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Summary. Weighted max-norm bounds are obtained for Algebraic Addi-
tive Schwarz Iterations with overlapping blocks for the solutiodaf= b,

when the coefficient matri¥ is an M-matrix. The case of inexact local
solvers is also covered. These bounds are analogous to those that exist using
A-norms when the matrid is symmetric positive definite. A new theorem
concerningP-regular splittings is presented which provides a useful tool for
the A-norm bounds. Furthermore, a theory of splittings is developed to rep-
resent Algebraic Additive Schwarz Iterations. This representation makes a
connection with multisplitting methods. With this representation, and using
a comparison theorem, it is shown that a coarse grid correction improves
the convergence of Additive Schwarz Iterations when measured in weighted
max norm.
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1. Introduction
Consider the solution of a linear systemrmgdlgebraic equations of the form
(1.1) Az =10

in R™ (A nonsingular) by Additive Schwarz Iterations with overlapping
blocks. We consider two distinct — though not mutually exclusive — cases.
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Namely, when the matrid is symmetric positive definite, denoted>- O
(this implies thatA=! = O), and when the matrixi is monotone, i.e., it
has a nonnegative inverse, denotéd' > O, where this last inequality
is understood to be componentwise. The concept of Additive Schwarz was
introduced by Dryja and Widlund [13]; see also [9, 12, 14, 20, 21, (Ch. 11),
38], and the extensive bibliography therein.
To that end, lel/ = R™, andp subspace¥; C V,i = 1,...,p such
that

p p
(1.2) > V= {xEV:x:Zvi,viEVl}:M
=1

=1

i.e., the combined bases of the subspaces span the whole space. If the system
(1.1) corresponds to a discretization of a differential equation over adomain
{2, and the nodal values of a solution are in the sgacihe subpaceg; can

be thought of as the nodal values in a subdonsairC (2. In most of this
paper, this interpretation is not necessary, and therefore most of our results
correspond to what is known &dgebraic Additive Schwarz.e., when no
underlying mesh is necessarily present; see [6,16,18,19, 36, 37] for different
variants of Algebraic Additive Schwarz. As pointed out in [6], this algebraic
approach is important for the case of unstructured mesh problems as well.
Let n, = dimV;. We concentrate our study to the case of overlapping
subdomains, or in the case of Algebraic Additive Schwarz, of overlapping

p
blocks, i.e., Whel’Eni > n.

i=1
We identify V; with R™. Let R; : V' — R™ be the restriction operator.
In our contextR; is ann; X n matrix. We assume that the rank Bf is
n;. Its transpose&k} is a prolongation operator frof™ to V. One can use
other prolongationg); fromRR"™ to V, but it is convenient to us@; = RiT,
e.g., for symmetry, wher > O. Also, as we show in Sect. 5, the choice
Q; = R} is also natural in the monotone case; see also [22, Remark 4.13].
LetA; = R,-ARiT (the restriction ofA to V;). In the cases considered here
we will have A; nonsingular. If the bases bf, and thus that of” are chosen
appropriately, then the application of the prolongation oper&foconsists
of taking the entries of an;-dimensional vector and position them in the
locations of am-dimensional vector, according to the position of the basis
of V; in the basis oV, i.e., each column cuRiT is a different column of the
identity matrix, e.g., as in the following x 8 example

00000010
Ry, = 101000000
00010000
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Formally, such a matrixk; can be expressed as
(1.3) R; = [L;|O] m;

with I; the identity onR™ andm; a permutation matrix oR™. In this case,
it follows that A; is ann; x n; principal minor ofA.

Given an initial approximation’ to the solution of (1.1), the damped
additive Schwarz iteration reads, for= 0, .. .,

p
(1.4) o =2F 10> RIATRi(b— Axb),
=1

wheref > 0 is the damping factor. In other words, the iteration consists of
the following: on each subspace, restrict the current residual, solve the local
problem, prolongate the approximation of the error, and add the correction;
cf. [45]. It follows that the iteration matrix for the process (1.4) is

p
(1.5) Ty=1—10 Z RIAT'R; A,
=1

and that the errog"t! = 2F+1 — ¢ satisfieseF 1 = Tyer.

