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Abstract. Krylov subspace methods often exhibit superlinear convergence. We present a general
analytic model which describes this superlinear convergence, when it occurs. We take
an invariant subspace approach, so that our results apply also to inexact methods, and
to nondiagonalizable matrices. Thus, we provide a unified treatment of the superlinear
convergence of GMRES, conjugate gradients, block versions of these, and inexact subspace
methods. Numerical experiments illustrate the bounds obtained.
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1. Introduction. We study certain aspects of the convergence of Krylov subspace
methods. These methods are widely used for the solution of n × n linear systems of
equations of the form

(1.1) Ax = f,

with A nonsingular. Let r0 = f −Ax0 be the initial residual and let

(1.2) Km(A, r0) = span{r0, Ar0, A
2r0, . . . , A

m−1r0}

be the Krylov subspace of dimension m defined by A and r0. The shorthand notation
Km is used when the dependence on A and on the specific vector r0 is clear from the
context. Note that Km ⊆ Km+1.

Krylov subspace methods are iterative methods in which at the mth step an
approximation to the solution of (1.1), xm, is found in x0 +Km. This approximation
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Fig. 1.1 Sample convergence history of GMRES.

is found by requiring xm to be the minimizer of some functional. Different methods
depend on the choice of this functional, on the characteristics of the matrix, and
on some implementation details. For example, the conjugate gradient method is a
Krylov subspace method for the case when A is symmetric positive definite, and the
functional is the A-norm of the error, i.e., the norm induced by the inner product
〈x, y〉 = xTAy. In the process of iteratively constructing a basis of Km, the method
can be implemented so that at each iteration only one matrix-vector multiplication
with A is required, in the form

(1.3) z = Av.

We discuss further particulars in subsequent sections, but we refer the reader to, e.g.,
[15], [30] for detailed descriptions of these methods.

Most convergence analyses of Krylov subspace methods indicate a linear con-
vergence rate. Nevertheless, on many occasions, these methods display faster con-
vergence, and this has been called superlinear convergence (in spite of the fact that
in exact arithmetic several Krylov subspace methods have final termination). By
(nontraditional) “superlinear convergence” we mean that the reduction of the resid-
ual norms is linear, but that the linear rate often increases, i.e., it accelerates as the
iterations proceed. See Figure 1.1 for a simple example of this behavior. For an exam-
ple where a Krylov method displays linear and not superlinear convergence, see [39,
Fig. 5]. We mention here that a formal analysis of superlinear convergence in the
conventional sense has been carried out in the general framework of bounded linear
operators in complex separable Hilbert spaces by several authors (see, e.g., [7], [19]
[23], [25], [42], and references therein), while the role of the right-hand side has been
studied in some special cases [6].

The described phenomenon of superlinear convergence of Krylov subspace meth-
ods has been widely observed, and some models explaining this behavior have been
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proposed; see [2], [38], [39], and also [9], [10], [12]. The analysis proposed in most
of the cited papers relies on the polynomial representation of the approximate solu-
tion in Km; see section 2. In particular, it is argued that once some of the roots of
the polynomial defining the Krylov subspace method approximate certain eigenvalues
of A, from then on the process behaves in the same manner as a new process with
the same Krylov subspace method, where the initial residual has been stripped of all
eigenvector components corresponding to these eigenvalues, and the rate changes. We
review some of these results in the next section.

In this paper we propose a different analytic model of superlinear convergence for
Krylov subspace methods where we do not use the minimizing polynomials (or their
roots). While the polynomial framework provides a good model in the normal case,
different techniques seem to be required to reproduce more faithfully the influence of
nonnormality on the behavior of Krylov subspace solvers. Thus, we develop a general
analytic model of superlinear convergence based in part on the proximity of some in-
variant subspace to the subspace where the approximation is found. We are motivated
by the desire to explain the observed superlinear convergence of inexact Krylov sub-
space methods. In these methods, the matrix-vector multiplication (1.3) is inexact,
i.e., of the form (A+E)v for some error matrix E which may change from step to step,
and in fact its norm is allowed to grow as the process progresses; see [35] and the refer-
ences therein. Since the matrix changes from one iteration to the next, the underlying
subspaces cannot be written in the form (1.2) with the same matrix at every step,
and therefore one cannot write the approximation xm in terms of a polynomial on A.

Our general model is thus applied to the generalized minimal residual (GMRES)
[32] and conjugate gradient (CG) methods, and to block Krylov subspace methods,
as well as to inexact Krylov subspace methods. We believe that this is the first time
that the superlinear convergence of block methods has been addressed. The analysis
presented here provides, then, a unified theory of superlinear convergence of Krylov
subspace methods, when it occurs.

In this new analytic model, we bound the residual norm after m + j steps by
quantities including the residual norm after j steps of the same Krylov subspace
method, where, however, the initial residual does not have components on a certain
invariant subspace. The philosophy of this interpretation is similar to that of the
models already proposed, e.g., in [38], [39]; see further section 2 and Remark 4.2.

In the application to inexact Krylov subspace methods, the model developed here
provides us with an additional possible explanation of the phenomenon that the norm
of E needs to be small in the initial iterations while it can be relaxed and allowed to
grow in later steps: the subspace generated by the inexact Arnoldi method needs to
approximate an invariant subspace of the appropriate linear operator; see section 6.
Once this is accomplished, the rate of convergence changes, and larger errors are
allowed.

We mention that in [4], [5], invariant subspaces have been used in the convergence
analysis of Krylov subspace methods in the context of eigenvalue problems. We also
point out that using invariant subspaces and not the spectrum of A directly allows
us to treat diagonalizable and nondiagonalizable matrices in the same manner. In
addition, our treatment is consistent with the observation, e.g., in [16], that the
convergence of GMRES is not determined by the eigenvalues alone. In fact, given
any monotonically decreasing convergence curve, it may correspond to any eigenvalue
distribution; see further Remark 4.3.

In the next section we first review some of the bounds obtained with analytic
models which use polynomial theory for CG and GMRES. Then, we preview the
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kinds of bounds we obtain for GMRES with the new analytic model. This serves as
an example of our theory developed in section 3, where we prove a very general result
on approximation in subspaces in a Hilbert space. We specifically show it for Rn and
subspaces defined by their bases, but the result applies to any Hilbert space, and in
particular to vector spaces over C. We remark that in fact in the whole section there
is no mention of a matrix A or of a Krylov subspace.

In section 4 we apply the bounds developed in section 3 to study the super-
linear convergence of the GMRES method, and similarly we study the superlinear
convergence of the CG method in section 5. Block methods are also analyzed in sec-
tion 5. Finally, in section 6 we apply the general results of section 3 to inexact Krylov
subspace methods. Numerical experiments illustrate the bounds obtained in several
cases.

2. Some Analytic Models of Superlinear Convergence. We first review the
analytic models of superlinear convergence with one result on CG from [38]. As we
mentioned, the CG method is used when A is symmetric positive definite. Let x� be
the exact solution of (1.1). After m iterations of the CG method, the approximate
solution xm is chosen so as to minimize the A-norm of the error on x0 + Km(A, r0),
i.e.,

(2.1) ‖x� − xm‖A = min
z∈Km

‖x� − (x0 + z)‖A = min
p
‖x� − x0 − p(A)r0‖A,

where p is a polynomial of degree at most m − 1, and the last equality follows from
the fact that z ∈ Km(A, r0) must be of the form z = p(A)r0 for some polynomial p
of degree not greater than m− 1. The polynomial which attains the minimization in
(2.1) is called the CG polynomial. Let λ1 < λ2 ≤ · · · ≤ λn be the eigenvalues of A.
The usual estimate for the linear convergence of CG is ‖xm−x�‖A ≤ 2νm‖x0−x�‖A,
where ν = (

√
κ(A)− 1)/(

√
κ(A) + 1), with κ(A) = ‖A‖‖A−1‖ the condition number

of A, and these norms are 2-norms, so that in this case κ(A) = λn/λ1.
We review the simplest result in [38], taking into account only one eigenvalue.

