WYTHOFF’S SEQUENCE AND N-HEAP WYTHOFF’'S CONJECTURES

XINYU SUN

ABSTRACT. Define a Wythofl’s sequence as a sequence of pairs of integers {(4,, Bn) }n>n,
such that there exists a finite set of integers T', A,, = mex({A;, B; : i <n}UT), B, — A, =
n, and {B,} NT = (. Structural properties and behaviors of Wythoff’s sequence are
investigated. The main result is that for such a sequence, there always exists an integer «
such that when n is large enough, |4, — |n¢| — a| < 1, where ¢ = (1 + 1/5)/2, the golden
section. The value of « can also be easily determined by a relatively small number of pairs
in the sequence. As a corollary, the two conjectures on the N-heap Wythoft’s game by
Fraenkel [3] are proved to be equivalent.

1. INTRODUCTION

Wiythoff’s pairs are pairs of integers {(|n¢], [n¢?])}ns0, where ¢ = (14-1/5)/2, the golden
section, which notation we adopt throughout this paper. The first few pairs are listed in the
following table:

n 01234 5 6 7 8 9 10 11 12 13
A,=1np] |01 3 46 8 9 11 12 14 16 17 19 21
B,=|n¢*| |0 2 5 7 10 13 15 18 20 23 26 28 31 34

Wythoft’s pairs have close relationships with the Fibonacci numbers. For example, let us
consider the sequence A1, By, Ap,, Bg,, Apy,, Bpg,, ..., whichis 1,2,3,5,8,13,21, 34, ...,
which in turn is the Fibonacci sequence without the first number. In fact, any such sequence
starting from A,, and B,, is a Fibonacci sequence generated by those two integers, as proved
by Hoggatt and Hillman [7], Horadam [8], and Silber [9]. Other properties, relationships and
applications were investigated extensively by numerous people, whom we are not going to
list here.

Wythoft’s pairs were first found as the result of a mathematical game [11]: the game
consisting of two piles of tokens, and two players take turns removing any number of tokens
from a single pile, or the same number of tokens from both piles. The first player who cannot
make a move loses. Wythoff’s pairs can therefore be interpreted as {4, By, }n>0, such that
A, = mex{A,, B, : 0<m < n}and B, = A, +n with Ay = By = 0, where mex is
the Minimal FEXclusive value, i.e., the least nonnegative integer that is not in the set. The

winning strategies were described by Fraenkel [4], and also in WW [2]. Periodic properties
1
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of the Sprague-Grundy function and other generalizations of the game were also discussed.
Please see the manuscript by Fraenkel [3] for the complete list of the progress.

Another elegant generalization of the game involving more than two piles was proposed
by Fraenkel [3], which is also listed in the survey article by Guy and Nowakowski [5] as one
of the “unsolved problems in combinatorial games”: given N piles of tokens, whose sizes are
Al AN AL < ... < AN A player can remove any number of tokens from a single pile,
or remove (aj, ..., ay) tokens from all piles — a; tokens from the i-th pile, providing that
0<a; <A, Zfil a; >0,and a; & -+ @ ay = 0, where & is the nim addition (XOR binary
operation). Denote all the P-positions by (A', ... AN72 AN=1 AN) AN=2 < AN=L < AN
and A1 < AN for all n > 0. Two conjectures were presented on the game, when

Al ANTZ are fixed:
Conjecture 1: There exists an integer N such that when n > Ny, AN = AN=1 4 .

Conjecture 2: There exist integers Ny and a such that when n > No, AN = | ng|+e,+as
and AY = AN=! 4+ n_ where —1 <¢, < 1.

Furthermore, AN~! = mex({AN"1, AN : 0 < i <n} U T), where T is a small set of
integers.

By preserving the moves related to the nim addition, the winning strategy of the multiple-
heap Wythoft’s game seems to have retained the golden section, just as the original game
did. Doron Zeilberger and the author [10] proved the conjectures for the three-heap game
when the first heap has up to 10 tokens.

