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Abstract. Flexible Krylov methods refers to a class of methods which accept preconditioning
that can change from one step to the next. Given a Krylov subspace method, such as CG, GMRES,
QMR, etc. for the solution of a linear system Ax = b, instead of having a fixed preconditioner M and
the (right) preconditioned equation AM−1y = b (Mx = y), one may have a different matrix, say Mk,
at each step. In this paper, the case where the preconditioner itself is a Krylov subspace method is
studied. There are several papers in the literature where such a situation is presented and numerical
examples given. A general theory is provided encompassing many of these cases, including truncated
methods. The overall space where the solution is approximated is no longer a Krylov subspace
but a subspace of a larger Krylov space. We show how this subspace keeps growing as the outer
iteration progresses, thus providing a convergence theory for these inner-outer methods. Numerical
tests illustrate some important implementation aspects that make the discussed inner-outer methods
very appealing in practical circumstances.
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1. Introduction. Consider the iterative solution of large sparse (symmetric or)
nonsymmetric linear systems of equations of the form

Ax = b.(1.1)

In recent years, several authors studied Krylov subspace methods with variable (or
flexible) preconditioning, i.e., preconditioning with a different (possibly nonlinear)
operator at each iteration of a Krylov subspace method. These include [1], [17], [27],
[29], [36], [37], and [39]. The usual (right) preconditioning consists of replacing (1.1)
by

AM−1y = b, with Mx = y,(1.2)

for a suitable preconditioner M . One of the motivations for methods with variable
preconditioners is the need to solve each preconditioning equation

Mz = v(1.3)

only inexactly, as is done, e.g., in [12], using multigrid or, in [40], using a two-stage pre-
conditioner, one of which is inexact; see also [4]. This implies that we have (implicitly)
a different M at the kth step of the Krylov method. One can also consider precondi-
tioners which might improve using information from previous iterations; cf. [2], [13],
[21].
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Experiments have been reported in the literature, where the preconditioner in
(1.3) is itself a Krylov subspace method. For example, some versions of GMRESR
[37] fit this description [6]. We refer to [39] for a more detailed analysis specific to
GMRESR versus FGMRES. In [5], [29], one has GMRES for the preconditioner, or
inner iterations, and FGMRES as the (outer) flexible method. In [36], QMR is the
preconditioner and FQMR is the outer method. In all these cases, we can say that
at the kth outer step (or cycle) the inner iterative method is stopped after a certain
number mk of (inner) iterations. This number is either fixed a priori, such as in [5],
[29], [37], or is the consequence of some stopping criteria often involving the inner
residual [1], [17], [36], [38].

In this paper we analyze the convergence theory of these inner-outer methods,
i.e., flexible Krylov subspace methods preconditioned by (a possibly different) Krylov
subspace method. The resulting class of methods can be characterized as those choos-
ing at the kth cycle the approximate solution to (1.1) from a particular k-dimensional
subspace of a larger Krylov subspace; see sections 2–5. We show that, as the method
progresses, the dimensions of this subspace keeps growing, and thus the method con-
verges. This finite termination property is not available for restarted methods, such
as GMRES(m). In other words, by restricting ourselves to preconditioners which are
Krylov methods, we maintain the global iteration within a larger Krylov subspace.

An alternative view of these inner-outer methods is to consider a Krylov method
with polynomial preconditioning (see, e.g., [2], [11], [15], [20], [21], [28], [30]), where a
new polynomial is implicitly chosen at each cycle by a Krylov method; cf. [14], [37],
[38].

Our approach is very general, and thus our analysis applies to a variety of
inner-outer methods. In particular, it applies to truncated Krylov methods, such
as DQGMRES [32], when preconditioned with a Krylov subspace method. Several
authors have suggested strategies on how to choose which vectors to keep in the trun-
cated basis; see, e.g., [7], [38]. Our results in section 5 provide a theoretical foundation
for some of these empirical recommendations.

In section 6 we discuss the possibility of breakdown and stagnation of the inner-
outer methods. Since the residual of the inner method is deflated with respect to the
previous vectors in the outer basis, stagnation is much less prevalent than in restarted
methods.

In section 7 we show in some particular cases why these methods behave better
than the corresponding restarted counterparts and illustrate this with additional nu-
merical experiments. In our (albeit limited) computational experience, even in cases
where at intermediate steps the restarted methods have a lower residual norm, the
inner-outer methods outperform the restarted methods. These experiments demon-
strate how competitive these inner-outer methods are. They are a very good alterna-
tive to restarted methods such as GMRES(m). We hope that the theory presented
here, assuring convergence, together with the numerical evidence, will encourage more
practitioners to try these inner-outer methods.

In this paper we concentrate on nonsymmetric systems, but most of our obser-
vations are valid for symmetric systems as well, where flexible CG-type methods can
be employed [17], [27]. We also note that in our descriptions the coefficient matrix is
assumed to be A, as in (1.1), although everything applies to a preconditioned matrix
AP−1 as in (1.2), or P−1A, for a suitable fixed preconditioner P . In fact, some of
our experiments in section 8 are of this type, where P corresponds to an incomplete
factorization of A.
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Finally, we note that exact arithmetic is assumed throughout the paper, and
that numerical experiments were carried out using Matlab 5.3 with machine epsilon
ε = 2.2 · 10−16 [23].

2. General setup. Given an initial guess x0 to the solution of (1.1), and the
corresponding residual r0 = b − Ax0, a Krylov subspace method generates a basis
{v1, v2, . . . , vm} of the Krylov subspaceKm(A, r0) = span{r0, Ar0, A2r0, . . . , A

m−1r0}.
Let Vm = [v1, v2, . . . , vm]. An approximation to the solution of (1.1) is sought in
x0 + Km(A, r0), i.e., of the form xm = x0 + Vmym for some ym ∈ R

m. The different
methods arise by different choices of the basis defined by Vm and by different choices
of ym; see, e.g., [19], [30], for detailed description of these methods.

For example, in GMRES [31], the vectors in Vm are orthonormal, produced by
the Arnoldi method with v1 = r0/β, β = ‖r0‖, the norm of the initial residual. Thus,
the following relation holds:

AVm = Vm+1Hm,(2.1)

where Hm is upper Hessenberg of size (m + 1) × m. The vector ym is chosen to
minimize the norm of the residual rm = b−Axm, i.e., find ym which is the minimizer
of

min
y∈Rm

‖r0 −AVmy‖ = min
y∈Rm

‖Vm+1(βe1 −Hmy)‖,(2.2)

where e1 is the first Euclidean vector. Our general analysis also includes truncated
methods such as DQGMRES [32] as a possible outer subspace method, where only
certain vectors of Vm are kept in storage. For example, one can keep the last �
columns of Vm (denote the n× � matrix containing these by Vm[�]). In this case, the
minimization (2.2) is replaced by the minimization of

min
y∈Rm

‖βe1 −Hmy‖,(2.3)

where Hm is banded with upper semibandwidth �. In QMR [16], a relation like (2.1)
holds, but Vm is not an orthogonal matrix (the basis is bi-orthogonal to a basis of
another Krylov subspace; these bases are obtained via a two-sided Lanczos process),
the minimization of (2.3) is performed, and Hm is tridiagonal.

