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Abstract. This paper considers the solution of certain large scale optimization problems gov-
erned by parabolic partial differential equations. A quadratic functional containing a data misfit
term is minimized to approximately recover the parameter function. The resulting constrained opti-
mization problem is solved by using the reduced Hessian approach. The conjugate gradient method
is employed for the solution of the system involving matrix-vector multiplications which are nontriv-
ial. These matrix-vector products do not need to be computed exactly. In this paper we develop
a new computable criterion to establish the allowable reduction of exactness in the matrix-vector
product. We show its general application and in particular to the problem at hand. Numerical
experiments show that the new computable criteria is effective while other criteria normally used are
not as efficient.

1. Introduction. There is an important class of problems where it is required
to recover a parameter function based on the solution of partial differential equations
(PDEs) in space and time variables. Several such applications arise in many fields
including electromagnetic inversion, diffraction tomography, optimal design and con-
trol, see, e.g., [3], [4], [8], [17]. Several computational challenges arise due to the
size of the problem.

Consider a model problem where we are interested in recovering a model (or
control) function m = m(x) based on observations of a field (or state) u = u(x, T )
for some terminal time T , where u is related to m by a forward problem

4u = ut, xεΩ (1.1a)
u = m, xε∂Ω (1.1b)
u = u0, xεΩ/∂Ω, for t = 0 (1.1c)

where Ω ⊂ R3.
The forward problem is to find u given m, while the inverse problem is to recover

m given observations on the field u. However, as it is well-known, the inverse problem
is not well-posed. There are many possible controls m which yield a field u close to
the observations. Thus the problem becomes: from all possible control solutions find
the one closest to prior information. This leads to an optimization problem where
equations (1.1) appear as constraints. A typical formulation of this optimization
problem would be to minimize a data misfit term and a regularization term, subject
to the forward problem being satisfied.

In order to solve problem (1.1) we follow the discretize-optimize approach. That
is, we first discretize the optimization problem and then solve a discrete optimization
problem. One of the reasons that leads us to this approach is that the forward problem
is parabolic. In such cases most numerical discretization methods are differentiable
and therefore the discretize-optimize approach is natural.
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2 Inexact CG in Control Problems governed by PDE’s

Our goal is to solve the inverse problem, however the forward problem needs to
be solved first. Upon discretization in space and time, we obtain a very large and
sparse system where we assume that the coefficient matrix is invertible. That is,
there is a unique solution to the forward problem. Due to the size of the problem it is
unreasonable to store or to explicitly invert this matrix, however as we shall see later,
there is no need for that.

There are several ways to solve such an optimization problem; see, e.g., [1], [2], [7],
[9]. One of them is the all-at-one approach, where the forward and inverse problems
are solved simultaneously. Introducing the Lagrangian, we obtain a KKT system. In
this paper we solve the KKT system using the reduced Hessian method [12]. The
advantage of the reduced Hessian method is that it leads to a symmetric positive
definite system and thus could be solved using the conjugate gradient method (CG).
However, the main disadvantage of the reduced Hessian method is that each matrix-
vector product is highly expensive. Each CG iteration involves the solution of the
forward and the adjoint problem. That means that we need to solve two (discretized)
PDEs per CG step, and since the problem under consideration is large, an iterative
method has to be employed for the solution of these two PDEs. Thus an iterative
solver is embedded within an outer one (that is, the one used for the solution of the
reduced Hessian system). The cost, of course, of these inner computations may be
high. However if the calculations are performed inexactly there may be significant
savings in computational effort. In other words, relaxing the accuracy of these inner
matrix-vector products would decrease the cost of the overall calculations and thus
make the reduced Hessian method attractive. The natural question that arises then is
how inexact these inner matrix-vector multiplications are allowed to be performed in
order to ensure the convergence of the outer iterations. In the context of nonlinear op-
timization it is common practice to solve the linear equations at each step of a Newton
method inaccurately as long as we are far from the solution, but as we get closer, we
need to increase the accuracy, if we wish to achieve quadratic convergence [10]. But in
the context of linear systems, such as the one with reduced Hessian, it was shown in
[16] that it is actually beneficial to perform the calculations in an increasingly inexact
way as the iteration progresses; see also [5], [18].