In this paper, we are going to discuss the definition of Wythoff’s sequence and its con-
struction in section 2, the basic properties of Wythoft’s sequence in section 3, and special
Wythoff’s sequence and the equivalency of the two conjectures on N-heap Wythoft’s game
in section 4.

2. WYTHOFF’S SEQUENCE

Definition 1. We call a sequence of pairs of integers {(A,, By) tn>n, @ Wythoff’s sequence if
no > 0 and there exist a finite set of integers 7" such that A,, = mex({A;, B; : ng < i < n}UT),
B,=A,+nand {B,}NT = 0.

Definition 2. A special Wythoff’s sequence is a Wythoff’s sequence such that there exist
integers N and « such that when n > N, A,, = |n¢| + a + ¢€,, where ¢, € {0, £1}.

When it is not confusing, we will abuse the definition of (special) Wythoff’s sequence by
replacing the requirement of B, = A, +n to Bp,.1 — Ayy1 = B, — A, +1 when n > 0 is
large enough, because we can easily obtain a Wythoff’s sequence by chopping off a number
of pairs at the beginning of the sequence and reorganizing the remaining indices.
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The following theorem provides another way to create a Wythoff’s sequence.

Theorem 2.1. {(A,, B,)} is a Wythoff’s sequence if and only if there exist two finite sets
of integers Sy and Sy C Z>q, such that A, = mex({A;,B; i <n}USy), B, =mex{{A, +
Bi—A;:i<n}U{A,+t:te€ S}US}. In such a case, So = Z>o — {B; — A; : i > 0}.

Proof. Given S; and S5 are as described above, there exists Ny such that when n > Ny,
A, > max(S;) and B, — A,, > max(S). If we write a,, = max{B; — A; : i < n}+ 1 and
D,={i:0<i<a,}—S8 —{B;—A;:i<n}, then for any n > Ny, it is obvious that
B, — A, < a, and a,, < 1. Now B, — A, < ay, iff B, — A, € Dy; iff a1 = au; iff
D, = D,.1U{B, — A,}. Also, B, — A, = «,, iff a,s1 = a,, + 1; iff D,,;1 = D,,. Note
that D,y C D, C D,, are all finite, so there exists N > N, such that for any n > N,
D,=D,y,and B,,1 — A1 =ap1=a,+1=B,— A, + 1.

Conversely, if {(A,, B,)} is a Wythoff’s sequence, we can define Sy = Z>o—{A4;, B; : i > 0}
and Sy = Zso — {B; — A; : i > 0}, which are both finite by the definition of the Wythoft’s
sequence.

For the last part of the theorem, observe that Sy C Zso — {B; — A; : ¢ > 0} by the
definition of B,,. If there exists d € Zsq — {B; — A; : i > 0} — Sa, B, # A, + d for all
n. When n is large enough such that B; — A; > d for all i > n, there exists m < n such
that A, +d = B,, for each n, since ever large integer has to be an A or B, and {4;} is
an ascending sequence when i is large enough by the definitions. Therefore for any n large
enough, there exist m; and my such that A,y — A, = B,,, — Bj,- By Lemma 3.1 in the
following section, A,,1 — A, =2 and B,.1 — B, = A,.1 — A, + 1 = 3. Given any such n,
Az, =23Bn—n)+ A, =4n+ A, = 3n+ B, = 3(2n —n) + B,, = By,, which is contradictory
to Definition 1. O

So even though we can start with two random finite sets of integers, S; and S5, such that
{A,,B,} NSy =0 and {B, — A,} NSy = 0, after some chaotic data at the beginning, the
sequence of pairs of integers {(A,, B,)} defined using mez in the theorem will eventually
grow in an orderly manner, and become a Wythoft’s sequence.

3. PROPERTIES OF WYTHOFF’S SEQUENCE

From this section and on, for any Wythoft’s sequence {(A,, B,) }n>n,, we always assume
that when n > ng, A,, > maxz(T) as in Definition 2.1; or equivalently, A,, > max(S;),
B, > A, + max(S;) + 1 and B, 11 — A,r1 = B, — A, + 1 as in Theorem 2.1. Otherwise,
we can always increase the value of ny and the sizes of T', Sy and S; by eliminating the early
entries of the sequence.