Often in practice, instead of solving the local probletg; = R;(b —
Az®) exactly, such linear systems are approximated; see, e.g. [4, 9, 21,
(Ch. 11), 38]. Let4; denote the approximation t&; used, i.e., the inexact,
or approximate, local solver id;, . By replacing4; with A4; in (1.4) and
(1.5) one obtains the damped additive Schwarz iteration with inexact local
solvers, and its iteration matrix is then

p
(1.6) Ty=T-6> RIA7'RA.
=1

Additive Schwarz is often used as a preconditioner for a Krylov sub-
space iterative method, such as conjugate gradients; see, e.g., [38]. In this
case, what is important is to have bounds on the condition number of
M~—1A = I — T, whereT is the representation of the additive Schwarz
iteration matrix, e.g., (1.5) or (1.6). We will provide some bounds in this
direction, though we will concentrate mostly on bounds on the norffi. of
Our theory complements the heuristic study of algebraic additive Schwarz
of [6].

The Schwarz Alternating Method, of which the method (1.4) is a variant,
is used in several cases, especially when the mdtisnonsymmetric; see,

e.g., [8,29], and the references given therein. In these cases, the convergence
is studied using max norms and the analytic tool is some maximum principle;
see also [26,27]. As described below, we provide weighted max norms
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convergence bounds in a general algebraic setting. Thus, our result apply
to discretized nonsymmetric equations rather than the continuous case; cf.
[29].

p
In the special case of nonoverlap, i.e., W@ni = n, and when
i

a.7) R, =[0---1---0],

the iteration (1.4) is the standard block Jacobi iteration [3,42]. As is well
known, there might not be convergencedet 1. Hackbusch[21, Ch. 11.2.4]
explicitly showed that, in this special case and whtn O, the iteration
(1.4) converges, i.e., the spectral radii$y) < 1 provided that) < 1/p.

In Sect. 2 we show under the same conditiorfahat

(1.8) [Tolla <~ <1,

for the general overlapping case.

If A corresponds to a discretization of a partial differential equation on
2 = UY_, 12, the subdomaing; can usually be colored using< p colors
in such a way that if2; N £2; # 0 then(2; and(2; have different colors.
Similarly, we color the subspacé&3so thatV; andV; have a different color
wheneverl; N V; # {0}. The bound (1.8) is extended to hold under the
less restrictive conditiod < 1/q, as well as for the iteration matrix with
inexact solvers (1.6). As we shall see, the results in Sect. 2 are not entirely
new. We present them here to set the stage for similar results using weighted
max norms shown in Sect. 3, to show clearly the correspondence between
the symmetric positive definite and monotone cases, and to present some
new tools used in our proofs.

Given a positive vectoww € R"”, denotedw > 0, the weighted max-
norm is defined for any € R"™ as||y|l, = jmax \%yj\; see, e.g., [24,
35]. Weighted max norms have played a fundame?]tal role in the study of
asynchronous methods (see [19, 39]), and are obvious generalizations of the
usual max norm. Most of our estimates hold for all positive vecioos the
formw = A~le, wheree is any positive vector, i.e., for any positive vector
w such thatdw is positive. In particular this would hold fas = A~'e and
e=(1,...,1)7T, i.e., withw being the row sums o ~!. Recall that we are
assumingd—! > O, and that sincel~! is nonsingular no row of it can be
a zero row. This guarantees that= A~'e > O. The same logic is used
to conclude thaf\/ ~'e > O for any monotone matri®/, and this is also
used in our proofs.

In Sect. 3we also develop an interpretation of additive Schwarz iterations
similar to multisplitting methods; see [5, 33]. This interpretation is important
for our estimates, but it is also interesting in its own right.
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In Sect. 4 we presenta comparison theorem between two splittings, using
the weighted max norm, and use this theorem in Sect. 5 to show that the
addition of a coarse grid correction can improve the convergence of the
additive Schwarz iteration. This analysis of the coarse grid correction applies
also to the inexact version (1.6), and to the asynchronous version presented
in [19].

2. A-norm bounds

In this section we assume that- O, i.e., thatAT = Aandthat:T Az > 0

for x # 0, although some results presented here, such as Lemma 2.6, do not
depend on this assumption. It follows directly that eathis symmetric
positive definite inR™:, and thus nonsingulai,=1, ..., p.

We first develop a new tool, which we use in our proofs. To that end, we
first review a result from [34]. By > O we denote a symmetric positive
semidefinite matrix. The notatiod = B stands forA — B = O, while
A < B stands forB — A = O, and similarly with the symbolg and=<
when the difference is semidefinite.