When a standard right preconditioner is used, as in (1.2), the expression (2.1)
becomes

AM−1Vm = Vm+1Hm.

When flexible preconditioning is used, this relation is replaced with

AZm = Vm+1Hm,(2.4)

cf. (1.3), and storage has to be allocated for both the matrices Zm and Vm, i.e., one
needs approximately twice the storage of the standard preconditioned case; see, e.g.,
[29], [36].

In order to analyze the inner-outer method, when the outer method is a flexible
Krylov subspace method and the inner is a Krylov subspace method, we consider the
approximations of the solution of (1.1) at the kth (outer) cycle to be taken from the
affine space x0 + span{z1, . . . , zk}, where Zk = [z1, . . . , zk], i.e., of the form

xk = x0 + Zkuk for some uk ∈ R
k.(2.5)
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We change the notation a bit, to make a distinction with the inner method, and
rewrite (2.4) as

AZk =Wk+1Tk,(2.6)

i.e., Wk = [w1, . . . , wk] is the matrix containing a basis of the outer subspace, and
the (k + 1) × k matrix Tk contains the coefficients used in the orthogonalization (or
deflation). The matrix Tk is either upper Hessenberg (if orthogonalization is used via
the Arnoldi method), banded (if a truncated method is used), or tridiagonal (if the
two-sided Lanczos method is used).

In other words, given x0 and the corresponding residual

r0 = b−Ax0, w1 = r0/β, β = ‖r0‖,(2.7)

for each cycle k, first a new vector zk is computed, which approximates the solution
of

Az = wk(2.8)

(using an inner Krylov method). Then, the vector Azk is computed, orthogonalized
with respect to the previous vectors wi, i ≤ k (or with respect to the � vectors kept
in the truncated version), and normalized (or bi-orthogonalized with respect to some
other vectors) to obtain the new vector wk+1; cf. (2.6). Thus, the residual at the kth
cycle is

rk = b−Axk = r0 −AZkuk = r0 −Wk+1Tkuk =Wk+1(βe1 − Tkuk).(2.9)

We point out that in the case of using an Arnoldi method in the outer scheme,
orthogonalizing Azk with respect to the vectors in Wk is equivalent to deflating the
inner residual wk − Azk with respect to the vectors in Wk, i.e., with respect to all
previous inner Krylov subspace starting vectors. In fact, we have

tk+1,kwk+1 = (I −WkW
T
k )Azk(2.10)

= wk − (wk −Azk)− wk +WkW
T
k (wk −Azk)

= −(I −WkW
T
k )(wk −Azk),(2.11)

where WT
k stands for the transpose of Wk.

As we said, at the kth cycle a new vector zk is computed, which approximates the
solution of (2.8), using an inner Krylov method. The corresponding (inner) Krylov

subspace is Km(A,wk), with m = mk, and its basis is {v(k)
1 , . . . , v

(k)
m }, with

v
(k)
1 = wk(2.12)

(of unit norm). The matrix V
(k)
m = [v

(k)
1 , . . . , v

(k)
m ] satisfies (2.1), i.e.,

AV (k)
m = V

(k)
m+1H

(k)
m ,(2.13)

and we have

zk = V (k)
m yk for some yk ∈ R

m, m = mk.(2.14)

It is important to realize that when the inner system is preconditioned from the
right, this can be viewed as a global preconditioning strategy. More precisely, consider
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preconditioning the inner system (2.8) from the right with a fixed matrix P , so that
the inner system transforms into AP−1ẑ = wk, with z = P−1ẑ. An approximation
to ẑ is determined in Km(AP

−1, wk), from which an approximation to z can be

readily recovered. Note that we can write ẑk = V
(k)
m yk, where V

(k)
m is now a basis for

Km(AP
−1, wk). Let Zk = P−1Ẑk = [P−1ẑ1, . . . , P

−1ẑk]. Relation (2.6) transforms
into

AP−1Ẑk =Wk+1Tk,

which immediately shows that inner preconditioning corresponds to applying the flex-
ible method to the system AP−1x̂ = b, with x̂ = Px. In light of these considerations,
from now on we shall work with the coefficient matrix A, where A could actually
stand for any preconditioned matrix AP−1.

The description of flexible inner-outer methods by (2.5), (2.6), (2.13), and (2.14)
is pretty general, and many of our results, including the following proposition, apply
to this general setting.

Proposition 2.1. Each new vector of the outer basis wk+1 is a linear combina-

tion of the orthogonal projections of the columns V
(k)
m+1 (i.e., of the basis of the inner

space Km+1(A,wk)), onto the (bi-)orthogonal complement of R(Wk) (or R(Wk[�])).

Proof. From (2.14) and (2.13), we have Azk = AV
(k)
m yk = V

(k)
m+1(H

(k)
m yk), and

from (2.10) the proposition follows.

Note that while for each of the cycles we have the columns of V
(k)
m being a basis

of a Krylov subspace, neither R(Wk) nor R(Zk), the range of Wk or Zk, respectively,
is a Krylov subspace. This is in contrast to the standard (nonflexible) preconditioned
case. As pointed out, e.g., in [9], minimal residual or orthogonal residual methods
with these bases would converge, as long as dimR(Wk) = k and dimR(Zk) = k, i.e.,
as long as the new vectors zk and wk are linearly independent of the previous ones so
that the subspaces keep growing. As we shall see, this is the case for the inner-outer
methods studied here.

We can say more; the columns of Zk and those of Wk are bases of (different)
subspaces (of dimension k) of a larger Krylov subspace generated by the initial residual
r0.

Lemma 2.2. Assume that Zk and Wk+1 are full column rank. Then, R(Zk) ⊂
Kq−1(A, r0), and R(Wk+1) ⊂ Kq(A, r0), where q = qk = pk + k and pk is given by

p = pk =
∑k

j=1mj .
Proof. We use induction on k. From (2.7), span{w1} = span{r0}. Therefore

z1 ∈ Km1(A,w1) = Km1(A, r0) and w2 ∈ span{Az1, w1} ⊂ Km1+1(A, r0), so that
R(W2) ⊂ Kq(A, r0) with q = p1 + 1 = m1 + 1. Assume that the assertions hold for
k− 1, and thus wk ∈ R(Wk) ⊂ Kq(A, r0), with q = qk−1. From (2.12), it follows that
zk belongs to the inner Krylov subspace Km(A,wk) (m = mk), which is a subspace
of Kq(A, r0) with q = qk−1 +mk = pk−1 + k − 1 +mk = qk − 1. We then have that
wk+1 ∈ span{Azk,Wk} ⊂ Kq(A, r0), with q = qk.