Lemma 3.1. Given a Wythoff’s sequence {(An, Bp) }n>no,

(1) 1< A1 — A, <2,
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(2) 2< B,i1— B, <3, and
(3) [lnio] — [n2d] — (n1 —n2)d| < 1.

Proof. See [10]. O

Theorem 3.2. Given a Wythoff’s sequence {(An, Bn) }n>ny, there exists a constant ¢, such
that Aa,yc =B, —1 and Ag,+. = Ba,+c+1=A4,+ B, +c.

Proof. By lemma 3.1, there exists ky such that A, = B,,,—1. Consider all the integers from 1
to By, —1, there are (kg—no+1) A’s, no B’s, and |T'| T’s, which means B,,—1 = |T'|+ko—no+
1. Let ¢ = ky—A,,. Wenow have |T'| = B,,—1—ko+no—1 = A,,—ko+2n0—2 = 2ny—2—c.

Now for any n > ny, there exists A, = B,,—1. Consider all the integers from 1 to B,,, there
are (k—ng+1) A’s, (n—ng+1) B’s, and |T| T’s, so B,, = k—no+14+n—neg+1+|T| = k+n—c,
hence k = B, —n+c= A, + c. Therefore B, = Ay +1 = A4, +c+ 1.

Consider all the integers from 1 to By, ., there are (A,,+c—no+1) B’s and |T'| T’s, so there
are (Ba,+c—An—c+no—1—|T|) = (Aa,+c+no—1—|T|) A’s, the largest of which is Ay =
Ba, +c—1. So k' must be Ay, 1o4+no—1—|T|+no—1 = B,—14+2n9—2—(2ny—2—c) = B,+c—1.
By Lemma 3.1 and the previous result, Ag .= A1 = Ba,re+1=Aa e+ An+c+1=
A, + B, +c. ]

Corollary 3.3. Given a Wythoff’s sequence {(A,, By)}n>n, and ¢ as in Theorem 3.2,
Adprert — Aagre = 20 Apyvert — Apyre = 17 Bayyer1 — Bayte = 37 Bp,tet1 — Bpyte = 2.

Proof. Apici1 — Amye = 2 iff there exists n, such that A, .1 — 1 = B, = Ao + 1; iff
Apre = Aa, e iff m = A,,. The rest of the equations are obvious from the preceding fact
and are left to interested readers. O

Notice that if there exist my > mg > ng such that A,,, > B,,, and we know {(4,, B,) :
me < n < my}, we can construct the sequence for m > m; without using the definition of
the Wythoft’s sequence, i.e., mex. There are two ways of doing so recursively:

(1) For any m > my, by Theorem 3.2, if m — ¢ is of the form A,,,, A,, = A,y +m'—1 and
B,, = m+ B, —1; otherwise, n—c¢ = B,, A, = A,y +m and B,, = B,y +2m—m/.

(2) If A,, is known and if m — ¢ is in the A’s, by Corollary 3.3, A,,11 = A, + 2 and
Byy1 = By, + 3; otherwise, A,,11 = A, + 1 and B,,.1 = B,, + 2. Here we can
see that the two sequences are self-generating, i.e., we can construct the sequence of
{A;}n>my 0 { By }n>m, without any knowledge of the other.

Corollary 3.4. Given a Wythoff’s sequence {(An, Bn)}n>n,, then for any n > A,,, the
number of A’s less than n is Apic —n — nog + 1; for any n > B,,,, the number of B’s less
than n is 2n — A,ye + ¢ — ng.
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Proof. Let f(n) = Apte —n —np+ 1. We claim that f(n) is the number of A’s less than n.
First, f(A,,) = Anpyre = Ang —no+1 = Bpy — Apy —no = 0, which is the number of A’s less
than A,,,. By induction, if the claim is true for n — 1, there are two cases: if n —1 = B,,, by
Corollary 3.3, f(n) = A, y14c — (Bm +1) —no+1=A4p . — B —nog+ 1= f(n—1); if
n—1=A4,, f(n)=As,+110c— (An+1)—ng+1=A4, c+2— A, —no=f(n—1)+ 1.
So the claim is proved. On the other hand, if we write g(n) = 2n — A,y + ¢ —ng, g(Byn,) =
2B, —A3n0+c+c—n0 =2B,,—An, — Bny,—c+c—ny=0.If n> B,, and if n —1 = B,,,

