg) < —to}

and

w(z) = supv(z) Vo € Q.
veF

If we let v(x) = —tg—c(x —x) +¢(0) then it is clear that v € F. So F # () and
moreover we have w is bounded from below on Q, w < 0 on Q and w(wy) = —t,.

By using w(zo) = —t, it is easy to see that Q(xo, tg) = 0.(w, Q)(1)'. Now let
S={peR": pecd(w,Q)(x)Nd.(w,Q)(z3) for some x1, 25 € Q, 1 # 25}

Then |S| = 0 by Lemma 2.2. We shall complete the proof by showing that
Q(z0,t0) — Qxo,t0) C S. Indeed, if y € Q(zo,to) is such that y ¢ S then as
y € Oe(w, Q) (x0) We get —tg — c(z —y) + c(wo —y) < w(z) for all zin Q\ {xe}.
Particularly, since w < 0 on Q and —ty < 0 we obtain —tg—c(z—y)+c(zo—y) <
0 for all z in Q. That is, y € Q(x0, o) and hence Q(xo, to) — Qxo, to) C S as
desired. O

Now suppose g € L;, (R") is positive a.e. on R™. Let B(g) = [5. 9(y) dy
and for each t > 0, define

h(t) = inf / 9(y) dy. (4.13)
z€Q JQ(x,t)NB(x,t)

Then clearly h : [0,4+00) — [0, B(g)) with h(0) = 0. We remark that by using

the Dominated Convergence Theorem and Lemma 4.2 it can be shown easily

that the function f(z) := fﬂ(x’t)mB(m) g(y) dy is continuous on Q (a similar

argument will be employed in the proof of Lemma 4.3 below). Therefore, in

the definition of h the infimum is achieved, i.e.,

h(t) = min / 9(y) dy.
z€Q JQ(2,t)NB (1)

By this fact and (4.12), we also have h is strictly increasing.

"Notice that if ¢ satisfies (H3), then from Lemma 2.3 the set Q(z, t) is bounded whenever
x e
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Lemma 4.3 Suppose ¢ satisfies either (H1) or (H2), and ¢(0) = ming» ¢(x).
Let Q C R"™ be a bounded open set. Then the map h : [0,4+00) — [0, B(g))
is continuous, strictly increasing, and onto with h(0) = 0. Consequently, it is

invertible and h™' : [0, B(g)) — [0, +00) is also continuous, strictly increasing

with h=(0) = 0.

PROOF: It remains to prove h is continuous and onto. Firstly, let ¢y € [0, +00)
and we want to show h is continuous at ty. For this it suffices to prove that for
any sequence {t,} C (0,+o00) with ¢, — o, there exists a subsequence {n;}
such that h(t,;) — h(to). If {t,} is such a sequence, then by the remark before
this lemma there exists {z,,} C Q satisfying

h(t,) = / gly) dy  Vn.
Q(zn,tn)NB(Tn,tn)

As Q is bounded we can find a subsequence {z,,} of {z,} and z, € Q so that
Tp, — To as j — o0o. We consider the following two cases.

Case 1: to = 0. We have

h(ta,) = / 9(y) dy
Q(l‘nj stn )ﬂB($nj vt"j)

= / g(y>XQ(xn] 7tnj)mB(3’3n]- 7t'n]-)<y) dy — 0 = h(o)
B(zo,1)

by the Dominated Convergence Theorem since XQ@n, st )NB(an, 7tnj)(y) — 0

for all y # xo.
Case 2: ty > 0. We have

h(tn]) :/ g<y) dy :/ g(y)XQ(xn]7tn])mB($n]7th)<y) dy
QU tn )NB(@n;,tn.) B(z0,2to)
J J J J

. / 09 Xommtorsion o (1) dy = / oly) dy
B(:Bo,?tg)

Q(l’o,to)ﬁB(.’Eo,tQ)
by the Dominated Convergence Theorem since
X, st )NB () (U) — Xw0,t0)0B(w0,t0) (U)

for all Yy 7é E = [(Q(ZL‘(),to) - Q(C(Z(),to)) mg(l‘g,to)] U [Q(Iﬂo,to) N 8B(I’0,t0)],

which has Lebesgue measure zero by Lemma 4.2. This can be easily verified
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by noticing the fact that R™ = [Q(zo, to) N B]UQ(zo, to)°UB(z0, to)°U E. Thus
we have shown that

h(tn,) — 9(y) dy.
Q(Io,to)ﬂB(IO,tO)

Now we claim that fQ( dy = h(ty). Indeed, for each x €  we

z0,t0)NB(zo,t0) g<y)
have

/ 9(y) dy = lim 9(y) dy
Q(w,to)ﬂB(:ﬂ,to)

3720 JQ(a,tn,)NB(x/tn)

Jj—00

> liminf h(t,,) = / 9(y) dy
Q(zo,t0)NB(z0,t0)

where we have again used Lemma 4.2 in the first equality. Therefore, by taking
the infimum on the left hand side we obtain h(to) > o winBots) 9Y) V-
So the claim is proved since the reverse inequality is obvious. Thus we get
h(tn;) — h(to) as desired. This implies that h is continuous at t.

Secondly, we want to show that h is onto. We know that h(0) = 0. Now if
we let a € (0, B(g)) then since

/ g(y) dy — B(g) as t — +00
Q(0,6)NB(0,t)

we can find a t; > 0 such that a < fQ(O 10)NB(0 to)g(y) dy < B(g). For any
z € Q and any y € Q(0,ty) N B(0,ty) we have

—c(z—y) te(x—y) = —clz—y) +c(=y) + [c(z —y) — c(—y)]

<ty+ sup lc(wy) — c(wy)| =: t; < 400 Vz €Q
w1 € ;w2EB(0,t0)

where Q;, = {y € R” : dist(y, Q) < to}. Consequently, ©(0,%y) N B(0,ty) C
Q(z,t1) N B(0,ty) for all z in . Hence, by picking #; sufficiently large if
necessary we can assume that Q(0,ty) N B(0,tg) C Q(x,t;) N B(x,t;) for all =

in Q. This implies that Jowo)nBos) 9¥) dy < h(t1). Therefore, we obtain

B(0) =0 <a< / o(y) dy < h(t,) < B(g).

Q(O,to)ﬂB(O,to)
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But then since h is continuous on [0, +00), there must exist a to € (0, +00) so
that h(ty) = a, which means that h is onto. O

From now on for convenience we will consider h~! as a one-to-one function
from [0, B(g)] onto [0, +oo] with A~'(B(g)) = 4o00. Therefore, h™'(a) < +o00
only if 0 < a < B(g). By combining the previous results we obtain the

following maximum principle which holds for any continuous function on €.

Theorem 4.1 Suppose c satisfies either (H1) or (H2), and ¢(0) = ming» c¢(z).
Let g € L .(R") be positive a.e. and 2 be a bounded open set in R™. If

loc

u € C() then

max u(z) < max u(z) + h™Hwe(g, —u)(Q)).

PROOF: Let M = maxgqu(z) and let xy € Q be such that u(zxg) > M. By
Lemma 4.1 and (4.11) we have Q(zo, u(x¢) —M) C O(—u+M)(Ci(—u+M)) =
O.(—u)(€2). This gives

hlutan) = 3 <

Q(zo,u(zo)—M)

9(y) dy < /8 oo 9(y) dy = we(g, —u) ().

Hence by taking the inverse we obtain u(zg) < M + h™(w.(g, —u)(Q)) and
the proof is complete. O

We end this section noticing that if the cost function c is convex, C! and
satisfies that there exist positive constants A, « such that |Dc(z)| < Alz|®
for all  in R™ then Theorem 4.1 also holds with the function h defined in a
simpler way, namely h(t) = inf,.q fB(x,t) g(y) dy = min,cq fB(z,t) g(y) dy. The
advantage of this definition is that it is independent of ¢ and in many cases
when the function ¢ is simple enough we can calculate h and h~! exactly. For
example, when g = 1 we have the following result which is an extension of the

well known Aleksandrov-Bakelman-Pucci maximum principle.

Theorem 4.2 Suppose ¢ : R® — R is a C* and convex function satisfying
there exist positive constants A, « such that |Dc(z)| < Alz|* for all x in R™.

Let Q be a bounded open set in R™. We have
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(a) If u € C(Q) then
mgxu(x) < r%%xu(@ + A w,;%dmm(Q) |0(—u) (Cu(—u))| 7.

(b) If u € C*(Q)NC(Q) and in addition c satisfies (H2) with ¢* € C*(R™),
then

n

max u(z) < max u(z)+A w;%diam(Q) (/ | det (] — DQC*(DU)DQUNCZZE)
Cy(—u)

PrROOF: (a) Let M = maxgq u(x) and xy €  be such that u(xy) > M. For
any z € Q and y € R”, we have from the convexity of ¢ and the assumptions

that
c(z—y)—c(xg —y) +u(zg) = M > Dc(xg — y) - (2 — x0) + u(xo) — M
> —Alxg — y|®|z — x| + u(zg) — M > —A diam(Q)|zg — y|* + u(xo) — M.

u(zg) — M

So if y € B(xg, R) where R = <m

) a, then we get
c(z—y) —cleg —y) +u(zg) —M >0 VzeQ.

That is, B(xo, R) C Q(xg,u(xg) — M). Therefore, by Lemma 4.1 and (4.11)

we obtain
wp " = |B(xo, R)| < |Q(x0, u(wo) — M)| < [0c(—u)(Ci(—u))|

or u(xg) — M < A w;%diam(Q)\GC(—U)(C*(—U)H%. This completes the proof
of part (a).
(b) This follows from (a) and the first part of Proposition 2.4. O
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CHAPTER 5
Comparison principles

We begin with the following basic lemma.

Lemma 5.1 Suppose ¢ : R" — R is a continuous function. Let 2 C R"™ be a

bounded open set and u,v € C(Q). If u=v on IQ and v > u in ), then
0.v(82) C O.u().

PROOF: The proof is the same as in [Gut01, Lemma 1.4.1] for the standard
subdifferential but we include it here for convenience.

Let p € 0.v(§2). There exists xy € Q such that v(x) > v(zg) — c¢(x — p) +
c(xg—p) Va €. Define

a= sgg {v(zo) — c(x — p) + c(zo — p) —u(x)}.

Since v(zo) > u(zy) we have a > 0. Also, there exists x; € € such that

a=v(xg) — c(x1 — p) + c(xo — p) — u(xy) and so
u(z) > v(rg) —c(r—p)+c(ro—p) —a = u(xy) —c(x —p)+c(x; —p) Vo el
Moreover,
v(z1) = v(zo) — c(21 = p) + c(zo — p) = uz1) + a.
Hence, if a > 0, then z; € Q and we get p € d.u(zry) C O.u(Q). If a =0 then

u(z) > v(zg) — c(x —p) + c(zo — p) > u(xy) —c(x —p) +c(zg—p) Vel
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and consequently we obtain p € d.u(zg) C J.u(2). This completes the proof.
OJ
We next have the following result which gives a stronger conclusion than

Lemma 5.1.

Lemma 5.2 Suppose ¢ : R" — R is a locally Lipschitz continuous function.
Let Q C R™ be a bounded open set and u,v € C(). Suppose that the set
G:={z € Q:v(x)>u(z)} satisfies G C Q. Then 0.v(G) C Int(d.u(G)).

Proor: 1If p € 9.v(G), then there exists zo € G such that v(z) > v(zg) —
c(x —p) + c(xg — p) for all z € Q. Let € = v(zg) — u(zrg) > 0 and consider
the hypersurface of the form v(zg) — ¢(x — q) + ¢(xg — q) — g, where ¢ will be
chosen in a moment. Fix a ball B sufficiently large such that x — 2z € B for all
(x,2) € Qx B(p,1). Choose M, = ‘ . Then for any ¢ € B(p, M,)

Alellripm) + €
we have

€

v(xg) — c(x — q) + c(xo — q) — 5 (5.1)

= v(zg) — c(x — p) + c(xo — p) + [c(z — p) — c(x — q)]
2
< (@) + 2llelLis)lp —al - 5 S v(x) Ve,

+ [e(@o — q) — c(zo — p)] —

We shall show that B(p, M.) C 0.u(G). Indeed, for any ¢ € B(p, M) let

a= sgg {v(zg) — c(z — q) + c(zo — q) — % —u(x)}.

Since v(zo) — u(rg) = €, we get a > 0. Also observe that if x is in Q\ G, then
v(x) < u(x) and so by combining with (5.1) we get

€

v(x0) — c(x — q) +c(x0 — q) — 5 u(x)

Sv(xo)—c(x—q)+c(x0—q)—%—v(x)§O<a.

So in fact @ = sup,cq {v(20) — c(x — q) + (o — q) — § —u(x)}. Now by the

definition of a there exists x; € G such that a = v(xg) — (21 — q) + c(xg —
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q) — % — u(xq) and hence by the above observation we have

v(wo) (1 —q) Fe(zo—g) = 5 —uler) = vlwo) —clw—q) +e(zo—g) ~ 5 ~u(2)
for all = € €2, or equivalently,

w(x) > u(zy) —c(zr —q) +c(zy —q) Vo el (5.2)
On the other hand, applying (5.1) at x = z; yields

v(xy) > v(x) — c(x1 — q) + c(x0 — q) — % =u(xy) + a > u(xy).

Therefore, 1 € G and hence from (5.2) we get ¢ € d.u(xy) C J.u(G), ie.,
B(p, M,) C 0.u(G). This completes the proof of the lemma. O
We recall a lemma from [GM96] adapted to the case of the c-subdifferential.

Lemma 5.3 (Lemma 4.3 from [GM96]) Suppose c satisfies (H3). Let Q) C
R™ be an open set and u,v € C(Q). Assume that G = {z € Q :v(x) > u(z)}
is bounded, and X = {x € Q : d.u(z) N Ov(G) # 0} is nonempty. If p € Q,
u(p) = v(p), d.u(p) Ndv(p) =0, then dist(p, X) > 0.