Our goal in this paper is to give a new computable criteria to determine the
inexactness of each matrix-vector product especially for the problem described. We
compare several approaches of determining an appropriate way to perform the cal-
culations and to apply them to a nontrivial PDE constrained optimization problem.
We show how we can balance the inner and outer tolerance in the reduced Hessian
method. One approach allows the matrix-vector multiplications to be performed in an
increasingly exact way (as for inexact Newton), while another approach performs the
calculations in an increasingly inexact way as the iteration progresses (as suggested
in [16]). It will be obvious from our numerical experiments that a substantial saving
in computational effort is gained due to the latter approach. We also test having a
fix tolerance for the inexact matrix-vector product.

The rest of the paper is organized as follows: In the next section we present the
discretization of the forward problem and the formulation of the problem as an opti-
mization problem. In section 3 we discuss the reduced Hessian method. In section 4
we give some results on inexact CG. In section 5 we give an algorithm to solve the
complete inverse problem. In section 6 we present some numerical results comparing
the different approaches mentioned before; and the paper concludes in section 7.
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2. Details of the problem.

2.1. The forward problem. Recall that the forward problem is to find a field
u given m satisfying the parabolic PDE (1.1). To be more specific, we use nodal
discretization with a finite difference method for the space variables and a backward-
Euler method for the time variable. On a uniform tensor grid on the interval [0, 1]3,
the forward problem yields the discrete system

Mm− Âun+1 =
un+1 − un

δt
, for n = 0, ..., k, (2.1)

or

−un + (I + δtÂ)un+1 − δtMm = 0, for n = 0, ..., k, (2.2)

where un is the approximation to u(x, nδt), Â is the discretization of the negative
Laplace operator in 3D, and M is a matrix that incorporates the boundary conditions
m into the finite difference. In the forward problem one is given some boundary
conditions m and solves for the field u as a function of time. The variable m represents
the nodes on the boundary and u represents the nodes inside the domain.

It is possible to rewrite the system as a lower block bidiagonal system
B
−I B

−I B
. . . . . .

−I B


︸ ︷︷ ︸

K


u1

u2

...

uk


︸ ︷︷ ︸

u

−δt


M
M
...

M


︸ ︷︷ ︸

G

m =


u0

0
...

0


︸ ︷︷ ︸

c

,

where B = (I+δtÂ). With the additional notation above, we thus rewrite our problem
as

Ku− δtGm = c. (2.3)

There is no need to form the coefficient matrix K since the solution of the forward
problem is straightforward. As soon as we have a solver for the first block we can
obtain the solution for the rest by forward substitution. Nevertheless, the solution
of the forward problem requires to invert k linear systems with the coefficient matrix
B = I + δtÂ. For 3D problems, such as our model problem, this can be an expensive
process, even if very efficient solvers are used.

2.2. The optimization problem. In order to estimate m we assume that, we
measure some function of the field u. Assume that we can write the observed data as

dobs = Qu + ε (2.4)

where Q is the operator which projects the field onto the measurement locations in
space and time and ε is noise which is Gaussian independent and identical distribution
with standard deviation σ2. In our model problem we are interested only at the last
time step. Therefore the matrix Q consists mainly of zero blocks, except for the last
one, which is the identity. That is Q = [0, 0, . . . , 0, I]. One way to achieve our goal is
to minimize the following quadratic data misfit term

φ =
1
2
‖Qu− dobs‖2 +

γ

2
‖Lm‖2. (2.5)



4 Inexact CG in Control Problems governed by PDE’s

The first term is the misfit and the second is the regularization. The regularization
parameter γ ≥ 0 and the regularization operator L can be chosen to penalize the
energy or smoothness [14]. This misfit term arises naturally, since we want to find m
such that the difference between the predicted and the observed data is small.

