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CONVERGENCE OF STATIONARY ITERATIVE METHODS FOR
HERMITIAN SEMIDEFINITE LINEAR SYSTEMS AND
APPLICATIONS TO SCHWARZ METHODS*

ANDREAS FROMMER', REINHARD NABBEN?, AND DANIEL B. SZYLD?

Abstract. A simple proof is presented of a quite general theorem on the convergence of station-
ary iterations for solving singular linear systems whose coefficient matrix is Hermitian and positive
semidefinite. In this manner, elegant proofs are obtained of some known convergence results, includ-
ing the necessity of the P-regular splitting result due to Keller, as well as recent results involving
generalized inverses. Other generalizations are also presented. These results are then used to ana-
lyze the convergence of several versions of algebraic additive and multiplicative Schwarz methods for
Hermitian positive semidefinite systems.
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1. Introduction. We consider the linear system
Az = b, (1.1)

where the coefficient matrix A € C"*" is assumed to be singular and Hermitian
positive semidefinite. Denoting by Null(A) the nullspace of A and by Range(A) its
range, we assume that b € Range(A). This implies that the solution set of (1.1) is
nonempty and it is given as an affine space x* + Null(A4) for some 2* € C™ solution
of (1.1).

If A is large and sparse, iterative methods for solving (1.1) are the standard
approach. In this paper, we focus on stationary iterative methods, including, for
example, certain algebraic multigrid methods and additive and multiplicative Schwarz
methods. Sometimes, these iterations are accelerated by using them as preconditioners
to Krylov subspace methods like Conjugate Gradients. While we do not consider the
latter aspect in any detail in this work, let us just mention that one usually assumes
convergence of the preconditioner as a prerequisite in this context, so our work is
relevant in this case as well.

We consider the very general situation in which we are given an iteration matrix
H for (1.1) of the form

H=I1-MA (1.2)

where M € C™*" is a matrix which might be singular but it is injective on Range(A),
ie.,

Null(MA) = Null(A). (1.3)
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The matrices H and M induce the iteration
2"t = Ha + Mb. (1.4)

Since any solution z* of (1.1) satisfies MAz* = Mb, we see that each such z* is
a fixed point of the iteration (1.4). Conversely, if z* is a fixed point of (1.4), then
0 = —MAz* + Mb, and since M is injective on Range(A) we get Az* = b. We
conclude that under the conditions (1.2) and (1.3), z* is a solution of (1.1) if and only
if * is a fixed point of (1.4).

The rest of this paper is devoted to the analysis of situations where we can
guarantee that the iteration (1.4) converges to a fixed point. Due to the singularity
of A, such a limiting fixed point usually depends on the starting vector z°. Actually,
condition (1.3), implies that that convergence of the iteration (1.4) is equivalent to H
being semiconvergent according to the following definition'; see, e.g., [3], [7], [18].

DEFINITION 1.1. A matriz H € C™ ™ is called semiconvergent, if p(H) = 1,
A =1 is the only eigenvalue of modulus 1 and X =1 is a semisimple eigenvalue of H,
i.e., its geometric multiplicity is equal to its algebraic multiplicity.

It follows then, that one goal is to find simple conditions for which we can show
that H of the form (1.2) is such that (1.3) holds and it is semiconvergent.

Our general form of the iteration operator from (1.2) applies in particular to
iterations induced by splittings of the form A = M — N, M nonsingular, in which
M is taken to be M~!. Then condition (1.3) is automatically satisfied. There are
iterations which can be interpreted as being of the form (1.2) with M = MT, the
Moore-Penrose pseudoinverse of some singular matrix M; see [7], [12], [13], where
such iterations are studied. This situation occurs in particular in the analysis of
Schwarz iterations where the artificial boundary conditions between subdomains are
of Neumann type; see, e.g., [17], [19].

The rest of the paper is organized as follows. In Section 2 we derive a fundamental
convergence result based on an estimate in the energy seminorm. In Section 3 the
fundamental result is used in two directions: We obtain simple and elegant proofs
for some known convergence results and we develop new convergence results which
improve over some that have been published previously. We then consider algebraic
additive and multiplicative Schwarz methods. The paper finishes with a conclusion
in Section 4. We mention that applications of the fundamental result to algebraic
multigrid methods are presented in the forthcoming paper [8].

2. A fundamental result. In the analysis to follow, we use the bilinear form
(-,) 4 defined for a Hermitian matrix A € C"*™ as

(,)4:C"xC" = C, (2,7) = (z,y)a = (Az,y) (= (2, Ay)).