Let θ(m)
1 ≤ · · · ≤ θ

(m)
m be the Ritz values, i.e., the roots of the CG polynomial. Let

x̄0 be such that x� − x̄0 is the projection of x� − xm onto the subspace spanned by
all eigenvectors of A not corresponding to λ1. Theorem 3.1 of [38] states that if x̄j is
the jth approximation of CG starting with x̄0, then, for any j, it holds that

(2.2) ‖x� − xm+j‖A ≤ αm‖x� − x̄j‖A,

where

(2.3) αm =

∣∣∣∣∣θ
(m)
1

λ1

∣∣∣∣∣ max
λk �=λ1

∣∣∣∣∣ λk − λ1

λk − θ(m)
1

∣∣∣∣∣ .
This result implies that if at the mth iteration the smallest root θ(m)

1 of the CG
polynomial approximates the smallest eigenvalue of A well, then from this point CG
behaves as a CG process with starting vector x̄0. For this process the convergence
rate is now governed by λn/λ2 < λn/λ1. Similar reasoning applies when considering
eigenvalues on the other end of the spectrum. In fact, the bound (2.2) with (2.3) is
valid when λ1 is any simple eigenvalue. Bounds of the form (2.2) can also be provided
for cases involving more than one eigenvalue. In these cases, the formula for αm in
(2.3) is more complicated [38].
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A similar analytic model of superlinear convergence was presented for GMRES in
[39]. The GMRES method is applied to nonsymmetric matrices. It finds at each step
the minimum residual solution with respect to the 2-norm over the Krylov subspace;
i.e., xm = x0 + zm ∈ x0 +Km(A, r0) is such that rm = r0 −Azm satisfies

(2.4) ‖rm‖ = min
d∈AKm(A,r0)

‖r0 − d‖ = min
q∈Pm

‖q(A)r0‖ ≤ ‖q̄(A)r0‖,

where Pm is the set of all polynomials of degree at most m such that q(0) = 1 and
q̄ is any polynomial in that set. The polynomial which attains the minimization in
(2.4) is called the GMRES residual polynomial, and its roots θ(m)

i , i = 1, . . . ,m, are
called harmonic Ritz values. Assume that A is diagonalizable, and let λi, i = 1, . . . , n,
be the eigenvalues of A, with λ1 simple. Let Q be the matrix of eigenvectors of A.
If r̄0 is the projection of rm onto the subspace spanned by all eigenvectors of A not
corresponding to λ1, and if we denote by r̄j the residual after j steps of GMRES
starting with r̄0, then Theorem 2.3 and Corollary 2.4 in [39] state that

(2.5) ‖rm+j‖ ≤ κ(Q)αm‖r̄j‖,

where κ(Q) is the condition number of the eigenvector matrix, and αm is given by
(2.3). We also point out that similar, although more complicated, bounds can be
obtained for A having eigenvalues with a nontrivial Jordan block [39]. The techniques
used in [39] to obtain these results are based on particular choices of the polynomial q̄
in (2.4).

A similar technique was used in [9] when considering the special case where the
spectrum of A has the form σ(A) = σc ∪ σo, such that, e.g., σc ⊂ {z : |z − 1| < ρ}
and σo = {λ1, . . . , λs} ⊂ {z : |z − 1| > ρ}, i.e., the case where the spectrum consists
of a cluster of eigenvalues and a set of s outliers. It is shown that in that case

‖rs+k‖ ≤ βρk‖r0‖, where β = ρδs max
|z−1|=ρ

||(zI − PoA)−1||,

δ = max
|z−1|=ρ

max
1≤j≤s

|λj − z|
|λj |

,

and Po is the spectral projector onto the invariant subspace corresponding to the
eigenvalues in σo. Cases with several clusters of eigenvalues were also considered in
the same paper. A similar analysis can be found in [12].

We now illustrate our new analytic model of superlinear convergence for GMRES
(given in detail in section 4). Here and in the rest of the paper we denote by R(B)
the range of the matrix B, and by PB , a projection onto R(B). When this projection
is orthogonal, we denote it by ΠB . Let PQ be a spectral projector onto a simple
invariant subspace R(Q) of A of dimension k, and ΠY the orthogonal projector onto
a k-dimensional subspace R(Y ) of AKm(A, r0). We show that

(2.6) ‖rm+j‖ ≤ min
d∈AKj(A,rm)

{‖(I − PQ)(rm − d)‖+ γ‖PQ(rm − d)‖},

where γ = ‖(I−ΠY )PQ‖. We also relate the upper bound above to the “most desired”
problem

(2.7) min
d∈AKj(A,r̄0)

‖r̄0 − d‖, r̄0 = (I − PQ)rm,

which corresponds to the jth step of a GMRES process started with rm where all
components in the invariant subspace R(Q) have been eliminated.



252 VALERIA SIMONCINI AND DANIEL B. SZYLD

The key difference of our new model with respect to previous ones is that the
second addend in the upper bound (2.6) replaces the amplification factor κ(Q)αm

in (2.5). Similarly to αm, this represents a “noise” term due to the fact that the
invariant subspace has not been exactly eliminated. In practice, however, the product
γ‖PQ(rm − d)‖ does not have to be tiny for the first addend to prevail in the bound.
Nonetheless, our numerical experience indicates that the desired problem in (2.7)
would not by itself represent a correct upper bound for the residual ‖rm+j‖. We
discuss in detail the role of γ and ‖PQ(rm − d)‖ in the next section.

3. General Theorem. We use the vector and matrix norms induced by the un-
derlying inner product 〈x, y〉 throughout, and when we say “orthogonal” we mean
“orthogonal with respect to the underlying inner product.” Similarly, angles, singular
values, transposes (the transpose of B is denoted B∗), and pseudoinverses are also
with respect to this inner product. In later sections we will apply the results here to
different situations and will specify to which inner products those situations apply.

We begin with a very general theorem on minimum residuals over certain sub-
spaces. This result was inspired in part by a related result on augmented methods
proved in [31]. We will make repeated use of the fact that given X ∈ Rn×k and
Y ∈ Rn×�, for any r0 ∈ Rn it holds that

(3.1) min
z∈R([X,Y ])

‖r0 − z‖ ≤ min
x∈R(X)

min
y∈R(Y )

‖r0 − x− y‖.

Theorem 3.1. Let Wm ∈ Rn×m, Xj ∈ Rn×j, Y ∈ Rn×�, and Q ∈ Rn×k be
four matrices of full column rank and such that R(Y ) ⊂ R(Wm). Let PQ be any
projection onto R(Q) and ΠY be an orthogonal projection onto R(Y ). Let r0 ∈ Rn,
d� = arg min

d∈R(Wm)
‖r0 − d‖, and rm = r0 − d�. Then

(3.2) min
d∈R([Wm,Xj ])

‖r0 − d‖ ≤ min
d∈R(Xj)

{‖(I − PQ)(rm − d)‖+ γ‖PQ(rm − d)‖} ,

where γ = ‖(I −ΠY )PQ‖.
Proof. We have

min
d∈R([Wm,Xj ])

‖r0 − d‖ = min
d∈R([Wm,Xj ,Y ])

‖r0 − d‖
(a)
≤ min

d2∈R([Xj ,Y ])
min

d1∈R(Wm)
‖r0 − d1 − d2‖

≤ min
d2∈R([Xj ,Y ])

‖rm − d2‖
(a)
≤ min

d3∈R(Xj)
min

d4∈R(Y )
‖rm − d3 − d4‖

≤ min
d3∈R(Xj)

min
d4∈R(Y )

{‖(I − PQ)(rm − d3)‖+ ‖PQ(rm − d3)− d4‖}

= min
d3∈R(Xj)

{‖(I − PQ)(rm − d3)‖+ min
d4∈R(Y )

‖PQ(rm − d3)− d4‖}

= min
d3∈R(Xj)

{‖(I − PQ)(rm − d3)‖+ ‖(I −ΠY )PQ(rm − d3)‖}
(b)
≤ min

d3∈R(Xj)
{‖(I − PQ)(rm − d3)‖+ γ‖PQ(rm − d3)‖}.