This lemma also applies to truncated Krylov methods, since the vectors kept in
storage are chosen from Wk+1, i.e., we have

R(Wk+1[�]) ⊂ R(Wk+1) ⊂ Kq(A, r0).(2.15)

In the special case that all inner subspaces have the same dimension mj = m, we
have p = km and q = km+ k = k(m+ 1); cf. [37, Lemma 4.2], where a result similar
to Lemma 2.2 is shown for this special case.
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We also remark that in [18] and [34] the situation is analyzed when (2.1) is replaced
with AUk−1 = UkBk for some matrix Bk andR(Uk) is some general subspace; cf. (2.6).
The question there is to find an appropriate matrix E for which the columns of Uk

are the basis of a Krylov subspace of A + E, i.e., R(Uk) = Kk(A + E, r0). Here we
instead have subspaces of a larger Krylov subspace of A.

3. The subspaces of the inner-outer methods. In this section, we further
characterize the k-dimensional subspaces R(Zk) and R(Wk). Our characterization is
of interest but does not necessarily reveal the intrinsic form of these subspaces. It
does help us, though, in providing part of the setup used in section 5, where we show
how these subspaces grow with each cycle.

The first simple observation is that the approximation xk can be expressed as a
particular linear combination of all the bases of the k inner Krylov subspaces. Indeed,
from (2.5) and (2.14), it follows that

xk = x0 +

k∑
j=1

(uk)j zj = x0 +

k∑
j=1

(uk)j V
(j)
mj

yj = x0 +

k∑
j=1

mj∑
i=1

(uk)j (yj)i v
(j)
i .

Equivalently, if we define

Bk = [V (1)
m1
, V (2)

m2
, . . . , V (k)

mk
] ∈ R

n×p , Yk =




y1 O O · · ·
O y2 O · · ·
...

. . .

O · · · O yk


 ∈ R

p×k ,(3.1)

where O stands for a submatrix with zero entries (in this case m× 1 submatrices, for
different values of m), we have, from (2.14),

Zk = BkYk,(3.2)

and thus xk = x0 + Zkuk = x0 + Bk(Ykuk). If we write the n × q matrix B′
k =

[V
(1)
m1+1, V

(2)
m2+1, . . . , V

(k)
mk+1] and the q×p matrix Hk as the “block diagonal collection”

of all H
(i)
m ’s, we obtain the relation

ABk = B′
kHk,(3.3)

reminiscent of (2.13) or (2.1). Therefore, using (3.2) and (3.3),

rk = r0 −AZkuk = r0 −ABkYkuk = r0 − B′
k(HkYkuk),(3.4)

providing an explicit representation of the residual in terms of the complete set of
inner bases collected in B′

k.
Remark 3.1. In light of Proposition 2.1 and (2.12), the columns of B′

k are not
linearly independent. We then consider the n× (p+ 1) matrix

Vk = [w1, V
(1)
2:m1+1, V

(2)
2:m2+1, . . . , V

(k)
2:mk+1],(3.5)

where V
(j)
2:m+1 = [v

(j)
2 , . . . , v

(j)
m ], m = mj . If the matrix Vk is of full rank, we have

R(Vk) = Kp+1(A, r0).
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In other words, the columns of the matrix Vk (if full rank) provides us with a basis
for the Krylov subspace Kp+1(A, r0) from where the global iterates are computed; see
[33], where a similar construct is used. In general, we can conclude only that

R(Vk) ⊆ Kp+1(A, r0).(3.6)

In light of Lemma 2.2, the relation (3.2) is natural, and by Remark 3.1 we can
improve upon the dimension of the Krylov subspace from Lemma 2.2 to obtain

R(Zk) ⊂ Kp(A, r0), p = pk.(3.7)

We now want to find a similar explicit dependence of Wk+1 on B′
k or Vk. We consider

two cases: when the columns of Wk+1 are produced by an Arnoldi method or by a
two-sided Lanczos algorithm.

Lemma 3.2. If the Arnoldi method is used to generate Zk, Wk, the bases of the
outer spaces, related by (2.6), and these have full column rank, then,

Wk+1 = VkRk,(3.8)

with Rk = GkS
−1
k , where the (p + 1) × (k + 1) matrix Gk and the (k + 1) × (k + 1)

matrix Sk are given by

Gk =




1 0 0 0 · · ·
O −ĝ1 O O · · ·
O O −ĝ2 O · · ·
...

. . .

O O O · · · −ĝk



, Sk =




1 0 t1,2 t1,3

0 t2,1 0 t2,3
. . .

0 0 t3,2 0
. . .

0 0 0 t4,3
. . .

...
...

0 0 0 0 tk+1,k




,

ĝk ∈ R
m is defined through gk = e1 −H

(k)
m yk = [γk; ĝ

T
k ]

T , and the (k + 1) × k upper
Hessenberg matrix Tk has entries tij.

Proof. Using (2.13), (2.14), and the definition of gk,

Azk = AV (k)
m yk = V

(k)
m+1H

(k)
m yk = V

(k)
m+1(e1 − gk).

Then, by (2.12) and the fact that we use the Arnoldi method,

tk,k = wT
k Azk = wT

k V
(k)
m+1(e1 − gk) = eT1 (e1 − gk) = 1− γk.(3.9)

We can use these relations to write wk+1 as a linear combination of the inner bases.

wk+1tk+1,k = Azk −WkT1:k,k

= V
(k)
m+1(e1 − gk)−Wk−1T1:k−1,k − wktk,k

= v
(k)
1 (1− γk)− [v

(k)
2 , . . . , v

(k)
m+1]ĝk −Wk−1T1:k−1,k − wktk,k

= −[v(k)
2 , . . . , v

(k)
m+1]ĝk − [w1, w2, . . . , wk−1]T1:k−1,k,

that is,

[w1, w2, . . . , wk+1]



T1:k−1,k

0
tk+1,k


 = −V (k)

2:m+1ĝk.
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Collecting all terms, we obtain

Wk+1Sk = [w1, V
(1)
2:m+1, V

(2)
2:m+1, . . . , V

(k)
2:m+1]




1 0 0 0 · · ·
O −ĝ1 O O · · ·
O O −ĝ2 O · · ·
...

. . .

O O O · · · −ĝk



.

The lemma follows from the nonsingularity of the upper triangular matrix Sk.
The same result (3.8) holds in the case of two-sided Lanczos. The difference is

that the matrix Tk is tridiagonal, so that the entries above the third diagonal in Sk

are zero. The proof proceeds in the same manner as that of Lemma 3.2, except that in
(3.9) wk is replaced by the corresponding vector of the bi-orthogonal basis to R(Wk).

It follows from (3.8) and Remark 3.1 that

R(Wk+1[�]) ⊂ R(Wk+1) ⊂ Kp+1(A, r0), p = pk;

cf. (2.15), Lemma 2.2, and (3.7).
To complete the picture, we want to obtain relations of the form (3.3) and (3.4),

using the matrix Vk. If full rank, its columns are a basis of the global subspace
Kp+1(A, r0).