The resulting optimization problem is written in constrained optimization form
as

min φ =
1
2
‖Qu− dobs‖2 +

γ

2
‖Lm‖2 (2.6a)

subject to Ku− δtGm = c. (2.6b)

3. The reduced Hessian method. Introducing the Lagrangian

L(u,m, λ) =
1
2
‖Qu− dobs‖2 +

γ

2
‖Lm‖2 + λT (Ku− δtGm− c), (3.1)

where λ is a vector of Lagrange multipliers with the same length as u. A necessary
condition in order to attain the minimum is that the first derivatives of (3.1) vanish.
That is,

Lu = QT (Qu− dobs) + KT λ = 0 (3.2a)
Lm = −δtGT λ + γLT Lm = 0 (3.2b)
Lλ = Ku− δtGm− c = 0. (3.2c)

Equations (3.2) lead to the following symmetric KKT system, QT Q 0 KT

0 γLT L −δtGT

K −δtG 0

 u
m
λ

 =

 QT dobs

0
c


which must be solved.

In the reduced Hessian approach, we eliminate u from the last block row and λ
from the first block row as follows:

u = K−1(c + δtGm) (3.3)
λ = K−T (QT dobs −QT QK−1c−QT QK−1δtGm) (3.4)

Then we obtain the following reduced system for m:

Hm = f (3.5)

where

H = δt2JT J + γL>L, J = QK−1G

and

f = −δtJT QK−1c + δtJT dobs.

When solving (3.5) using CG, one needs to evaluate Hpj at each step, where pj

is a direction vector. Unfortunately, evaluating Hpj , is nontrivial. It requires the



Xiuhong Du, Eldad Haber, Maria Karampataki, and Daniel B. Szyld 5

evaluation of w = Jpj and JT w, and although the matrices G, Q and K are all large
and sparse, the sensitivity matrix J is dense and thus it is never evaluated or stored.
Instead the vector pj is multiplied by G, Q, K−1 and their adjoints. To perform these
products we rewrite the matrix H as follows

H = δt2GT K−T QT QK−1G + γLT L.

We postpone further analysis of the evaluation of Hpj until section 5.

4. Inexact CG. We have reduced our inverse problem (2.6) to the solution of the
symmetric positive definite linear system (3.5). It is then natural to use the conjugate
gradient method (CG) for its solution. As we already mentioned, we propose to use an
inexact version of CG, i.e., one in which the matrix-vector product at each iteration,
say, Hpj , is not performed exactly; see [3], [16], [18] for analysis of inexact Krylov
subspace methods, including inexact CG. In the following we choose γ = 0.

In terms of implementation the only difference between standard CG, and inexact
CG is the matrix-vector product. As is well known, there are several mathematically
equivalent formulations of CG; see, e.g., [6], [11], [13].

In this section, we consider a general linear system Ax = b with A symmetric
positive definite. The inexact matrix-vector product of A and pj is then Apj + gj ,
where gj is some “discrepancy” vector. It is often useful to think of this inexact
matrix-vector product as (A + Ej)pj where Ej is an “error matrix”. In other words
we have Ejpj = gj . We present our results using the algorithm from [15], where we
only replace the standard step rj+1 = rj − αjApj with an inexact version of it of the
form for r̃j+1 = r̃j − αj(Apj + gj).

———————————————————————————
Algorithm 1: inexact CG
———————————————————————————

1. r̃0 = b−Ax0; p0 = r0

2. for j = 0, 1, . . . until convergence, Do
3. q̂j = Apj + gj

4. αj = (r̃j , r̃j)/(q̂j , pj)
5. xj+1 = xj + αjpj

6. r̃j+1 = r̃j − αj q̂j

7. βj = (r̃j+1, r̃j+1)/(r̃j , r̃j)
8. pj+1 = r̃j+1 + βjpj

9. end do
——————————————————————————————-

We collect the direction and discrepancy vectors in the following matrices,
Pm = [p0 p1 . . . pm−1], Gm = [g0 g1 . . . gm−1]. Let
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Tm+1,m =



(1 + β0)/α0 −β0/α1 0 · · · 0
−1/α0 (1 + β1)/α1 −β1/α2 · · · 0

. . . . . . . . .
...

0 0 −1/αj (1 + βj)/αj+1 −βj+1/αj+2

...
. . .

· · · 0 0 −1/αm−1


.