The inequalities marked (a) follow from (3.1), while (b) follows from P 2
Q = PQ.

Clearly, γ = γ(Y,Q). We next study how the quantity γ = ‖(I−ΠY )PQ‖ depends
on the proximity of the two subspaces R(Y ) and R(Q) when * = k, which is the case
we use in our applications of Theorem 3.1; see sections 4–6.
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Proposition 3.2. Let Y,Q ∈ Rn×k be of full column rank. Let ΠY , ΠQ be
orthogonal projections onto R(Y ) and R(Q), respectively, and let PQ be any oblique
projection onto R(Q). Then

(3.3) γ = ‖(I −ΠY )PQ‖ ≤ ‖(I −ΠY )ΠQ‖ ‖PQ‖ = ‖ΠY −ΠQ‖ ‖PQ‖.

Proof. Since PQ = ΠQPQ we have that γ = ‖(I − ΠY )ΠQPQ‖ and the first
inequality in (3.3) follows. Since dimR(Y ) = dimR(Q), it follows, e.g., from [18,
Theorem I.6.34], that

‖(I −ΠY )ΠQ‖ = ‖(I −ΠQ)ΠY ‖ = ‖ΠY −ΠQ‖.

This completes the proof.
We note that Proposition 3.2 holds for any norm induced by an inner product.

The orthogonality of the projections is with respect to this inner product.
The quantity ‖ΠY −ΠQ‖ is called the gap1 between two subspaces and is equal to

the sine of the maximum canonical angle between the subspaces; see, e.g., [1, sect. 34],
[13, sect. 2.5], [21, sect. 2], [36, sect. II.4.1]. The gap is thus a measure of how close
the two subspaces are. It follows then from (3.3) that γ is bounded by the product of
two quantities: the norm of the projection PQ, and the gap between the two subspaces
R(Y ) and R(Q). We can say that if the gap satisfies ‖ΠY −ΠQ‖ ≤ ε for some ε > 0,
then

γ ≤ ε‖PQ‖.(3.4)

We briefly discuss the case * �= k. In this case, one has

‖ΠY −ΠQ‖ = max{‖(I −ΠY )ΠQ‖, ‖(I −ΠQ)ΠY ‖}.

If * < k then ‖ΠY − ΠQ‖ = 1. If * > k, the one-sided gap ‖(I − ΠY )ΠQ‖ can
be interpreted as the opening between R(Q) and the “closest” subspace of R(Y ) of
dimension k. This one-sided gap was used in [4], [5].

All results in this section pertain to subspaces of the form R(Q), R(Y ), R(Xj),
etc., and do not depend on the particular bases chosen to represent them. For sim-
plicity, and without loss of generality, in the rest of the section we assume that the
columns of Xj are orthonormal. This assumption is used explicitly in the proof of
Proposition 3.4.

To have a better understanding of the estimate (3.2), we consider a problem of
dimension 2n and the following inner product (with its induced vector norm). Let
xi, yi ∈ Rn, i = 1, 2; then, if xT = [xT

1 , x
T
2 ] and yT = [yT

1 , y
T
2 ], 〈x, y〉� = 〈x1, y1〉 +

〈x2, y2〉. We use the inequality |α| + |β| ≤
√
2
√
α2 + β2 and obtain the following

upper bound:

min
d∈R(Xj)

{‖(I − PQ)(rm − d)‖+ γ‖PQ(rm − d)‖}

≤
√
2 min

d∈R(Xj)

(
‖(I − PQ)(rm − d)‖2 + ‖γPQ(rm − d)‖2

) 1
2

=
√
2 min

d∈R(Xj)

∥∥∥∥
[
I − PQ

γPQ

]
(rm − d)

∥∥∥∥
�

.(3.5)

1Also called distance, opening, or aperture between two subspaces.
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The advantage of this new bound is that the solution to the problem (3.5) is readily
computable. Moreover, we show below that if γ is small (cf. (3.4)), the minimum in
(3.5) is close to the minimum of the problem

min
d∈R[(I−PQ)Xj ]

‖(I − PQ)rm − d‖ .(3.6)

To see this, consider (3.5) and let d = Xjy for y ∈ Rj . Define[
(I − PQ)Xj

γPQXj

]
=
[

(I − PQ)Xj

0

]
+
[

0
γPQXj

]
≡ B +∆B,

[
(I − PQ)rm
γPQrm

]
=
[

(I − PQ)rm
0

]
+
[

0
γPQrm

]
≡ b+∆b.

With this notation, the problem in (3.5) can be written as

(3.7) min
y∈Rj

‖(b+∆b)− (B +∆B)y‖�,

which is a perturbation of the problem

min
y∈Rj

‖b−By‖� = min
y∈Rj

‖(I − PQ)rm − (I − PQ)Xjy‖,

which is precisely (3.6).
Remark 3.3. Under the assumption that R(Q) ∩ R(Xj) = {0}, i.e., that

(I − PQ)Xj has full rank, the least squares problem (3.7) is well posed, since in this
case Lemmas A.1 and A.2 in the appendix imply that rank B = rank B+∆B = j [8].
We note that implicit in this assumption is the hypothesis that j ≤ n− k. Similarly,
implicit in the results used in the rest of the section is the hypothesis that 2j ≤ n; see,
e.g., [36, sect. I.5.2]. These conditions are not at all restrictive in practice; in general
n is much larger than j or k.

We proceed now to analyze how close the residual of the problem (3.6) is to that
of (3.5). Let σmin(M) denote the minimum singular value of M . The proof of the
following result is given in the appendix.

Proposition 3.4. With the current notation and assumptions we have that

min
y∈Rj

‖(b+∆b)− (B +∆B)y‖� ≤ min
d∈R[(I−PQ)Xj ]

‖(I − PQ)rm − d‖+ ‖∆r‖�,

where

‖∆r‖� ≤ γ min
d∈R[(I−PQ)Xj ]

‖(I − PQ)rm − d‖+
γ

τj
‖(I −ΠXj )rm‖,

ΠXj
is the orthogonal projector onto R(Xj), and

(3.8) τj = σmin(Z∗Xj),

with Z a matrix having orthonormal columns and spanning R[(I−PQ)∗(I−PQ)Xj ].
Remark 3.5. We note that if ‖ΠY −ΠQ‖ < 1, then τj defined in (3.8) is bounded

from below by 1− ‖ΠY −ΠQ‖ [28]. Thus, if the subspaces R(Y ) and R(Q) are close
to each other, this quantity is close to 1.

In summary, Proposition 3.4 says that if the subspaces R(Y ) and R(Q) are close
enough, as measured by the gap, then the minima of problems (3.5) and (3.6) are close
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to each other. In the experiments in sections 4–6 we display the residual of the two
minimization problems, and their small difference can be appreciated. In addition, by
collecting our bounds the difference between the original approximation problem and
the “desired” bound (3.6) can also be appreciated. Numerical values for each term
are given for Example 4.4 in the next section.

Corollary 3.6. Let the hypotheses of Theorem 3.1 and Proposition 3.4 hold.
Then

min
d∈R([Wm,Xj ])

‖r0−d‖ ≤
√
2(1+γ) min

d∈R[(I−PQ)Xj ]
‖(I − PQ)rm − d‖+

√
2γ
τj
||(I−ΠXj )rm||.

4. Superlinear Convergence of GMRES. Now consider the GMRES method
applied to (1.1). We assume here and in the following that x0 = 0 and thus that
r0 = f . Moreover, throughout this section we use the 2-norm.

Let Wm, Xj be two matrices such that R(Wm) = AKm(A, r0) and let R(Xj) =
AKj(A, rm), where rm = r0 − d� is the GMRES solution after m steps. In this case,
we have that R([Wm, Xj ]) = AKm+j(A, r0). Let Q be a matrix whose columns are a
basis of a k-dimensional simple invariant subspace of A; this implies that there is a
complementary subspace in Rn which is also invariant [36, sect. V.1].

