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• Justify your answers thoroughly.

• You are allowed to rely on a previous part of a multi-part problem even if you do not

work out the previous part.

• For any theorem that you wish to cite, you should either give its name or a statement

of the theorem.

Part I (Do 3 problems)

I.1. Let Ak be a sequence of measurable subsets of [0, 1] such that, for every finite set of

indices i1 < i2 < · · · < ik,

m(Ai1 ∩ Ai2 ∩ · · ·Aik) = m(Ai1)m(Ai2) . . .m(Aik)

where m stands for Lebesgue measure.

(a) Show that the sequence Bk = [0, 1] \ Ak has the same property.

(b) Suppose in addition that the series
∑

m(Ak) diverges. Show that

m
(
∪
∞

k=1Ak

)
= 1.

I.2. Let pt(x) = 1
√

2πt
e−

1
2t x2

, t > 0, x ∈ R. It is known that
∫

R

1
√

2π
e−

1
2 x2

dx = 1. Let f ∈ L∞(R) and

u(t, x) = f ∗ pt(x).

Show that ∂∂tu(t, x) =
∫

R
f (y) ∂∂tpt(x − y)dy, t > 0, x ∈ R.

I.3. Let rn be the sequence of all rational numbers and

f (x) =
∑

n:rn<x

1

2n
.

Prove that

(a) f is continuous at irrational numbers x.

(b) f is discontinuous at rational numbers rn.

(c) Calculate
∫ 1

0
f .

I.4. Consider the expression ∫
∞

0

sin x

xα
dx.

Does there exist an α > 0 such that this exists an improper Riemann integral but does not

exist as a Lebesgue integral? Prove your answer.



Part II (Do 2 problems)

II.1. Assume that f : [0, 1] 7→ R is an absolutely continuous function with
∫ 1

0
f (x)dx = 0.

Prove that for any y ∈ [0, 1] it holds∣∣∣∣∣∣
∫ 1

0

(y − x) f ′(x)dx

∣∣∣∣∣∣ ≤ sup
0≤x≤1

| f (x)|.

II.2. Let Tθ : R2
→ R2 be a mapping given by

Tθ(x, y) = (x cosθ + y sinθ,−x sinθ + y cosθ).

Show that || f ◦ Tθ − f ||p → 0, as θ→ 0, for all f ∈ Lp(R2), 0 < p < ∞.

II.3. If { f1, f2, . . . } is a complete orthonormal set in L2[0, 1] and A is an arbitrary subset of

positive Lebesgue measure in [0, 1] show that

1 ≤

∫
A

∞∑
i=1

| fi(x)|2dx.
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