PROOF: Suppose dist(p, X) = 0. Then there exist z,, € X such that z,, — p.
Then there exist z, € G and y, such that y,, € d.u(x,)N0.v(z,). Since p € €,
it follows from Lemma 2.3 that d.u(U,{z,}) is bounded. So passing through
a subsequence, we may assume that z, — 2o and y,, — yo. Since y,, € d.u(z,),
we have u(z) > u(z,) — c(2 — yn) + c(x, — yy,) for all z € Q. Letting n — oo
yields yo € d.u(p), and from the hypotheses yo & O.v(p). So there exists ¢t €
such that

v(t) < v(p) —c(t —yo) + c(p — Yo)- (5.3)

On the other hand, since y,, € 0.v(z,), we have

> u(zy) — c(t — yn) + (2, — Yn), since z, € G

> u(p) — c(zn — yo) + c(p — yo) — c(t — yn) + c(2n — yn), since yo € d.u(p).



40

Letting n — oo we get v(t) > u(p) — c(t — yo) + c¢(p — yo) = v(p) — c(t — yo) +
c(p — yo) contradicting (5.3). O
We now consider conditions which force w.(g,u)(G) > w.(g,v)(G). This

will be used to prove the comparison principle Theorem 5.1.

Lemma 5.4 Suppose ¢ satisfies (H2) and g is positive a.e. and locally inte-
grable in R™. Let Q C R™ be a bounded open set and G = {z € Q : v(x) > u(z)}
where u,v € C(Q). Suppose that G # 0, G C Q and d.u(xo) N O.v(x) = O for
some xg € 0G. Assume further that xo € Int(spt(w.(g,u))). Then we have

we(g, w)(G) > we(g, v)(G).

PrROOF: Let X = {z € Q : d.u(z) N Ov(G) # 0}. Then if X # 0 we
have from Lemma 5.3 that dist(zg, X) > 0. Therefore, there exists r > 0
such that B(xg,r) C Q2 and d.u(B(xg,r)) NI.0(G) = 0, in particular, d,u(G N
B(zo,7)) N 0.v(G) = 0. This obviously holds if X = (). From Lemma 5.2,
0.v(G) C O.u(G). Thus we must have 0.v(G) C O.u(G \ B(xp,r)). Since
xo € Int(spt(we(g,u))), there exists > 0 small enough such that B(zg,7) C
spt(we(g, u)). As xg € OG, we then get that ) # G N Bz, r) C spt(w.(g,u)).
We therefore obtain

we(g, u)(G) = welg, u)(G'\ B(xo, 7)) + we(g, u)(G N B(xo, 7))
we(9, V)(G) + welg, w)(G N B(xo, 7)) > we(g, v)(G).

v

This completes the proof. U
By using Lemma 5.4 we are able to prove the following comparison prin-
ciple, which in particular gives the uniqueness of solutions for the Dirichlet

problems considered in the next section. In the following theorem we denote
S 1= spt(we(u)) \ Int(spt(we(u))).

Theorem 5.1 Suppose c¢ satisfies (H2). Let g be positive a.e. and locally

integrable in R™, Q@ C R™ be a bounded open set, u,v € C(2) be c-convex in
Q, and
we(g,u)(E) < we(g,v)(E) for all Borel sets £ C Q. (5.4)
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Assume that

for every open set D @ Q with |0.v(D \ spt(w.(u)))| = 0, there exists (5.5)
a closed set F C 0.v(S N D) such that |0.v(SN D)\ F|=0.

Then we have
mén {u(z) —v(z)} = rg}zn {u(z) —v(x)}.

Proor: For simplicity we shall present the proof when g = 1, i.e., when
we(g,u) and w.(g,v) are replaced by w.(u) and w.(v) respectively. However, it
can be readily checked that the same argument works for general g as well. For
this general case, one only need to note that by our assumptions on the function
g we have spt(w.(g,u)) = spt(w.(u)) and if E, F' C R" are two measurable sets
with £ C F and [, g < oo, then [, g = [, ¢ if and only if |E| = |F]|.

By adding a constant to v if necessary, we can assume without loss of gen-
erality that mingg {u(x) — v(x)} = 0. We shall prove that u(z) > v(z) Vz €
Q. Indeed, suppose not, then there exists # € Q such that v(z) — u(z) =
maxq [v(7) — u(x)] > 0. Let § = [v(Z) —u(Z)] > 0. For every 0 < § < 9, define
ws(z) == v(z) — & in Q and

Ds:={x € Q:ws(x) > u(x)} = {x € Q: ws(z) > u(z)}.!

We have z € Ds, and ws(z) = v(z) — § < u(zx) — 6 < u(z) for z € 0.
Hence D; C Q and 0Ds = {z € Q : ws(z) = u(x)}. Applying Lemma 5.2 we
obtain d.v(Ds) = d.ws(Ds) C Int(d.u(Dy)). It follows that w.(u)(Ds) > 0 and
therefore

spt(we(u)) N Ds # 0, for 0 < < 4. (5.6)

Denote V' = Int(spt(w.(u))) and fix a 6 € (0,6). We then consider the
following cases.

Case 1: VN Ds=1.

f §; < 8g, then Ds, C Int(Ds,).
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Since spt(w.(u)) = SUV, from (5.6) we get that SN Ds = spt(w.(u))NDs #

(0, and so

|0cv(Ds)| < |0cu(Ds)| = we(u) (spt(we(u)) N Ds)
= we(u)(S N Ds) < |00(S N Ds)| < [0cv(Ds)|-

Therefore |0.v(Ds \ spt(w.(u))| = 0. Thus, from (5.5) there exists Fjs closed,
Fs C 861}(5 N Dg) with |80U(S N D(;) \ F5| =0. So

|0.v(Ds)| = [0.0(S N Dys)| = | Fs|. (5.7)

In addition, F5 C QCU(E), so it follows from Lemma 2.3 that Fj is a compact
set. Moreover, Fs C 0.v(Ds) C Int(0.u(Ds)). Therefore, we obtain

|F5| < |0.u(Ds)|- (5.8)

From (5.7) and (5.8) we deduce that |0.v(Ds)| < |0.u(Ds)| and this gives a
contradiction.

Case 2: V. N Ds # 0.

Since Djs is open, V N Ds # (). We then decompose the nonempty open set
V into the union of its disjoint connected open components V;UVLoU...UV,U....
Note that the number of connected components of V' is at most countable.

Case 2 A: there exists a connected component V; of V' such that V;NDs # ()
and V; N D§ # 0.

This implies that V; N Ds # 0 and V; N DS # 0. But as V; is connected,
then we can find a connected open component, say O, of the nonempty open

set V; N D; such that O N dDs # (). Now let
O = {z € O | u and v are differentiable at z}.

Since u and v are differentiable a.e. on Q we get O = O ae. Now if
dows(z) C dou(z) for all z € O, then we have z — Ve (—=Vuws(z)) = = —
Vet (=Vu(z)) VY € O. Therefore we obtain Vu(z) = Vws(z) for a.e. x € O.
It follows that u — ws is constant on O, and hence constant on O by the con-

tinuity. By using the fact that « = ws on 0D; and O N OD;s # () we then get
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u = wg on O. Since O is nonempty and O C Dy, this contradicts the definition
of Ds. Thus we must have 0.ws(xg) N d.u(xg) = () for some xy € O. We first
claim that 0 < ws(zo) — u(wy) < maxglws(r) — u(r)] = maxg;[ws(r) — u(z)].
Indeed, we only need to show the second inequality. Suppose by contradiction

that it is false, then by letting p = 0.ws(xo) we have for every z € 2

u(o) — c(x = p) + c(xo — p) = ws(wo) — c(x = p) + (w0 — p) = [ws(0) — ulxo)]

< ws(w) — maxfws(a’) — u(2)] < wy(z) - [ws(r) —u(2)] = u(2),

so p = J.u(xp), a contradiction. This proves the claim. Now define wj(z) =
ws(z) — [ws(wo) — u(xe)] in Q and let G = {r € Q : wi(z) > u(z)} C Ds.
Then we get GG is nonempty by the claim. Moreover it is clear that G is
open, G C Q and 0G = {r € Q : wi(x) = u(z)}. We also have w(zy) =
ws(xo) — [ws(xo) —u(xg)] = u(zp). Therefore, g € IG and by applying Lemma
5.4 and noting that zq € Int(spt(w.(u))) we obtain that [0.u(G)| > [0.v0(G)|,
a contradiction.

Case 2 B: otherwise we have that each V; is either contained in Dj or

contained in Df. Define two open sets V5 and V™ as follows

Then we have V. = Vy U Vy™, VFn Vi =0,V = VUV Also Vi # 0,
Vi C Ds and V5™ C D§. Let Vi = {x € V5" | u and v are differentiable at 2}.
If we can find a zg € f/:;* such that J.ws(xg) ¢ O.u(xp), then by arguing
as in Case 2 A we obtain a contradiction. Therefore, we can assume that
d.ws(z) C d.u(z) for all z € Vi, But again as in Case 2 A these yield that v—u
is constant on each connected open component of Vy*. We claim that V_(s* C Ds.
Indeed, since otherwise there exist & € dD; and a sequence {x,} C V5 such
that x, — &. Therefore, v(z,) — u(z,) — v(2) —u(2) = 5. Since 0 < § < §
and v(z) — u(x) > 6 for all z € Ds, we can pick a ny large enough such that
§ < v(xp,) — u(tn,) < 6. Define 6 := v(an,) — u(xy,), then 6 € (0,0). As
Tn, € V5, T,, must belong to some connected open component V; of Vi*. But

since v — u is constant on Vj, we then deduce that v(z) — u(z) = 4 for all
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x € V;. However, this implies that V; C dD;, which is impossible because V;
is a nonempty open set. This yields a contradiction and the claim is proved.

Now as W C D§ and by the claim, we have
spt(w.(u)) N Ds = (Vi UV;*US)N Ds = ViU (SN Ds).
So we obtain

|0:0(Ds)| < [0cu(Ds)| = we(u)(spt(we(u)) N Ds) = we(u)(V5 U (SN Dj))
< 10.0(VF U (S N Dy))| = |0.0(VF) Udw(S N Dg)| < [8.0(Ds).

Thus
|0.v(Ds)| = |8CU(V_5*) Uo.u(S N Dy)| = |3CU(V_5*) U Fyl. (5.9)

We have that Fjs is compact since Fy is closed and Fs C J.v(S N Ds) C
d.v(Ds), where the last set is bounded by Lemma 2.3. Also d.v(V5") is compact.
Moreover, 9,v(V;) U F5 C d.v(Ds) C Int(d.u(D;)). Therefore, we get

10.0(VF) U Fs| < |0.u(Ds))- (5.10)

From (5.9) and (5.10) we deduce |0.v(Ds)| < |0.u(Ds)| obtaining a contradic-
tion. The proof is completed. 0J

Remark 5.1 (On condition (5.5)) We remark that condition (5.5) is satis-
fied if any of the following conditions holds.

1. For each D & () open, the set SN D is closed.
2. If stp(w.(u)) = V with V open subset of Q. In this case we have S = ().
3. If spt(we(u)) is convex with nonempty interior, then we also have S = ().

4. If spt(w.(u)) is a finite set, then it follows from Lemma 2.4(i) that (5.5)
holds.
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CHAPTER 6

Dirichlet Problems

6.1 Homogeneous Dirichlet Problem

Definition 6.1 A bounded set 2 C R"™ is called strictly convex if for any
z € 09, there exists a supporting hyperplane H of Q such that H N Q = {z}.

Definition 6.2 Let ¢ : R" — R be a continuous function. A bounded set

Q C R" is called strictly c-convex if for any z € 92, any d > 0 and any a > 0,

there exist y,y* € R™ such that

clr—y)—c(z—y) >0Ve €9, and c(z —y) —c(z—y) > aVx € Q\ B(z,0)
(6.1)

and

c(z—y")—c(z—y*) > 0Va € 09, and c(z—y*)—c(x—y*) > aVz € 0N\ B(z,9).
(6.2)

To illustrate this definition we give several remarks.

Remark 6.1 If ¢(z) = ¢(|z]) with ¢ : [0,00) — R continuous and strictly
increasing,, then (6.1) implies that Q) satisfies the exterior sphere condition,

that is, for every z € O, there exists an open ball B satisfying BN Q = {z}.
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PROOF: Let z € 0. We claim that we can find a y € R" \ Q such that
lz —y| > |z —yl, for all z € Q. (6.3)

If we assume the claim for the moment, then we see that B(y, |z —y|)NQ =0
and z € B(y, |z—y|)N€Q. Therefore, if we let 3 be the midpoint of the segment
yz and B be the open ball centered at § and with radius |z — y|/2, then it is
clear that BN Q = {2} as desired.

It remains to prove the claim. Let a be such that

a > fﬁé lc(z —7) —c(z — )]

and let 6 = diam(£2)/2. Then by (6.1) there exists y € R™ such that
clx —y)—clz—y) >0, for all x € 09, (6.4)
and

c(z—y)—c(z—y) >a, forallz € Q\ B (z, (Jha%(ﬂ)) (6.5)

From (6.5) and the choice of a, we must have y & Q. Then if z € Q, let Z be
a point on the segment Ty and on 0f). From the form of ¢ and (6.4) we have,

clx —y) >c(z —y) > c(z —y) and we are done. O

Remark 6.2 If c(z) = ¢(|x|) is convex with ¢ : [0,00) — R continuous and
strictly increasing, and the open set Q) verifies the first inequality in (6.2), then
Q satisfies the enclosing sphere condition, that is, for each z € 0S) there exists

a ball Bg D Q with z € OBg,.

PROOF: We first see that the first inequality in (6.2) holds in €. Because if
x € Q, then there exist two points x1, 5 € I such that z =tz + (1 — t)z,
for some 0 <t < 1. Hence

c(z—y") =clt(zi —y) + (L= t)(z2 —y")) <te(r —y°) + (1 —t)e(zz — y*)
Ste(z—y)+ (1 =t)e(z —y") = c(z —y).
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Therefore

Qc{z:o(lz —y')) <ollz =y} ={z: o =y <[z =y} = By (v),

that is, (2 satisfies the enclosing sphere condition and in particular, {2 is strictly

convex. 0

Remark 6.3 If ¢ : R" — R is conver and lim, . % _ 400, and € is

(x
||
strictly convez, then (6.1) holds.