Definition 2.1 [34] A splitting A = M — N is calledP-regulaif MT + N
is positive definite.

Note that this is equivalent to requiring that the symmetric maltfix+
M — A be positive definite.

Lemma 2.2 [34] LetA = O, let A = M — N be P-regular and letd =
M~'N.ThenA = HTAH.

Lemma 2.3 LetA = O andH € R™*". ThenA = H'AH if and only if
[Hlla < 1.

Proof. AssumeA = HTAH and letu € R, u # 0. Then
|Hul} = uTHY AHu
(2.1) =uY(HYAH — A)u+ u' Au
<ut Au = ||ul|}.
This shows|H || 4 < 1. For the other part| H|| 4 < 1 implies that||u|/4 >

|Hul| 4 for all u # 0, i.e.,uT Au > uT HT AHu, which means thatl -
HTYAH. O

Lemma 2.3 can be regarded as a version of Stein’s Theorem [34] relying
on A-norms.
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Theorem 2.4 Let A be symmetric positive definite. Thdn= M — N is a
P-regular splitting if and only if| M ' N4 < 1.

Proof.Let H = M ~' N and assume that the splittingfsregular. Then, by
Lemma2.2A - HYAH, and by Lemma2.3|H|/4 < 1.

For the proof in the other direction, by Lemma28,~ HTAH. Then
MT + N is positive definite from the following identity

A—HYAH = A— (M *N)TA(M™IN)
=A—(I-M'TAYAI - M14)
=MTATM +MT - AM1A
=MTATMT + N)YMA. 0
We remark that results in the spirit of this theorem can be found in [7,

31]. We will use Theorem 2.4, together with several results found in [21] to
show the bound (1.8).

p
Lemma 2.5 [21] Let A = O, then the matrixB = ZRiTAi_lRZ- is non-
singular. =1

Lemma 2.6 [21] GivenTy from (1.5), there exist a pair of matricedly
and Ny such thatd = My — Ny, My is nonsingular, andly = M;lNg.
Furthermore

p
(2.2) My'=0B=0Y RIA'R;.
=1

We point out that this splitting is unique; see, e.g., [2P ¥ 1, i.e., in
the absence of damping, we simply denote the matfjxasM, i.e.,
p

(2.3) M=) RIAT'R..

=1
It can be seen then that the matriéggs\/, andMy are all symmetric positive
definite.
Lemma 2.7 [21] Let A > O, then the inequalityl < pM holds.

We mention that the proof of this lemma uses the fact tHat=
RZ-TAi‘lRZ-A is an orthogonal projection (with respect to thénner prod-
uct) fromV to V;. The inequality from Lemma 2.7 can be improved to

(2.4) A = qM;

i.e., from the number of subspaces (or subdomaingd the number of
colors ¢ [21]. We note that (2.4) is equivalent fof ~1/24AM~1/2 < g4I,
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and this implies tha M~ /2 AM~1/2||y = max{\, A € 6(M~1A)} < gq,
whereo(M~1A) is the spectrum of\/ ~! A, which is of course useful to
bound the condition number(A/ 1 A).

Lemma28LetA - O, and letA = My — Ny be the splitting defined
in Lemma2.6. I < 1/q, then this splitting is a P-regular splitting, and
therefore||Ty||4 < 1.

Proof. As pointed out earlierMy = O. Using (2.4) we also have that
Ng = My — A = LM — Ais symmetric positive definite f < 1/q. Thus,
My + Ny = O, and the splitting isP-regular. Thus, by Theorem 2.4 the
proof is complete

This last bound also follows from the fact that sirf¢és anA-orthogonal
projection|| ;|| 4 = 1 (see, e.g., [9]), and can also be obtained as a corollary
to results in Frommer and Renaut [17]. This last bound implies the following
bound on the condition number (see, e.g., [45])

- 1+ [|7p[|a
k(M71A) < —/— 2202
Mo 4) < T g
We turn now our attention to the case of inexact local solvers. With an
appropriate assumption on the local solver on each subspace, we can follow
the same arguments as in the exact case. If each of the inexact solvers is sym-
metric positive definite, then one can prove in a way similar to Lemma 2.5

p
thatB = » R A;'R; is nonsingular.
=1

Lemma 2.9 [21] Let A = O. If for someu > 0, 4; < pd;, fori =
p

1,...,p thenA < ugM, whereM ! = ZRZ-TAlei.
=1

From this lemma it follows that the unique splitting inducedByof
(1.6),A = My — Ny (with Me_l = §B)is P-regularaslong a® < 1/(uq),
and thus under this conditidfiy|[4 < 1.