It follows from the inexact CG algorithm that the following relation between these
matrices hold:

APm + Gm = Pm+1Tm+1,m, (4.1)

i.e.,

[Ap0 + g0 Ap1 + g1 Ap2 + g2 . . . Apm−1 + gm−1] = [p0 p1 . . . pm] Tm+1,m.

The residual gap is defined as ‖rm− r̃m‖, where rm = b−Axm is the true residual and
r̃m is the computed residual (step 6 of Algorithm 1). Our goal is to find computable
bounds for ‖Ej‖, for j ≤ m, in order to guarantee that the residual gap is below a
prescribed tolerance. We begin with the following preliminary result.

Lemma 4.1. Let ε > 0, let rm = b − Axm and r̃m be the true and calculated
residual of inexact CG after m iterations. Let gj = Ejpj, if

‖Ej‖ ≤
ε

m|αj |‖pj‖
, (4.2)

then ‖rm − r̃m‖ ≤ ε.
Proof. Let α̂j = [α0 α1 · · · αj−1], and without loss of generality let x0 = 0 then

we have:

rm = b−Axm = b−A(x0 + α0p0 + α1p1 + · · ·+ αm−1pm−1)
= b−Ax0 −APmα̂m = b−APmα̂m = b− (Pm+1Tm+1,m −Gm)α̂m

= b− Pm+1Tm+1,m + Gmα̂m = r̃m + Gmα̂m.

Therefore

‖rm − r̃m‖ = ‖Gmα̂m‖ = ‖
m−1∑
j=0

αjgj‖ = ‖
m−1∑
j=0

αjEjpj‖ ≤
m−1∑
j=0

‖Ej‖‖αjpj‖

≤
m−1∑
j=0

‖αjpj‖
ε

m‖αjpj‖
≤ m

ε

m
≤ ε.

This lemma does not provide us with a computable bound, since at step 3 of the
inexact CG Algorithm 1, we have pj , but αj has not been computed. We proceed
then to find a computable bound for |αj |, in order to use it as an effective criterion
for a bound of ‖Ej‖. To that end, let us assume that ‖Ej‖ ≤ σmin(A)/2, then

(Apj + gj , pj) = (Apj , pj) + (gj , pj) = (Apj , pj) + (Ejpj , pj)

≥ (Apj , pj)− (Ejpj , pj) ≥
σmin(A)

2
‖pj‖,

(4.3)
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Since αj = (r̃j , r̃j)/(Apj + gj , pj), therefore we have that in this case

|αj | ≤
2‖r̃j‖2

σmin(A)‖pj‖2
.

Hence, for the bound in (4.2), we have that

ε

m|αj |‖pj‖
≥ εσmin(A)‖pj‖

2m‖r̃j‖2
,

which leads to the following result.
Theorem 4.2. Let ε > 0 and let

‖Ej‖ ≤ min

(
σmin(A)

2
,
εσmin(A)‖pj‖

2m‖r̃j‖2

)
, (4.4)

for j = 0, 1, 2, . . . ,m− 1, then ‖rm − r̃m‖ ≤ ε.

Observe that for most practical values of ε, the second quantity in (4.4) is smaller,
i.e., we only need

‖Ej‖ ≤
εσmin(A)‖pj‖

2m‖r̃j‖2
. (4.5)

We would like to analyze how the criterion (4.4) compares to other criteria used
in the literature. In [16], Avj is performed as in step 3 of Algorithm 1, and it is shown
that if

‖Ej‖ ≤ σm(Vm)σm(Hm+1,m)ε/(m‖r̃j‖) for j ≤ m− 1, (4.6)

then ‖rm − r̃m‖ ≤ ε.
Note that in our bound (4.4) the only quantity we need is σmin(A), since r̃j and

pj are available before the matrix-vector product (A + Ej)pj .
We mention that in [18], an expression similar to (4.1) is obtained, but Tm+1,m

is presented as a product of different matrices. In the same reference, bounds for
|αj |‖pj‖ are also presented to use in criteria to guarantee that the residual gap is below
a tolerance. Those bounds include quantities which often are harder to compute. and
thus, we do not compare our bound (4.4) to those of [18].

In the remainder of this section we present a numerical experiment to compare
our bound (4.4) with (4.6) from [16]. As we shall see, for this example, our bound is
more stringent than (4.6). In the same experiment, we also calculate (4.2) a posteriori,
and show how (4.4) compares to it.