Here, (z,y) denotes the standard Euclidian inner product. Since in our context A is
only positive semidefinite, the bilinear form is only semidefinite as well. We collect
some trivial properties of (-, )4 in the following lemma.
LEMMA 2.1. Assume that A is Hermitian and positive semidefinite. Then,
(1) For all x € C™ we have (x,x)4 > 0.
(ii) (x,x)4 =0 if and only if x € Null(A4).
(#i) If x € Null(A) ory € Null(A) then (x,y)a = 0.

1We note that in some papers such a matrix is simply called convergent.
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In the sequel, |z||4 denotes the seminorm (z, x)Z/Q.

We now turn to formulate a fundamental result on the convergence of the itera-
tion (1.4). We include a simple proof of this result before discussing how the result is
related to similar results in recent publications.

THEOREM 2.2. Let H = I — MA € C™™ be the iteration operator of the itera-
tion (1.4). Assume that the following holds:

v ¢ Null(A) = |Hz|l4 < |2]4. (2.1)

Then,

(i) Null(MA) = Null(A), i.e., M is injective on Range(A).

(i) H is semiconvergent.

As a consequence, for b € Range(A) the iteration (1.4) converges to a solution of
(1.1) for any starting vector z°.

Proof. First observe that Null(MA) = Null({ — H). For y ¢ Null(A) the hypoth-
esis (2.1) gives Hy # y, i.e., y ¢ Null( — H). On the other hand y € Null(A4) implies
y € Null(I — H), by the definition of H. This shows Null(MA) = Null(I — H) =
Null(A), i.e., (i) holds.

To prove (ii), let « be an eigenvector for an eigenvalue A of H. If x ¢ Null(A),
we have ||z]|4 > 0, and from (2.1) we get |A| - ||z]|a < ||z||a which implies [A| < 1. If
x € Null(A), we know that Hx = z, i.e., A\ =1. So p(H) =1, and A = 1 is the only
eigenvalue of modulus 1. It remains to show that A = 1 is semisimple.

Assume that, on the contrary, A = 1 is not a semisimple eigenvalue of H. Then,
there exists a level-2 generalized eigenvector for the eigenvalue A = 1, i.e., a vector
v # 0 satisfying

Hv =v+u, where Hu = u,u # 0.

Since v is not an eigenvector of H we have v ¢ Null(A). We also have u € Null(A),

since w is an eigenvector of H for the eigenvalue A = 1 and M is injective on Range(A).
Thus, using parts (ii) and (iii) of Lemma 2.1, we get

(Hv, Hvy 4 = (v,0) 4 + (v,u) a4 + (0,0} 4 + (u,u) 4 = (v,0) 4

which contradicts (2.1). Therefore, there is no level-2 generalized eigenvector for the
eigenvalue A = 1, i.e., A = 1 is semisimple. [

REMARK 2.3. Since Hx = x for « € Null(A), the operator H canonically induces
a linear operator H on the quotient space @ = C™/Null(A) on which |- || 4 canonically
induces a true norm ||z + Null(A)||a := ||z||a. Therefore, the implication (2.1) is
actually equivalent to

[Hzl[a < [[H]la-[lz]la with [H]la <1. (2.2)

We will write || H|| 4 for ||H|| 4 in the sequel and, for simplicity, we will always formulate
our convergence results to come by stating that ||H||4 < 1, having in mind that this
means that M is injective on Range(A) and that the iteration (1.4) converges to a
solution of (1.1) whenever b € Range(A).

In [12], it was observed that ||H||4 < 1 is sufficient for limy_ . (Az* —b) = 0 for
the iterates of (1.4) in the case that M = M, the Moore-Penrose inverse of a matrix
M satisfying Range(A) C Range(M) and b € Range(A). It was then shown in [7] that
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this kind of “quotient convergence” is actually equivalent to “usual” convergence, i.e.,
we also have limy,_, o 2¥ = z* with Az* = b, provided Null(MTA) = Null(A). This
is precisely the assertion of Theorem 2.2 except that we showed that the condition
Null(MTA) = Null(A) is not needed as part of the hypotheses. Also, we do not
require M to be a Moore-Penrose pseudoinverse. The references [7], [12] use such
pseudoinverses since they view the iteration (1.4) as arising from a splitting A = M—N
of A. Since every matrix M is the Moore-Penrose inverse of its own Moore-Penrose
inverse, i.e., M = (M")T, we see that there is nothing special in requiring M to be a
Moore-Penrose pseudoinverse. The crucial condition is (2.1) (or, equivalently, (2.2)),
implying (1.3).

3. Applications of the fundamental result. As first applications of Theo-
rem 2.2 we give simple proofs of the necessity of a well-known result of Keller [11],
and a generalization which contains as a special case a recent result from [13].