Let Q = [Q,Qo] be an eigenvector matrix of A, and let T = (Q−1)∗ = [T, To].
Let PQ = QT ∗ be the spectral projector onto R(Q). Then I − PQ is also a spectral
projector, and we have the identities

(I − PQ)Kj(A, rm) = Kj(A, (I − PQ)rm)

and PQKj(A, rm) = Kj(A,PQrm). This follows from the fact that A commutes with
its spectral projectors.

We further assume that the GMRES process on the linear systemAx = (I−PQ)rm
does not encounter early termination, i.e., that the problem (3.6) has a solution. Let
the columns of Uj be a basis of Kj(A, (I−PQ)rm). Then this assumption implies that
AUj is not rank deficient, or equivalently that (I−PQ)Xj is full rank; cf. Remark 3.3.
With this notation and assumptions, the results of section 3 imply the following
theorem.

Theorem 4.1. Let Y be a matrix whose columns are a basis of a k-dimensional
subspace of AKm(A, r0). Let r̄j be the residual after j steps of a GMRES method
applied to (I − PQ)rm, i.e.,

‖r̄j‖ = min
d∈AKj(A,(I−PQ)rm)

‖(I − PQ)rm − d‖.(4.1)

Let ΠY be the orthogonal projection onto R(Y ), and let γ = ‖(I −ΠY )PQ‖. Then

‖rm+j‖ = min
d∈AKm+j(A,r0)

‖r0 − d‖

≤ min
d∈AKj(A,rm)

{‖(I − PQ)(rm − d)‖+ γ‖PQ(rm − d)‖}(4.2)

≤
√
2 min

d∈AKj(A,rm)

∥∥∥∥
[
I − PQ

γPQ

]
(rm − d)

∥∥∥∥(4.3)

≤
√
2(1 + γ)‖r̄j‖+

√
2γ
τj
‖(I −ΠXj )rm‖,(4.4)

where τj = σmin(Z∗Xj), Xj is a matrix whose orthonormal columns span AKj(A, rm),
and Z is a matrix whose orthonormal columns span (I − PQ)∗AKj(A, (I − PQ)rm).
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Observe that

‖(I −ΠXj )rm‖ = ‖rm −ΠXjrm‖ = min
d∈AKj(A,rm)

‖rm − d‖

is the norm of the residual after j steps of GMRES with initial residual rm. This
observation implies that the second term in (4.4) decreases as j increases. In our
numerical experiments later in the paper, we report values for the bounds (4.3) and
(4.4) for several examples.

We remark that Theorem 4.1 is valid for any linearly independent set of k columns
of Y taken from AKm(A, r0). In particular, this holds for R(Y ) being the closest to
the invariant subspace R(Q), i.e., the one making ‖(I − ΠY )PQ‖ smallest. Note
also that the only place where the choice of Y plays a role is in the definition of
γ. Several candidates for Y can be considered, with columns of the form yi = Azi,
zi ∈ Km(A, r0). In particular, zi can be taken to be a Ritz or harmonic Ritz vector
(Galerkin or Petrov–Galerkin approximation) in the Hermitian case, while refined
Ritz vectors (constrained least squares approximation) could also be considered in
the non-Hermitian case; see [3] for definitions and examples. In all cases, by means of
Proposition 3.2, the magnitude of γ is directly related to the gap between R(Y ) and
R(Q).
Remark 4.2. The interpretation of Theorem 4.1 is that when the subspace

AKm(A, r0) has captured k linearly independent vectors close to vectors in an in-
variant subspace R(Q), the GMRES method behaves almost like another GMRES
process applied to an initial vector (I − PQ)rm with no components in the invariant
subspace R(Q); see (4.1). The difference between the estimate (4.1) and the bound
proved in (4.3) is not greater than the second addend in (4.4). As long as this quan-
tity is small, e.g., when the gap is small enough (cf. (3.4)), Theorem 4.1 presents
a good model for the superlinear behavior of GMRES as follows: once the subspace
Km(A, r0) captures k linearly independent vectors close to some k-dimensional simple
invariant subspace R(Q), then there is a change in the convergence rate to that of
problem (4.1).
Remark 4.3. In [16] it is shown that the convergence of GMRES is not determined

by the eigenvalues alone; the initial residual r0 also plays a role. In (4.4) information
on the initial residual is maintained through r̄j and rm. The spectral information
from the matrix A is present through the spectral projector PQ and also by the choice
of the subspace R(Y ) ⊂ AKm.

We would like to also remark that our bound depends on ‖PQ‖. Indeed, for j = 0,
we obtain ‖rm‖ ≤ ‖(I−PQ)rm‖+γ‖PQrm‖. When PQ is not an orthogonal projector,
‖(I−PQ)rm‖ and ‖PQrm‖ may be larger than ‖rm‖. The quantity on the right-hand
side of the bound for j = 0 provides our starting estimate for the residual norm
‖rm+j‖, j = 1, 2, . . . , which may be far from tight when ‖PQ‖ is large; we analyze
such a situation in our first set of numerical experiments, Example 4.4 below. We
point out that in contrast to some of the previous models (cf. (2.5)), our bound does
not depend on κ(Q) = ‖Q‖ ‖Q−1‖, the condition number of the whole eigenbasis Q
of A. As before, and without loss of generality, we assume Q = [Q,Qo] and write
T = (Q−1)∗ = [T, To]. We recall that ‖PQ‖ ≤ κ(Q) = ‖Q‖ ‖Q−1‖. This can be
seen by writing ‖PQ‖ = ‖QT ∗‖ ≤ ‖T ∗‖ ≤ ‖Q−1‖ = κ(Q) and noting that ‖Q‖ = 1.
Thus our bound is only influenced by a local sensitivity of the basis and not by the
ill-conditioning of the whole basis Q.
Example 4.4. We consider a family of 100× 100 matrices A(i) = Q(i)Λ(Q(i))−1,

where Q(i) is determined so as to have condition number κi taking values 1, 103, 106.
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Fig. 4.1 Example 4.4. Convergence history of GMRES, κ(Q) = 1, 103, 106.

For each κi, the matrix Q(i) is defined as Q(i) = D(i)U∗, where D(i) is a diagonal
matrix of positive real values uniformly distributed between 1 and κi. The matrix U
is the orthogonal matrix in the QR factorization of the lower triangular portion of


1 n+ 1 2n+ 1 · · ·

...

2 n+ 2 2n+ 2 · · ·
...

...
...

...
. . .

...
n 2n 3n · · · n2


 .

By construction, we thus have κ(Q(i)) = κi. Matrix Λ is the diagonal matrix
of the (fixed for the whole family) eigenvalues of A(i), which were chosen to be
0.1, 0.2, 0.3, 0.4, 5, 6, . . . , 100. The right-hand side f is the normalized vector of all
ones.

The GMRES convergence curves in the analyzed cases are given in the three plots
of Figure 4.1 (solid line). The curves of our bound (4.3) (solid line, in red) are also
reported starting at specific values of m and different values of j. The dotted line is
the “optimal” estimate (4.1). The same convention is used in all figures in the paper.
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Table 4.1 Example 4.4. κ(Q) = 1, k1 = 4, k2 = 2, m = 52.

γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
7.6155e-02 1.00 4.2272e-04 2.7102e-05 4.2185e-04

j ‖rm+j‖ Term 1 Term 2 Optimal
1 2.2891e-04 2.8463e-04 2.0553e-06 2.8463e-04
2 1.2311e-04 1.6835e-04 2.0373e-06 1.6835e-04
3 6.5794e-05 9.3375e-05 2.0189e-06 9.3375e-05
4 3.4534e-05 5.0366e-05 2.0020e-06 5.0366e-05
5 1.7492e-05 2.6965e-05 1.9864e-06 2.6965e-05

Table 4.2 Example 4.4. κ(Q) = 106, k1 = 1, k2 = 1, m = 68.

γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
2.6041e-03 3.325015e+04 3.8053e-05 1.8419e-02 1.8419e-02

j ‖rm+j‖ Term 1 Term 2 Optimal
1 1.7299e-05 7.6656e-04 3.2841e-07 7.6656e-04
2 7.6487e-06 4.1386e-04 1.3463e-07 4.1386e-04
3 3.3319e-06 2.4337e-04 1.0216e-07 2.4337e-04
4 1.4182e-06 1.5063e-04 6.5251e-08 1.5063e-04
5 5.8866e-07 9.9942e-05 4.7947e-08 9.9942e-05

We used as the relevant invariant subspace R(Q) the one which corresponds to
the k1 smallest and k2 largest eigenvalues, i.e., k = k1 + k2 (in the figures, the
corresponding bound is labeled (k1) + (k2)). We used this convention in all examples
where only real eigenvalues are considered. In the cases of κ(Q) = 1 and κ(Q) = 103,
we used k1 = 4, k2 = 2, and thus k = 6. For κ(Q) = 106 we used k1 = k2 = 1. Ritz
vectors were used to determine the eigenspace approximations.

We call the reader’s attention to the figure corresponding to κ(Q) = 1, where it
can be observed that the “optimal” estimate (4.1) is in fact below the curve for the
residual (m = 47). This indicates that the second term in (4.2) cannot be removed.
We also note that for this value of m, the curve for the bound is only able to capture
the change of slope of the convergence curve after a significant delay. These two
observations are related to the fact that the subspace R(Y ) is not close enough to an
invariant subspace of A.

We especially note that for the case κ(Q) = 103, we have ‖PQ‖ ≈ 34. This is
why in spite of the condition number being two orders of magnitude larger, our bound
(4.3) approximates the convergence curve so well.

To make the description of the experiments more informative, we report in Ta-
bles 4.1–4.2 some quantities monitored during the iteration, for κ(Q) = 1, 106. Recall
that ‖PQ‖ = ‖I−PQ‖ [17], [22]. The columns labeled “Term 1” and “Term 2” contain
the values of the norms of the first and second component of (4.3), respectively. The
columns labeled “Optimal” have the values of (4.1). We note that the first component
of (4.3), i.e., the quantity labeled “Term 1” in the tables, always dominates and is
very close to the value labeled “Optimal,” i.e., the estimate (4.1).

In Table 4.3 we explore the sharpness of the bound in (4.4) and how much each of
the two terms (labeled (4.4)-I and (4.4)-II in the table) contribute to this bound. We
report the values of these addends as well as the value of (4.3) for κ(Q) = 1 (m = 52)
and for κ(Q) = 106 (m = 68). Note that in the latter case, the first term of (4.4) is
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Table 4.3 Example 4.4. Evaluation of the sharpness of the first and second addends of the bound
in (4.4).

κ(Q) = 1 κ(Q) = 106

Problem Bound Bound Problem Bound Bound
j (4.3) (4.4)-I (4.4)-II (4.3) (4.4)-I (4.4)-II
1 4.02e-04 4.33e-04 3.07e-05 1.08e-03 1.08e-03 1.97e-04
2 2.38e-04 2.56e-04 1.83e-05 5.85e-04 5.86e-04 1.05e-04
3 1.32e-04 1.42e-04 1.04e-05 3.44e-04 3.45e-04 6.24e-05
4 7.12e-05 7.66e-05 6.11e-06 2.13e-04 2.13e-04 3.85e-05
5 3.82e-05 4.10e-05 4.04e-06 1.41e-04 1.41e-04 2.56e-05
6 2.08e-05 2.22e-05 3.20e-06 9.72e-05 9.75e-05 1.76e-05
7 1.18e-05 1.24e-05 2.90e-06 6.76e-05 6.78e-05 1.23e-05
8 7.21e-06 7.17e-06 2.79e-06 4.69e-05 4.70e-05 8.58e-06
9 4.75e-06 4.19e-06 2.74e-06 3.29e-05 3.30e-05 6.04e-06
10 3.51e-06 2.41e-06 2.70e-06 2.44e-05 2.45e-05 4.45e-06
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Fig. 4.2 Example 4.5. Convergence history of GMRES.

always larger than the value of (4.3). In the first case, this is only true for j ≤ 7. For
larger values of j, the second term in (4.4) is essential.
Example 4.5. This example is from [39, sect. 3]. Let A = SBS−1, and let

B ∈ Rn×n be a diagonal matrix with entries 1, 1.2, 3, . . . , 100, while S ∈ Rn×n is the
bidiagonal matrix with ones on the main diagonal and β = 0.9 on the upper diagonal.
The right-hand side is f = Ae, normalized to have unit norm, where e is the vector
of all ones.

In Figure 4.2 we plot the convergence history of GMRES and the curves of our
bound (4.3), corresponding to three different stages of the procedure, for m = 30,
45, 50. Curves for (4.1) are also shown (dotted line). The number of iterations to
evaluate the bound was j = 1, . . . , 5 in all cases. Tables 4.4–4.5 show some details of
these runs for m = 30 and m = 45.
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Table 4.4 Example 4.5. m = 30, k1 = 0, k2 = 1.

γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
4.6157e-03 1.345362e+00 2.3673e-05 1.3321e-06 2.3709e-05

j ‖rm+j‖ Term 1 Term 2 Optimal
1 1.7201e-05 1.9738e-05 6.0151e-09 2.3709e-05
2 1.2738e-05 1.6108e-05 5.9924e-09 1.9738e-05
3 9.6771e-06 1.3232e-05 5.7235e-09 1.6108e-05
4 7.5631e-06 1.1061e-05 4.9958e-09 1.3232e-05
5 6.0603e-06 9.3903e-06 4.0432e-09 1.1061e-05

Table 4.5 Example 4.5. m = 45, k1 = 3, k2 = 3.

γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
2.8908e-01 2.294157e+00 3.6788e-07 3.5084e-07 4.7727e-07

j ‖rm+j‖ Term 1 Term 2 Optimal
1 2.3419e-07 3.9671e-07 9.5605e-08 4.7727e-07
2 1.4665e-07 2.9969e-07 8.0615e-08 3.9671e-07
3 9.0057e-08 2.1461e-07 6.6688e-08 2.9966e-07
4 5.4007e-08 1.5020e-07 5.8012e-08 2.1456e-07
5 3.1763e-08 1.0432e-07 5.3443e-08 1.5016e-07

We comment here that in contrast to what is seen in [39], we choose eigenvectors
corresponding to eigenvalues on both ends of the spectrum. In particular, it can be
observed that the first approximating curve, for m = 30, captures the behavior of the
GMRES approximation with information from the right end of the spectrum alone.

Our next example illustrates the applicability of our results to nondiagonalizable
matrices.
Example 4.6. Consider A = SBS−1 with S as in Example 4.5, while B is the

block diagonal matrix

B =




1 1 0 0
0 1 1 0
0 0 1 0
0 0 0 D


 , D = diag(4, 5, . . . , 100).

The right-hand side is the vector e normalized. The matrix A has the multiple eigen-
value λ = 1 with one Jordan block of size 3. A basis for the associated invariant
subspace Q was computed by explicitly generating the chain of principal vectors [36].

In Figure 4.3 we report the convergence history of GMRES and our bounds for
m = 15, 36, 50 and j = 1, . . . , 5. We present some details in Table 4.6.

We finally consider a problem with a complex spectrum, in which superlinear
convergence can be observed.
Example 4.7. The linear system is constructed so that the experiment can be

fully replicated. We consider the preconditioned system MP−1x = f , where f is the
normalized vector of all ones, while

M =
[

A B
BT 0

]
, P =

[
D B
0 −BTD−1B

]
,
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Fig. 4.3 Example 4.6. Convergence history of GMRES.