PrROOF: Let z € 99, § > 0, a > 0, and P(z) = 0 be the equation of the
supporting hyperplane to Q at z. We can assume Q C {z : P(x) > 0}. Since Q
is strictly convex, there exists 7 > 0 such that {z € Q: P(z) < n} C B(z,0).
That is, P(z) > n for all z € Q\ B(z,5). We can write P(r) = A (z — 2)
with A € R". Since d¢(R") = R" (Jc means the standard subdifferential of c),
we get that 2A € dc(w) for some w € R". If y = z — w, then 24 € dc(z — y)
and hence

v—y)—elz—y) 2 A (@ =2) = Plr) 20

for all z € Q, and

clo—y) —clz—y) > A-(x—z>=%P<x>z n=a

I I
I |2

for all z € 0\ B(z,0). O

Remark 6.4 Let ¢ : R" — R be a convex function such that c(x) = ¢(|z])
for some nondecreasing function ¢ : [0,00) — R satisfying ¢ € C*(m,o00) for
some m > 0 and limy_, . ¢'(t) = +oo. If @ C R"™ is a bounded open set

satisfying the enclosing sphere condition, then ) is strictly c-convex.

PROOF: In view of Remark 6.3, we only need to verify (6.2). We may assume
m = 0 because we will see that we can pick y* below as far as we want from
Q. Let z€ 09,6 >0, a >0, and Br(z) be an enclosing ball for z. If H is
the supporting hyperplane to the ball Bp(zy) at z, then H N Q = {z}. Let

H~ denote the halfspace containing €2 and let H* denote the complementary
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halfspace. Consider the line passing through z and orthogonal to H. Let L
and L be the rays starting from 2z and lying in H*+ and H~ respectively. We
have that zo € L'.

Let L, ={ye Ll :|ly—z >R} lfyec L, then Q C B(y,|y — 2|) and
hence ¢(z —y) — c(x —y) > 0 for all z € I Therefore, (6.2) will be proved if
we can show that there exists y* € L such that ¢(z — y*) — c(z — y*) > a for
all x € 002\ B(z,0). From the strict convexity of (2, there exists # > 0 such
that

r—Yy z—=x

. > 3, Vo € 00\ B(z,9), andVy € L with |y — 2| large.
[z —y| [z — 2]

Again from the convexity of ¢ we then get

c(z—y)—clr—y) > De(x —y)- (2 —x) = ¢ (lz —y|) [z — 2] |z:y —

> ¢'(|lz —yl) B0

yl |z =l

for all z € 90\ B(z,0) and all y € L, with |y—z| large. Since lim;_, o ¢'(t) =
+00, (6.2) follows picking y = y* € L’ sufficiently far from 2. This completes
the proof. 0

Under the assumption that the domain is strictly c-convex we solve the

homogeneous Dirichlet problem as follows.
. L . c(x)
Theorem 6.1 Suppose that c satisfies condition (H1) and lim|y— 4 Tal =
x
e a

|
+oo. Let Q C R"™ be a strictly c-convexr open set and v : 02 — R b
e C(Q)

continuous function. Then there exists a unique c-convex function u

Aleksandrov generalized solution to the problem

det[I + D*c*(—Du(z))D*u(x)] =0 in Q,
u=1 on 0f).

ProorF: Define

F={f(x)=—clzx—y)—A: ye R, e Rand f(x) < ¢(z) on 00}.
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Then since v is continuous on 0f2 we have that F is nonempty. Let

u(z) =sup{f(z): f € F}. (6.6)

Claim 1: u = 1) on 0f).

It is clear from the definition of v that u < v on 0€). Now let z € 011,
and € > 0. Then we can find § > 0 such that |i)(z) —(z)| < € for all x €
B(z,6)N0S2. Choose a = ¢(z)—e—m where m = min {¢(z)|z € 0Q \ B(z,0)}.
Since 2 is c-strictly convex, there exists y € R" such that c(z —y) —c(z —y) >
0 Vexedandc(z—y)—clz—y)>a Ve € 00\ B(z,9).

Let f(x) := —[c(z —y) — c(z —y)]| + ¥ (2) — e. We claim that f < ¢ on 0.
Indeed, if x € B(z,0) N 0N, then f(x) = —[c(x —y) —c(z —y)]| + ¥(z) — e <
¥(z) — e < (x). On the other hand, if = € 90\ B(z,), then we have
c(x —y) — c(z —y) > a and hence

fx) = —[e(w—y) —c(z=y)|+(2) —e < =[¢(2) —e—m]+(2) —e = m < Y(2).

Therefore f € F. Thus, u(z) > f(z) = ¥(z) — € for all € > 0. Hence,
u(z) > 1(z) and this proves Claim 1.

Claim 2: u is c-convex and u € C(9).

From the definition it is clear that u is uniformly bounded from below on
Q. Now let g(z) := —c(x) + maxaq [t + ¢|. It is clear that g > ¢ on 99, g is
c-convex and as ¢ € C'(R") we have 9,.9(Q) = {0} and so |9.g(Q)| = 0. Hence
for each f(z) = —c(x —y) — A € F, it follows from the comparison principle
Theorem 5.1 that f < g in Q and therefore u is uniformly bounded from above
on €. Thus, we get v is uniformly bounded on Q. Particularly, this implies
that u is c-convex and moreover from Remark 2.5 we obtain u € C(€2).

Claim 3: w is continuous up to the boundary.

Let z € 00 and {z,,} C Q be a sequence such that z,, — z. For any € > 0,
we can find § > 0 such that |¢(z) —(2)| < € for all x € B(z,§) N 0. Choose
b= M—1(z)—e where M = max {¢(z)|x € 002\ B(z,0)}. Since 2 is ¢-strictly
convex, there exists y* € R" such that ¢(z — y*) — c(z — y*) > 0 Vo € 00
and ¢(z —y*) —c(z —y*) > b Ve € 00\ B(z,0).
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Let h(z) := c(z — y*) — c(x — y*) + ¥(2) + €. For x € B(z,0) NI we
have h(z) > (z) + € > ¢(x), and for z € 90\ B(z,0) we have h(z) >
b+ ¥(z) + € > Y(x). Therefore, we get h(z) > 1(z) on 0. Moreover, h
is c-convex, 0.h(Q) = {y*}, so |0.h(Q)| = 0. Thus for any f(z) = —c(x —
y) — A € F, as in Claim 2 we obtain f < h in Q. Hence u(z) < h(z) =
c(z —y*) —c(z —y*) +9¥(2) + € in Q. This yields limsup u(z,,) < 1(z) + € and
hence limsup u(z,) < ¥ (z) since € > 0 was chosen arbitrary. On the other
hand, for any ¢ > 0, by constructing a function f € F as in Claim 1 we get
u(zy,) > flx,) = —[c(xn,—y)—c(z—y)|+1(z)—e. Soliminf u(x,) > 1(z)—e for
any € > 0 and hence liminf u(z,,) > ¢(z). Thus lim,,_, 1o u(x,) = ¥(2) = u(z)
and we obtain u € C(Q).

Claim 4: |0.u(92)| = 0.

Let p € 0.u(2). Then there exists xg € (2 such that

u(x) > u(zg) — c(x — p) + c(xg —p) Vo e

Therefore if we let f(z) := u(xg) — c¢(x — p) + c(xo — p), then since u(x) = ¥ (z)
on 02 we get f(z) < ¢(x) on Q2. We now claim that in fact there is ¢ € 90
satisfying f(¢) = ¥(¢). Indeed, since otherwise there exists ¢ > 0 such that
f+e <1 on . Then the function f(x)+e € F and hence u(z) > f(x)+e for
all z € Q. In particular, u(zg) > f(x¢)+€ = u(xo)+e€. This is a contradiction.
So f(¢) = ¥(¢) = u(¢) for some ¢ € 0N). But then we get

u(r) > u(zg) — c(z —p) + c(xo — p)
u(zo) — (¢ —p) + c(xg — p) — c(x —p) + (¢ —p)
= f(() —c(x—p)+c(¢—p)=ul() —c(x —p) +c((—p) Vre

So p € d.(u, Q)(x0) N Iu(u, Q)(C), ie., p € S where S is defined as in Lemma
2.2. That is 9.u(Q) C S and the claim follows from Lemma 2.2.

Thus we have shown the existence of a generalized c-convex solution. The
uniqueness follows from the comparison principle Theorem 5.1 and this com-

pletes the proof. O
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Remark 6.5 In case c(x) = §|x|p, with 1 < p < oo, then the conclusions of
Theorem 6.1 and Lemma 6.1 hold when Q satisfies only condition (6.1), in
particular, this is satisfied when ) is strictly convex by Remark 6.3. And con-
sequently, for power cost functions Theorem 6.2, Theorem 6.3 and Corollary

6.1 below are also true when the domain ) satisfies only condition (6.1).

PrROOF:  We notice that condition (6.2) is only used in Claim 3 to prove
that for any z € 0Q and any ¢ > 0 we have limsup, ., ,cqu(r) < ¥(2) + €
Therefore the remark will be proved if we establish this using only condition
(6.1). In fact, from Remark 6.1,  satisfies the exterior sphere condition and
thus Q is g-regular with ¢ the conjugate of p. From [BRO2, Theorem 4.7]

there exists w € W4(Q) N C(Q) weak solution to the ¢-Laplacian
_dIV (|Dw(gj‘)|q72Dw(aj)> + n = 07 in Q and w = _1/} on aQ

Notice that div (|Dw(z)|?"2Dw(x)) = div (Dc* (Dw(z))). For each f(x) =
—c(z—y)—X € F, we have — f(z) > —¢(x) on 09, and —div (Dc* (=D f(z)))+
n = 0. Hence by the comparison principle [BR02, Theorem 3.1] for the ¢-
Laplacian we get that —f > w in , and therefore u(x) = supfer f(r) <
—w(x) for all x € Q. O

Remark 6.6 When ¢ is a constant function, the proof above shows that
Theorem 6.1 holds when (2 satisfies a condition weaker than c-strictly convex,
namely: for any z € 0€2, there exist y, y* € R" such that c(z—y)—c(z—y) >0
and ¢(z — y*) — c¢(x — y*) > 0 for all x on ON.

Remark 6.7 Suppose c satisfies condition (H1). Then the argument in the

proof of Claim 2 in fact shows that for any c-convex function u € C(Q2) we

have maxg [u + ¢] = maxag [u + ¢].

6.2 Nonhomogeneous Dirichlet Problem

1

Throughout this section we assume that g € Ly (R") and is positive a.e.

We begin with the following lemma.
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Lemma 6.1 Suppose that ¢ satisfies condition (H1), and limjg|—; —| =
x
+oo. Let Q@ C R™ be a strictly c-convexr open set, and ¢ : 9 — R be a

c(x)
|

continuous function. Then for any set E € Q) and for any number o € R, there

exists a c-convex function u € C(QQ) satisfying u =1 on 02 and u < « on E.
PrOOF: Define
F=A{f(x)=—=clz—y)—A: yeR" AeR, f<tyondand f <«aon E}.
Since v is continuous on 02 we have that F is nonempty. Let

u(z) = sup f(z) for all z € Q.

fer

The proof now follows as in Theorem 6.1 with some obvious modifications in
Claim 1. O

Theorem 6.2 Suppose that c satisfies condition (H1), limy e @ = 400,
x

and ¢(0) = mingegrn c(z). Let Q C R™ be a strictly c-convex open set, ¢ €

C(09), distinct points x1,--- ,xn € Q, and ay,--- ,an positive numbers. If

ay+---+ay </ q(y) dy, (6.7)

then there exists a unique function u € C(2), c-convex solution to the problem

N
we(g,u) = Zai Oz, i €2, (6.8)
i=1
u =1 on 0.

PROOF: Let

H={veC(Q):vis c-convex in Q, v|sg = ¥,
N
we(g,v)(2) = ch(g,v)(xi), and / g(y) dy < a; fori=1,--- N}
i=1 dev(wi)

From Theorem 6.1, let W be the solution to w.(g, W) =0 and W = 1) on 9f).
We have W € H, and it follows from definition (6.6) that

v < W, for each v € H. (6.9)
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For each v € ‘H define

and let

B = sup V[v].
veEH

We shall prove that there exists u € H such that 5 = V[u] and u is the desired
solution to the problem (6.8).
Claim 1. There exists L € R such that

L <wvinQ and for all v € H. (6.10)
Proof of claim 1. Applying Theorem 4.1 to —v we get

max(—v) < max(—v) + h~" (we(g,v)()),

where the function A is given in (4.13). Since w.(g,v)(2) < a1+ -+ -+ ay <

B(g), and h™! is increasing, we obtain that
mg%nv > [ = rgsi)nl/J —h Y ay+ - +ay) > —oo.

Claim 2. There exists a c-convex function w € C(Q) with w = 1 on 99
and

w(z) <v(x), inQ and for allv € H.

Proof of Claim 2.
Using Lemma 6.1 we can construct a c-convex function w € C(Q) such

that w =1 on 09, and w < L on {1, -+ ,zn}. Next let v € H and define
G, ={h € C(Q) : his c-convex in Q, hlog < ¥, h(z;) < v(zy) fori=1,--- N},

and

0(x) = sup h(x), r€Q.
heg,

Notice that v € G,, and so v < 0. Also v(x;) = 0(x;) for 1 <i < N. We claim

that v = 0. We have o = v on 9. So if we prove that w.(g,v) < w.(g,?),
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the claim will follow from the comparison principle Theorem 5.1. In order to
show that w.(g,v) < w.(g,?), and since the measure w,(g,v) is concentrated

on {xy, -+ ,xn}, it is enough to prove that
ov(x;) C 00(xy), i=1,---,N.