3. Weighted max norm bounds

In this section, and in the rest of the paper, we assumedlimmonotone,

i.e., A=1 > O. Thus, we do not assume thdtis necessarily symmetric

or positive definite. A special case of monotone matrices are nonsingular
M-matrices, i.e., nonsingular matrices with nonpositive off-diagonals and
nonnegative inverses; see, e.g., [3,42].



266 A. Frommer, D.B. Szyld

In the theory of nonnegative matrices= M — N is called a weak regu-
lar splitting if M~ > O andM !N > O [3]. As before, these inequalities
are componentwise. In multisplitting theory, several splittiigs M; — N;,
i =1,...,pare used, and the resulting iterates are added up using diagonal
nonnegative weighting matricds, such that

p
(3.1) Y E =1
=1

see, e.g., [5, 33], and the references therein. In this paper, unlike the Schwarz
descriptions in [18] and [19], the condition (3.1) is not imposed, instead we
p

will only assume thad " E; is non singular.

=1
The following lemma is used in Theorem 3.2 below. The notatibn
andv < w, for matrices and vectors, respectively, is again componentwise.
Then, we represent additive Schwarz using weak regular splittings and apply
Theorem 3.2 to this representation.

Lemma 3.1 LetA € R™" w € R", w > 0, and~y > 0 such that
(3.2) |[Ajlw < ~yw .

Then,||A]|w < 7. In particular, ||Az||, < v]||z||, for all z € R™. If the
inequality in(3.2)is strict, then the bound on the norm is also strict.

Proof. The lemma with the hypothesis (3.2) can be found in [19]. The
extension to the strict inequality follows in a similar mannerd

Theorem 3.2 LetA~! > O. LetA = M; — N; be weak regular splittings,
i =1,...,p. LetE; > O be dlagonal matrlceSz(— 1,...,p) such that

ZE is nonsingular. Ther(a) P = ZE ZE M;'A > 0, and there

i=1 i=1 =1
exists a positive vectar € R™, such that

<1,

w

which implies that

P —1
(ZE) Pl <1,
i=1

and

p
(b)Y _EiM; ' is nonsingular.
=1
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p p
Proof. (@) P = > Ei(I-M;'A) = Y EM;'N; > O. Lete =
=1 =1
(1,...,1)T € R™ (or any other positive vector), and = A~'e > 0.
Then, sincé\; ‘e > 0,i = 1,...,p, we have

p p p
Pw = ZEiw — ZEiMi_le < ZEiw.
=1 =1 =1
This implies, using the nonnegativity of the diagonal weighting matrices,

that
» -1
<ZEZ> Pw < w,
=1

and by Lemma 3.1 part (a) follows.
(b) By part (a),

-1 p
p I—(ZE,) Y EM A <1

i=1 i=1

(57) (S

is nonsingular. This in turn implies that the second factor, which we can

This implies that

p

rewrite as(ZEiMﬁ) A, is nonsingular, and sinc& is nonsingular, the
=1

proof is completeJ

For our representation of additive Schwarz using weak regular splittings,
we assume that the matrix is a nonsingulafV/-matrix, and thus all its
principal minors are also nonsingulaf-matrices [3]. We further assume
that R; is of the form (1.3). Then

and

O O

Foreach =1,...,p, we construct matrice&/;, £; € R"*" associated
with R; from (1.3) as follows

-1

_pTp oy _.T|A O]
(3.3) E;=R; R;, M;=r; [OAW- T,
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whereA_; is the principal minor ofA ‘complementary’ to4,, i.e.
Ay =[O\ -7 - A} - [O|I])*

with 7_; the identity onR™ ",
Note that

—1

O A7}
is nonnegative since the principal minotsand A—; of A are M-matrices
[3]. MoreoverN; = M; — A is nonnegative, since it is a symmetric per-
mutation of a matrix wit a 2 by 2block structure, the off-diagonal blocks
being nonnegative and the diagonal blocks being zero. So the splittings
A = M; — N; are (weak) regular; see also [18] for a general example of
splittings satisfying our conditions.