gn) = 2n — Ap, j14c —no = 2n — Ap, e —1—ng = gln -1)+1; if n -1 = A,,
gn)=2n— A, s10c—no=2n—Au, +c—2—n9=g(n—1). So g(n) is the number of B’s
less than n. 0

A special case of the theorem and corollaries is when the Wythoff’s sequence is the original
Wythoft’s pairs. In such an occasion, nyg = 0 and ¢ = 0, which were proved by Hoggatt,
Hillman [7], Hoggatt, Bicknell-Johnson [6], and Silber [9].

4. SPECIAL WYTHOFF’S SEQUENCE AND N-HEAP WYTHOFF’S CONJECTURES

Throughout this section we use Wythoft’s sequence {(A,, By)}n>n, and ¢ as in Theo-
rem 3.2. Note that when n is large enough, it must be of the form A, , A, Ba,,, or Bg, .
Since for any m, there exist m; and mgy such that A,, = B,,, =1 and B,, = A,,, + 1, s0 n
must be of the form By, icic, + ¢+ €1, where ¢; € {—1,0,1} and e € {0, 1}.

Theorem 4.1. Every Wythoff’s sequence is special.

Proof. Let a,, = A, — [n¢]. We only need to prove that as m and n grow, |a, — au|
eventually decreases to at most 2.

By Corollary 3.3, Ag, +ct1 — Ap,oc — ¢ =1 —¢ and Ap, 1.1 — Ap,1c + ¢ = =2+ ¢,
S0 Ap, tere — Ap,1ec — e = (3¢ — 2¢¢ — €*)/2 when |e| < 1. Therefore if we write 7 =

(ABytctem — ABpte = 0em) — (AB,teten, — ABpte — O€n), |7 = [(€m — €,)(3 =20 — €m — €,) /2|
< ¢ — 1, when |e,|, |e,| < 1. Also note that A, yere — Aa, 1o = 2¢, when € € {0, 1}.

We also adopt the following notation: 51 = |(Ba,, +cten, + €+ €1m)0] — [(Ba,tetes, + €+
€10)0] — (Batetesn T+ €1m)0 — (Ba,tete, T ¢ e1n)@) and B2 = [md| — [ng] — (m—n)g.

Now if €1, €1, € {—1,0,1} and €g,,, €2, € {0, 1},

QABa,yteteg,, teteim — OBa, fote,y, Teteln
- ABAm+C+62m+C+€1m - ABAn+C+62n+C+€ln

—([(Bapteten Tt €m)o] — [(Ba,tete, + ¢+ €1n)0))
= ABuierey, tetem — ABaypopey, tetein

—((Baptetresm = Baytetres,)® + (€1m — €1n)d + B1)
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= ABa,verey, e~ ABap oty te TV = (Bamtetem — Banteten)? — B

Adprererm = Adprerenn T (Baytetem — Baptere,) (1 —0) +7 =
(Adptetrerm = Adprere) (2= @) + (A — An + €2 — €2,)(1 = 9) + 7 — B
(Adyre = Adyte + 2(€2m — €20))(2 = @) + (A — An + €2 — €20)(1 — @) +7 = by
(Adpte = A (2= @) + (Am — An)(1 — @) + (e2m — €20)(5 = 39) + 7 —

= (Bn = Ba)(2=9¢) + (A — An)(1 = &) + (e2m — €24)(5 = 30) + 7 —

= (An —4)(3=2¢) + (m —n)(2 = &) + (e2m — €20)(5 = 3¢) + 7 — B
([me] + am — [n¢] — an)(3 = 2¢) + (m —n)(2 — @) + (€2m — €20) (5 — 3¢) +v — b
((m —n)¢+ G2+ (am — an))(3 = 2¢) + (m —n)(2 — ¢)

+(eam — €2,)(5 —3¢) + v — B

= —(om —on)(20 = 3) — 52(2¢ — 3) + (€2m — €20)(5 — 30) + 7 — bu.