If p € 0.v(x;), then v(x) > v(z;) — c(z — p) + c(z; — p) =: h(z) for all x € Q.
But h € G, so h < ¥ in . Since h(x;) = v(z;) = 9(x;), we then get p € 9,0(x;)
as desired. We now notice that from Claim 1, we have that w(z;) < L < v(z;)
for 1 <¢ < N and so w € G,, and consequently w < v. This completes the
proof of Claim 2.

Recall that

G =sup V[v],
vEH

and from Claim 2, § < V[w| < co. Then there exists a sequence {u,} C H
such that V]u,] T # as n — oo. From (6.9) and Claim 2 we have that

w(x) < wuy(z) < W(x), vz € Q. (6.11)

Claim 2A. There is a subsequence {u,, } and v € C(2) with u = ¢ on
02 such that u,, — u locally uniformly in Q as k — oo. We denote this
subsequence uy.

From (6.11), {u,} is uniformly bounded in Q. Since u, is c-convex in €,
from Remark 2.2 we know that given K C €2 compact, u, is Lipschitz in K,
say with constant C'(K,n). We claim that C'(K,n) is uniformly bounded in n.
Indeed, from the hypotheses on ¢ we have that ¢ satisfies condition (H3) and
therefore by Lemma 2.3 there exists R > 0 such that 0.u,(K) C B(0, R) for
all n = 1,2, ... Choose the ball B which is large enough such that z —p € B
forall z € K and p € B(0, R). Then for any z,y € K, by choosing p € 0.u,(y)

and since c¢ is convex on R"™ we have

Un (1) = up(y) > —c(x —p) +c(y — p) > —lc|lLips) |2 — Yl
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Similarly, we also have u,(y) — u,(z) > —|/c||zipm)|e — y|. Thus |u,(x) —
un(Y)| < |lellzippy|z — ¥yl for all z,y € K, that is, C(K,n) < ||c| Lip) for
all n. This proves the claim. Therefore {u,} are equicontinuous on K and
uniformly bounded in 2. From (6.11) and since w = W = % on 052, by
Arzela-Ascoli’s lemma there exists a subsequence {u,, } converging uniformly
on compact subsets of  to a function v € C(Q) satisfying v = v on 9. Also
u is c-convex by Lemma 2.1. This completes the proof of Claim 2A.

Claim 3. u € H, and V]u] = sup,cy V[v].

It is enough to show u € H. We first see that w.(g, ux) — w.(g, u) weakly

in 2. To prove this we use Lemma 3.1 and so we only have to check that

condition (3.6) holds. Indeed, if 2, — 2o € 952, then from (6.11) we have

lim sup ug, (24,) > limsup w(z,) = w(zo) = ¥(z0)

= lim W (z,) = liminf W (2,) > liminf u(z, ).

Second, since the measures w.(g, uy) are concentrated on {z1, - ,zx}, it fol-

lows from Lemma 3.1 that

/ 9(y) dy = wilg, ) ({2:}) — welg, u)({z:}) = / o(y) dy,
Ocu () Ocu(x)

as k — oo for 1 < i < N. This implies that facu(xi) g(y) dy < a; for1 <i < N.
Also the measure w.(g, u) is concentrated on {z1, -+ ,zx} since it is the limit
of measures concentrated on that set. Thus, we get Claim 3.

Claim 4. The function u solves the nonhomogeneous Dirichlet problem
(6.8).

It is enough to show that facu(zi)g(y) dy = a; for 1 < i < N. Suppose
by contradiction this is not true. Then there exists 1 < ig < N such that
facu(xio) g(y) dy < a;,. By relabelling the indices we may assume that there
exists a number 1 < ¢ < N such that

/ 9(y) dy < a; for 1 <¢< /¢ and
Ocu(wi)

/ 9(y) dy = a; for { +1<i<N.
Ocu(z;)
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Given n € N define

_ 1
G, ={v e C(Q):vis cconvex in Q, v|gg < ¥, v(zg) <ulxy) — —for 1 <k </
n

and v(z,,) < u(z,) for £+ 1 <m < N}.

1 _
Since u — — € Gy, we have G,, # 0. Define w,(z) = sup,¢, v(z) for z € Q.
n
We have

1
wy (z) = u(xg) — - for 1 <k < /{ and

Wy () < u(zn) for t(+1<m < N.
We now claim that
dng such that VYn > ng, w,(x,) = u(x,,) for £+ 1 <m < N. (6.12)

Indeed, by definition facu(xm) gly) dy = ap, > 0 for £+ 1 < m < N, and so
|0cu(xm)| > 0 for £+ 1 <m < N. Hence there exists p,, € d.u(x,,) such that
Jm(xr) < u(zy) for 1 < k < ¢, where f,,(z) = u(zy,) — c(x — pm) + (T — Pm)-
Because if on the contrary for each p € J.u(x,,) there exists x; for some

1 <k < ¢ and with f,,(zx) = u(zg), then p € d.u(xy) and so
Oeu(xy,) C{p € R" : p € Ou(x) Ndeu(y) for some z,y € Q, = # y}.

Hence by Corollary 2.1, it follows that |0.u(z,,)| = 0, a contradiction. There-

fore there exists ng such that

1

fm (1) < ulag) — -

forall {4+ 1 <m < Nand 1 < k </, and so the last inequality holds for
all n > ng. Hence f,, € G, for £+ 1 < m < N and for all n > ng, and
consequently, w, (z;) > fm(zm) = u(z,,) and (6.12) is proved.

Claim 4A. w, € H for sufficiently large n.

Notice that constructing a sufficiently negative c-convex function w(x)
whose values are 1) on 9 as in Claim 2, we have that w € G, and so w,, € C(f)

with w, = ¢ on 2.
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We first show that the measures w,.(g, w,) are concentrated on {zy,---zy}.
Let B C Q be an open ball such that BN {zy,---ax} = 0. We claim that
|0.w,(B)] = 0. Let p € O.w,(B). Then there exists z € B such that w,(z) >
wn(2) — c(x — p) + c(z — p) =: f(x) for all z € Q. We claim that there exists
y € Q\ B such that f(y) = w,(y). Suppose by contradiction this is not true,
so f(r) < wy(z) for all x € Q\ B. Then f(x) + € < w,(z) for all x € Q\ B
for some € > 0 sufficiently small. Notice that f(z) + € is c-convex in Q and
therefore f +¢ € G,,. Hence f(z) +¢ < w,(2) = f(2), a contradiction. It then

follows from the claim that p € J.(w,,?)(y) and then
Dewn(B) C {p € R™ : p € O.(wy, Q)(2)NDe(wy, Q)(y) for some z,y € Q, x # y}.

From Lemma 2.2 we then conclude that |0.w,(B)| = 0.
We have

u(z) — 1 < wy(r) < ulx), for z € Q (6.13)

n

1
where the first inequality holds because © — — € G, and the second holds
n

1 _
because G,, C G,. Consequently, —— < w,(z) —u(z) < 0in Q so w, — u
~ n
uniformly in 2 and therefore w.(g, w,) — w.(g, u) weakly, and since w.(g, wy)

are concentrated on {zy,--- ,zy} we get from Lemma 3.1 that

/ o(y) dy — o(y) dy < a
Ocwn (zg) Ocu(zy)

for 1 < k </, and so there exists ny > ng such that for all n > n; we get
facwn(xk)g(y) dy < a for 1 < k < £. Now let n > n;, we shall show that
wy, € H. Indeed, from (6.12) and (6.13) we have that

Ocwn () C Ou(xy,), forf4+1<m <N,

and so

/ g(y)dyg/ gy) dy = ay,, forl+1<m<N.
8cwn(xm) 8cu(xm)

Thus, Claim 4A is proved.
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1
Finally, from (6.13) and since u(zy) — wy, () = — for 1 < k < ¢ we then

ny
get that Viw,,] = [, [W(x) —wy, (z)] de = V[u] + [, [u(z) — wp, (z)] dz >
V{u], a contradiction by Claim 4A. This completes the proof of Claim 4 and

hence the theorem is proved since the uniqueness follows from Theorem 5.1.

O

6.3 Nonhomogeneous Dirichlet Problem with

general right hand side

c(x)
||

c(0) = mingegrn c(z), and g € L}, (R™) is positive a.e. Let Q C R" be a strictly

loc

Theorem 6.3 Suppose that ¢ satisfies condition (H1), limig|_. 4o = 400,
c-convez open set, and ¥ € C(9). Suppose that p is a Borel measure in 2
satisfying spt(p) C Q0 and

o) < / (v dy (6.14)

Then there exists u € C(S2) that is a c-convex weak solution to the problem
we(g,u) = pin Q and uw = ¥ on 9. Moreover, the solution is unique if in

addition p satisfies
for every open set D €, SN D is a closed set, (6.15)
where S := spt(p) \ Int(spt(p)).

Proor:  First fix a subdomain ' of © such that spt(u) € Q@ € Q. By
the assumptions we can select a sequence of measures {y;} satisfying p; — p
weakly in €2, each p; is a finite combination of delta masses with spt(u;) C €
and {x;(€2)} is uniformly bounded by a positive constant A which is strictly
less than fRn g(y) dy. Hence for each j, by Theorem 6.2 there exists a unique

c-convex weak solution u; € C(€) to the problem w.(g,u;) = y; in Q and
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u; = 1 on 0f). Then by using the maximum principle Theorem 4.1, we have

— minu; = max (—u;) < max (—u;) + b7 (we(g, u;)()
= —Halgi)nw + R () < — Halgiznw +h 1 (A) = C < +oo.

That is,

—C' < minu,
Q

for all j. Moreover, by Lemma 6.1 we can find a c-convex function w € C/(2)
satisfying w = ¢ on 9Q and w < —C on . From Theorem 6.1, let v € C(Q)
be the unique c-convex weak solution to the problem w.(v) = 0in Q and v = ¢
on 0f). Then we have

w(r) <wuj(z) <v(r) Vre (6.16)

for every 7, where the first inequality is proved using the argument in the proof
of Claim 2, Theorem 6.2, and the second follows from Theorem 5.1. It can
be showed easily that {u;} has a subsequence converging locally uniformly to
some function v in 2. Then by (6.16) we have w < u < v. Therefore u € C(f)
with u = ¢ on 0f). Hence by Lemma 2.1 and Corollary 3.1 we obtain that u
is a weak solution to the Dirichlet problem. The uniqueness follows from the
comparison principle Theorem 5.1. [
In the last theorem, the assumption that the measure p has compact sup-
port in ) can be substituted by the existence of a c-convex subsolution to the
equation with the given boundary condition. Indeed, we have the following.

c(x)

||

c(0) = mingegrn ¢(z), and g € L}, (R™) is positive a.e. Let Q C R" be a strictly

loc

Corollary 6.1 Suppose that c satisfies condition (H1), lim;— = 400,

c-convex open set, and ¢ € C(0). Suppose that u is a finite Borel measure
in Q satisfying (6.15) and there exists a c-convex function w € C(Q) such that

We(g,w) > pin Q and w = ¢ on Q. Then there exists a unique u € C(S2)

that is a c-conver weak solution to the problem w.(g,u) = p in Q and u =
on 0f).
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PrROOF: Let S = spt(u) \ Int(spt(p)) and for each positive integer j denote
Q; = {z € Q:dist(x,00) > 1/j}. Define

K; =(Q;nS)uUQ,; NInt(spt(p))

which is a subset of spt(u), and p;(E) = %M(E N K;) for every Borel set
J
E C €. Then since p satisfies condition (6.15) we have K is a closed set

and hence spt(u;) = spt(u|x;) = K;. Moreover, as S does not contain any

interior point and the sets ©; NS and Q; N Int(spt(x)) are disjoint, we get
Int(spt(p;)) = Int(K;) = Int(2; N Int(spt(p))) = ©,; N Int(spt(p)). Therefore,
if for each j we let S; = spt(u;) \ Int(spt(y;)), then we obtain S; = Q; N S.
This implies that condition (6.15) is satisfied with S replaced by S;. We note

also that p; — p weakly in €2 since for each compact set K C {2 we have

wi(K) — u(K) because

lim p(K NK;) = lim p((KNQ;NS)U (K NQ,; NInt(spt(p))))

J—00 J—00

= p((K N S)U (K Nint(spt(p)))) = p(K Nspt(p)) = p(K).

Now since p1;(€) < ]j?u(ﬂ) and 1(Q) < we(g, w)(Q) < [gn g, we get 11;(Q) <
fRn g as p is a finite measure. Thus, by Theorem 6.3 for each j there exists
u; € C(Q) that is a c-convex weak solution to the problem w,(g, u;) = p; in Q
and u; = ¢ on 0. Hence as w.(g,u;) = p1; < pt < we(g, w) and the measures
p; satisfy condition (6.15), by applying the comparison principle Theorem 5.1

we obtain

w(r) <wuj(z) <v(r) Vre (6.17)

for every j, where v € C(€2) is the c-convex weak solution to the homogeneous
Dirichlet problem. Then by following the argument in the proof of Theorem
6.3 we get the desired result. 0

In general to find a c-convex subsolution is a nontrivial task. However, in
the following by using Bakelman’s result on the existence of a convex weak
solution to the R-curvature problem we shall show that c-convex subsolutions

do exist in a number of important cases. In order to do that we need to recall
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1

some concepts introduced by Bakelman. Suppose R € L, .(R™) is positive a.e.
on R™ and 2 C R™ is a bounded open set. For each convex function u on (2,

define the measure

w(R,u, E) = / R(y)dy for all Borel sets E C €,
ou(E)

where Ju denotes the standard subdifferential. We then have the following
relation which in particular says that when ¢ is bounded from below by a
positive constant cy then a convex subsolution to the R-curvature problem

with R(y) = ¢pdet D*c*(—y) is indeed a c-convex subsolution to our problem.

Lemma 6.2 Suppose c satisfies condition (H2) and ¢* € C*(R™ \ {z}) for
some 2z in R™, and g(y) > ¢y > 0 for a.e. y. Let R(y) = cydet D*c*(—y) a.e.
on R™ and assume that R is positive a.e., and let 2 C R™ be a bounded open

set. Then for any convex function u € C(Q2), we have
we(g,u)(E) > co|E| +w(R,u, E) for all Borel sets E C §Q.