The diagonal matriceB; = R} R; from (3.3) have ones on the diagonal

in every row whereR! has nonzeros. Note that in the case of overlapping
p

blocks, we have here that each diagonal entrEfEi is greater than or

equal to one, which implies nonsingularity; cf. fl]l. Only in the rows corre-
sponding to overlap this matrix has an entry different from one. In that case,
the maximum that these entries can attaig,ithe number of colors. We
thus have that

p
(3.4) > B <ql
i=1

Moreover, forE; and M; from (3.3) we have that
(3.5) EM'=R'AT'R;, i=1,...,p.

We note that the representation of additive Schwarz presented here is
different than that found in [25, 40], where the matrices are augmented to
account for the overlap.

Lemma 3.3 Let A be a nonsingulai\/-matrix. Let the matrice®; be of
p
the form(1.3). Then,B = ZRiTAglRZ- is nonsingular. Moreoverd; ! <

i=1
RiA'RI fori=1,...,p.

p p
Proof. The matrix) "E; = > R R; is of full rank because of (1.2). The

=1 =1
first part of the lemma then follows from (3.5), and Theorem 3.2 (b). To
prove the inequality forA;l, let us write

T, _ |Ai F A O | 5
6 e |4 F]<[A 0]
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Sincew;rAm is an M-matrix andA has the sign structure of an-matrix,

A itself is anM-matrix as well [3], and upon multiplication with the non-
negative matriceér,” Am;)~! and A~! in the above inequality we arrive at
A=Y < (zF Am)~! = nF A~z Multiplying with [7;]0] and [I;|O]T we
finally getA; ! < R;A'RT. O

The same argument used in the proof of the second part of Lemma 3.3
can be used to show that < M;; compare (3.6) and (3.3). Since both
A, and M; are monotone, we also obta; ' < A~'andM; A < I,

p

which in turn impliesM ~'A = > " M;'A < pI,or M~! < pA~!; cf.
=1

Lemma2.7. l

Theorem 3.4 Let A be a nonsingula/-matrix. Let the matricesR; be
of the form(1.3). Then, if¢ < 1/q, the damped additive Schwarz iteration
(1.4) converges to the solution ¢f.1), and there is a positive vectar and

0 < v < 1 forwhich || Ty, <.

Proof. Using (1.5), (3.4) , and Theorem 3.2 (a), we have

p
(3.7) Tg:I—HBAEEZEi—GBAEHPZO.
qz‘:l

As in the proof of Theorem3.2, let = (1,...,1)T € R” (or any other
positive vector), and) = A~'e > 0. Since by Lemma 3.33 is nonsingular,
and it is nonnegative, theBAw = Be > 0. Thus,

(3.8) Tow =w — BAw < w
and the theorem follows from Lemma 3.0.

We note that convergence, i.e(I) < 1, also follows from the fact that
p
by (3.5),M, " = GE:E@»MZ.‘1 > O and together with (3.7) this implies that

the induced splittilng1 [2] is weak regular, and therefore convergent [3].

The bound in Theorem 3.4 can be improved and quantified. To that end,
note that ife = (1,...,1)T € R", w is the vector of row sums of the
nonnegative nonsingular matrix~!. Due to the second part of Lemma 3.3
we haveRF A7 'Rie < RT(R;A~'RT)R;e. Here, the vector to the right
represents the vector of row sums of a principal minor of the nonnegative
matrix A~!, so its entries cannot exceed the corresponding row sums of
A~!. When these vectors are added, there are at in@stmber of colors)
contributions to any row sum. This yield# < qw, which instead of (3.8)
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leads to the inequalitfpw > (1 — q)w. Since||Ty||w = ||Tpwlw [35],
this implies||Ty||, > (1 — 6q) for 6¢ < 1.

At the same time, the sum of the terf$ A; ' R;e is a positive vector,
so that it is never smaller than a fixed portion of the row sum4of. This
implies that there exist$ > 0 such thatBe > dw. Using this inequality in
(3.8) we obtain the improved boundy||,, < 1 — 64.

Theorem 3.4 can be extended to the case of inexact local solvers, i.e., to
the iteration matrix (1.6). All that is necessary to that end is to replgce
with 4; in (3.3), i.e., replace in each matriy; the entries of4; with those
of A;. Call these new matricel/;.