Table 4.6 Example 4.6. Relevant quantities after m GMRES iterations. Q is given by the eigenvec-
tors corresponding to the k1 smallest and k2 largest eigenvalues.

m k1 k2 γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
15 0 1 1.6983e-01 1.345362 1.6551e-02 3.5886e-04 1.6549e-02
36 3 1 1.7726e-01 2.294157 5.8776e-04 4.4794e-04 7.1121e-04
50 6 6 4.4461e-01 2.294157 4.8169e-07 4.0699e-07 5.9786e-07

where A ∈ Rn1×n1 , n1 = 100, is the scaled finite difference discretization of the
Laplace operator in [0, 1]2 (see, e.g., [30]), D is the diagonal of A, and B ∈ Rn1×25

is bidiagonal with ones on the diagonal and minus ones on the lower diagonal. The
overall system dimension is thus n = 125. This block structure is typical in the
solution of saddle-point problems, and preconditioners of type P have been used in
the literature; see, e.g., [20], [33].

Figure 4.4 reports the GMRES convergence history and our bounds starting at
m = 30 and m = 42, for j = 1, . . . , 5. Table 4.7 provides some details. In Figure 4.5
we report the eigenvalues of the matrix MP−1 (“×”) and their approximations by
means of harmonic Ritz values (“o”) for m = 30 (left) and for m = 42 (right). We
mention in passing that this figure illustrates the fact that all complex eigenvalues
(with nonzero imaginary part) for these types of preconditioned problems lie in the
circle centered at one with radius smaller than one [33]. It is worth noting that the
exterior eigenvalues are well approximated already for m = 30, as clearly confirmed
by the figure. For m = 30, the invariant subspace of dimension k = 8 corresponds to
the smallest real eigenvalue, the four most extreme complex ones, and the first three
largest real eigenvalues. For m = 42 we have k = 16 with the invariant subspace
chosen in a similar manner.
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Fig. 4.4 Example 4.7. Complex spectrum. Convergence history of GMRES.

Table 4.7 Example 4.7. Complex spectrum. Relevant quantities after m GMRES iterations. Q is
given by the eigenvectors corresponding to the k most exterior eigenvalues (see text).

m k γ ‖PQ‖ ‖rm‖ ‖PQrm‖ ‖(I − PQ)rm‖
30 8 1.7106e-01 2.359412 2.2290e-04 4.1922e-05 2.2646e-04
42 16 2.5793e-01 6.628733 9.2831e-07 2.4653e-06 2.6379e-06
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Fig. 4.5 Example 4.7. Spectrum of MP−1 (×) and harmonic Ritz values (o) for m = 30 (left) and
m = 42 (right).
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We have assumed in Theorem 4.1 that * = k. We now consider the case * < k,
which is important when an eigenvalue λ1 of A has algebraic multiplicity µ1 > 1
equal to its geometric multiplicity. Thus, in this case, Proposition 3.2 does not hold,
and γ may not be small. Nevertheless Theorem 3.1 and our bound (4.2) hold. In
addition, as we show below, ‖PQrm‖ is small, implying that the second term in (4.2)
is small, thus providing us with the same analytic model of superlinear convergence
for GMRES. In this case we quantify the closeness of R(Y ) ⊂ AKm(A, r0) and R(Q)
by the fact that there is one harmonic Ritz value θ1 close to λ1.

Proposition 4.8. Let Q be an invariant subspace of A corresponding to λ1
of multiplicity µ1 > 1. Assume that A is diagonalizable. Let ϕm be the resid-
ual polynomial of GMRES after m steps, i.e., rm = ϕm(A)r0. Then ‖PQrm‖ =
|ϕm(λ1)| ‖PQr0‖.
Proof. We write r0 = PQr0+(I−PQ)r0. Thus, we have PQrm = ϕm(λ1)PQr0.
The harmonic Ritz values θi are the roots of the residual polynomial ϕm, and thus

if θ1 ≈ λ1, Proposition 4.8 indicates that ‖PQrm‖ ≈ 0. The more general case where
the Jordan blocks are of order larger than one can be shown in a similar manner;
we sketch this in the appendix. In this situation, as is well known, for a sufficiently
general starting vector, Krylov subspaces can at best determine approximations to a
basis for an invariant subspace associated with the largest Jordan block of a given
multiple eigenvalue [29], [41].

We remark that due to the well-known relation between the norm of the FOM
residuals and those of GMRES (see, e.g., [15], [30]), then our model of superlinear
convergence of GMRES applies to FOM as well. Also, the minimal residual method
(MINRES) is an implementation of GMRES for the case of A symmetric (see, e.g.,
[15], [30]), and therefore our analysis is likewise applicable to this method.

5. Superlinear Convergence of the CG and Block Krylov Subspace Methods.
The CG method for the solution of linear systems of the form Ax = f with A sym-
metric positive definite minimizes at each step the A-norm of the error, as in (2.1).
Equivalently, since ‖x� − x‖A = ‖f − Ax‖A−1 (see, e.g., [40]), xm minimizes the
A−1-norm of the residual; i.e., the residual rm = f −Axm satisfies

‖rm‖A−1 = min
d∈AKm(A,r0)

‖r0 − d‖A−1 .

We can thus apply our general Theorem 3.1 and Propositions 3.2 and 3.4 to this
situation, by using the A−1-inner product and choosing two matrices Wm, Xj such
that R(Wm) = AKm(A, r0) and R(Xj) = AKj(A, rm), as was done in the previous
section. We thus obtain the superlinear convergence of the CG method, and one can
write a theorem analogous to Theorem 4.1. This result is then consistent with that
in [38], where the proof uses polynomials.

Block methods are used, e.g., when one needs to solve linear systems of the form
Ax = f with multiple right-hand sides, say, f (1), . . . , f (p); see, e.g., [27], [34]. Given
the starting approximate solutions x(1)

0 , . . . , x
(p)
0 and associated residual matrix R0 =

[r(1)
0 , . . . , r

(p)
0 ], with r(i)

0 = f (i)−Ax(i)
0 , block methods aim at computing approximate

solutions in the subspace Km = Km(A,R0) = span{R0, AR0, . . . , A
m−1R0}. Note

that Km has dimension at most m ·p, and therefore for each system Ax(i) = f (i) (with
solution x

(i)
� ) a better approximation is expected with the block method, compared

with approximating x(i) in the subspace Km(A, r(i)
0 ), of dimension at most m. We

note that an advantage of these block methods is that the subspaces generated by
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them can approximate complete invariant subspaces of multiple eigenvalues (with
several Jordan blocks).

In the case of block CG, for A symmetric positive definite, at the mth step one
finds the solution to the minimization problem

min
x(i)∈Km, i=1,...,p

p∑
i=1

‖x(i)
� − x(i)‖2A;

see, e.g., [15, sect. 7.4]. This is equivalent to finding the solution to

(5.1) min
d(i)∈AKm, i=1,...,p

p∑
i=1

‖r(i)
0 − d(i)‖2A−1 .

This problem can be analyzed in the context of the results of section 3 if we
consider as our space Rn×p equipped with the inner product

(5.2) 〈V,W 〉 =
p∑

i=1

〈v(i), w(i)〉A−1 ,

where V = [v(1), . . . , v(p)] and W = [w(1), . . . , w(p)]. Thus, if D = [d(1), . . . , d(p)], the
problem (5.1) can be rewritten as

min
R(D)⊂AKm

‖R0 −D‖2,

where the norm is the one induced by the inner product (5.2). We can readily apply
Theorem 3.1 and the other results on superlinear convergence by choosing Wm with
R(Wm) = AKm and Xj with R(Xj) = AKj(A,Rm), where Rm = [r(1)

m , . . . , r
(p)
m ], in

a manner analogous to the last two sections.
We demonstrate in a similar manner the superlinear convergence of block

GMRES. In this case, one solves the problem

min
d(i)∈AKm, i=1,...,p

p∑
i=1

‖r(i)
0 − d(i)‖22 = min

R(D)⊂AKm

‖R0 −D‖2,

where the norm in the last expression is the Frobenius norm and is induced by the
following inner product in Rn×p: 〈V,W 〉 =

∑p
i=1〈v(i), w(i)〉, the latter being the

Euclidean inner product in Rn; see, e.g., [30, sect. 6.12].