Let S = BT B + 2I, where B is a random n × n matrix. We consider a generic
symmetric Schur complement problem of the form A = CT S−1C, where C is a random
n×n matrix. We will first relate our condition (4.5) to this generic problem. At each
step of CG, we compute Apj , i.e., CT S−1Cpj , where the system

Szj = Cpj (4.7)

is not solved exactly. In other words, we have Sz̃j = Cpj + ĝj , and the inexact matrix-
vector product is Ãpj = CT (S−1Cpj + S−1ĝj), i.e., Ejpj = CT S−1ĝj . Thus, by (4.5)
we have the condition

‖CT S−1ĝj‖ ≤
εσn(A)‖pj‖2

2m‖r̃j‖2
, (4.8)
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or alternatively we can impose that

‖ĝj‖ ≤
εσn(A)‖pj‖2

2m‖CT S−1‖‖r̃j‖2
. (4.9)

For the relative residual we have

‖ĝj‖
‖Cpj‖

≤ ‖ĝj‖
σmin(C)‖pj‖

and together with the condition (4.9) we conclude that if

‖ĝj‖
‖Cpj‖

≤ σn(A)‖pj‖
2mσmin(C)‖CT S−1‖‖r̃j‖2

=: εin, (4.10)

then the residual gap is less than ε.
We note that in the proposed bound for the (inner) relative residual (4.10) all

quantities can either be computed a priori from the matrices of the problem, or
they are available at the current CG step. This is in contrast with (4.6), where the
quantities σm(Vm) and σm(Hm+1,m) need to be estimated.

For our experiment, we choose n = 400, and run inexact CG, using as a right
hand side BT e, e being the vector of all ones. We chose m = 60 and ε = 10−8,
and use (4.10) as the tolerance for the (inner) systems (4.7). We report this run in
Figure 4.1. The computed and true residual norm are represented with dashed and
dot-dashed lines, respectively (and they appear one on top of the other in the plot).
Our computable tolerance (4.10) is represented with a dotted line (which corresponds
to (4.4) as noted above). We also plot the non-computable bound (4.2) in a dash-
dotted line, which computed in an a posteriori manner, as well as the bound (4.6) as
a dashed line.

It can be appreciated in Figure 4.1 that the true and computed residuals are
almost indistinguishable, as predicted by our theory. Note also that the proposed
bound (4.10) is not too distant from the bound (4.6). The bound (4.2) would be
less restrictive, but, as we already mentioned, it is not available at the time of the
computations.

5. Application of inexact CG. We return now to our inverse problem (1.1),
and its formulation using the reduced Hessian leading to the linear system (3.5). As
discussed, we will use inexact CG for its solution. For this section we assume that
γ = 0. For large values of γ the inexactness is less significant. In order to multiply H
with a given vector pj , we perform the following matrix-vector multiplication,

1. Multiply Gpj

2. Solve Kz = Gpj by solving Kz = Gpj with an inner tolerance εin1

3. Multiply Qz
4. Multiply QT Qz
5. Solve KT w = QT Qz by solving with an inner tolerance εin2

6. Compute GT w
For the solution of the two linear systems in step 2 and 5 above, we would use
the conjugate gradient method (CG) with εin1 and εin2 tolerances respectively. The
question is how inexact these inner tolerances are allowed in order to ensure the
convergence of the overall method. Here we give a derivation. We want to study how
to implement the idea of solving these two linear systems with less and less accuracy,
while obtaining a good solution to (3.5).
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Fig. 4.1. True and computed residual norm, and different bounds on the inner relative residual.

To that end, we study how an inexact matrix-vector product Hpj would look
like using inexact solutions of the equations in steps 2 and 5 above. Let ẑ be the
approximate solution to Kz = Gpj and let s = Kẑ − Gpj be its residual. Of course
after step 3 and step 4 we have QT Qẑ. Let ŵ be the approximate solution to KT w =
QT Qẑ and let q = KT ŵ − QT Qẑ be its residual. Therefore, we have that ẑ =
K−1s + K−1Gpj and ŵ = K−T q + K−T QT Qẑ. Thus, in step 6 we have

GT ŵ = GT K−T q + GT K−T QT Q(K−1s + K−1Gpj)
= GT K−T QT QK−1Gpj + (GT K−T q + GT K−T QT QK−1s).