PROOF:  Observing that since ¢* is convex, we have R € Lj, (R") (see for
example [McC97, Corollary 4.3]. Also, as w.(g,u) > cow.(u), it is enough
to show the above estimate with the left hand side is w.(u) and with ¢y = 1.
Assume first that u is a convex function satisfying v € C%(Q) and D*u(z) > 0
in Q. Let s(x) = x — Dc*(—Du(x)) for x in Q. Define K, = {x € Q: Du(z) =
—zo}, which is relatively closed in Q2 and let B = {x € Q\ K, : det Ds(z) = 0}.
Then by the assumptions we have s € C*(Q\ K,,) and B is relatively closed in
the open set 2\ K,,. Now let E be an arbitrary Borel set in 2. We claim that

() (B\ K,) > / det(I + D2 (—Du)D™u)| dz.  (6.18)

E\K.
Indeed, for any open set U with E\ K, CU C Q,let V =U\ K,. Then V is
open and E\K,, C V C Q. Also V\Bisopensince V\B =VN((2\ K,) \ B).
We can write the open set V' '\ B as V' \ B = U, C; where {C;}°, are cubes

with disjoint interior and sides parallel to the coordinate axes. We can choose
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C; are small enough so that s : C; — s(C;) is a diffeomorphism. We therefore

have
/ | det(I + D*c*(—Du)D*u)| dv < / | det Ds(z)| dx
BE\K, 1%

= / | det Ds(z)| de = / | det Ds(z)| de = / _ | det Ds(z)| dx
V\B use, Gy

uX, C;
= Z/ |det Ds(x)| doz = Z/ o dy = Z |8cu(CO'Z)| by Proposition 2.3(2)
i=1 7 Ci i=1 /5(Ci) i=1
= we(u)(UZ,Gi) < we(u)(V\ B) < we(u)(U).

Since ¢ satisfies condition (H2), the measure w.(u) is regular. Hence, we
deduce from the last inequality that (6.18) holds. Next, as Ju(E N K,) =
{Du(z) :x € ENK,} C {—2} we have |0u(FE N K,)| = 0. Hence,

w(R,u, ENK,) = 0. (6.19)

We also note that since u is convex and u € C?(Q) we get from Proposition
2.3(2) that O.u(ENK,) = {x— Dc*(—Du(z)) :x € ENK,} = {x — Dc*(z) :
r € ENK,}. Thus,

we(u)(ENK,) =|ENK,| (6.20)

Since D?c*(y) is symmetric nonnegative definite for every y in R" — {2y} and
D?u(x) is symmetric positive definite for all x in €2, we have D?*c*(y)D*u(x)
is diagonalizable with nonnegative eigenvalues for every such x and y. But
then by diagonalizing, it is easy to see that det(I + D?c*(—Du(x))D?*u(z)) >
1+det(D?*c*(—Du(x))D*u(x)) for all z in Q\ K,,. Combining this with (6.18),
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(6.19) and (6.20) we obtain

we(u)(E) = we(u) (BN Ky) + we(u)(E\ K,)
> |ENK,|+ / | det(I + D*c*(—Du)D*u)|dx
E\K,

> |ENK,| +/ [1 4 det D%¢*(—Du) det D*u) da
E\K.

= |E| —i—/ R(Du(x)) det D*u(z) dz = |E| + w(R,u, E\ K,)
E\K,
= |E|+w(R,u, F).

So the lemma holds for any convex function u € C*(Q) satisfying D?u > 0 in
Q. For the general case, choose a sequence of convex functions {v,,} C C?*(Q)
such that v,, — u locally uniformly in Q. Define u,,(z) = v;(2)+ +|z|?. Then
D?u,, > 0 in Q for every m and {u,,} still share the above properties of {v,,}.
Hence, by applying the previous result we get w.(u,,) > |- | + w(R, Uy, .) in
Q2 for all m. But as {u,,} are convex and u,, — u locally uniformly we have
We(Um), W(R, Uy, .) converge weakly to w.(u) and w(R,u,.) respectively (see
Remark 3.2). Therefore, by passing to the limit we get the desired result. [

We will need the following proposition which is a simple extension of Alek-
sandrov maximum principle (see [Gut01, Theorem 1.4.2]). Note that here we

only need u > 0 on 0f2 instead of u = 0 on 9 as in Aleksandrov’s result.

Proposition 6.1 Suppose R(y) > cily|™" for a.e. y in R™ with k < 1. Let
Q be a bounded convex open set in R™, and u € C(Q) a convex function with
u >0 on 0N). We have the following:

(i) If k <0, then

1 1/(n—2k)
> — | ———diam(Q)" 1y Q Q Q.
u(z) > [610(71, A diam(§2) dist(x,0Q) w(R, u, )] Vx €
(it) If 0 < k < 3, then
1/(n—2k)
u(z) > — { diam(Q)" dist(x, 02) 2 w(R, u, Q)} Vo € Q.
cre(n)
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PROOF:  Let zp € Q be such that u(xzg) < 0 and let F = {v € C(Q) :
v is convex, v < u on 99, and v(xg) < u(xg)}. Then F # () as u € F. Define
w(x) = supv(z) for x € Q.

veF
Since  is convex, there exists h € C(Q) which is harmonic in Q and h = u
on 0f). Then by writing w as a supremum of affine functions it is easy to see
that u(z) < w(x) < h(z) in Q, and hence the convex function w is in C()
with w = u on 092 and w(xy) = u(xy). This implies that dw(2) C du(S?) from
[Gut01, Lemma 1.4.1]. On the other hand, by the definitions of subdifferential

and the function w we have
ow(zo) = {p € R" : w(xg) +p- (x —x9) < u(x) on 0N}
D{p eR":u(zg) +p- (x—x0) <0on N} = dv(xy),

where v is the convex function whose graph is the upside down cone with
vertex (o, u(zo)) and base €2, with v = 0 on 2. Therefore, dv(xy) C Ju ().

Moreover, by the proof in [Gut01, Theorem 1.4.2] there exists pg € R"™ with
—u(xg)

dist(xg, 02)

B <0, dj;f(%) and py is contained in dv(xg). Consequently,

lpo| = such that the convex hull K of the n-dimensional ball

w(R,u, Q) :/ R(y) dy > cl/ |y|_2’C dy > cl/ |y]_2k dy, (6.21)
ou() K H(t,o,0)

where t = —u(xg) > 0, a = dist(z, 092), 8 = diam(f?), and H(t, o, 3) denotes
the convex cone in R™ with vertex at (0,...,0,¢/«) and with base the ball
B(0,t/3) Cc R™! the orthogonal hyperplane to the z,-axis at the origin.
Noticing that in the last inequality above we have used the fact that the

function |y|=2* is radial. If 0 < k < %, then we have

—2k
¢
/ ly| = dy > <—> |H(t, a,B)] (6.22)
H(t,,0) o

t—az

()L

wyoo [T\ F /<i t—az\"! p W9 2k
— — z = .
n—1 \«a 0 I6; n(n — 1) al=2kgn-1

R 2 dh] dz
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If on the other hand k& < 0, then

t t—az

a B
/ ly| = dy = wnz/ [/
H(t,a,3) 0 0
zww/a [/ ’ (h* + 2% Fh"3h dh
0 t—az
24
o (t—az\"| [
> Wy_omin {2773, 1}/ ( ) / (h* + 2*)"*h dh| dz
o \ 20 g
1 n—3 22 t—az\2
:c_n)/a(t—az) / +(g)s’kds dz
2 0 25 22+(%)2
t n—3 1-k 971k
c(n) /a t—az 5 t—az
= —— —_— 2° + dz
2(1—k) Jy 20 203
< c(n)3t=* /«i t—az\" ! gy — c(n)3t* tn—2k
—2(1-k) J, 203 - 2n2k(1 — k) (n — 2k) o B2k
From (6.21), (6.22), (6.23) and the definitions of ¢, «, and 3 we derive the

desired results. O

(h? 4 22) k2 dh] dz (6.23)

dz

We next recall the notion of local parabolic support due to Bakelman which
describes more precisely the geometry of domains which are between being
strictly convex and satisfying the enclosing sphere condition. For a bounded
open convex set {2 C R”, let z € 9€). Then there exist a supporting hyperplane
a to  at z and an open ball Bg(z) such that the convex (n — 1)-surface
02 N Br(z) has a one-to-one orthogonal projection II, : 92 N Br(z) — a.
Moreover, the unit normal 7 to « in the direction of the halfspace where ) lies
passes through interior points of Q. Denote by Sg(z) the set I, (022N Bg(2)).
Let &,...,&,-1,&, be the Cartesian coordinates introduced in the following
way: z is the origin, the axes &, ..., &,_1 lie in the plane «, and the axis &, is
directed along the interior normal 7 to 0€2 at the point z. Clearly, the convex
surface Q2N Bg(z) is the graph of some convex function ¢(&, ..., &,—1) defined
on Sg(z). Obviously,

©(0,...,0) =0 and ¢(&, ..., 1) >0 V(&1 €no1) € Sr(2).
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We will say that 0€) has a parabolic support of order 7 > 0 at the point
z € 09, if there exists r, € (0, R) and b(z) > 0 such that

T+2

90(51, -"7€n—1) Z b(z>(§% + ...+ 5721—1) 2 v(gh “wgn—l) S Srz(z)a

i.e., the convex (n — 1)-surface 9Q N B, (z) can be touched from outside by

the (n — 1)-dimensional paraboloid &, = b(z)(£2 + ... + £2_,)™> of order 2

at z.

Definition 6.3 Let Q C R" be a bounded open convex set and T > 0. We say
0 has a parabolic support of order not more than 7 if at every boundary point

z of Q, O has a parabolic support of some order T, € [0, T].

Note that the larger 7 is, the less requirement we put on . Also, 0f) has a
parabolic support of order 7 = 0 iff () satisfies the enclosing sphere condition.
We will also consider the following condition for the Borel measure u:

(G) There exist a > 0 and € > 0 such that
w(E) < a|E)| for all Borel sets E C Q — Q, (6.24)

where Q. = {x € Q : dist(z,0) > €}. If p is absolutely continuous with
respect to the Lebesgue measure and with density f(x), then by the Lebesgue

differentiation theorem (6.24) is equivalent to

f(z) <aforae zeQ—Q.. (6.25)

We can now state the following theorem whose second part is due to Bakelman
(see [Bak94, Theorem 11.4]).

p
Theorem 6.4 Let c(x) = i with 1 < p < 0o, and R(y) = cydet D*c*(—y).

Suppose that Q C R™ is a bounded open and strictly conver set, 1» € C(01),

and [ 1s a finite Borel measure in 2. Consider the Dirichlet problem
w(R,u,.) = p in Q, and u = 1» on OS. (6.26)

We have
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1 _
— then (6.26) has a convexr weak solution u € C(S).
n j—

(i) Ifp <2+

1
(ii) If 2+ —T < p, and in addition u satisfies the assumption (G) and 02
n J—

has a parabolic support of order no more than T for some nonnegative T

... . mp—2 n+T1+
satisfying —

1
< , then (6.26) has a conver weak solution
2p—1 T+2

ue C(Q).

n(2—q)

PROOF: First observe that R(y) = co(q — 1)|y["? = co(q — D]y|2" = ,

where ¢ > 1 is the conjugate of p, i.e., 113 + % = 1. Hence,

/ Riy) dy = colg—1) [ |y"@? dy = +oo.
n Rn

(i) Since p is a finite Borel measure, there exists a sequence of measures f;
converging weakly to u such that each p; is a finite combination of delta masses
with positive coefficients and {y;(€2)} is bounded by some positive constant
B. For each j, by using [Bak86, Theorem 2] we can find u; € C(Q2) which is
the convex weak solution to w(R,u;,.) = p; in Q and u; = ¢ on 9§ If we let
W € C(Q) be the convex weak solution to det D*W = 0 in Q and W = 1 on
0%, then u; < W on Q. We now prove that {u;} is also uniformly bounded
from below in 2. Indeed, let £ € 92 and £ > 0. There exists 6 > 0 such that
|(z) —P(&)| < e for |[x —&] < 6, v € 0N. Let A-x+ b= 0 be the equation
of the supporting hyperplane to © at £ and assume that Q C {z : [(x) > 0},
where [(x) := A-x 4+ b. Since Q is strictly convex, there is 7 > 0 such that
{x € Q:l(x) <n} C Bs(§). Let M = min{¢(x): x € 9Q,1(z) > n} and
consider the function a(z) = (§) — e — kl(z), where k is a constant satisfying
K > max{qﬁ(g)_Tg_M,O}. Hence a(§) = ¥(§) — ¢ and it is easy to see that
a(z) < (x) on 0N Set vj(x) = uj(x) — a(z). Then v; € C(£2) is convex and
v; > 0 on 0. By using Proposition 6.1 and noting 2 — ¢ < 1/n we see that
there exists @ > 0 depending only on ¢ such that

v;(z) > — [C(n, g, Q)dist(z, 09)°w(R, v;, Q)] on Q.
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But we have by the definition of v,

w(R,v;,Q) = colqg — 1)/(9 o ly + kA2 dy

— g —1) / ly+ kA dy
D5 () {y[>2w|Al}

+co(g—1) / ly + /iA|”(q_2) dy
Ou; (Q)N{|y|<2k|Al}

3 1 o
< ma {50, ()" Manlg - 1) [yl dy

9u; ()
+ colq — 1)/ 2|72 dz
B(0,3x|A])
3 1
= max{(i)n(q_Q)’ (5)71((]_2)}(*)(R7 uj7 Q) —I'_ Ci(n7 q)(/{/|A|)n(q_1)

< C(n,q,k,|A|,B).
Therefore, we obtain

W (x) > uj(z) > a(z) — C(n, q, k, |A], B, Q)dist(x,09)*/"@=D on Q. (6.27)

This shows that {u;} is uniformly bounded on € and hence we can extract a
subsequence still denoted by {u;} which converges locally uniformly on € to
some convex function u € C(§2). This gives w(R,u,.) = p on Q. Moreover,
(6.27) also implies that for every £ € 9 we have limgs, ¢ u(x) = ¥(§). Thus
the proof of (i) is completed. On the other hand, (ii) follows from [Bak86,
Theorem 6] or [Bak94, Theorem 11.4] with A = 0. O
Since convex functions are c-convex, Lemma 6.2 together with Theorem 6.4
provides the c-convex subsolution w needed in Corollary 6.1 when ¢ is bounded
from below by some positive constant ¢y and the cost function c(x) = %|x|p :
1 < p < co. We remark that in these cases in fact we have w.(g, w)(E) >
co|E|+ 1(E). Therefore, we do not really need the technical assumption (6.15)
in Corollary 6.1 to ensure the existence of a c-convex weak solution. The reason
is that in that proof one can simply take p;(E) = p(ENQ;) + @|E| We then
also have p; — p weakly, p; < we(g,w), () < wc(g,w)(Qg < Jgn g, and
spt(p;) = Q. The last fact allows us to use Theorem 5.1 to obtain (6.17).
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CHAPTER 7

Second Boundary Value

Problems

7.1 Aleksandrov Solution = Brenier Solution

Let ¢ : R" — R be a C" strictly convex function satisfying limy— oo % =

+o00. Particularly, these imply that Dc : R" — R" is a homeomorphism with
(Dc)~' = Dc*, where ¢* denotes the Legendre transform of c. If @ C R" is an

open set, u : {2 — R is a function defined on 2 and zy € €2, then we define
Do) = {p € R" : u(w) > u(zo) — ez — p) + clwo — p) Vo € O}

and

My (xo) ={z € R" : u(z) > u(xg) + 2z - (x — x9) + o]z — x|) for x near z}.