So |aBAm+c+e2m+c+61m - &BAR+C+€2n+c+em‘

< Jom = om[(2¢ = 3) + [52](2¢ = 3) + |eam — €2n] (5 = 3¢) + [7] + |51l
< o —an|(20—3)+ (20 —-3)+ (5—-3¢)+p—1+1

= Jam — anl(20 — 3) + 2.

Since it is an integer, [ap, ... teter, — terern| < max(|o, — ay,| —1,2).

aBA7L+C+€2n

Now for any integers m and n, we can construct two sequences ay,...,a; and by, ..., by,
such that ap = m, by = n, A,, < min(ay,b;) < Ba,yter1 + 1, and a; = Ba,  teteqn T €atiy
bi = BAbi,1+C+6b2i + €pblis where 1 < ¢ S k, €ali, €bli € {0, :i:l}, and €a2i, €b2i € {O, 1} Hence if
max(|o; — ;| 14,5 > 1) = N is finite, then when & > N, or equivalently when m and n are
large enough, |y, — ay| = |, — au, | decreases to at most 2. The assumption is proved in
the following lemma, which completes our proof. 0

Lemma 4.2. «, is bounded for all n.

Proof. Let fs = (|Ame] — [And]) — (Am — An)o, and fy = (|mo] — [n¢]) — (m —n)o.
aa,, — o,
= Ax, — A, — ([And] — [And])
= Bn— By — (An — An)9 — G5
= (Am = A1 —¢)+(m—n)—F
= (Imo] = [n¢] + am —an)(1 = ¢) + (m —n) = 55
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= (m—n)p+Ls+ am— ) (1 — @)+ (m —n) — B
= _(O‘m - O‘n)(QS —1)— (35— ﬁ4(¢ —1).

Define 69 = 1 and 6; = 1 — (¢ — 1)d;_1 recursively for ¢ > 1. If we write 6, = (1 —¢)"gn,
Gn = Gn1+1/(1=@)" i, gn =301, 1/(1 =)' = (1 = @)™ = 1)/(=(1 — ¢)"). So

0n=(1=¢)"gn=0¢—1+(1—9¢)"™
Hence 9, — ¢ — 1, as n — oo, and [6,| < 1.

Note that for any integer m, we can construct a sequence aq, ..., ag, such that a;, = m,
A, <ag < AAnO, a; = A,,_,, where 1 <1 < k.

Let 85 = (laid] — [ai—10]) — (@i — ai—1)¢, and B = ([ai—1¢] — [ai—2¢]) — (ai-1 — ai—2)¢ =

5, then
Qa, — gy, = (g | — ) (0 —1) =Bt — B, 1<i<k
by the previous result.
Now «a,,
= o+ X (e — )
= o~ (@, — @0, ,)(0 = 1) = B = BE(0 — 1) + 215 (a, — )
= gy — (85 + 856 = 1)80 + (= 5)01 + 2055 (0, — Ay )
= g — (85 + B5(¢ — 1)d — (85" + By (¢ — 1))dy
F(Qayy = Q302 + S50, — )

= Oy — S5 ((B5 4 Bi(6 — 1))0k-) + (Oay — tay) (G2 + 1).
We also have
| Y3560
= | Zs((laig) — aid)ds) = Xis([ai16] — ai16))dk)|
|38 S ((laig] — aip)drs) — S0 ;<(Laz¢J — 4;$))0k—i-1)|
= |25 (@) — aid) (ks — 0h-i1)) + (Laxed) — axd)do) — (lazd] — a2¢))0—s))|
S (llaid) — aidl|dr—i — 51%@'—1\) [(lard] — ax®)do| + |([azd] — az26)dr—3]
S |0kt — G| + 00 + Gps
Yois [(1 = @)em+2 — (1= §)F =1 4 6 + g

A IA
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< 20— 1)+ 2
= 2 +4.