In other words, the inexact matrix vector product GT ŵ differs from the exact matrix-
vector product GT w precisely by the vector is GT K−T q + GT K−T QT QK−1s. Then
our discrepancy vector is

Ejpj = GT K−T q + GT K−T QT QK−1s. (5.1)

We have that GT ŵ = GT w + Ejpj . This is for the jth step. Following Theorem 4.2
we will impose conditions so that

‖Ej‖ < εσn(H)‖pj‖‖r̃0‖/(m‖r̃2
j‖) (5.2)

holds, where r̃j is the jth computed residual, m is the maximum number of iterations
that we allow, and ε is the tolerance that we want to obtain for the residual with the
approximation to the solution of our discrete problem (3.5). From (5.1) and (5.2), it
follows that if

‖Ej‖ ≤ (‖GT K−T ‖‖q‖+ ‖GT K−T QT QK−1‖‖s‖)/‖pj‖ ≤ εσn(H)‖pj‖‖r̃0‖/(m‖r̃2
j‖),
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then (5.2) holds. Thus, to achieve (5.2), it suffices to require that

‖q‖ ≤ α
σn(H)‖pj‖2‖r̃0‖ε
m‖GT K−T ‖‖r̃j‖2

,

and that

‖s‖ ≤ (1− α)
σn(H)‖pj‖2‖r̃0‖ε

m‖GT K−T QT QK−1‖‖r̃j‖2
, for some 0 < α < 1.

Therefore we would impose on the relative residuals the following tolerance

‖s‖
‖Gpj‖

≤ (1− α)
σn(H)‖pj‖2‖r̃0‖ε

m‖Gpj‖‖GT K−T QT QK−1‖‖r̃j‖2
=: εin1 (5.3)

and

‖q‖
‖K−T QT Qẑ‖

≤ α
σn(H)‖pj‖2‖r̃0‖ε

m‖K−T QT Qẑ‖‖GT K−T ‖‖r̃j‖2
=: εin2.

The parameter α can be fixed (e.g., α = 1/2), or it can vary from one step to the next.
Thus, we have stopping criteria for each of the two residuals of the linear systems with
coefficient matrices K and KT .

For the systems that we consider here, we have

K =



B O O · · · O
−I B O · · · O

0
. . . . . . . . .

· · · · · ·
. . . . . .

...
O O · · · −I B

 ,

having k diagonal blocks B. Let us denote by (Gpj)i the ith block of Gpj . Then for
the solution of Kz = Gpj , we have that Bz1 = (Gpj)1, and Bzi = zi−1 + (Gpj)i for
2 ≤ i ≤ k. Let s be, as before the residual s = Kz̃ −Gpj , let

s1 = Bz̃1 − (Gpj)1
si = Bz̃i − (Gpj)i − z̃i−1 for 2 ≤ i ≤ k. (5.4)

We want to have (5.3) satisfied, all we can control is the relative residual for (5.4).
The relative residual for (5.4) is ‖s1‖/‖(Gpj)1‖ and ‖si‖/‖z̃i−1+(Gpj)i‖ for i ≤ 2 ≤ k.
We have

‖s1‖/‖(Gpj)1‖ ≥ ‖s1‖/‖Gpj‖,

in order to satisfy (5.3), we can let ‖s1‖/‖(Gpj)1‖ ≤ ε`1‖pj‖2
‖Gpj‖‖r̃j‖2 with

`1 = (1− α)
σn(H)‖r̃0‖

m‖GT K−T QT QK−1‖
.

Also since
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‖si‖
‖z̃i−1 + (Gpj)i‖

=
‖si‖

‖(Gpj)i + B−1(si−1 + (Gpj)i−1) + . . . + B1−i(s1 + (Gpj)1)‖

' ‖si‖
(‖B1−i‖+ . . . + ‖B−1‖+ 1)‖Gpj‖

for 2 ≤ i ≤ k.