THEOREM 3.1. Let A € C™"*"™ be Hermitian and positive semidefinite. Let M
be nonsingular and let H = I — M~'A. Then M + MY — A is positive definite on
Range(M Y A) if and only if ||[H|l 4 < 1.

Here, M denotes the conjugate transpose of the matrix M.

Proof. Using the identity

HYAH = A— AM~H(M 4+ M7 — A)M'A,
we see that
(He,Hz)a = 2P HY AHz = (x, )4 — (M~ Az, (M + M7 — A)M~Az).  (3.1)

For x ¢ Null(A) the vector M ~! Az is non-zero, so that due to the positive definiteness
of M + M* — A on Range(M ~1A) we obtain

x € Null(A) = (Hz, Hz) 4 < {x,7) 4,

and ||H||4 < 1 follows by Remark 2.3.
On the other hand, if ||H||4 < 1, then (Hz, Hx) 4 < (x,x)4 for all x & Null(A),
so that (3.1) gives

(M~ YAz, (M + M7 — A)M~Az) = (x,2) 4 — (Hx, Hz) 4 > 0.

Since every nonzero y € Range(M~!A) can be expressed as y = M ~'Az with
x ¢ Null(A), this shows that M + M — A is positive definite on Range(M ~1A).
0

Recall that by Theorem 2.2 and Remark 2.3, ||H||4 < 1 implies that the itera-
tion (1.4) converges towards a solution of (1.1) for every starting vector. It is in these
terms that the above theorem was originally formulated in [11].

One application of Theorem 3.1 is for the relaxed Gauss-Seidel iteration. With
A =D — L — L¥ denoting the canonical decomposition of A into its diagonal part
D, its lower triangular part —L and its upper triangular part —L*, one then has
M= %D — L. This matrix M is nonsingular if no diagonal element of A is zero, and
M+M7 - A= Q’T“’D is positive definite on the whole space for w € (0, 2).

We now turn to the announced generalization, where M is allowed to be singular.

'THEOREM 3.2. Let A € C"*" be Hermitian and positive semidefinite. Let
M, M € C™™™ satisfy

MMA = A (3.2)
4



and put H=1—MA. Then |H|a < 1if and only if M + MY — A is positive definite
on Range(M A).
Proof. We first observe that since MM A = A we have Null(M A) = Null(A4), i.e.,

M is injective on Range(A). We also have A(M)#MH = A and thus

HYAH = A— AMA — AM)7A+ AM)PAMA
= A—AM)T - (M + M7 — A) - MA. (3.3)

So, if M+ M* — A is positive definite on Range(MA), we see that for z & Null(MA) =
Null(A) one has

[Hzlla < [lz]la

so that ||H| 4 < 1 follows again from Remark 2.3.

The converse follows in the same manner as in the proof of Theorem 3.1, so we
do not reproduce it here. O .
__ This result allows to use for M various generalized inverses of M. In the case that
M is the Moore-Penrose inverse M of M, a sufficient condition for MMA = A is to
require Range(A) C Range(M). With this more restrictive condition, Theorem 3.2
was essentially proved in [12, Theorem 4.4], see also [7]. The paper [13], too, uses the

same condition Range(A) C Range(M), but allows M to just be an inner inverse of
M, i.e., an operator satisfying M MM = M. The convergence results there, however,
come in a quite different flavor. Instead of assuming the positive definiteness of
M + MH — A on Range(M A), they require a further, more indirectly defined matrix
to be an inner inverse.

We note that Cao [7] presents the following example indicating that condition (3.2)
is essential for the necessity part of Theorem 3.2.

EXAMPLE 3.3. Let

_[ooo _1fo -1l ~5_ .4 [ 00
A_{()l}’M_z{o 1]’M_M_{—11}’

for which it holds that MA = A, and thus MMA = MA=M # A. On the other
hand, we have that

~ 1 0
H—I—MA—I—A—[O 0}7

so that ||H||4 = 0 < 1, but it holds that (MAYH (MH 4+ M — A)(MA) =0, and thus
M + M — A is not positive definite on Range(]TjA).

Theorem 2.2 can be used to derive further conditions implying the convergence
of iteration (1.4). The following result has the same spirit as Theorem 3.1, but note
that the hypothesis (3.2) is not needed here. This result is used later in the paper.

THEOREM 3.4. Let A € C"*" be Hermitian and positive semidefinite. Let
H=I1I—-—MA. Then

M + M" — MM AM is positive definite on Range(A) (3.4)

if and only if |[H|la < 1.