Theorem 3.5 Let A be a nonsingulad/-matrix. Let the matrice®; be of
the form (1.3). Assume that; are monotone matrices,= 1,...,p, and
that

(3.9) &JGL—&>ZOJ:IWWp

Then, ifd < 1/q, the damped additive Schwarz iteration with inexact local
solvers converges to the solution of (1.1), and there is a positive vector
and0 < v < 1 for which||Ty||l, < 7.

Proof. The definition of Mz |mpI|es thatEM‘ = R;ffli‘lRi,

i =1,...,p, cf. (3.5). LetN; = M; — A, i = 1,...,p. From the hy-
pothe3|s on; it follows thatA = M; — N; are weak regular splittings, and
thus the hypotheses of Theorem 3.2 hold. The proofs follows now using the
same arguments as in Lemma 3.3 and Theorem(3B.4.

We point out that the inequalities (3.9) hold, for example, if
(3.10) A > Aj;

cf. Lemma 2.9 and the comment following it. This condition is easily sat-
isfied. This is the case, for example,[lt has a subset of the nonzeros of
A; (including the diagonal). This last case includes many standard splittings
such as the diagonal, tridiagonal, or triangular part, as well as block versions
of them. The other notable example is incomplete factorizatigns L,;U;
where the nonzeros of the factors are in the locations of the nonzers of
and in particular ILU(O) [30]. In these cases, the inequality (3.10) holds, or
equivalently, we have (weak) regular splittings [30,41].

4. Comparison theorem

This section can be read independently of the rest of the paper.
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Theorem4.1LetA~! > O.LetA = M — N = M — N be two weak
regular splittings such that

(4.1) M=t >M1
Letw > 0 be such thatv = A~1e for somee > 0. Then,
(4.2) IM ™ Nl < |[M'Nw.

If the inequality in(4.1)is strict, then, the inequality i(4.2)is also strict.

Proof. For any nonnegative matrik, ||7'l|., = || 7w/||., [35]. The theorem
is then obtained from the following inequality.

M INw=w—-M''Av=w—-Mte<w-— M 'le
(4.3) = M 'Nuw.

The case of strict inequality is obtained using strict inequality in (413).

It follows directly from this theorem thagt(M —'N) < [|[M7IN|w,
with the inequality being strict if the hypothesis of strict inequality holds
in (4.1). Recall that the Perron eigenvector of a nonnegative matrix is the
nonnegative vector corresponding to its spectral radius.

Corollary 4.2 Letthe hypotheses of Theorem 4.1 hold. Assume further that
w is the Perron eigenvector 8ff ~! N. Thenp(M ~'N) < p(M~'N), with
the inequality being strict if the hypothesis of strict inequality holdg if).

Proof. It follows by equating the right hand side in (4.3) wigh\/ —1 N)w
and from the fact thafw||, = 1. O

Theorem 4.1 and Corollary 4.2 are very similar to [32, Lemma 2.2], and
are analogous to comparison theorems for spectral radii due fmid¥p
[43,44]; see also [10,11,28]. We end the section with another result in the
spirit of [28, Theorem 3.11], for which we need the following result from
[28].

Lemma4.3 LetT > O, and letw > 0 be such thatbvw < Tw. Then
a < p(T), and ifaw < Tw, thena < p(T).

Theorem4.4LletA~' > O.LetA = M — N = M — N be two weak
regular splittings such thaf4.1) holds. Letw be the Perron eigenvector
of M~'N, assume thatv > 0 and that Nw > 0. Thenp(M~'N) <
p(M~1N), with the inequality being strict if the hypothesis of strict in-
equality holds in(4.1).
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Proof. We have thatVw = p(M~'N)Mw > 0. SinceA = M — N
is a weak regular splitting and=! > 0, p(M~'N) < 1 [3], and thus
Aw = (M — N)w = (1 — p(M~'N)Mw > 0. Thereforew satisfies the
hypothesis of Theorem 4.1. We rewrite (4.3)@3/ ' N)w < M~ Nuw,
and use Lemma4.3 to complete the praof.

We remark that Theorems 4.1 and 4.4, and Corollary 4.2 are also valid
for splittings called nonnegative of the second kind by some authors, namely
A=M—N,M~'>0,NM~! > O[10,44]. The proofs are analogous.