Let

`2 = min
1≤i≤k

1− ‖B−1‖
1− ‖B−1‖i

and if

‖si‖
‖z̃i−1 + (Gpj)i‖

≤ `1`2‖pj‖2

‖Gpj‖‖r̃j‖2
, for 1 ≤ i ≤ k

we will have (5.3). We also have similar result for K−T .

6. Numerical Experiments. We return to our original problem (2.6). For our
numerical experiments, this problem is discretized first on a uniform 16 × 16 × 16
grid, and we consider 10 time steps. That means that the size of the matrix B is
3375 × 3375. Later we will perform the same experiments on 32 × 32 × 32 grid. We
use preconditioned conjugate gradient to solve the forward and the adjoint problems
with symmetric Gauss-Seidel as a preconditioner.

As stated in the introduction, we experiment with several approaches for the
tolerance of the inner iteration, which varies at each outer step of the algorithm. In
our first set of experiments the outer and the inner tolerances are kept constant. In
this way, 28 experiments are produced and the number of outer and inner iterations
for these experiments are displayed in Table 6.1. We also provide the relative error
in each case. For the inner tolerances we choose the following bound

ε`2‖pj‖2

‖Gpj‖‖r̃j‖2
=: εin11. (6.1)

for 1 ≤ i ≤ k, with `2 = 0.7469 for n = 16 and similarly we define εin21 for K−T . In
all cases reported here we use εin = εin11 = εin21.

As an example, in Table 6.1 when the requested outer tolerance is εout = 10−7

and the inner tolerance is εin = 10−7, we need 41 outer iterations and 15250 inner
iterations. The corresponding relative error is then

‖xtrue − xcomp‖
‖xcomp‖

= 4.4584 · 10−6.

It can be appreciated from Table 6.1 that in many cases keeping the inner toler-
ance fixed does not always produce satisfactory result. On the other hand, in some
cases (as when εin = 10−5) it is advantageous to have a larger inner tolerance.

In our next experiment we tighten the accuracy of the matrix-vector prod-
ucts. We run the same example with εin = 10−3 · ‖r̃k−1‖, while we set the outer
tolerance εout = 10−7 and εin11 = εin21 = εin = 10−3 · ‖r̃k−1‖. This means that the
matrix-vector multiplication may be performed in an increasingly “exact” way as the
iteration progresses. This is not the approach we propose, but we present it here for
completeness.
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inner 10−7 10−6 10−5 10−4

outer
10−7 41/15250 43/13958 43/11783 49/10848

4.4584× 10−6 4.8964× 10−6 2.6531× 10−5 2.9644× 10−4

10−6 30/11210 30/9785 32/8762 37/8246
4.4223× 10−5 5.9866× 10−5 6.3781× 10−5 2.9542× 10−4

10−5 20/7496 22/7197 23/6324 25/5555
3.8544× 10−4 3.3485× 10−4 3.2226× 10−4 4.2020× 10−4

10−4 15/5608 15/4942 16/4387 16/3561
2.3512× 10−3 2.4100× 10−3 2.2949× 10−3 2.3217× 10−3

10−3 8/3013 8/2641 9/2466 9/2012
2.0926× 10−2 2.0927× 10−2 1.9737× 10−2 1.9835× 10−2

10−2 4/1514 4/1325 4/1111 4/909
9.3340× 10−2 9.3340× 10−2 9.3340× 10−2 9.3363× 10−2

10−1 1/357 1/313 1/261 1/216
4.4498× 10−1 4.4498× 10−1 4.4498× 10−1 4.4498× 10−1

Table 6.1
Outer/Inner number of iterations and the relative error

In Figure 6.1 we show the convergence history of the computed “inexact” and
“exact” residual. The plot also displays εin as a function of the number of outer
iterations. Since H is not available explicitly, for the true solution we use εin = 10−14

to obtain it.
It can be observed from this plot that the difference between the “inexact” and

the “exact” residuals is amplified. At the end, the norm of the relative error is
1.821229× 10−3.

In Figure 6.2 we show the contour plot of one surface of the true model, the
reconstructed surface and their difference. Although the difference between the true
model and the reconstructed one is not obvious with the naked eye, the last plot
reveals that this difference is of the order of 10−3.