Proof. We have
HYAH = A— A(M + MY — MY AM)A. (3.5)

So if M + MH — MH AM is positive definite on Range(A) we immediately get that
for © ¢ Null(A) we have ||Hz|la < ||z| 4, ie., |[H|la < 1. On the other hand, if
|H|la <1and z ¢ Null(A), then ||[Hz|% < ||z|%. From (3.5) we see that this means
(Ax, (M—i— MY — MHAM)Ax> >0, ie., (M—i— MH — MHAM) is positive definite on
Range(A). O

We note that for the matrices of Example 3.3 we have that

mm_mm:[—é (1)],

which is the identity on Range(A), and thus positive definite on Range(A).

3.1. Application to additive Schwarz. We start this section with a general
result where the generic operator M is decomposed into p operators and involves a
positive damping factor 6, i.e., we have M =6 Zle M; and

P
H=I-MA=1-0% MA. (3.6)

i=1

As we shall see, this general formulation applies in particular to several variants of
additive Schwarz iterations.
One of the hypothesis we use is that there exists a number v > 0 such that

Rz, Z\ZAZ‘)A > (]\ZAJC, MAJZ>A for all z € C" and fori =1,...,p. (3.7

Here, Rz denotes the real part of a complex number z. It is easy to see that (3.7) is
equivalent to the hypothesis (cf. (3.4))

M; + ]\N/.I'Z-H - QWAZHAJ\N/L- is positive semidefinite on Range(A). (3.8)

In the following theorems we give convergence results requiring upper bounds for
the damping factor 6 in (3.6). These upper bounds are given in terms of p (usually
representing the number of subdomains). Nevertheless, the bounds can be enlarged
in the same way as it is done in the convergence analysis for classical additive Schwarz
methods for Hermitian positive definite matrices, where ¢ “colors” are used; see Re-
mark 3.14.

__ TuEOREM 3.5. Let A € C™™ be Hermitian and positive semidefinite. Let
M, e C"*", i=1,...,p, be such that

(i) There exists a number vy > 0 such that (3.7) holds.

(ii) N?_,Null(AM;A) = Null(A).

Then, there exists 6 > 2?’7 such that if 0 < 6 < 0, the matriz H from (3.6) satisfies
|H||a <1, and M satisfies (3.4).
Moreover, if the following strengthened Cauchy-Schwarz inequalities

(M; Az, M;Az) 4| < cij - | M;Az| 4 - |M;Az| o for all z € C*, i,5=1,...,p, (3.9)

@old with 0 < ¢; = ¢ < 1 and ¢;; = 1, then 0 can be taken such that
0 > (279)/Amaz(C), where Apaz(C) is the largest eigenvalue of the matriz C = (c;j).
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Proof. For all x € C™ we have

P P
(Hx,Hz)s = (z,2) 4 — 292 Rz, M;Az) 4 + 67 Z (M;Ax, M;Azx) 4. (3.10)
i=1 ij=1
For ease of notation we put —
ml: HMZAJ:HA’ i:]‘?""p? (3.11)
and observe that using hypothesis (i) it holds that
yemi=~- <]\Al/iAx, MA:E>A < Rz, ]/\ZA:@A. (3.12)
Also, using the Cauchy-Schwarz inequality, one has <]/\Z1‘AJS,]/\Z]‘AJL‘> 4 < mym;. Let
now m = (my,...,my)7 and E € CP*P be the matrix of all ones. Then from (3.10)
we obtain

P p
(Ho, Hopa < (a.a)a— 2673 w2 +62 3 mam,

i=1 ij=1

= (z,z)a — 0 - (m, (27 — OE)m). (3.13)

For 6 < (27)/p the matrix 2] —0F is strictly diagonally dominant and thus Hermitian
and positive definite. Therefore, once we have shown that m # 0 for ¢ Null(A)
we will have proven the first part of the theorem, since then, by (3.13), we have
(Hx,Hx)s < (x,x)4, le., ||[H||la < 1. But if m; = 0 for ¢ = 1,...,p, we have
M;Az € Null(4) and thus z € Null(A]\ZA) for i = 1,...,p. By (ii) this gives
x € Null(A4).

The fact that M fulfills (3.4) follows directly from Theorem 3.4.

If the strengthened Cauchy-Schwarz inequalities (3.9) hold, we can replace (3.13)
by the stronger

(Hx,Hz) s < (z,x)a — 0 - (m, (29I — OC)m).