6. Superlinear Convergence of Inexact Krylov Subspace Methods. Inexact
Krylov subspace methods are those where the matrix-vector multiplication (1.3) is
not performed exactly. Instead one has (A + Ek)v, where Ek is the error matrix at
the kth step, which may be different at every step, but its norm can be monitored.
The (exact) Arnoldi method produces at the mth step a matrix Vm such that its
orthonormal columns span Km(A, r0) [15], [30] and satisfy the Arnoldi relation

AVm = Vm+1Hm,

where Hm is upper Hessenberg. In inexact Krylov subspace methods the Arnoldi
relation does not hold, but instead one has for each m

(6.1) (A+ Em)Vm = Vm+1Hm, Em =
m∑

k=1

Ekvkv
T
k ,
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where Vm = [v1, . . . , vm] has orthonormal columns. The subspace where the approxi-
mation lies is

(6.2) R(Vm) = Km(A+ Em, r0);

see [35] for a full description and further references. Note that in (6.2) we have a
different Krylov subspace at each step.

The property that makes these methods attractive is that ‖Ek‖ can be allowed to
grow once ‖rk‖ starts to diminish, and, in fact, ‖Ek‖ can be very large after certain
steps and still achieve convergence to the solution of Ax = f . We refer the reader to
[35], where criteria are given to successively relax the size of ‖Ek‖ while maintaining
the convergence of the method. In the same reference applications can be found where
allowing the error to grow decreases the cost of the matrix-vector product.

We now consider, for the application of Theorem 3.1 and Proposition 3.4, matrices
Wm+j ∈ Rn×(m+j), Xj ∈ Rn×j , Y ∈ Rn×k, and Q ∈ Rn×k with the following
properties:

R(Wm+j) = (A+ Em+j)Km+j(A+ Em+j , r0) = Km+j(A+ Em+j , (A+ Em+j)r0),
R(Xj) = (A+ Em+j)Kj(A+ Em+j , rm),
R(Y ) ⊂ (A+ Em)Km(A+ Em, r0),

and Q such that its columns span a simple invariant subspace of A+ Em.
Lemma 6.1. With this notation, we have that (A + Em)Km(A + Em, r0) ⊂

R(Wm+j).
Proof. The inclusion follows from (6.1), i.e., that

Em+j = Em +
m+j∑

k=m+1

Ekvkv
T
k ,

implying that Em+jVm = EmVm and that a basis of R(Wm+j) is (A+ Em+j)Vm+j =
(A+ Em+j)[Vm, V̂j ] for an appropriate matrix V̂j with orthonormal columns.

As a consequence we have that R(Y ) ⊂ R(Wm+j), and since

rm ∈ Km+1(A+ Em+1, r0),

using a similar argument, we also have thatR(Xj) ⊂ R(Wm+j). We can now interpret
Theorem 3.1 and Proposition 3.4 to say that

‖rm+j‖ = min
d∈(A+Em+j)Km+j(A+Em+j ,r0)

‖r0 − d‖(6.3)

≤ min
d∈(A+Em+j)Kj(A+Em+j ,rm)

{‖(I − PQ)(rm − d)‖+ γ‖PQ(rm − d)‖}

≤
√
2 min

d∈(A+Em+j)Kj(A+Em+j ,rm)

∥∥∥∥
[
I − PQ

γPQ

]
(rm − d)

∥∥∥∥ ,(6.4)

where γ = ‖(I − ΠY )PQ‖. Proposition 3.4 and Corollary 3.6 are also valid in this
context.

We observe that our analysis in the inexact case involves the spectral projector
associated with an invariant subspace of A + Em and not of A. In particular, the
projections of rm onto the invariant subspaces of A + Em may differ substantially
from those in the exact case. The consequences of this fact are twofold.
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Fig. 6.1 Example 6.2. Convergence history of GMRES.

First, a different number m of iterations may be required to obtain a sufficiently
good approximation to R(Q) and thus a small γ. Such a difference depends on how
sensitive the corresponding invariant subspace of A is to perturbations, and thus the
problem may be harmless at an early stage of the process, when the perturbations
are indeed small.

Second, even when the space spanned by the columns of Q is not too sensitive to
perturbations and thus is (almost) deflated as in the exact case, subsequent iterations
are affected by the composition of (I − PQ)rm. We provide experimental evidence of
this phenomenon in Example 6.3.

In practice, one can experience convergence delay (as compared to the exact case)
either because the relevant invariant subspaces of A are very sensitive to perturba-
tions or because the computed residual has more significant eigencomponents than
the residual in the exact case. The worst-case scenario is thus lack of superlinear
convergence in the inexact case, though maintaining a linear rate of convergence.

If we use the 2-norm in (6.3)–(6.4), we have an inexact GMRES method. We first
illustrate our bounds with two examples for the inexact GMRES method and later
discuss inexact conjugate gradients.
Example 6.2. Consider the bidiagonal matrix A with ones on the upper diagonal

and 0.1, 2, . . . , 100 on the diagonal. The right-hand side is the normalized vector of
all ones. We run the inexact GMRES method using as the perturbation a random
matrix so that ‖Ei‖ = ε/‖ri‖, where ri is the computed residual at iteration i, and
ε = 10−8. In Figure 6.1 we show the plot of the convergence curve as well as those
of our bounds corresponding to three different stages of the procedure, for m = 25,
32, 50. The number of iterations to evaluate the bound was j = 1, . . . , 5 in all cases.
We point out that this plot is identical to that obtained with exact GMRES. This
fact illustrates the potential for savings for the inexact methods. The fact that our
bounds apply to the inexact method can also be appreciated. We mention that the
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Fig. 6.2 Example 6.3. Convergence history of exact and inexact GMRES.

quantities in the inexact case are very close to those of the exact case, even though
when m = 50, ‖Em‖ ≈ 9 · 10−3, and when m = 55, ‖Em‖ ≈ 3 · 10−1.

The residual norms reported in this section are the computed residuals, i.e.,
r0 − Vm+1Hmym, where xm = Vmym. The difference between these and the true
residuals r0−Axm is not detected by the eye in the plot for this example. In [35] and
[37] bounds for this difference are provided.

The following example is taken from [37], where it was used to show experimen-
tally that the inexact method can indeed delay convergence. We use this example to
illustrate that even in these circumstances our results, and in particular our bounds
of the form (6.4), hold as well.
Example 6.3. Let A be a bidiagonal matrix with diagonal [1, 2, . . . , 100] and

lower diagonal of all ones. The right-hand side is f = e1, the first vector of the
standard basis, which has very large projection onto the eigenvector corresponding to
the smallest eigenvalue.

The convergence behaviors of both the exact and inexact solvers are depicted in
Figure 6.2 for m = 10 (exact case) and m = 10, 20 (inexact case), j = 1, . . . , 5. In
the inexact case, the perturbation is a random matrix so that ‖Ei‖ = ε/‖ri‖, where
ri is the computed residual at iteration i and ε = 10−8; the values of these norms are
shown with a dotted line in magenta. Note that after m = 10 iterations, we observe
‖Em‖ ≈ 8 · 10−6, while for m = 20, ‖Em‖ ≈ 4 · 10−3. The smallest k eigenvalues
were considered to build Q. In the exact case, k = 4, which yields γ = 7.36 · 10−4

after m = 10 iterations, while in the inexact case, k = 4 for m = 10 (γ = 0.14)
and k = 6 for m = 20 (γ = 4.68 · 10−2); see Figure 6.2. Only the bound (6.4) is
shown in the plot. The experiment fully confirms our theoretical analysis, showing
complete agreement between the inexact GMRES curve and our bound. The very
modest projection norm, ‖PQ‖ ≈ 1.6 for all considered cases, is a key ingredient to
assess the sharpness of the bound.
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Fig. 6.3 Example 6.3. Projected residual components, m = 4.