Similarly, |Zf:3(ﬁi(gb — 1)0x—;)| has a constant upper bound too, which means a,, is
bounded by a value determined only by the values of a,, and a,,, regardless of the values
of m (or k). Since there are only finitely many choices of a; and ay, oy, is bounded for all
m. U

From the proof of Lemma 4.2, we can see that when |, — a,| > 3, (a4, — @a,) and
(aym — o) always have different signs. ([ (m+1)¢| —|me])| < 1, Let us consider a(m) = ay,
as a function. The graph of the function is a set of discrete points that oscillate. The
amplitude of graph, if we are allowed to abuse the word, decreases slowly but persistently
as m grows. By Theorem 4.1, the amplitude eventually decreases to 1, when the oscillation
of the graph becomes somewhat unpredictable.

Lemma 4.3. In the two conjectures on the N-heap Wythoff’s game, AN=' = mex({AN !,
AN 0<i<n} UT), whereT is a finite set depending only on A, ...  AN72. In fact, T =
{a:3b< AN"2 and k < N—2, such that AF=1 < b < A% and (AL, ... AR=L b AR AN=2)

a) is a P-position}.

Proof. By definition, T' = Zsq — {AN "', AN : i > 0}. Write 7" as the last set in the lemma.
We claim T = T". First, 7' C T because for any b > a, (A',..., AN=2 a,b) is an N-position
since we can remove tokens from the last pile to create a P-position; and similar argument
can be applied when AN"2 < b < a.

For any a € T and b > a, (A',...,AN"2 a,b) is an N-position by the definition of 7'
There are several kind of moves from this position to create a P-position:

(1) Remove ay,...,ay tokens from all corresponding piles, where a; @ --- @ ay = 0, so
that (A —ay,...,AN"2 —an_9,a —ay_1,b— ay) is a P-position.

(2) Remove a;, < A* tokens from the k-th pile, so that (A, ..., A*1 AR —qp
ARFL D ANZ2 g, b) is a P-position;

(3) Remove ay_; < a tokens from the (N —1)-th pile, so that (A',..., AN "2 a—ax_1,b)
is a P-position;

(4) Remove ay < b tokens from the N-th pile, so that (A',..., AN"2 a,b — ay) is a
P-position;

There are only finitely many possible moves using the first three kinds of moves, but there
are infinitely many choices of b, so there exists an integer b’ such that (A, ... AN=2 a,b—1¥')
is a P-position. Again by the definition of 7" and by the convention that we adopted:
Al <. < AN=2 < g < b, we must have b— b < AVN~2, which shows 7' C T". T" is obviously
finite, since A' < ... < AN~2 are finite.
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Now let @ = mex({AN"', AN : 0 <i<n} U T). It is obvious that AY~' > a. Also,
by the definition of T' and mex, (A',..., AN=2 ¢ a) is an N-positionfor any AV=2 < ¢ < a,
but there must exist an integer b > a such that (A',..., AV=2 a,b) is a P-position. Finally,
since we assume AY ' < AN~ if there exists b such that AY ' < b < AN~! we must have
either b € T or b € {AN};>;. Combining all the arguments above, a = AY~1. O

Corollary 4.4. The two conjectures on the N-heap Wythoff’s game are equivalent.

Proof. Conjecture 1, together with the previous lemma, states that the P-positions for any
given m form a Wythoft’s sequence, while Conjecture 2 states further that it is a special
Wythoft’s sequence. The result follows from Theorem 4.1. O

Theorem 4.5. Given a Wythoff’s sequence {(Ay, Bn)tn>n, and « are as in Definition 2,
a=—c.

Proof. Let 5 = [ (A, + ¢)¢] — (A, + ¢)¢ and g = [n¢] — n¢. Then
Ap+n—1=B,—1=Asc=[(An+)¢] +a+ea,ic = And+ o+ a+ea, et s
So
€aret s =A,(1—¢)—14+n—cod—a
=no+a+e,+06)(1—¢)+n—cp—a—1
= —(ct+a)p+ (en+ 06)(1 - ¢) — 1,
hence
—(c+a)p =ea,qet P+ (€n+Gs)(¢0—1)+ 1.