Since 2yI — 6C' is Hermitian and positive definite for 8 < (27v)/Amax(C), the same
arguments as before prove the last part of the theorem. O

THEOREM 3.6. Assume that A € C"*™ is Hermitian and positive semidefinite
and that (i) and (i) of Theorem 3.5 hold. With the notation from Theorem 3.5,
assume that there exists a natural number ¢ < p such that for each i € {1,...,p} the
space Range(]\Z) 18 orthogonal to all spaces Range(]\,\jj)j =1,...,p, j #1, except for
at most ¢ — 1 such indices. Then 6 can be taken such that 6 > (2v)/q.

Proof. By the hypothesis, we have strengthened Cauchy-Schwarz inequalities
(3.9), where for each ¢ at most ¢ of the ¢;; are non-zero, and the non-zero ones can
be taken to be equal to 1. Therefore, all row sums of C are bounded by ¢, and thus
by Gershgorin’s theorem (see, e.g., [20]), we have A\pax(C) < ¢. O

In the results presented so far, the operators J\Z were allowed to be of quite general
nature; in particular, they may be non-Hermitian. In many situations, however, the
operators M; are Hermitian and positive semidefinite on Range(A). In this case,
z € Null(AM;A) implies 0 = (z, (AM;A)z) = (Az, M;Az) and thus Az € Null(M,),
ie, x € Null(]\ZA). In this situation we consequently have ﬂleNull(A]\ZA) =
ﬁf:lNull(]\fZiA)7 which directly gives the following corollary to Theorem 3.5
~_ THEOREM 3.7. Let A € C™" be Hermitian and positive semidefinite. Let
M; e C**" ¢=1,...,p, be such that



(i) ]\Z is Hermitian, 1 =1,...,p,

(i) There exists a number v > 0 such that (3.7) holds.

(iii) NP_,Null(M;A) = Null(A).
Then all conclusions of Theorem 3.5 hold.

To study additive Schwarz methods, we need some further notation. We consider
a decomposition of C™ into p subspaces of dimensions n;, i = 1,...,p, represented by
C™. By R; we denote the projections ('restrictions’) onto these subspaces, represented
as matrices R; € C™*™ having full rank n;. We define the Galerkin operators

A; = RARE cCcrixmi i =1,...,p.

The following result on the range of the Galerkin operator will be useful later.
LEMMA 3.8. If A is Hermitian and positive semidefinite, then

Range(A;) = Range(R; A).

Proof. Since A; is Hermitian, the assertion is equivalent to Null(4;) = Null(ARH).
Clearly, Null(4;) O Null(ARH). On the other hand, if z € Null(4;), it satisfies
0 = (Ajz,z) = (ARP 2, RHz), which implies R7x € Null(A), i.e., x € Null(ARH),
showing that we also have Null(A;) C Null(ARH). O

For the moment, let us assume that, although A is only Hermitian positive
semidefinite, all Galerkin operators are nonsingular (and thus positive definite), i.e.,
we assume that Range(R) N Null(A) = {0} for all i; see, e.g., [4], [6], [15], [16], for
examples when this situation occurs. The additive (damped) Schwarz iteration for
solving Az = b is then given as (1.4) with

p
M=0Y RIA7'R; and H=1- MA. (3.14)

i=1

We refer the reader, e.g., to [17], [19], and references therein for details on Schwarz
methods, and to [2], [9], for algebraic formulations.

THEOREM 3.9. Let A € C"*" be Hermitian and positive semidefinite. Moreover,
assume that the projection operators R; satisfy

AP Null(R;) = {0}, (3.15)

and that A; = R;ARY is nonsingular, i = 1,...,p. Finally, let 0 < § < % Then H
from (3.14) satisfies | H||a < 1, and M satisfies (3.4).

Proof. We show that M; = RF AT R; satisfies hypotheses (i)-(iii) of Theorem 3.7
with v = 1. Obviously, M; is Hermitian. For (i) we have

M;AM;A = RFAT'RART AT R, A = REATI A AT R A = REATIR, A = M; A,

which shows that the M;A are projections, i.e., (ii) holds with v = 1. For (iii) let
xz € NY_Null(M; A), then,

0= (RFAT'R Az, 2) 4 = (A] 'R, Az, R; Ax),
which, since A; is Hermitian positive definite, implies R;Ax =0,i=1,...,p, i.e.

Az € NP_ Null(R;) = {0}.
8



Thus, € Null(A). So we have ﬁleNull(]\ZA) C Null(4), and since the opposite
inclusion is trivial we have (iii). O

REMARK 3.10. The restriction operators R; in our formulation of Schwarz meth-
ods are very general. In the special case when they are Boolean gather operators (i.e.,
their rows being rows of the identity), using Theorem 3.9 we recover the convergence
part of [16, Theorem 4.2].