5. Coarse grid correction

In order to accelerate the convergence of Additive Schwarz iterations, a
‘global’ solver is usually added to communicate information from each
subspace to all others. This global solver often corresponds to a solver on a
coarse grid when the mesh of the discretized underlying differential equation
allows this; see, e.g., [15,38]. In the pure algebraic case, one can choose an
additional subspacg), taking selected variables from each of the other
subspaces, and obtainingy = RgAR], which is a principal minor of

A; see, e.g., the formulation in [6, Sect.4]. In this case, we can have a
representation of the form (3.5). Other choices are possible, and it is not
always clear how to choose the global solver in the most effective way
[6]. When actual grids are presetft, is the restriction from the fine grid

to the coarse grid, and the solver on the coarse ggds usually not a
principal minor ofA; see an example further below. In either case the coarse
grid correction is added to the other corrections, and the iterative method
becomes, fok =0, ...,

=k g Zp: RTAT'R; (b— Ac®)
=0

p
(5.1) — g (ROTAo_lRO +y R?Ai_lRi> (b - Aazk> .
=1

It is evident from (5.1) that the choice of the global solver should be such
that the matrix in parenthesis in this iteration be nonsingular. We show in
this section that if4 is a principal minor of4, the iteration with the global
solver converges at least as fast as the standard damped additive Schwarz,
when measured in some weighted max norm.

Let

p
(5.2) Ty=1—-0 <R§AglRo + ZR?A;lRZ) A
=1
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be the iteration matrix of the iteration (5.1), with the corresponding induced
splitting A = My — Ny. SinceRgAglRo > O, it follows from (2.2) that

(5.3) My'=0Rj Ay 'R+ My > My

Theorem 5.1 Let A be a nonsingulaf// -matrix. Let the matrice®; be of

the form(1.3), fori = 1,.. ., p. Let the global solver be such th.zig1 >0,

and the corresponding restriction operator be such tRgt> O. Let My as
defined in(5.3) be nonsingular. Assume further that there is a weak regular
splitting A = My — Ny, and a diagonal matrix¥zy such that

and such that
(5.5) Ry A 'Ry = EoMy .

Then, if0 < 1/(¢ + 1), the damped additive Schwarz iterati(B1) con-
verges to the solution dfL.1), and there is a positive vectar for which
ITy||w < 1. Furthermore,||Tyl|w < || To]|w-

Proof. By the hypotheses we have that (5.3) holds. To complete the proof all
we need to do is satisfy the remaining hypotheses of Theorem 4.1, namely,
that A = My — Ny is a weak regular splitting. From (5.3) it follows that

p

M, ' > O. From (5.4) and (3.4) it follows thaX:Ei < (¢ + 1)I and this

=0
matrix is nonsingular. Using Theorem 3.2 (a) (now with- 1 splittings),
(5.5) and (3.5), we have that

My Ny =Ty =—0Rj Ay ' RyA+ 0BA

p
=T-0EM;'A-0) E;M;'A
=1

1 p p
>——Y Ei—0) EM A
q-+ 1 1=0 =0
p p
>0 (Z E; — ZEiMi_1A> >0
=0 =0

and the proof is completé]

We comment now on the hypotheses of Theorem 5.Rlfis of the
form (1.3), i.e., if theAq is a principal minor of the monotone matri,
then one can build/, as in (3.3), and the hypotheses of the theorem hold
with By = RE{RO. As we show in detail at the end of the section, this case
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is essentially the only ‘matrix independent’ one for which the hypotheses
of the theorem holds. In the usual coarse grid correction, wHgris the
discretization in a coarse grid of the differential equation, tAgns not

a principal minor ofA (the discretization on a fine grid of the differential
equation). As an example, consider the discretization (with mgsif a
one-dimensional problem in [38, Sect. 2.7]. Simple algebraic manipulations
show thatd, (with a grid of sizeH > h)is nota principal minor ofd. In this
case R} Ry is not a diagonal matrix, and we cannot produce a representation
for which (5.5) holds. To be specific, let us consider the easeb, i.e.

2 -10 0 0
-12-10 0
a=fo e o |- 120
0 0—-12 -1
0 0 0 —12
so that
12100
L o 24200
Aoz[_24},}%30: 122211,
00242
00121
24321 01000
L |48642 1102000
RyA'Ry=~ 136663 ,RE&fRA::g 01010
6124684 00020
12342 00010

Note that in this exampl&} A, LRy is still nonnegative, but
(5.6) I — RjA;'RA

is not. Nevertheless, the conclusion of Theorem 5.1 still holds if the new
iteration matrix (5.2) is nonnegative, i.e., if the negative (off-diagonal) en-
tries in (5.6) are smaller in absolute value than the corresponding entries in
M~1A. In this case, the induced splittingg = My — N is a weak regular
splitting, and this is all we need.