Let P be the q × q permutation matrix that moves all vectors v
(2)
1 , v

(3)
1 , . . . , v

(k)
1

in B′
k to the end (that is, as the last columns of the whole matrix). Then we can

write B′
kP = [Vk, v

(2)
1 , v

(3)
1 , . . . , v

(k)
1 ] = [Vk,W2:k], where W2:k = [w2, w3, . . . , wk] =

Wk+1[O, Ik−1, O]
T , Ik−1 is the identity of order k − 1. Thus, using (3.8), we write

B′
k = Vk [I,Rk[O, Ik−1, O]

T ]PT ,(3.10)

where I is the identity of order p+ 1, obtaining from (3.3) the desired relation

ABk = Vk [I,Rk[O, Ik−1, O]
T ]PTHk =: VkNk.(3.11)

Similarly, using the definition of Nk in (3.11), replacing (3.10) in (3.4), and using
(2.7), we obtain,

rk = r0 − VkNkYkuk = Vk(βe1 −NkYkuk).(3.12)

4. Minimal residuals and other methods. The discussion so far applies to
any Krylov subspace method including CG, MINRES, GMRES, QMR, FOM, BiCG,
etc. In principle, the outer (flexible) method can be any one of them, while the inner
method can be any other. In practice, FGMRES-GMRES(m), GCR-GMRES(m), and
FQMR-QMR were considered [5], [6], [29], [36], [37]. GMRES is a minimal residual
method [31], while QMR [16] can be seen as one if the appropriate inner product and
associated norm are considered; see [9]. In fact, the proof in [9, section 4.3] applies
equally well to truncated GMRES methods such as DQGMRES; we more generally
call these flexible truncated GMRES (FTGMRES). Therefore, when we consider
that the inner-outer method is FGMRES-GMRES(m), our analysis will equally apply
to the cases of FQMR-QMR and FTGMRES-GMRES(m) with the proviso that the
norm at each cycle is a different one.

In FGMRES-GMRES(m), zk in (2.14) is chosen as to minimize the inner residual
in the kth cycle, i.e.,

‖wk −Azk‖ = ‖wk −AV (k)
m yk‖ = ‖V (k)

m (e1 −H(k)
m yk)‖ = min

y∈Rm
‖e1 −H(k)

m y‖,
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while uk in (2.5) is chosen as to minimize the outer residual (2.9), i.e.,

‖rk‖ = min
u∈Rk

‖Wk+1(βe1 − Tku)‖ = min
u∈Rk

‖βe1 − Tku‖.(4.1)

Remark 4.1. We emphasize that the inner-outer methods we discuss do not
consist of just the concatenation of the inner and the outer minimizations—there is
also the orthogonalization with respect of the outer basis (see, e.g., Proposition 2.1),
i.e., before the outer minimization takes place, there is also a deflation step, cf. [7],
[10], where some Krylov spaces with deflation are studied; see further section 7.

In light of the discussion in section 3, the minimization (4.1) can be interpreted as
being performed on a subspace of dimension k of the global Krylov space Kp+1(A, r0).
Indeed, from (3.12), now we can write

‖rk‖ = min
u∈Rk

‖Vk(βe1 −NkYku)‖.

We note that the columns of Vk are not necessarily orthogonal.

One can explicitly say that the subspace of Kp+1(A, r0) where the minimization
takes place is spanned by the (k linearly independent) columns of VkNkYk. Another
characterization of this subspace can be obtained from (2.6) and (3.8) giving us the
k columns of AZk = VkRkTk.

5. The growing subspaces. The main result of this section is that the subspace
from where the approximations are chosen keeps growing. This provides convergence
of the inner-outer methods. In exact arithmetic, these methods would then terminate
in at most n steps, where n is the order of the matrix A.

We have noted that, in general, we have the inclusion (3.6). It is also well known
that the matrix [r0, Ar0, . . . , A

pr0] may have vectors which are almost linearly depen-
dent. We therefore want to study what we can say about the rank of Bk defined in
(3.1) or, equivalently, that of Vk defined in (3.5). We show here that as k grows, i.e.,
as a new cycle is computed, the rank of Bk is guaranteed to grow as well.

For simplicity of the exposition, we assume in this section that mk = m for all k,
and thus p = mk. We further assume that the minimal polynomial of A has degree

larger than p. (More precisely, this is assumed with respect to v
(k−1)
1 ; see (5.2) below.

In other words, we assume that the grade of v
(k−1)
1 is less than p.) We comment at

the end of the section the implications of these assumptions.

Lemma 5.1. Let R(V
(k−1)
m ) = Km(A, v

(k−1)
1 ) and R(V

(k)
m ) = Km(A, v

(k)
1 ) be both

of dimension m (i.e., V
(k−1)
m and V

(k)
m are of full rank), with

v
(k)
1 ∈ R(AV (k−1)

m )(5.1)

and v
(k)
1 and v

(k−1)
1 being linearly independent. Then dimR([V

(k−1)
m , V

(k)
m ]) > m.

Proof. Let v = v
(k−1)
1 ; then any element w ∈ R(V

(k−1)
m ) = Km(A, v) can be

written as w = p(A)v, with p a polynomial of degree m − 1 at most. Thus, from

(5.1) we have that v
(k)
1 = Ap(A)v = q(A)v, with q(z) a nonzero polynomial of degree

at most m, such that q(0) = 0. In other words, 1 ≤ deg q(z) ≤ m. In fact, since

0 �= v
(k)
1 �= αv, for any α ∈ R, we have 2 ≤ deg q(z) ≤ m. Now consider

Am−1v
(k)
1 = Am−1q(A)v = q̂(A)v,(5.2)
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where deg q̂(z) = (m − 1) + deg q(z) ≥ m + 1; then Am−1v
(k)
1 �∈ Km(A, v

(k−1)
1 ).

Therefore,

dim R
(
[V (k−1)

m , Am−1v
(k)
1 ]

)
= m+ 1,

from which the result follows.
We note that in Lemma 5.1 (as well as Theorem 5.2 below) the hypothesis on the

bases V
(j)
m of Km(A, v

(j)
1 ) is that they be of full column rank. There is no requirement

that they be orthogonal. Similarly, the vectors v
(j)
1 and v

(j−1)
1 need only be linearly

independent. This implies that Lemma 5.1 and Theorem 5.2 apply to any method
that produces these pairwise linearly independent vectors. In particular, they apply
to the cases when either Arnoldi or two-sided Lanczos are used for the construction
of the matrix Wk.

In [7] and [38, section 3] it is recommended that when using truncated Krylov

methods the last vector of the previous basis, say V
(k−1)
m , be kept in the new ba-

sis. This recommendation was based on empirical evidence on symmetric matrices.
Lemma 5.1 provides a theoretical basis for such a recommendation. In fact, the last

column of V
(k−1)
m has a nonzero component in the direction of (5.2) (or of (5.6) below),

which is the key quantity for the subspace to grow.