Let us also note that for the “prolongation” operators P; = R, we have
Range(P;) = Null(R;)*. Thus, condition (3.15) can equivalently be stated as

P
Z Range(P;) = C",
i=1

as is done, e.g., in [10].
Theorem 3.9 can be extended to the case where the Galerkin matrices A; are
singular, if we replace their inverses by the Moore-Penrose pseudoinverses A;r.
THEOREM 3.11. Let A € C™™*"™ be Hermitian and positive semidefinite. Let
0<b< % and put

p
H=1-MA, with M =0 RIAIR;, where A; = R;AR}". (3.16)

i=1
Finally, assume that the projection operators R; satisfy
NP_ Null(R ATR; A) = Null(A).

Then H from (3.16) satisfies |H| 4 < 1, and M satisfies (3.4).

Proof. All we need to do is show that with ]\Z = RlHA;rRi,i =1,...,p, the
hypotheses (i) and (ii) of Theorem 3.7 (with v = 1) are satisfied, (iii) being assumed.
Since A; is Hermitian positive semidefinite, so is A;r, and therefore also is ]\fZZ For (ii),
we have

REATR,ARFATR;A = REATAATR,A = REAIR, A (3.17)

showing that the matrices R AIRZ-A are again projections, i.e., (ii) holds with equal-
ity. O

We next consider a situation usually referred to as inexact solution of the local
problems; see, e.g., [1], [5], [17], [19]. This is the situation, e.g., when the solution of
the local problem

Aiyi = Z; (318)

is not obtained exactly. Thus one replaces A;'z; or A:-rzz- with a vector other than a

solution of (3.18), and this is represented by A;z;. In this case we have M; = RFA;R;;
and using Lemma 3.8 it is easy to see that the hypothesis (3.8), or equivalently (3.7),
can be rewritten as

A; + A — 2y AH A, A; is positive semidefinite on Range(A4;). (3.19)

Observe that here A; is not assumed to be symmetric, and thus neither is ]\Z
We are ready now to establish the convergence of (damped) additive Schwarz
iterations with inexact local solvers, which follows directly from Theorem 3.5.
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THEOREM 3.12. Let A € C"*™ be Hermitian and positive semidefinite, and let
A =R, AR, i=1,...,p. Let0<9<% and put

p p
H=1-MA, with M =0 M;=0Y RI'A;R;,
=1 =1

where A; is such that there exists a number y for which (8.19) holds. Finally, assume
that the projection operators R; satisfy

N?_ Null(AR A;R; A) = Null(A).

Then H satisfies |H|[4 < 1, and M satisfies (3.4).

Note that condition (3.19) is fulfilled with v = 3 if A;+ AT — AH A A; is positive
definite on Range(A;), which is precisely (3.4) from Theorem 3.4. So in this special
case, by Theorem 3.4, we have |I—A;A;||a, < 1, or that an iteration for the solution of
the local problem (3.18) with iteration matrix I — A;A; is convergent. One particular
general example of this situation is when one uses a splitting of A; = B; — C;, and
the solution of the system (3.18) is approximated by & classical stationary iterations
associated with this splitting. Thus, for this example

|
—

K

A=) (B7'Cy)Y B (3.20)

<.
Il
o

Of course one can have different values of x for different local problems. As a particular
case, consider the canonical decompositions A; = Dz-levazH and put B; = %DifLi,
i.e., relaxed Gauss-Seidel. If one sets A; = B; the local solutions are approximated by
one step of the relaxed Gauss-Seidel, i.e., Kk = 1. Assuming that no diagonal element
of A; is zero and that w € (0,2), a simple calculation shows that (3.19) is fulfilled
with v = % Since we then have that the relaxed Gauss-Seidel iteration is convergent,
using Theorem 3.4, we see that that A; of (3.20) also fulfills (3.19) with v = 1 for all
integer values of k.

REMARK 3.13. We note that a special case of Theorem 3.12 when R; are Boolean
gather operators, and A; are symmetric and nonsingular, is [16, Theorem 6.1], where
the hypothesis used there is equivalent to

(z,A;z) < (z,Ai_lz> for all z € C™, andfor i=1,...,p,

which implies (3.19) with v < 1. Indeed, in this case, we have that the difference

A; ' — A; is positive semidefinite, and we write

24; — 29Af A;A; = 24; (A7 - 4;) A

REMARK 3.14. If in Theorems 3.7, 3.9, 3.11, and 3.12, we add the hypothesis
that there exists a natural number ¢ < p such that for each ¢ € {1,...,p} the space
Range(R) is orthogonal to all spaces Raunge(R]I?[)7 j=1,...,p, J # 1, except for at
most ¢ — 1 such indices, then, using Theorem 3.6, the results hold for § < 2/¢; cf. [10,
Ch. 11.2.4], where this is done for classical additive Schwarz for A Hermitian positive
definite. See also [2], [9], and [16] for other such situations.