We note that when the hypotheses of Theorem5.1 hold, i.e., \igen
is of the form (1.3), then, the associated splitting= My — Ny is weak
regular, and the asynchronous Schwarz method of [19] converges with the
addition of the coarse grid correction as well.

We also note that arguing as in Sect. 3, and again using the comparison
theorem 4.1, Additive Schwarz iteration with inexact solvers also converges
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when 4, satisfies (3.10). Furthermore, if all inexact solvers satisfy this
relation, then we can conclude that this iteration is at least as fast as the one
with no coarse grid correction using the same inexact solvers.

We end the paper showing that it is quite natural that our discussion is
confined to restriction®; of the form (1.3). As we shall see, weak regular
splittings can only be expected to arise for restrictions of this form.

To make our discussion precise, let us first place ourselves in the most
general situation, where we have an arbitrary linear surjective restriction
R; : V — R™ and an injective linear prolongatiap; : R™" — V. The
operatorD; = R;Q; : R™ — R™ is thus invertible. We first take a closer
look atQiAi‘lRi with A; = R; AQ;. The following lemma shows that this
operator only depends on the projectiin= QiDi*lRi, but not onQ;, R;
individually.

Lemma 5.2 Let A be nonsingular. TheH; is nonsingular anchiAlei =
q(II;A)II;, whereq(z) is a polynomial.

Proof. A; is nonsingular becausg; and R; have full rank. The inverse of
D; ! A; can be expressed as a polynomiéD; ' 4;) [23, Corollary 2.4.4].
But then

_ _ -1
QiA;'R; = Q; (D;'4;)” D;'R;
The next theorem states the central result of this final discussion.

Theorem 5.3 (i) QiA;IRi > O for every nonsingulad/-matrix A if and
only if IT; > O.

(i) Assume thatl; > O. ThenQiAi‘lRiA < I for every nonsingular
M-matrix A if and only if I7; < I.

Proof. (i): If QiAi_lRi > O for every nonsingulan/-matrix A, then par-
ticularly so forA = I. In that cased; ' = D; ! so thatQ;A; 'R, > O
is equivalent tall; > O. To show the other direction, we represehts
A= pI-CwithC > 0andp(C) < (. Such arepresentation exists for any
nonsingulad\/-matrix [3]. ThenA; = D;(5I;—C;) with C; = Di‘lRiCQi.
Butp(D; ' R,CQ;) < p(C) which can be seen as follows: Forali> p(C)
we know thatlimy,_,(2C)¥ = O, and sincg2C;)* = D' R;(2C)*Q;

this implieslim_..(1C;)* = O which proves(C;) < 7.

Therefore, using the Neumann series we can exptgss- (31-C;) "1 D; !

as
1= /1 v
Aflz—E (DlRiC Z) Dt
(A /611:0 /B KA Q K



276 A. Frommer, D.B. Szyld

which yields

1ex/1 v
5.7 AR, = = <HZC> 1I;.
(5.7) Qi4; BVZO 5

Clearly, this sum is nonnegativeif; > O.
(i)): Let us write A = g1 — C as in (i). From (5.7) we get

QAT RiA = ; > <;Hi0> ) II;(BI — C)
v=0

1, - Vi (;170) (I - IT,)

So evidently,QiAleiA < Iif O < II; < I. The other direction follows
in a trivial manner by takingl = 7, i.e. =1andC = 0. O

Note that the proof for part (ii) of Theorem 5.3 shows that in the case
O < II; < I we actually have:)iAi‘lRZ-A < II; < I for any nonsingular
M-matrix A.

As a consequence of Theorem 5.3 we seetmaﬁti‘lRi > O together
with 7 — Q; A ' R; > O holds for all nonsingulai/-matricesA only if the

(3

projectionsI; satisfyO < II; < I (cf. (5.4)), i.e., these projections can

be represented as diagonal matrices Withand 1's, their eigenvalues, as
diagonal entries. Such projections, however, are exactly those which can be
represented aB; R; with R; of the form (1.3).
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