It is easy to see that M, (xo) is a convex set. On the other hand, if p € d.u(xy)

then since ¢ € C*(R") we have

u(z) > u(zo) — c(z —p) + c(xo — p)

=u(zg) — Dec(xg — p) - (x — 29) + o|x — x¢|) for x near x.
Hence, —Dc(zg — p) € M, (o). That is,

dou(xg) C {p € R": —Dc(xg — p) € My(0)}-
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Note that in general the above containment is strict, but if w is differentiable
at zo then as M,(z9) = {Du(zo)} and d.u(xg) = {x9g — Dc*(—Du(xg))}, we
have

Jeu(xg) = {p € R" : —=Dc(xy — p) € My (z0)}.

These observations will be useful later and ”would motivate” the definition
of ¢*-convexity, introduced by Ma, Trudinger and Wang, in conjunction with
extending Lemma 1 in [Caf92] proved for quadratic cost function to more
general cost functions (see Lemma 7.4 below).

Now let €, Q5 be two bounded domains in R". Suppose that f € L'(€)
and g € L'(Qy) are two functions which are positive a.e. on Q; and €,

respectively, and satisfy the mass balance condition

i f(z) d:l?:/Q 9(y) dy. (7.1)

In this section we consider the following second boundary value problem for

the Monge-Ampere type operators arising in optimal transportation
g(x — D& (—=Du(z))) det[I + D*c*(—Du(x))D*u(z)] = f(x) in @ (7.2)
3Cu(Ql) == QQ, (73)

where u € C(€4) is a c-convex function on €. First let us recall the two
notions of generalized solutions for equations (7.2)-(7.3), Brenier solutions
and Aleksandrov solutions. The first notion was introduced in the theory
of optimal transportation by Brenier, Caffarelli, Gangbo and McCann (see
[Bre91],[Caf96],[GM96]), and the latter was introduced recently and in-
dependently by us in the previous sections of the present thesis and Ma,
Trudinger and Wang, [MTWO03]. One can also introduce a notion of vis-
cosity solutions for these equations as done in section 3.2 but we shall not

discuss it here.

Definition 7.1 A c-conver function u € C(§) is called a Brenier solution of

(7.2)(7.3) if
/Q h(s(2)) f (x)de = / Wg()dy,  forallhe CRY)  (1.4)

Qo



71

or equivalently,

/ f(z)de = / g(y)dy, for all Borel sets E C R", (7.5)
s—1(E) ENQ,

where s : 1 — R™ is a Borel measurable map defined a.e. on €y by the

formula s(z) = x — Dc*(—Du(z)) whenever u is differentiable at x.

Definition 7.2 We say that a c-convex function u € C () is an Aleksandrov

solution of (7.2)-(7.3) if
10.u(Q1) — Q| =0 5 [0u(S2)] = €] (7.6)

and

/ g(y) dy = / f(z) dx,  for all Borel sets E C €. (7.7)
Ocu(E) E

Remark 7.1 Notice that (7.6) is equivalent to d.u(€2) C s a.e.

If w is an Aleksandrov solution then the measure w.(u) defined on € is
absolutely continuous w.r.t. the Lebesgue measure. Indeed, suppose E C €y
is such that |E| = 0 then by (7.7) we obtain facu(E)g(y) dy = 0. Hence,
|0.u(E)| = 0 since d.u(F) C Qs a.e. by (7.6) and g > 0 a.e. on Qs.

Lemma 7.1 Ifu is a generalized solution of equations (7.2)-(7.3) in the sense

of Aleksandrov then u is also a Brenier solution.

PRrROOF: Let u be an Aleksandrov solution. Then by the above remark we
know that if £ C € satisfying |E| = 0 then |0.u(E)| = 0. We also observe
that if £ C € is such that [0.u(E)| = 0 then |E| = 0. This follows since if
|0.u(E)| = 0 then by using (7.7) we obtain

0= [ gty dy= [ fla) e
deu(E) E
Now define

wy) = sup [—elz —y) —u(@)] = sup [~A(y — z) —u(z)] vy R,
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where h(z) = ¢(—z). Then u* € C(R™) and is h-convex on R™. Since u is
an Aleksandrov solution, it follows that d.u(z) N Qy # 0 for every z in €.
From this, it can be shown that for x € Q; and y € R™ we have y € d.u(x) iff
x € Op(u*,R")(y). Let G be the set of points in ©; where u is differentiable.
Let M = {y € s(G) : u* is differentiable at y} and F = s7'(M) N G. Then
we have |F| = ||, |[M]| = |s(G)| = |0.u(G)| = |0.u(Q)| = || and s : F —
s(F) = M is a bijection with t(y) = y — Dh*(—Du*(y)) = y + Dc*(—Du*(y))
as its inverse. Now if F C R™ is a Borel set then s™'(E) C € is a Borel set.

Hence, we have

/ f(x) de = / f(x) da = / oy) dy

s—H(E) s—H(ENM) Ocu(s~1(ENM))

_ / oy) dy = / oly) dy = / oy) dy,
s(s—H(ENM)) EnM E

where the first equality follows since [s™'(E) — s7'(E N M)| = 0. Indeed, we

have

s E)—sHENM)|={zreG:s(x) e E— M}
=|{reG:0u(z) C E— M} =|H|,

here H denotes the set {x € G : J.u(zr) C E — M}. We have d.u(H) C
J.u(€) — M, and hence |0.u(H)| = 0 which gives |H| = 0 by the above
observation. This in turn implies that [s7}(E) — s™(E N M)| = 0 as desired.
O

It is clear that (7.1) is a necessary condition for the existence of a general-
ized solution for equations (7.2)-(7.3) either in the sense of Brenier or in the
sense of Aleksandrov. Moreover, it is known from the optimal transportation
theory that under condition (7.1), there exists a unique Brenier solution up
to constants. Unfortunately, (7.1) is not sufficient to ensure the existence of
an Aleksandrov solution. In general, Brenier’s notion of solutions is strictly
weaker than that of Aleksandrov as shown by Caffarelli’s example in the case ¢
is a quadratic cost function, i.e., c¢(z) = %|x|2 Aleksandrov’s notion of solution

detects the singular part of the measure det[I + D?*c*(—Du(z))D?u(x)], while
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Brenier’s does not. Therefore, a basic question arises: under what conditions
is a solution of (7.2)-(7.3) in Brenier’s sense also a solution in the sense of
Aleksandrov. Understanding this question is important for the study of the

regularity of optimal map.

7.2 c*-convexity and preliminary lemmas

In this section we recall the notion of ¢*-convexity for subsets of R™ which
was introduced recently by Ma, Trudinger and Wang (see [MTWO03]). We

assume that ¢ € C'(R") and is strictly convex.

Definition 7.3 If 21,2, € R", Z1z is the corresponding line segment, and

rog € R™, then a c*-segment with respect to xq is the set
{y: —Dc(zg —y) € Z122}.
We notice that {y : —Dc(xg — y) € Ziza} = {xg — (Dc) "} (—t) : t € Z123}.

It is clear from the assumptions on ¢ that a c¢*-segment is a continuous curve. In
fact, for any two points y1,y» € R™ and xy € R"”, there is a unique ¢*-segment

~ relative to xy connecting y; and y» and it is given by the formula
v =A{x9— Dc*(—2) | z € Z1z3},

where 21 = —Dc(xg—y1), 20 = —Dc(xg—1y2) and Z1 23 denotes the line segment

connecting z; and zs.

Definition 7.4 Let Fy and Ey be two subsets of R™. We say Es is ¢*-convex
relative to Ey if for any two points yr,ys € Eo and any xg € 1, the ¢*-segment

relative to xo connecting y; and yy lies in Es.

Remark 7.2 If ¢(z) = |z|*/2, then a set Fy is ¢*-convex relative to E; if and

only if Fj5 is a convex set in the standard sense.
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Remark 7.3 If F, is ¢*-convex relative to E; then Es is also ¢*-convex relative
to Ey. A way to see this is for any two points y1, vy, € F» and any z, € E,
choose two sequences {y7'}, {y3} C Es such that yi" — y; and y§ — yo. Then
for any n, by the assumption we have the c¢*-segment relative to xy connecting
yi and y4 lies in Ey. On the other hand, these c*-segments converge in ”some
reasonable sense” to the c*-segment relative to xg connecting y; and y,. Hence

the desired c*-segment must lie in Fs.

Lemma 7.2 Let {u;} C C(Q2) be a sequence of c-convex functions defined on

an open set 2 C R™. Suppose that u; converge locally uniformly to a c-convex
function u € C(Q2). We have
(1) If p; € Ocu;(x;) and x; — x € Q, p; — p € R", then p € J.u(x).

(i) © — Dc*(—Duj(z)) — = — Dc*(—Du(z)) for a.e. x € Q, or equivalently,
Duj(x) — Du(z) for a.e. x €.

ProOOF: (i) We have

uj(z) > uj(z;) — c(z — p;) + c(z; — pj)
= u(z) + [uj(z;) — ulzy)] + [u(z;) —u(r)] — c(z — p;) + c(z; —p;) VzeQ

Since x; — x € (), by taking j > N for some number N large enough we
can assume that {z;} remains in fixed compact subset K of 2. So [u;(z;) —
u(z;)] — 0 when j — oo as u; — u uniformly on K. Hence, by letting j — oo

in the above inequality we obtain
u(z) > u(x) —c(z—p)+c(zr—p) Vzel

That is, p € d.u(x) as desired.
(ii) Since uj, u € C(§2) are c-convex, they are differentiable a.e. on 2. Now

let I denote the set of z in {2 such that all u; and v are differentiable at .

Then |E| = ||, and we shall show that

r — Dc*(—Duj(x)) — x — Dc*(—Du(z)) Vre E.
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First note that {x — Dc*(—Du;(x))} are locally bounded in € independent
of j. Thus for x € F we may choose a subsequence {j;} such that x —
Dc*(—Duj, (z)) converges as k — oo, say to p € R". By part (i) we must
have p € d.u(x), so p = © — Dc*(—Du(x)), since u is differentiable at x.
Since this is true for {u;} replaced by any subsequence, we conclude that
r — Dc*(—=Duj(x)) — x — Dc*(—Du(z)) for all z € E. This completes the
proof. O

Lemma 7.3 Let u € C(Q2) be a c-convex functions on . If v € Q such that
Du(z) exists, then s(y) = y— Dc*(—Du(y)) is continuous at x, or equivalently,

Du(y) is continuous at x.

PRrROOF: Let {z;} C Q be any sequence such that ; — x and Du exists at
each z;. We shall show that s(z;) — s(z). Indeed, since x; — = € €2, w.lLg.
we can assume that {z;} remains in fixed compact subset K of 2. Hence
{s(z;)} is bounded as they are contained in J.u(K). Thus any subsequence
of {s(z;)} has a convergent subsequence, and by Lemma 7.2 the limit of this

subsequence must be s(z). This implies that s(z;) — s(z). O

7.3 Brenier solution = Aleksandrov solution

In this section we shall prove that Brenier solution of equations (7.2)-(7.3)
is indeed Aleksandrov solution provided that 25 is ¢*-convex relative to €.
The main tool in showing this is Lemma 7.4 below, which is proved by Ma,

Trudinger and Wang in [MTWO03].

Lemma 7.4 Suppose Qy is c¢*-conver relative to Q. If u € C(€y) is a c-
convez function on 0y such that O.u(x) C Q, for a.e. x in Qy, then d.u(€y) C
Q,.

PROOF: Let G denote the set of points where u is differentiable. Also define
s(x) = x — Dc*(—Du(x)) whenever u is differentiable at x. Note that we then

have d.u(x) = {s(x)} if x € G. We first claim that d.u(z) C Q, for every x in
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G. Indeed, if x € G then O.u(x) is a singleton. Moreover, by the assumption
we can choose a sequence {z;} C G such that d.u(z;) C Q, for every j and
x; — x. Therefore, by Lemma 7.3 we get s(z;) —  — Dc*(—Du(x)). Hence,
x—c*(—Du(x)) € Qy, i.e., du(xr) C Qy. So the claim is proved. Now let ¢ be
an arbitrary point in ; — G. If d.u(xp) is a single point then we can choose a
sequence {x;} C G such that {s(z;)} = d.u(z;) C Qy for every j and x; — zo.
By passing to a subsequence we can assume w.l.g. that s(z;) — p for some
p € Qy. But then by Lemma 7.2 we have p € d.u(zy). Hence d.u(xg) = {p}
since d.u(zg) is a single point. This implies that d.u(xg) C Qy. On the other
hand, if d.u(zg) is not singleton then the convex set M, (zy) contains more
than one point. We now claim that: For any k > 1, if zq, ..., z; are extreme
points of M, (x¢) and Ay, ..., Ay are positive numbers such that A\; +...+ A, = 1,

then the unique solution y of
—De(xg —y) = Mz1 + oo+ Az

belongs to Q.