We linger over this example to emphasize that the quantities we use in our analy-
sis also provide a better understanding of the delay in convergence in the inexact case.
We first observe in Figure 6.2 that the exact and inexact curves split at m = 5. We
therefore discuss the situation after m = 4 iterations. Let Qex and Q be, respectively,
the exact and inexact eigenvector matrices corresponding to the two smallest eigen-
values (i.e., k = k1 = 2); then we have ‖PQex −PQ‖ ≈ 5 · 10−9. However, the spectral
projection of the residual onto the eigenvector space provides a quite different picture
in the exact and inexact cases. Let Qex and Q denote the eigenvector matrices of
A and of A+ Em, respectively. The columns of Qex and Q are ordered according to
the absolute value of the associated eigenvalues, in increasing order. In Figure 6.3
we display the absolute values of the components of Q−1

ex rm (in black) and Q−1rm
(in red), where rm is the exact GMRES residual or the inexact GMRES computed
residual, respectively. Clearly, the plot shows that in the inexact case, the residual is
polluted by several eigenvector components associated with the largest eigenvalues.
On the other hand, in the exact case, the residual at iteration m = 4 has very few
nonzero eigencomponents, all corresponding to the small eigenvalues (this is because
of the special right-hand side f). Our theory enables us to interpret this situation as
follows: after m iterations, our bound predicts that inexact GMRES should almost
behave as an inexact GMRES iteration on (I − PQ)rm. This example shows that in
the inexact process, (I − PQ)rm may have larger components than in the exact pro-
cess. Therefore, although k components are indeed deflated, inexactness causes more
components to grow compared with the exact case, causing delay in convergence.
This experiment also confirms that our analytic model takes into account spectral
information contained in rm, as discussed in Remark 4.3.

We conclude by discussing the inexact CG method, which is used when A is
symmetric and positive definite; see [14], [26]. Our bounds (6.3)–(6.4) apply to this
case when the A−1-norm is used. We mention that in our setting, the three-term
recurrence usually associated with implementations of CG is lost.
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7. Concluding Remarks. We have presented a general analytic model which
describes the superlinear convergence of exact and inexact Krylov subspace methods in
a unified manner. Our model is based on the proximity of certain invariant subspaces
R(Q) to spaces generated by the Krylov subspace methods and is consistent with
other models of superlinear convergence which apply to specific (exact) methods.

Deflation and augmentation strategies using the columns of Q that correspond to
eigenvalues closest to zero have been proposed, e.g., in [11], [24], [31]. Our analysis
confirms the effectiveness of such approaches, and in addition it suggests that other
spectral regions could be considered in the augmented procedure. The examples we
present here support this idea.

Appendix. In this appendix we present some auxiliary results.
Proof of Proposition 3.4. Let yb = B†b be the minimizing element of (3.6), where

B† is the pseudoinverse of B. Then

min
y∈Rj

‖(b+∆b)− (B +∆B)y‖� ≤ ‖b−Byb‖� + ‖∆b−∆Byb‖�

= min
d∈R[(I−PQ)Xj ]

‖(I − PQ)rm − d‖+ ‖∆r‖�,

where ∆r = ∆b−∆Byb, and thus ‖∆r‖� = γ‖PQ(rm −Xjyb)‖. Therefore

‖∆r‖� ≤ γ‖(I − PQ)(rm −Xjyb)‖+ γ‖rm −Xjyb‖, i.e.,
‖∆r‖� ≤ γ min

d∈R[(I−PQ)Xj ]
‖(I − PQ)rm − d‖+ γ‖rm −Xjyb‖.

We use the explicit representation of yb and obtain

‖rm −Xjyb‖ = ‖
(
I −Xj [(I − PQ)Xj ]†(I − PQ)

)
rm‖.(A.1)

We observe now that
(
I −Xj [(I − PQ)Xj ]†(I − PQ)

)
ΠXj

= 0. Indeed, since ΠXj
=

Xj(X∗jXj)−1X∗j , then(
I −Xj [(I − PQ)Xj ]†(I − PQ)

)
Xj

=
(
I −Xj [X∗j (I − PQ)∗(I − PQ)Xj ]−1X∗j (I − PQ)∗(I − PQ)

)
Xj = 0.(A.2)

From (A.1) we obtain

‖rm −Xjyb‖ = ‖
(
I −Xj [(I − PQ)Xj ]†(I − PQ)

)
(I −ΠXj )rm‖

≤ ||
(
I −Xj [(I − PQ)Xj ]†(I − PQ)

)
‖ · ‖(I −ΠXj )rm‖.

Since Xj [(I − PQ)Xj ]†(I − PQ) is a projection, we have

‖I −Xj [(I − PQ)Xj ]†(I − PQ)‖ = ‖Xj [(I − PQ)Xj ]†(I − PQ)‖;

see, e.g., [17], [22]. To complete the proof all that remains to be shown is that
τ−1
j = ‖Xj [(I −PQ)Xj ]†(I −PQ)‖. Let Ẑ = (I −PQ)∗(I −PQ)Xj . Writing explicitly
the pseudoinverse as in (A.2), we obtain Xj [(I −PQ)Xj ]†(I −PQ) = Xj(Ẑ∗Xj)−1Ẑ∗.
As Ẑ = ZR is the reduced QR decomposition of Ẑ, Xj(Ẑ∗Xj)−1Ẑ∗ = Xj(Z∗Xj)−1Z∗

and the result follows.
Lemma A.1. Let X ∈ Rn×j be of full column rank (with j ≤ n) and PQ be any

n× n matrix. Let γ ∈ R, γ �= 0. Then,

M =
[

(I − PQ)X
γPQX

]
is also of full column rank j.
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Proof. We show that the columns of M are linearly independent. Let My = 0;
then (I − PQ)Xy = 0 and γPQXy = 0, which implies that PQXy = 0. Then
Xy = (I − PQ)Xy + PQXy = 0, implying that y = 0.

Lemma A.2. Let Q ∈ Rn×k and X ∈ Rn×j be of full column rank, with j ≤ n−k.
Then (I − PQ)X also has full column rank j if and only if R(Q) ∩R(X) = {0}.
Proof. We show that the columns of (I − PQ)X are linearly independent if and

only if the two subspaces only intersect at the zero vector. Let X = [w1, . . . , wj ]; then

(I − PQ)Xy �= 0 for all nonzero y ∈ Rj

⇔ Xy �∈ N (I − PQ) = R(Q) for all nonzero y ∈ Rj

⇔ wi �∈ R(Q), i = 1, . . . , j,
⇔ R(X) ∩R(Q) = {0}.

In the following we show the counterpart to Proposition 4.8 when the Jordan
blocks corresponding to λ1 are of order larger than 1.

Let A = QJQ−1 be the Jordan canonical form, and without loss of generality
assume that ‖Q‖ = 1. Let J1, . . . , Jj be the Jordan blocks of A of size *1, . . . , *j
associated with λ1 and denote by Q = [Q1, . . . , Qj ] the associated portion of Q with
analogous partitioning. Similarly, let Q−1r0 be partitioned conformally, and call the
corresponding vectors r̂(1)

0 , . . . , r̂
(j)
0 . Without loss of generality, we can assume that

*1, . . . , *j are in ascending order. Then we have

PQrm = PQϕm(A)r0 = Q1ϕm(J1)r̂
(1)
0 + · · ·+Qjϕm(Jj)r̂

(j)
0 .

We observe that for any i = 2, . . . , j, ϕm(Ji−1) is a submatrix of ϕm(Ji), and
therefore ‖ϕm(Ji−1)‖ ≤ ‖ϕm(Ji)‖. Hence, using the fact that ‖Qi‖ ≤ 1,

‖PQrm‖ ≤ ‖ϕm(Jj)‖
(
‖r̂(1)

0 ‖+ · · ·+ ‖r̂
(j)
0 ‖
)
.

To complete the result all we need to show is that ‖ϕm(Jj)‖ ≈ 0. Let w be a
generalized eigenvector of λ1 of maximal grade. Assume that r0 is general enough,
i.e., that PQr0 has some nonzero component in the direction of w. Our assertion then
follows from the fact that for each copy of λ1 there is a harmonic Ritz value θi ≈ λ1,
so that ϕm(λ1) ≈ 0, ϕ′m(λ1) ≈ 0, . . . , ϕ(j−1)

m (λ1) ≈ 0.
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