To evaluate how the subspaces V
(k−1)
m and V

(k)
m generated during the inner step

behave vis-á-vis Lemma 5.1, we shall compute for some specific examples their canon-

ical angles [35]; see later section 7. Consider the two subspaces R(V
(k−1)
m ) and

R(V
(k)
m ), and let m∗ be the smallest integer such that dim R(V

(j)
m∗ ) = dimR(V

(j)
m∗+1),

j = k−1, k. We define m̄ = m if 2m ≤ m∗ or m̄ = m∗−m if 2m > m∗. The canonical
angles between these two subspaces can be computed as the nonzero singular values

σ1 ≥ σ2 ≥ · · · ≥ σm̄ of P
(k−1)
m (I − P

(k)
m ), where P

(j)
m = V

(j)
m (V

(j)
m )T , j = k − 1, k, are

the orthogonal projectors onto R(V
(j)
m ), j = k − 1, k, respectively.

We present now the main result of this section.

Theorem 5.2. Let R(V
(j)
m ) = Km(A, v

(j)
1 ) be of dimension m, for j = 1, . . . , k.

Assume that each v
(j)
1 is such that

v
(j)
1 = AV (j−1)

m yj−1 + Bj−2dj ,(5.3)

with 0 �= yj−1 ∈ R
m, j = 2, . . . , k, and that

v
(j)
1 and v

(j−1)
1 are linearly independent.(5.4)

Then

dimR(Bk) ≥ m+ k − 1, k ≥ 2.(5.5)

Proof. We use induction on k. For k = 2, (5.5) holds by Lemma 5.1. Assume
that (5.5) holds for k − 1 > 1. We prove it for k. That is, we show that the next

basis V
(k)
m of Km(A, v

(k)
1 ) contains at least a vector that is not a linear combination

of elements in Bk−1. Consider the starting vector v
(k)
1 for the new basis V

(k)
m . From

(5.3) we have

v
(k)
1 = AV (k−1)

m yk−1 + Bk−2dk = A

m−1∑
j=0

Ajv
(k−1)
1 ηj + Bk−2dk
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for some values ηj , not all of which are zero. Therefore, for Am−1v
(k)
1 ∈ Km(A, v

(k)
1 )

we have

Am−1v
(k)
1 = Am

m−1∑
j=0

Ajv
(k−1)
1 ηj +Am−1Bk−2dk.(5.6)

Since not all ηj ’s are zero, using the same argument as in the proof of Lemma 5.1,

Am
m−1∑
j=0

Ajv
(k−1)
1 ηj /∈ Km(A, v

(k−1)
1 ),(5.7)

while the second term of (5.6) lies in Bk−1; thus, A
m−1v

(k)
1 /∈ Bk−1, and the result

follows.
Remark 5.3. The hypothesis for Lemma 5.1 and Theorem 5.2 that the degree of

the minimal polynomial of A is larger than m and mk, respectively, though seldom
violated in practice, is crucial. Otherwise the Krylov subspace might be invariant and

one may have, e.g., dim R([V
(k−1)
m , V

(k)
m ]) = m. We will assume that this hypothesis

holds, else one may experience some early breakdown; see section 6 for the definition
of breakdown and also [6] for a similar situation.

Several comments on Theorem 5.2 are in order. First, we comment on the hy-
pothesis (5.4). In the case of (flexible) Arnoldi, this is automatically satisfied, since
the columns of Wk are orthogonal. In the case of (flexible) two-sided Lanczos, one

has a vector ŵ = ŵj−1 in the basis bi-orthogonal to Wk such that (v
(j−1)
1 , ŵ) �= 0,

while (v
(j)
1 , ŵ) = 0, implying (5.4); for details about two-sided Lanczos see, e.g., [19],

[30]. We mention also that (5.4) implies that these vectors are not the zero vectors,
i.e., wk �= 0, k = j − 1, j. As described in section 6 this is equivalent to assuming
that there is no breakdown of the inner-outer method.

Second, this theorem applies to the inner-outer methods described so far, includ-
ing the truncated methods. The hypothesis (5.3) expresses what we have said in
Proposition 2.1 and Lemma 3.2.

Third, we want to emphasize that while the proof of Theorem 5.2 implies that
R(Bk) grows in each cycle, (5.5) really provides a lower bound on its dimension, and
we expect the dimension of R(Bk) to be higher. We comment, though, that (5.5) can
be rephrased as

dim R(Bk) ≥ dim R([V (1)
m ,Wk]) = m+ k − 1,

where the last equality holds when V
(1)
m and Wk are full rank.

Finally, a careful review of the proofs of Lemma 5.1 and Theorem 5.2 indicates
that, for the case wheremk changes from one cycle to the next, (5.5) holds form = m1,
and that one needs mj ≥ mj−1 to guarantee (5.7).

6. Stagnation and breakdown. In this section we discuss the possibility of
breakdown in the construction of the outer basis Wk+1, as well as the possibility of
stagnation of the inner-outer methods. Some of our observations apply to the general
setting described in sections 2, 3, and 5. In some other cases the discussion relates
specifically to a minimal residual method, such as FGMRES-GMRES(m).

As we shall see, there are two elements that relate to the possibility of stagnation
and breakdown: one is T̄k, the k × k principal matrix of Tk, and the other is the
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next (outer) vector wk+1. The situation on breakdown can be summarized as follows:
If wk+1 �= 0, there is no breakdown, even if T̄k is singular. If wk+1 = 0, then the
singularity of T̄k matters. When T̄k is singular we have (real) breakdown, while if
T̄k is nonsingular, we have what is usually called a “lucky” breakdown, meaning that
this implies that xk is the exact solution of (1.1); see [29, Proposition 2.2] where
breakdown for FGMRES (using any inner solver) is considered. Stagnation of the
inner-outer method is discussed at the end of the section.