We prove the claim by induction. Let z € M, (x() be an extreme point and
let y be the unique solution of —De(xg—y) = 2. As z € M, () is an extreme
point, by arguing as in [Caf92] we can find a sequence {x;} C G such that
x; — xo and Du(x;) — z. For each i, let p; be the single element of d.u(x;).

Then by the above result we know that {p;} C Q. Also, for every i we have
—Dc(xg — p;) = Du(x;). (7.8)

By passing to a subsequence we can assume that p; — p € Qy for some p.
Then by letting ¢ — oo in (7.8) we obtain —Dc(zg — p) = z. Thus we must
have y = p, i.e., y € Qy. So the claim holds for & = 1. Now suppose that it
holds up to k for some k& > 2. We shall show that it is also true for k + 1.
Indeed, let y be the unique solution of —Dc(xg —y) = A\121 + Aoee. + Ap1 2641,
where z; are extreme points of M, (z) and \; are positive numbers satisfying

A+ ... + Akr1 = 1. Then we have

—Dc(xg—y) =Mz + (1 —N\)z" (7.9)
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with z* := 131 Zo+ ... + ff—;llzkﬂ. Now let y;, y2 be the unique solutions of

—Dc(xg — y1) = z1 and —Dc(zg — y2) = z* respectively. By the induction
hypothesis we get 3, and y, belong to €y since z* is a convex combination
of k extreme points of M, (z¢). But since Q, is ¢*-convex relative to g, the
c*-segment connecting y; and ya, v = {p € R" : —Dc(xg — p) € z12*}, is
contained in Q. Hence this combined with (7.9) yield y € Q, as wanted.
So the claim is proved. We now show that d.u(zg) C Qy. Let p € d.u(xy),
then —Dc(zg — p) € M,(x). Hence we can write —Dc(xzy — p) as a convex
combination of extreme points of M, (zy). But then p € Qy by the claim. So
O.u(zo) C O and the proof is completed. O

Theorem 7.1 Let 2y, )y be bounded domains in R™ such that )y is ¢*-convex
relative to Q. Suppose u € C(§2y) is a c-convex function on Qy satisfying
[ nsns) o= [ tg)gts) dy forat he o), (10)
Ql QQ
where s is defined a.e. on €y by the formula s(x) = x— Dc*(—Du(x)) whenever

u s differentiable at x.
Then 0.u(2) C Qy and |0.u(Q1)| = |Q2|. Moreover, we have

/ g(y) dy = / f(x) dz  for all Borel sets E C €. (7.11)
Ocu(E) E

Proor: Let G denote the set of points where w is differentiable. Then
|G| = |Q1]. We first claim that d.u(x) C Q, for every z in G. Indeed, since
otherwise there exists 7o € G such that d.u(w) ¢ Q, i.e., s(xy) € Qp. Then we
can find a positive number r satisfying B(s(x),2r) Ny = (). Also, by Lemma
7.3 there is a t > 0 such that B(zo,t) C € and s(B(x,t) NG) C B(s(xo), 7).
Now choose a nonnegative function h € C'(R") such that h =1 on B(s(x),r)
and supp(h) C B(s(xg),2r). Then by substituting this function A into (7.10)

we derive that

0= / h(s(2)) f(x) da > / s

:/ f(z) dx:/ f(z) dx > 0.
B(z0,t)NG B(zo,t)
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This gives a contradiction and hence the claim is proved. But then by applying

Lemma 7.4 we obtain d.u(£;) C Q.

First we show that f oo 9Y) dy = [ [(x) dx for every Borel set E C €.
For any compact set K; C 2y, the set KQ = J.u(K;) is compact. If now
h € C(R") is any function with h > xg,, then

Kymmmwzéhﬁmﬂ@mzéxMwmﬂmw

_ ,(s(x)) f(z) de = x) dx > z) dz
/GXK( S /{zeG’:s(ﬂc)EKQ}f( ) /{zEKlﬂGZS(@EK?}f( |

:/' ﬂ@de/ f@)de= [ f@)da
{ze K1NG:0cu(z)CKa} KinG K

By the above claim we have Ky = du(K;) C d.u(Q;) C Qy. Hence letting
h decrease to xk, in the above inequality and noting that |0Q] = 0 we get
Ji, W) dy > [ f(x) dx, or we(g, u)(K1) > [, f(x) dx. The regularity of

the measure f(x )d;z: and of the generalized Monge—Ampére measure w(g, u)

then imply that
we(g,u)(E) > / f(z) dx for all Borel sets E C €. (7.12)
E

In particular, if w,(g,u)(S) = 0 then [ f(z) dz = 0.
To prove the reverse inequality in (7.12) we note first that for any compact

set K1 C 4, by Aleksandrov’s Lemma we have
|{p e R" IpE 80U<K1) N 6?cu(Ql — K1>}‘ =0.

Then (.u) '(d.u(K;)) — K; has Lebesgue measure zero because it is con-

tained in {p € R" : p € Ju(Ky) NIu(; — Ky)}. Thus together with

(7.12), this implies that [, 15—k, /(@) dz = 0, or equivalently as
C (Ocu) ™ (Ocu(K7)),

/ fayde= [ fw)do (7.13
(Ocu)~H(Ocu(K1))
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Now for any h € C(R") such that h > xg,u(k,) We have

/ 9(y) dy = / Xoou(k:) (¥)9(y) dy
Ocu(K1) Qo
</ (o) dy = / H(s() (@) da (7.14)

If we take 0 < h < 1, h > Xa.u(k,) and h converges uniformly to zero on
compact sets outside O.u(K), then h(s(x)) converges uniformly to zero on

compact subsets of O — (J.u) ' (d.u(K;)). Therefore,

| @) do - fla) da= [ f(o) da,

(Ocu) =1 (dcu(K1))

where we have used (7.13) in the last equality. Hence by combining with (7.14)

we obtain
/ g(y) dy < f(z) dz  for all compact sets K; C €.
8CU(K1) Kl

The regularity of the measure f(x)dz and of the generalized Monge-Ampere
measure w,(g, u) then imply a similar inequality for K replaced by any Borel
subset of €y, as above. From this and (7.12) we get (7.11). As a consequence
of (7.11) and by using (7.10) with h = 1 we have

/ o) dy= [ o) de= / o(y) dy,
Beu(Q1) o Qo

and hence |0.u(Q;)| = || since d.u() C Qg and |0Q| = 0. The proof is
then completed. [l
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CHAPTER 8
Aleksandrov Type Estimates

In this chapter we prove a quantitative estimate of Aleksandrov type for
c-convex functions which generalizes the well known estimate established by
Aleksandrov in 1968 for convex functions (see [Gut01, Theorem 1.4.2]). Alek-
sandrov estimate plays an important role in the theory of Monge-Ampere equa-
tion and it is one of the main ingredients in Caffarelli regularity theory for the
equation. Aleksandrov proved the estimate by purely geometric method and
using the fact that the standard subdifferential at a given point is convex which
however is no longer true in our general setting. Here we prove our estimate
analytically and we only need u > 0 on the boundary of €2 instead of requiring

u = 0 on 0N) as Aleksandrov.

Theorem 8.1 Suppose c¢(z) = %|x|p, 1 <p<2+4+-25. Lt Q CR" bea

bounded open convexr set, and u € C(2) be a c-convex function on Q with

u >0 on 9. We have
(i) If 1 <p <2 then

p—1

u(z) > —C(n,p) [dmm(ﬂ)n_p(f;l) dist(x, O) |<9cu(Q)\] T VYreq

(it) If 2 < p < 2+ L then

(p—1)—n(p-2) =

u(z) > —C(n, p) [dz’am(Q)”_l dist(z,00)" 1 |acu(9)|} T Ve eq,

where C(n,p) is a constant depending only on the dimension n and p.
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PROOF:

Let zg € Q be such that u(xy) < 0, and G(z) = xy — Dc*(—z). In order
to prove the theorem we first define a c-convex function, whose graph is the
upside-down c-cone surface with vertex at (xq, u(zy)), as follows

w(z) =supv(z) Vz € Q,
veF

where
F={veC(Q):vis cconvex ,v(rg) <u(zg) and v|pg < ulsa}.

Then since u € F we have w > u on Q, w(zy) = u(zg), w is c-convex on 2
and w|aq = u|aq.

Claim 1: w € C(Q). Indeed, since Q is convex it is g-regular with ¢ is the
conjugate of p. From [BRO2, Theorem 4.7] there exists h € WH4(Q) N C(Q)

weak solution to the g-Laplacian

—div (|Dh(z)|" *Dh(z)) +n =0, inQand h = —u on 9.
Notice that div (|Dh(z)|92Dh(x)) = div (Dc* (Dh(z))). For each f(x) =
—c(z—y)—X € F, we have — f(z) > —u(z) on 09, and —div (Dc* (=D f(z)))+
n = 0. Hence by the comparison principle [BR02, Theorem 3.1] for the ¢-

Laplacian we get that —f > hin Q, and therefore w(z) = sup,cr v(x) < —h(z)

for all z € . Thus we obtain u < w < —h in  and hence the claim follows

since u, —h € C(£2), ulsgo = —h|sq and w is c-convex on §.
From Claim 1 above and by Lemma 5.1 we obtain
0.u(2) D 0.w(2) D dew(xg)
= {y : u(xo) — ez —y) + c(xo — y) < u(x) Vo € 00}
D{y ru(zg) — c(x —y) + c(xg —y) <0 Vo € 00}
D {y:u(xe)+ < De(xg —y), 20— ><0Vx € 00} = FE

We also observe that the set F is c¢*-convex with respect to zy in the sense

that if y;,yo € E, then the curve connecting y; and ys

{xg— Dc*(—2) : 2 € 7173} C E,
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where z; = —Dc(zg—1y1) and zo = —Dc(xg—y2). Indeed, if z = Az;+(1—X)2y
for A € [0,1] and y = g — Dc*(—2) then we have for any x € 0

u(xo)+ < De(zg — y), 2o — & >= u(xo)+ < De(Dc*(—2)), 20 —x >
= AMu(xo)+ < —z1,200 — 2 >+ (1 — N [u(zo)+ < —22,20 — . >

= ANu(zo)+ < Dc(xg — y1), 20 — x >]

+ (1 = N)[u(zo)+ < De(xg — ya), 29 — x >] < 0.

This means y = xo — Dc*(—z) € E as desired.
Let z* be the point on 0 such that |zo — x*| = dist(xzg, 02), and let zy =

—u(zo) a*—mg
dist(z0,09) |z*—z0| "

observation that

Then since 2 is convex, we easily see by a simple geometric

<a* —x0,7 — 19 >< |7F — 20|? fOr all € 9N. (8.1)

Claim 2: We have G(B(0, 7)) C E and G(z) € E.

Indeed, suppose y = G(z2) = x¢ — Dc*(—2) for some 2z € B(0, dj:&?z)))

Then for every x € 0f2, we have

w(xo)+ < De(zg —y), x0 — x >=u(xg)+ < —2,20 — T >
<u

(x0) + diam(Q2)|z] <0,

which gives y € E as desired. On the other hand, if we let yo = G(zp) then
we have for any x € 0f)

u(x)+ < Dec(xo — Yo), xo — & >= u(xo)+ < —20,20 — T >

(o) # 0] L >
= u(x ¥ —xo, 1 —

O dist (o, 0Q) |7* — 0] 0 0
< u(zg) —ulo) |z* — x| =0,

* dist(z, 092)

where we have used (8.1) in the last inequality. This gives yg € E as wanted.
By claim 2 and since E is ¢*-convex with respect to xy we obtain G(H) C E,

—u(zo) *—x
dist(xof)aﬂ)] |-'E**178‘ and the bal]_

where H is the closed convex hull of the point [
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B(0, dj;‘rflgé‘g)) Therefore, in summing up we get G(H) C 0.u(f2). Hence,

0.u(Q)| > |GUH)| = |De*(~H)| = /H det D?c*(—y) dy
= (q— 1)/H|y|”(q‘2) dy.

Now the inequalities stated in the theorem follow from the estimates (6.22)

and (6.23) in the proof of Proposition 6.1. U
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APPENDIX A

Perron Method For The
Dirichlet Problems

In this appendix we shall show that the standard Perron method can be car-
ried out to prove Theorem 6.2 provided that we assume in addition a subsolu-

()

c
tion to the problem exists. Suppose c satisfies (H1) with lim;|—e ﬁ = 400
x

and g € L}, (R") is nonnegative a.e. on R". Let Q C R™ be a strictly c-convex

open set, 1 € C(0Q) and p = ZN a;0;, where z; € Q and a; > 0. We

i=1

consider the following Dirichlet problem
g(x — Dc*(—=Du(z)))det[I + D*c*(—Du(x))D*u(z)] = p in Q (A1)
u =1 on Of) (A.2)
First define
F(g, 1) :=={v e C(Q) :vis c-convex, we(g,v) > pin Q and v =1 on 9Q}.

When g = 1 we simply write F(u, ) for F(1, i, ). Suppose F(g, p, ) # 0,
and let W be the unique generalized solution for the associated homogeneous
Dirichlet problem. Then we have v < W on Q for every v € F(g, u,1)).
Therefore, all functions in F(g, i1,v) are uniformly bounded from above on

and we can define

U(x) =sup{v(z):v € F(g,u,¥)} VoeQ.
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Pick any W € F(g, 1, 1) and we then get W < U < W on Q. So U = 1 on
09, U is c-convex on  and U € C(Q). Moreover, by the comparison principle
we can see that if our nonhomogeneous Dirichlet problem has a weak solution
then it must be U.

c(x)
|

Theorem A.1 Suppose c satisfies condition (H1) with lim,|—o, —= = +00.