We note that Hermitian positive semidefinite matrices ]\Z different than those
considered in Theorems 3.9, 3.11, and 3.12, also do appear in other Schwarz contexts
and our general Theorem 3.5 would apply to such cases as well. For example, in [14]
matrices of the form ]\Z = Rf{ (A; + G;)R; are used, where G; derives from the Robin
boundary conditions.
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3.2. Multiplicative Schwarz. Instead of an additive we now consider a multi-
plicative combination of p operators M; resulting in
1
H=(I-MA)I-M,_A)(I-MA) =[] -MA). (3.21)

1=p

Of course, the iteration operator A can be written in the form H =1 — JT]A, but an
explicit formula for M is not needed in our convergence analysis. As in the additive
case, the general formulation (3.21) applies, for particular choices of the matrices M;,
to several variants of multiplicative Schwarz methods, including, for example, those
corresponding to Robin boundary conditions [14].

As we did in the additive case, we first state a general theorem which we then
apply to the multiplicative Schwarz setting.
__ TuHEOREM 3.15. Let A € C™" be Hermitian and positive semidefinite. Let
M; e C™™ i=1,...,p, be such that . .

(i) A is injective on M;A for i = 1,...,p, i.e., Null(AM;A) = Null(M;A) for
t=1,...,p

(ii) There exists a number vy >

(iii) NP_ Null(M;A) = Null(A).
Let H be as in (5.21). Then H satisfies |H||a < 1. Furthermore, if we write
H=1— MA, then M satisfies (5.4).

Proof. We first note that by (ii) we have for € C" and i =1,...,p,

such that (3.7) holds.

N[ —=

(I = M;A)w, (I — M;A)z)a = (z,2)a — 2R(x, M; Az) 4 + (M; Az, M; Ax) 4
< (z,2)4 — (2y — 1)(M; Az, M; Az) 4. (3.22)

Now, let (1) = z and 20+1) = (T — M;A)z® i =1,...,p, sothat zP+1) = Hz(1) =
Hz. Using (3.22) repeatedly we obtain

P
(Hz,Hz)a — (z,2)a = —(2y — 1) Z MiAa:(i),MiAx(i)>A. (3.23)
i=1

The right hand side of (3.23) is nonpositive. It remains to show that it is zero
only when z € Null(A). Now, the right hand side of (3.23) is zero if and only if
<J\ZAm(i),]\ZAx(i)>A —0fori=1,...,p. This is equivalent to M; Az € Null(A4),
ie, ¥ ¢ Null(A]\ZA), which, by assumption (i) implies (V) ¢ Null(]\ZA) for
i =1,...,p. But then 201 = (I — M;A)z® = 2@ for i = 1,...,p, resulting
in2z® =zfori=1,...,p, and z € Null(]\Al/iA) for i = 1,...,p. By assumption (iii)
this means z € Null(4). So we have shown ||H||4 < 1. The fact that M fulfills
condition (3.4) follows directly from Theorem 3.4. O

We now use Theorem 3.15 for the analysis of multiplicative Schwarz methods. We
use the notation introduced in Section 3.1. As in the additive case, we first consider
the case where the Galerkin operators A; = RiAR{{ are nonsingular, i.e., we have

=RFATR;, i=1,...,p. (3.24)

THEOREM 3.16. Let A € C™"*™ be Hermitian and positive semidefinite. Moreover,
assume that the projection operators R; satisfy

NY_Null(R;) = {0},
11



and that A; = R;ARH is nonsingular, i = 1,...,p. Then H from (3.21) with M,
from (3.24) satisfies ||H||a < 1. Furthermore, if we write H = I — MA, then M

satisfies (3.4).
Proof. We need to show that the hypotheses (i)-(iii) of Theorem 3.15 are fulfilled

with v = 1. For (ii) and (iii), this was already done in the proof of Theorem 3.9. To
show that (i) holds, we first note that, trivially, Null(AM,; A) 2 Null(M;A). On the
other hand, z € Null(AM; A) implies 0 = (z, AM; Az) = (Az, M; Az), which, since M;
is Hermitian positive semidefinite, yields Az € Null(]\Z), ie,z € Null(]\ZA). ad

The next theorem considers the case where the Galerkin operators can be singular.