In the case of FGMRES-GMRES(m), one example of breakdown (wk+1 = 0)
occurs when there is stagnation in the inner iteration, i.e., in GMRES(m). In other
words, given wk, the approximation zk ∈ Km(A,wk) is such that wk − Azk = wk,
cf. (2.11), implying zk = 0. Unless the exact solution was found at the previous
outer step, inner stagnation yields incurable breakdown, as the outer iteration no
longer proceeds. Prevention of stagnation of the inner iteration has been addressed
by other authors. In [37], if inner stagnation occurs, the inner step is replaced by a
minimization step. At the end of section 2.2 of [29] there is a comment indicating that
all that is needed to avoid stagnation is a direction of steepest descent. This is exactly
what is guaranteed by the choice of the stopping criteria of the inner iterations in [17].
We also remark that in [1] a condition on the matrix A is introduced to avoid inner
stagnation in the inner-outer generalized conjugate gradient method. Let Q[w] denote
the inner outcome. It is shown in [1] that if AQ[·] is coercive, that is, there exists
δ > 0 such that (w,AQ[w]) ≥ δ(w,w) for all w �= 0, then the inner iteration does not
stagnate. Here (x, y) denotes the usual inner product. Note that in the symmetric
positive definite case, coercivity implies that a steepest descent direction is obtained in
the inner method; see, e.g., [22]. In the context of FGMRES-GMRES(m), coercivity
also implies that the inner GMRES does not stagnate. Indeed, for each outer basis
vector wk and using zk = Q[wk], we have

(wk, AQ[wk]) = (wk, Azk) = 1− ‖wk −Azk‖2,

where wk − Azk is the inner residual. Therefore, imposing (wk, AQ[wk]) > 0 implies
‖wk−Azk‖2 < 1 = ‖wk‖, which is equivalent to lack of stagnation. We should mention
however that coercivity in our context is a very strong assumption. For GMRES
as inner, it holds that Q[wk] = pm−1(A)wk for some polynomial pm−1 of degree
not greater than m − 1, where the polynomial changes at each outer cycle. Hence,
(wk, AQ[wk]) > 0 is satisfied if the operator Ap(A) is coercive for any polynomial p
of degree at most m− 1.

There are many examples where T̄k is singular, even if Tk is of full rank. In
these cases, having tk+1,k = ‖wk+1‖ = 0 implies real breakdown. In Lemma 5.1 and
Theorem 5.2 it is assumed that there is no breakdown, see (5.4) and (2.12), and it is
concluded that the space from where the solution is drawn keeps growing.

In the absence of breakdown (wk+1 �= 0), T̄k singular indicates stagnation of the
outer process and thus of the overall inner-outer method. The following result is an
adaptation of [3, Theorem 3.1] for FGMRES. The proof given in [3] can be used
verbatim here, so we do not reproduce it.

Theorem 6.1. Suppose that k steps of the (outer) Arnoldi method have been
taken, wk+1 �= 0, and assume that T̄k is singular. Then

min
u∈Rk

‖βe1 − Tku‖ = min
u∈Rk−1

‖βe1 − Tk−1u‖.(6.1)

If we denote by uj the minimizer in (4.1) with j replacing k, for j = k or k − 1,
then uk = ((uk−1)

T , 0)T , and it follows that xk = xk−1. Conversely, suppose that k
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steps of the (outer) Arnoldi method have been taken and that (6.1) holds; then T̄k is
singular.

Note, however that since we assume that there is no breakdown, this stagnation
can only be “temporary,” since by Theorem 5.2 the subspace keeps growing, and
therefore the inner-outer method converges [9].

7. Comparison with restarted methods. Let us consider restarted GMRES,
i.e., GMRES(m). This method generates an approximate solution as sum of approx-
imations obtained at each restart, that is,

xk = x0 + x(1) + x(2) + · · ·+ x(k).(7.1)

The single approximations are obtained in the following subspaces:

Km(A, r0), r0 = b−Ax0,

Km(A, r
(1)
0 ), r

(1)
0 = r0 −Ax(1) ≡ b−Ax1,

Km(A, r
(2)
0 ), r

(2)
0 = r

(1)
0 −Ax(2) ≡ b−Ax2,

...

where each starting vector r
(j)
0 is the residual in the previous Krylov subspace.

Intuitively, one can think of improving upon GMRES(m) by considering a linear
combination (or weighted average) of the single approximations, say

x̃k(α) = x0 + α1x
(1) + α2x

(2) + · · ·+ αkx
(k),(7.2)

instead of (7.1); cf. [41, section 3]. One could require the parameters α ∈ R
k to be

constructed, for example, so as to minimize the norm of the residual, in which case
we have

‖r̃k‖ = min
α∈Rk

‖b−Ax̃k(α)‖ ≤ ‖b−Axk‖,

where the last inequality follows from considering α = (1, . . . , 1)T . In other words,
such a method cannot be worse than restarted GMRES in terms of residual norms.

The inner-outer methods we study, such as FGMRES-GMRES(m), do more than
just implicitly choose the k parameters in (7.2). It follows from Proposition 2.1 that
one obtains an iteration of the form (7.2), but where the residual obtained for each
single (inner) Krylov method is in turn deflated with respect to the previous (outer)
vectors; cf. [13], [26]. We thus expect that the overall inner-outer method will perform
at least as well as the restarted counterpart.

We prove this explicitly in some particular cases below (k = 1 or m = 1). For
other cases, we show examples where at particular points in the computations, the
inner-outer method may have a residual norm which is larger than the corresponding
restarted one. Nevertheless, for these, as well as for all other numerical examples
we ran, FGMRES-GMRES(m) always converges using fewer matrix-vector multipli-
cations than GMRES(m).

In the following proposition we show that at the very first outer cycle the residual
computed by FGMRES-GMRES(m) is the same as that of GMRES(m). Therefore,
possible improvements versus the restarted approach are expected starting with the
second outer cycle of the flexible method.
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Proposition 7.1. Let rFk , r
G
k be the FGMRES-GMRES(m) and GMRES(m)

residuals after k cycles, respectively. For k = 1 we have rF1 = rG1 .
Proof. After m iterations of the first cycle of GMRES(m), we solve the problem

(2.2) where Vm spans Km(A, r0), and we obtain yG = (HT
mHm)

−1HT
me1β, so that

rG1 = b−AVm(H
T
mHm)

−1HT
me1β.

On the other hand, let w1 = r0β
−1 be the first outer basis vector in FGMRES-

GMRES(m). After m iterations of the first inner step we solve the problem

min
y∈Rm

‖w1 −AVmy‖ = min
y∈Rm

‖e1 −Hmy‖,

where Vm spans Km(A, r0) = Km(A,w1). We obtain yF = (HT
mHm)

−1HT
me1 so that

z1 = Vmy
F . At the end of the first outer cycle we thus solve the problem

min
u∈R

‖b−Az1u‖ = βmin
û∈R

‖w1 −Az1û‖, û =
1

β
u.

We obtain û = ((Az1)
T (Az1))

−1(Az1)
Tw1. Explicitly writing Az1 = Vm+1Hmy

F and
substituting into the previous expression, we derive û = ((yF )THT

mHmy
F )−1(yF )THT

me1
= 1, from which it follows that u = βû = β. Therefore, rF1 = b − Az1u = b −
AVm(H

T
mHm)

−1HT
me1β = rG1 .

Later in this section we provide an example that shows that Proposition 7.1
cannot be generalized to k > 1 for general m. Nonetheless, we can prove for m = 1
and for any k > 0 that the FGMRES-GMRES(m) iterates coincide with those of full
GMRES.

Proposition 7.2. Let xFk be the approximate solution obtained after k outer
cycles of FGMRES-GMRES(1), and assume that GMRES(1) does not stagnate. Let
xGk be the approximate solution after k iterations of full GMRES. Then xFk = xGk .