T
Let Q C R™ be a strictly c-convex open set, 1 € C(8Q) and p = SN

1=

1 aié&"z‘
where x; € Q and a; > 0. If F(g, u, ) # 0, then there exists a unique c-convex

function v € C(Q) that is a weak solution to the Dirichlet problem (A.1)-(A.2).

PrOOF: Let U and W be defined as above. We shall show that U is the
desired solution. First we claim that

(a) If u, v € F(g, p, 1) then max {u,v} € F(g, u, ).

(b) U € F(g, 1, ¥).

Step 1: Proof of (a). Let ¢ = max{u,v}, Qy = {z € Q : u(z) = v(x)},
QG ={reQ:ulx) >v(@)}and U ={r e Q:ulr) <vx} IfEC
then w.(g,®)(E) > w.(g,u)(E) and if E C Qy then w.(g,¢)(E) > w.(g,v)(E).
Also, if E' C Qy, then O.u(E) C 0.¢(F) and 0.v(F) C 0.¢(E). Given E C Q
a Borel set, write F = Ey U Ey U Fy with E; C €);. We then have

wc<gv ¢> (E> = wc<ga ¢) (EO) + wc(ga (b)(El) + wc(ga ¢)(E2)
> we(g, u)(Eo) + welg, u)(Ev) + we(g, v)(E2)
> w(Eo) + p(Er) + p(E2) = u(E).

Step 2: For each y € () there exists a uniformly bounded sequence v,, €
F(p, 1) converging uniformly on compact subsets of Q2 to a function w €
F(p, 1) so that w(y) = Ul(y).

Since F(g,p, ) # 0 we can pick ug € F(g,u,v). If u € F(g,u,1) then
u<Win Q. Fix y € Q, then by definition of U there exists a sequence u,, €
F(g, p, ) such that un,(y) — U(y) as m — +oo. Let v, = max {ug, U, }. By
step 1, v, € F(g, p,v) and therefore u,,(y) < v,(y) < U(y) and so v,,(y) —
U(y). Note also that {v,,} is uniformly bounded in Q since uy < v,, < W



86

in Q. Now since v,, is c-convex in € we know that given K C § compact,
U, is Lipschitz in K, say with constant C'(K,m). We claim that C(K,m)
is uniformly bounded in m. Indeed, by Lemma 2.3 there exists R > 0 such
that 0.v,,(K) C B(0, R) for all m = 1,2, ... Choose the ball B which is large
enough such that z —p € B for all z € K and p € B(0,R). Then for any

x,y € K, by choosing p € 0.v,,(y) and since ¢ is convex on R" we have

U () = om(y) 2 —c(z = p) +c(y = p) 2 =llcl|Lipes) [z = yl.

Similarly, we also have v,,(y) — vm(x) > —||c||Lip)|lz — y|. Thus |v,(z) —
U (W) < lellzipsy|lz — y| for all z,y € K, that is, C(k,m) < ||c||Lips) for
all m. This proves the claim. Therefore, {v,,} are equicontinuous on K and
uniformly bounded in €. Hence since uy < v,, < W and ug = W = ¢
on 0f), by Arzela-Ascoli’s lemma there exists a subsequence still denoted by
{v,,} converging uniformly on compact subsets of Q to a function w € C(Q)
satisfying w = 1 on 09 and so w(y) = U(y). Also w is c-convex by Lemma
2.1. Moreover for each © = 1, ..., N, by using the first part of Lemma 3.1 we
have w.(g,w)({z;}) > limsup,, .. we(g, vm)({x;}) > p({x;}). Therefore, we
get w € F(g, u, ) and hence w < U in .

Step 3: Proof of (b). By the observation before this lemma, to prove (b)
it suffices to show that w.(¢,U) > p in Q. Let i € {1,...,N}. By Step 2
there exists a sequence {v,,} € F(g,p,), uniformly bounded on €, such
that v,, — w € F(g, i, ) uniformly on compacts of 2 as m — oo with

w(x;) = U(z;). If p € 0.w(z;) then
Ulxr) = w(z) 2 w(z;) — c(z —p) + c(z; —p) = U(i) — c(z — p) + c(zi — p)

for all x € Q. So p € 9.U(z;) and hence d.w(z;) C 9.U(z;). This yields

we(g, U)({zi}) = welg, w)({wi}) = p({wi}) = ai.

Therefore, we obtain w.(g, U) > p in €.
Step 4: w.(g,U) = Zfil Aia;0,, for some \; > 1 Vi=1,...,N. Let zy be

an arbitrary element in Q — {zy,...,xy}, and B = B(xo,7) be any open ball
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centered at xo such that z; € B for alli =1,..., N and B C €. Define
w(r) =sup{v(z) v € F*} VreQ,

where F* = {v € C(Q),v is c-convex, and v(z) < U(x) on Q\ B}. Then
w € C(Q), wis c-convex, U < win Q and w = U on Q\ B since U € F*.

Moreover, for every Borel set E C ) we have

we(g, w)(E) = we(g,w)(E N B) + we(g, w)(EN B) > we(g, w)(E N BY)
> we(g, U)(ENB®) > w(ENB°) = wEN{xy,...,xn}) = p(E).

Therefore, w € F(g, it,%) and hence we obtain U = w on Q. Now let
S={peR": pecd(w,Q)(z)N(w,Q)(z) for some 2,2 € Q, 2 # z}.

We shall show that d.w(B) C S. Indeed, let p € d.w(z;) for some z € B
and define g(z) = w(z1) — ¢(x — p) + ¢(z1 — p). Then g(z) < w(z) for every
x in Q. We claim that there must be a 2, € Q\ {2;} such that g(z;) = w(z,)
since otherwise we have ¢ := min, g p[w(z) —g(z)] > 0. Then by letting
f(z) =g(x)+d we get f e C(Q), fis c-convex, and f(z) = g(z)+0 < g(x)+
w(z)—g(r) = w(r) = U(x) for every x in Q\ B. So f € F* and hence w(z;) >
f(z1) = g(z1) + d = w(z1) + > w(z1). This gives a contradiction and hence
the claim is proved. Therefore, d.w(B) C S and so by Lemma 2.2 we obtain
|0.U(B)| = |0.w(B)| = 0. Thus, the measure w.(g,U) is concentrated on the
set {z1,...,2n}. Hence since w.(g,U) > p, we have w.(g,U) = Zfil ;@0
with \; > 1 for every i = 1,..., N.

i

Step 5: we(g,U) = p in Q. To prove this by step 4 we only need to show
that \; = 1 for every ¢ = 1,...,N. Indeed, suppose by contradiction that
Ai, > 1 for some iy € {1, ..., N}, we shall derive a contradiction. First choose
an open ball B = B(x;,,r) so that x; ¢ B for all i € {1,...,N}\ {io} and
B C Q. Define

G={vel():v is c-convex, v(z;,) < U(ry) and v(x) <U(z) on Q\ B}
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and for each n € N,

G, ={ve Q) :v is c-convex, v(x;,) < U(:EZ-O)—I—l, v(r) < U(x) on Q\ B}.
n

Note that U € G and U € G, for every n. Now define
w(r) =sup{v(z) :v € G} VreQ,

wy(z) =sup{v(z) :v € G,} Vre

Then it is clear that w, w, are c-convex and continuous on Q, and U <
w, wy, on Q. Moreover, w(z;) = U(zi,), wn(zi,) < U(zy) + 2 and w, w, are
equal to U on Q\ B. We further have the followings

Claim 1: U(z) = w(z) on Q.

Since 0.U(x;) C O.w(x;) for every i = 1,...,N, we have by Step 3 and
Step 4 that w.(g,w) > w.(g,U) > p. Therefore w € F(g, p, ) and the claim
follows.

Claim 2: |Q.w,(B)| = |0cwn({xi,})|. This will follow if we can show that
|0.w(B\ {z;,})| = 0. Let

S, = {peR": p € de(wy, Q) (21)N0e(wy, Q) (22) for some 21,2 € Q, 21 # 22}

We shall show that d.w(B \ {zs}) C S,. Indeed, let p € dw(z;) for some
z1 € B\ {x;,} and define g(x) = w,(21) — c(x — p) + ¢(z1 — p). Then g(x) <
wy,(z) for every o in Q. We claim that there must be a z € Q\ {21} such that
g(z2) = wy(z2) since otherwise we have

a:= min [w,(z) —g(z)] >0 and w,(z,) — g(zi) > 0.
zeQ\B

Then by letting f(x) = g(z) + 0 where 6 = min {a, w,(x;,) — g(x;,)} > 0 we
get f € C(Q), fis c-convex, f(zs,) < g(xs,) + wn(ws,) — g(25,) = wp(z3,) <
U(zi,)+ L and f(z) < g(z) +w(z) — g(z) = w(z) = U(z) for every z in Q\ B.
Therefore f € G,, and hence we obtain w,(z1) > f(21) = g(21) + 0 = w,(z1) +
§ > wy(z1). This is a contradiction, that is, there exists zp € Q\ {21} such

that ¢g(z2) = wy,(22). But this implies that p € 0.(wy, Q)(21) N Oc(wp, 2)(22),



89

ie.,pe S, Thus daw,(B\ {z;}) C S, and |0.w(B \ {z;})| = 0 by Lemma
2.2.

Claim 3: There exists ny € N depending only on U, 2, B and x;, such that
for all n > ng we have

1
wn(xi()) = U($i0> + ﬁ

Indeed, let S = {p € R* : p € 9.(U,Q)(y) N 0(U,Q)(z) for some y,z €
Q with y # z}. Then |S| = 0 by Lemma 2.2. But |9.U(z;,)| = \i,as, > 0.
Therefore, there exists p € 9.U(z;,) such that p & S. Hence,

U(x) > U(xy) — c(x —p) + c(xy, —p) Vo € Q\ {zy}-

Thus

J:= rﬁn\ijrgl{U(x) — Ul(xiy) + c¢(x —p) — c(zyy —p)} > 0.

So we can pick ng € N large enough such that % < 4. Now for any n > ng,
let f(z) = U(zy) — c(x — p) + c(z;, — p) + . Then f € C(Q), f is c-convex

on Q and f(z;,) = U(zy,) + 2. Moreover, for every z in 2\ B we have

flw) < Ulwi) = clz = p) + c(wi —p) + nio
(i) — c(x — p) + c(xsy, —p) + 0

U
< Ulwy) — clz —p) + c(ziy — p) + U(x) = U(wyy) + c(x — p) — (i, — p)
U

Therefore, f € G,, and hence

1 1
Ulwip) + — 2 walwiy) 2 f(2i) = Ulzi) +
So wn(zi,) = Ulzi,) + + for all n > ny.
Claim 4: There exists a subsequence {w,, } of {w,} such that w,, — U
uniformly on €.
For every n, we have U < w,, < W on Q. Therefore, by arguing as in the

proof of Step 2 there exist u € C(£2) with u = U on 92 and a subsequence
{wp, } of {w,} such that w,, — wu locally uniformly on 2. On the other hand,
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we have Uguinﬁandu:Uinﬁ\B since U < wy, on  and wy, = U on
Q\ B. Also, we have u is c-convex on Q by Lemma 2.1. Moreover, by claim 3
we get

u(zy,) = lim wy,, () = lim [U(z;,) + nik] = Ul(x;,).

k—o00 k—oo

So u € G and hence by claim 1 we obtain v < U in Q. Thus, u = U in Q and

wy, — U uniformly on Q2 since w,, = U on Q \ B.

By claim 4 and Corollary 3.1 we get w.(g, wy, ) — wc(g, U) weakly. Hence,
by using claim 2 and the fact that |0.U(B)| = |0.U(z;,)| we obtain

|8Cwnk (x10)| - |80U("L‘lo)| = Aioai()'

But since \;, > 1 we therefore can choose ny, € N, ng, > ng such that
|Ocwn,, (Ti)| > ai,. Moreover, for every i = 1,..,N, i # i since U(z;) =
Wy, (7;) and U < wy,  in Q we get 0.U(z;) C Ocwny, (i) So [Ocwn, ()| >
10U (x;)] > a;. Thus we(g,wn, ) > p and hence wy,, € F(g, ). This
implies that U > wy, in . Then by combining with claim 3 we obtain

1
U(xm) = Wny, (xio) = U(xio> + e
ko

This yields a contradiction. So we must have \; = 1 for all i = 1,..., N, i.e.,
we(g,U) = p in Q and completes the proof of the existence of a weak solution

to the problem. The uniqueness follows from Lemma 5.1. 0

Remark A.1 Let Q C R™ be a strictly conver open set, 1p € C(09) and
= Zi\il a;0,, where x; € Q and a; > 0. Then we claim that if ¢ satisfies

conditions as in Lemma 6.2 and if

a+---+ay < / det D*c*(—y) dy (A.3)

n

then F(u,v) # 0. In fact, the following proof will show that there exists a
convez function in F(u,1). Indeed, let R be defined as in Lemma 6.2 and
from now on we only work with this function R in this section. Consider the
following equation

R(Du)det D*u =y in §

u =1 on 0f)
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in the generalized sense. By Theorem 2 in [Bak86] ( see also Theorem 11.2
in [Bak94] ), this equation has a unique generalized convex solution, say u.
But then by using Lemma 6.2 we get uw € F(p, ). So the claim is proved.
We remark that if ¢(x) = %|x|p, 1 < p < o0, then c*(y) = %|y|q, where ¢
is the conjugate of p, i.e., i —|—% = 1. Then we have R(y) = det D*c*(—y) =
(¢ — D]y|™@=2 and hence all the above conditions are satisfied without any
restrictions on ay, - - - ,ay because [o, R(y) dy = +oo. Therefore, F(p, 1)) # 0

for all cost functions c(z) = }—17]1:|p, 1 <p<+o0.
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