Note that the left-hand side of the last equation does not depend on the choice of n, while
the right-hand side does. The theorem is proved if we can make the right choice of n so that
the absolute value of the right-hand side is less than ¢. Note that —1 < 35, s < 0, and
€A, +c> €n € {0, £1}, therefore the proof is completed if we can find an integer N so that

(4.1) €antc =0; or
(4.2) ey =0 and eay4. €{0,—1}; or
(4.3) ey = —1land €ay . € {0,1}.

First we can assume ¢, is not a constant, otherwise we can adjust the value of a so that €,
is always 0. Secondly, since |e,| < 1 and |e, —€,—1] < |(An— A1) —([n¢] — | (n—1)p])| <1,
there always exists an n large enough so that ¢, = 0. By the condition 4.2 above, we only
have to consider the case when €, = 0 and €4, . = 1. From now on, we always assume n is
large enough.
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If A, = A,_1 + 1, by Corollary 3.3, there exist m such that n = B, + 1 + ¢; and by
Lemma 3.1, there exists m’ such that B,, + 1 = A,,. Therefore, €4 ,4. = €, = 0, which
proves the theorem by choosing N = m’ and using condition 4.1.

IfA, =A4,1+2 3<[(A,+)¢] — [(An—1 + ¢)¢] < 4. There also exists m such that
An1+1=B,, = Aa,, +c+ 1, therefore n — 1 = A,, + c¢. Furthermore Ay, 1. — A4, ,+c =
(A, +14¢c — AB, +c) + (AB,, +c — AB,,—1+c) = 3 by Corollary 3.3, which means | (A,, + ¢)¢| —
|(Ap—14c)p|+€a, rc—€a, y+e = 3. Therefore | (A,+c)d]|—|(An—1+c)p| =3 and €4, |40 =1,
because of our assumption of €4, 4. = 1. Since 2 = A, — A,,_1 = [n¢] — |[(n — 1)¢| — €51,
we have either |n¢| —|(n—1)¢p| =1and ¢,y = —1, 0or [n¢| —[(n—1)¢] =2 and ¢,_; = 0.
In the former case we can prove the theorem by choosing N = n — 1 and using condition 4.3
because €,-1 = —1 and €4, ,+. = 1; while in the latter case €4, . = €,-1 = 0, so we can
choose N = m and use condition 4.1. O

Theorem 3.2, together with the comments at the end of the section 3, indicates that any
Wythoft’s sequence is “shifted” Wythoff pairs. It also maintains the relationship with the
golden section with another “shift” a and some “controlled error” e. Theorem 4.5 tells us
the values of the two shifts are in fact the same. The fact can be seen from the following
example: Given any integer a, consider the sequence {(A, = [n¢| +a, B, = |[n¢|+n+a)},
with n large enough. The sequence obviously is a special Wythoft’s sequence with o = a,
because it is generated from the Wythoff’s pairs. At the mean time, Ag,_, = Ay =
|[n¢|é] +a = |n¢| +n —1+a = B, — 1, where the equation in the middle can be
derived from the fact that the constant ¢ for the Wythoff’s pairs is 0, or from [1]. Similarly,
Ap,—a = Apng|tn = (00| +n)p| +a =2|nd| +n+a= A, + B, —a. So the constant c
for the sequence is —a = —a.

To determine the value of « for any Wythoff’s sequence, instead of calculating a large
number of pairs of integers as the definition requires, we only need the pairs at the beginning
of the sequence. As shown in the proof of Theorem 3.2, all we need to know is the integer k
such that Ay = B,,, —1, which is to find all the A’s less than B,,,. So by using the notation in
the proof of Corollary 3.4, f(By,) = Ap, +c—Bny—n0+1 = Apy—no+1+c = B, —2no+1+c,
therefore it only requires the values of roughly B,, — 2ny + 1 pairs of integers.
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