Proof. At each outer cycle k of FGMRES, the inner solver GMRES approximately
solves Az = wk. If GMRES(1) is used, then zk = δkwk for some scalar δk �= 0. Setting
Dk =diag(δ1, . . . , δk), we can write Zk =WkDk so that (2.6) becomes

AWk =Wk+1TkD
−1
k ,

and the latter is an Arnoldi relation so that R(Wk) = Kk(A,w1). Let AVk = Vk+1Hk

be the Arnoldi relation associated with full GMRES. Since R(Wk) = R(Vk), there
exists an orthogonal k×k matrix Rk such thatWk = VkRk andHk = Rk+1TkD

−1
k R−1

k .
Since w1 = v1, (Rk)1,1 = 1. Using (HT

k Hk)
−1HT

k = RkDk(T
T
k Tk)

−1TT
k R

T
k+1, the

solution xGk = Vk(H
T
k Hk)

−1HT
k e1β becomes

xGk = VkRkDk(T
T
k Tk)

−1TT
k R

T
k+1e1β = Zk(T

T
k Tk)

−1TT
k e1β = xFk .

Unfortunately, the result of Proposition 7.2 and the implication that ‖rFk ‖ ≤ ‖rGk ‖
do not carry over to larger values of m, as experimentally shown in the next example.

Example 7.3. We consider the linear system Ax = b of size n = 100, where
A =bidiag(d, 1), with d = [0.01, 0.02, 0.03, 0.04, 10, 11, . . . , 105] ∈ R

n. In Table 7.1
we report the residual norms for both FGMRES-GMRES(m) (F/G(m) for short)
and GMRES(m) (GM(m) for short), with m = 10, when the right-hand side is
b1 = (1, 2, 1, 2, . . .)T (left) and b2 = (1,−2, 1,−2, . . .)T (right). Both vectors were
normalized so that ‖b1‖ = ‖b2‖ = 1. The reported results clearly show that ‖rFk ‖
is larger than ‖rGk ‖ at an early stage of the iterative process, highlighted in italics.
Nonetheless, convergence is achieved after a few more iterations in the flexible method,
whereas the restarted approach stagnates.
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Table 7.1
FGMRES/GMRES(10) vs. GMRES(10) on bidiagonal matrix, with right-hand sides b1 and b2.

b1 b2
k F/G(10) GM(10) k F/G(10) GM(10)

1 0.197966 0.197966 1 0.168170 168170
2 0.175303 0.170102 2 0.153462 0.153675
3 0.145040 0.150841 3 0.139839 0.138271
4 0.145022 0.147060 4 0.139510 0.137050
...

...
12 6.4 · 10−5 0.144093 13 0.00029268 0.136947

We recall here that each new vector is deflated before it is used as the initial
vector for the inner iteration; see (2.11) or Proposition 2.1. As discussed in section 3,

this deflation helps in providing inner subspaces V
(k)
m , which have a larger angle

between them, justifying the good overall performance of the flexible method. This
is illustrated in Table 7.2 below, where we considered the matrix in Example 7.3 and,
as right-hand side b, the left singular vector corresponding to the smallest singular
value of A; see [33]. Note that full GMRES reaches a residual norm less than 10−16

in 21 iterations; therefore in our tests we considered that an invariant subspace of A
was found for m∗ = 20.

For both FGMRES-GMRES(m) and GMRES(m), in Table 7.2 we report the

smallest sine value of the canonical angles between the subspaces spanned by V
(k−1)
m

and V
(k)
m for k = 2, 3; see the discussion in section 3. When using GM(12), we collected

the value of the m̄th singular value, with m̄ = m∗ −m = 20− 12 = 8.

Table 7.2
Smallest nonzero singular value of V

(k−1)
m (V

(k−1)
m )T (I −V

(k)
m (V

(k)
m )T ), measuring the sines of

canonical angles between R(V
(k−1)
m ) and R(V

(k)
m ).

k F/G(5) F/G(10) GM(5) GM(10) GMRES(12)

2 σmin 7 · 10−5 4 · 10−8 2 · 10−16 1 · 10−16 5 · 10−6

3 σmin 1 · 10−2 9 · 10−4 4 · 10−17 3 · 10−16 3 · 10−4

Table 7.2 shows that, for restarted GMRES, the distance between V
(1)
m and V

(2)
m is

around machine precision for m = 5, 10, implying that the Krylov subspace generated
after one restart is very close to the previous one. The same happens at the next outer

cycle, for V
(2)
m and V

(3)
m . Only for m = 12 do the subspaces generated after the first

restart of GMRES provide new information. This is confirmed by the convergence
history of the method, shown in the right plot of Figure 1.

Table 7.2 and Figure 1 also report results for the flexible method. In particular, by
only deflating the starting vector of the first inner Krylov subspace, F/G(10) seems to
be capable of capturing the information missed by restarted GMRES after one cycle,
resulting in faster convergence. On the other hand, we notice that F/G(5) achieves
its final approximation to the exact solution with a large delay.

8. Computational considerations. Computational efficiency leads us to
consider truncated and restarted versions of optimal algorithms. This is the
case both for the original GMRES method as well as for FGMRES [31], [32], [37].
In the case of a flexible method, Theorem 5.2 ensures that in exact arithmetic the
method converges as long as condition (5.4) is satisfied. Therefore, if, for example,
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Fig. 1. Convergence history of flexible and restarted methods for various values of m. Left:
Entire picture. Right: Initial phase. See also Table 7.2.

GMRES is used as the outer method, finite termination is obtained by orthogonaliz-
ing only the next outer basis vector wk+1 with respect to the previous vector wk. By
orthogonalizing wk+1 with respect to more basis vectors, i.e., to more columns of Wk,
we expect the convergence to be faster.

In order to make fair comparisons, we recall that k cycles of FGMRES require
m vectors for the inner space plus 2k vectors for the outer bases. These should
be compared with the m vectors required by GMRES(m). A truncated version of
FGMRES will instead require 2kt outer vectors, where kt is fixed beforehand. In our
experiments, when using truncated flexible GMRES, we used mt inner vectors and
kt outer vectors so that mt + 2kt = m, where m is the number of vectors used in
restarted GMRES. We remark that such memory constraint on mt, kt forces us to
work with a much smaller inner space than in restarted GMRES if outer orthogonality
is maintained with respect to several vectors. Different selections of these parameters
were analyzed and some of them are reported here. In addition, we mention that
the larger kt, the more expensive the reorthogonalization step. Clearly, the worst
case scenario in this context is given by FGMRES, where all outer vectors are kept
orthogonal.