THEOREM 3.17. Let A € C"*" be Hermitian and positive semidefinite. Let
A; = R;ARH andM RHATR fori=1,....p, and let H be as in (3.21). Finally,
assume that the projection operators R; satisfy

NP_,Null(RP ATR; A) = Null(A).

Then H satisfies |H||a < 1. Furthermore, if we write H = I — MA, then M satis-
fies (3.4)-

Proof. The proof follows again by showing that assumptions (i) to (iii) of Theo-
rem 3.15 are fulfilled with v = 1. But (iii) is assumed and (i) follows in exactly the
same manner as in the proof of the preceding Theorem 3.16, whereas (ii) holds with
~ =1 since the M;A are projections as shown in (3.17). O

We end this section considering multiplicative Schwarz iterations with inexact
solutions of the local problems (3.18), i.e., when M; = R A;R;.

THEOREM 3.18. Let A € C"*" be Hermztmn and posztwe semidefinite, and let
Ai=RARE i=1,... p. Let M RHA R;. Assume that each operator A; fulfills
one of the two followmg conditions

(a) A; is Hermitian positive semidefinite

or

(b) A; + A is positive definite on Range(A;).
and that there exists a number v > % for which (3.19) holds. Finally, assume that the
projection operators R; satisfy

NP_ Null(R¥ A;R; A) = Null(A).

Then H from (3.21) satisfies |H||4 < 1. Purthermore, if we write H = I — MA, then
M satisfies (3.4).

Proof. We have to prove that assumptions (i) and (ii) of Theorem 3.15 hold, (iii)
being part of the assumptions. Recall that (i) from Theorem 3.15 reads Null(AM A) =
Null(M A), where only the inclusion Null(AM A) C Null(M A) is nontrivial. In the

case that A; is Hermitian positive definite, M is Hermitian positive definite, too,
and (i) of Theorem 3.15 follows as in the proof of Theorem 3.16. In the case that

A; + A is positive definite on Range(A ), assume that AM; Az = 0. Then

and thus 0 = (R; Ax, (A; + AH)R Az). By Lemma 3.8, we have R; Ax € Range(4;),
and since A; + AH is positive definite on that space we get R; Az = 0. This yields

RIA;RiAz =0, ie., x € Null(MlA), so that we have again shown that (i) of Theo-
rem 3.15 holds.

12



Finally, since (3.19) is equivalent to (3.7), we also have (ii). O

We observe again that assuming || — A; 4;||4, < 1 is sufficient for (3.19) to hold.
Indeed, by Theorem 3.4, this assumption is equivalent to that A + /LH — flfl A A,
is positive definite on Range(4;), which implies that A; + A is positive definite on
Range(A ) and that A; + AM — 2y AP A; A; is still positive semldeﬁnlte on Range(A4;)
for v > 3 L sufficiently close to 1 5. Hence, we have the following corollary.

COROLLARY 3.19. Let A € C"*" be Hermitian and positive semidefinite, and
let Ay = RiARE i =1,....p. Let M = RHA R;. Assume that each operator A;
satisfies

|1 — A;Ail| 4, < 1. (3.25)
Finally, assume that the projection operators R; satisfy
AP_ Null(R¥ A;R; A) = Null(A).

Then H from (3.21) satisfies ||[H||a < 1. Furthermore, if we write H = I—MA, then
M satisfies (3.4).

Again, one can use relaxed Gauss-Seidel, i.e., A, =B; = %Di — L; where A; =
D;—L;— L?. We have A, +/~1{I = 2_T‘”D—i—A, which is positive definite for w € (0, 2)
if A; has no zero diagonal elements. Thus, assumption (ii) of Theorem 3.18 and
assumption (3.25) of Corollary 3.19 are fulfilled in this case, as well as for A; as
n (3.20).

We note also that for Aj nonsingular, [16 Theorem 6.4] follows from Theo-
rem 3.18; since in [16] it is assumed that A + A7 — A, is positive definite. This
assumption can be written as A (AH + A AH A A, )/L_ ! being positive definite,
so that (3.19) holds for some v > 1/2.

4. Conclusions. We presented a very general convergence result for stationary
iterative methods for linear systems whose coefficient matrix A is Hermitian and
positive semidefinite. It is shown that if for ¢ Null(4), (z, Hx)a < (z,z)4, with
H=I-M A then M is injective on Range(A), and H is semiconvergent. This result
allowed us to give simple proofs of well-known results, as well as to generalize them
in several directions. We further used these new results to give convergence proofs
of several variants of additive and multiplicative Schwarz iterations. These variants
include those with local problems with Neumann or Robin boundary conditions, as
well as the inexact solution of the local problems.
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