Consider now relaxing the accuracy of matrix-vector product: again we
set εout = 10−7, while now εin is either taken as in (6.1) or εin = 10−8 1

‖r̃k−1‖ . First
we test our proposed bound (6.1), i.e., we relax the matrix-vector product. In Fig-
ure 6.3 we show the convergence history of the computed residual compared with
the “exact” residual with inner tolerance satisfy (6.1). As it can be appreciated, us-
ing our proposed criterion (6.1), the computed residual using inexact matrix-vector
products (dash-dotted line) stays very close to the “exact” residuals (solid line), with
considerably savings in computational effort.

In Figure 6.4 we show the contour plot of one surface of the true model, the
reconstructed surface and their difference. The last plot reveals that the difference
between the true model and the reconstructed solution is of order of 10−6 and more
uniform than that of Figure 6.2.

Our next experiments mimic the conditions where it is hard to even compute the
problem-dependent quantities in our criteria, such as σn(H). We do know that relaxing
the matrix-vector product is advantageous and we thus use simply εin = `ε/‖r̃j‖,
so here we choose ` = 0.1, (since ‖pj‖/‖r̃j‖ is bounded,) so that for εout = 10−7,
εin = 10−8/‖r̃j‖. We report this in Figure 6.5, where it can be seen that the result
is still acceptable, but that the inexact run has some delay in convergence when
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Fig. 6.1. Relative residual norm of exact and inexact multiplications

Fig. 6.2. One surface of the true and the recovered model and their difference

compared to the Figure 6.3. We show more details on this later in Table 6.2.
Furthermore, we present in Figure 6.6 the contour plot of one surface of the true

model, the reconstructed surface and their difference. Note that the difference is of
the order 10−6, in fact,

‖xtrue − xcomp‖
‖xcomp‖

= 5.78396 · 10−6.
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Fig. 6.3. exact and inexact convergence for n = 16 with (6.1)

Fig. 6.4. One surface of the true and the recovered model and their difference

To conclude, we present Tables 6.2 and 6.3, where we report total number of outer
and inner CG iterations for 16× 16× 16 grid and 32× 32× 32 grid, respectively, for
different values of the outer tolerance εout, and the different inner tolerances discussed,
namely fixed with εin = 10−7, increasing tightens εin = 10−3‖r̃j‖/‖r0‖, relaxing the
matrix-vector product with using (6.1) or εin = 10−8‖r0‖/‖r̃j‖. The total number
of inner iterations represent a good measure of the total work. As before, the first
number stands for the number of outer iterations and the second for the number of
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Fig. 6.5. Relative residual norm of exact and inexact multiplications

Fig. 6.6. One surface of the true and the recovered model and their difference

inner iterations.

We note that since the tolerance εin = 10−8/‖r̃j‖ is less restrictive than (6.1) (cf.
Figures 6.3 and 6.5), the number of inner iterations to satisfy it is smaller than that
needed to (6.1). With either of these criteria, savings of computational time of up to
50% over a fixed inner tolerance can be achieved.
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outer 10−7 10−6 10−5 10−4

inner
10−7 41/15250 30/11210 20/7496 15/5608

10−3 · ‖r̃k−1‖ 48/18982 34/12266 25/8310 17/5157
10−8

‖r̃k−1‖ 47/8689 34/7796 24/6180 15/4453
(6.1) 41/14242 30/9996 21/6810 15/4590

Table 6.2
Outer/Inner number of iterations on a 16× 16× 16 grid

outer 10−7 10−6 10−5 10−4

inner
10−7 54/36974 40/27589 28/19377 18/12463
10−8

‖r̃k−1‖ 62/19609 46/17666 31/14179 19/9941
(6.1) 54/36404 38/25223 28/17566 18/10850

Table 6.3
Outer/Inner number of iterations on a 32× 32× 32 grid

7. Conclusions. In this paper we have proposed computable tolerances for cal-
culating inexact matrix-vector products based on an optimization problem subject to
the time-dependent heat equation. As the experiments show, by dynamically relax-
ing the stopping criteria of the inner matrix -vector multiplications, i.e., the inner
tolerance, we can achieve computational savings up to 50%.
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