We also remark that the matrix-vector multiplication required at each outer step
of the flexible method can be avoided by exploiting the available inner residual. There-
fore, at least for a low number of outer cycles, restarted and (truncated) flexible
methods can be compared in terms of number of matrix-vector products, which in
our experiments represents the highest computational cost. It is also customary to
further precondition the flexible approach with a matrix P by applying the flexible
method to the preconditioned matrix AP−1. Due to the implementation consid-
eration just mentioned, preconditioning the inner-outer method amounts to simply
preconditioning the inner solver; see also the discussion in section 2.

Example 8.1. We consider the 900 × 900 matrix originating from the centered
finite difference discretization of the operator

L(u) = −∆u+ µxux, for µ = 100, 1000,(8.1)
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on [0, 1] × [0, 1] with zero Dirichlet boundary conditions. As a right-hand side we
selected b = Ae, where e is a vector of all ones.

Figure 2 reports the convergence history of restarted GMRES(20), FGMRES-
GMRES(20), and its truncated variant, using FTGMRES-GMRES(mt, kt) (FT/G(m-
k) for short) as discussed above. In the left plot we displayed the results for µ = 100,
in the right plot for µ = 1000. We observe that for µ = 100 truncation is not
harmful, especially when the generated inner space is sufficiently large, yielding similar
convergence for the flexible method and its truncated variant. For µ = 1000 the
picture changes considerably and the convergence of the truncated methods reflects
the influence of the two parameters mt, kt. Restarted GMRES clearly shows lack of
information that is eventually recovered after many more iterations.
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Fig. 2. Convergence history for operator L(u) in (8.1). Left: µ = 100. Right: µ = 1000.

Example 8.2. We consider the operator

L(u) = −1000∆u+ 2e4(x
2+y2)ux − 2e4(x

2+y2)uy(8.2)

on [0, 1]× [0, 1], which was studied in [7, Problem 2]. Here we assume zero Dirichlet
boundary conditions and a centered finite difference discretization, yielding a coef-
ficient matrix A of size n = 40000. The right-hand side is determined as b = Ae,
where e is the vector of all ones, and then normalized so as to have unit norm. The
convergence history of restarted GMRES with m = 30 is reported in Figure 3 (left).
The figure also shows the curves of the flexible variant and its truncated versions
for two different values of the truncation parameter. On this problem, truncation
is particularly effective. The results seem to suggest that on this problem, an inner
subspace of small dimension suffices for the flexible method to converge rapidly. In
the right plot of Figure 3 we show the convergence history of all methods for a larger
Krylov subspace dimension, m = 50. Restarted GMRES considerably improves its
performance; cf. [7]. On the other hand, flexible schemes do not seem to necessitate
of a larger inner dimension, implying that information gathering in the outer process
is very effective. Our findings corroborate similar experimental evidence in [7]. We
also notice that for m = 50, the truncated variants converged in less than 20 outer
iterations. Therefore, when large values of kt are selected, truncation takes place only
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very late in the convergence stage. As a consequence, the curves in the right plots
of Figure 3 associated with the truncated methods FT/G(30-10) and FT/G(20-15)
closely resemble the curves one would obtain with FGMRES(m) with m = 30 and
m = 20; cf. the left plot of Figure 3 for m = 30.
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Fig. 3. Convergence history for operator L(u) in (8.2). Left: m = 30. Right: m = 50.

Example 8.3. Our last set of experiments involves three matrices from the “Ma-
trix Market” [8], [24]. For the first two matrices, the right-hand side was chosen to be
the vector of all ones. Additional (fixed) incomplete LU preconditioning was applied
[25], [30]. In our experiments, we used the Matlab function luinc with tolerance tol
to build the preconditioning matrix P . As mentioned earlier in this section, in the
flexible algorithm this amounts to run the inner solver with the preconditioned matrix
AP−1.
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Fig. 4. Convergence history for flexible and restarted methods on matrix Sherman5. Left: no
preconditioning. Right: preconditioning using incomplete LU with tolerance tol = 10−2.

In Figure 4 we report experiments with the matrix sherman5 from the Harwell–
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Boeing set, a nonsymmetric 3312× 3312 matrix stemming from a fully implicit black
oil simulation [8]. The matrix was scaled using the absolute values of its diagonal
entries. The fixed ILU preconditioner was built using tol = 10−2.

The plots show that the behavior of the methods is more homogeneous after
fixed preconditioning, while when no preconditioning is applied the convergence of
the truncated flexible method is less predictable.
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Fig. 5. Convergence history for flexible and restarted methods on Preconditioned Oilgen (left)
and on Scaled Fidap ex11 (right).

The second matrix in the set is the oilgen 2205 × 2205 matrix from the same
matrix set, originating from a three-dimensional oil reservoir simulation [8]. The fixed
ILU preconditioning was applied with tolerance tol = 0.5. Convergence histories are
reported in the left plot of Figure 5. The difference in the behavior of the methods is
less pronounced.

Finally, we consider a larger matrix from the FIDAP group in the University of
Florida collection [8], namely matrix ex11 of size n = 16614, which stems from a
fully coupled Navier–Stokes problem. We set b = Ae, normalized so as to have unit
norm, and we use diagonal preconditioning. The results reported in the right plot
of Figure 5 show the dramatic improvements of the flexible methods over restarted
GMRES with m = 20. These results are consistent with the other experiments on
smaller matrices reported earlier.

We end this section with some comments on the behavior of the truncated schemes.
By comparing the results in Figures 2, 4, and 5, we see that, except for Example 8.2,
the curves of the flexible truncated variants quickly abandon the optimal curve of
the flexible method, confirming that orthogonalization with respect to the previous
inner starting vectors is crucial to obtain fast convergence. Among the choices we
have analyzed, however, we see that maintaining orthogonality with respect to the
two previous starting vectors (kt = 2) seems to provide the closest to optimal conver-
gence curve. Although in exact arithmetic kt = 1 is sufficient to ensure termination, a
larger value of kt seems to pay off in our tests at the cost of a smaller inner subspace
dimension (mt). Not surprisingly, however, the performance for kt = 4 indicates that
a value of mt that is too small may slow down convergence.
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9. Conclusion. We have analyzed a class of flexible inner-outer iterative Krylov
subspace methods in an unified manner. These are Krylov methods where the pre-
conditioner is itself a (preconditioned) Krylov method. We have shown convergence
of this class of methods by showing that the subspace from where the approxima-
tion is chosen keeps growing. This convergence is guaranteed as long as there is no
stagnation in the inner iterations.

We have shown experimentally (and in some cases theoretically) that these meth-
ods can compete favorably with the standard restarted methods such as GMRES(m).

In the case of truncated methods, our theory indicates one way in which to choose
the vectors to keep in order to guarantee convergence. Our experimental evidence
confirms the effectiveness of this choice. These truncated methods appear to perform
better than the standard restarted versions using the same amount of storage, and
in some cases they are almost as good as the untruncated flexible method (which
requires more storage).

Further analysis is needed to determine which vectors in the outer basis are the
important ones to keep, allowing us to use the storage for more vectors in the inner
basis; cf. [7].
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