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blocks have magnitude below a prescribed threshold. It is based on the algo-rithm PABLO [11]. We brie
y describe these algorithms in Sec. 2, but refer thereader to [11] and [3] for their full description and complexity analysis. Bothalgorithms are linear in the order of the matrix and the number of nonzeros, butin the threshold variant, the constant could be large.The algorithm PABLO, with some modi�cations, has been used to establishdiagonal blocks used as a block diagonal (or block Jacobi) preconditioner inseveral contexts [3], [7], [12], [18]. This is the �rst time where other types ofpreconditioners are studied.The e�ect of the threshold reordering on the performance of preconditionedKrylov subspace solvers is illustrated in Sec. 3, using matrices arising from thediscretization of certain elliptic PDEs in two dimensions. Additional experimentswill be reported in a forthcoming paper.2 The Permutation AlgorithmWe begin by reviewing the algorithm PABLO [11] on which TPABLO is based.These algorithms work with the graph of the matrix, choosing one node at a time,adding it to a group of nodes which would form the blocks along the diagonal, ifthe new node satis�es certain criteria. The amount of work is controlled by notsearching through all the available nodes, but only through a subset of eligiblenodes, those which are adjacent to some nodes in the current set, i.e., in thegroup of nodes of the block along the diagonal being formed. This feature makesthe algorithms linear in the order of A and in the number of its nonzeros [3],[11], adding relatively little computational time to the overall solution method.Given an n � n matrix A = (aij), let G = (V;E) be its associated graph,i.e., V = fv1; : : : ; vng is the set of n vertices and E is the set of edges, where(vi; vj) 2 E if and only if aij 6= 0; see, e.g., [5]. Given this graph, PABLOconstructs q subgraphs Gk = (Vk; Ek), k = 1; : : : ; q. The number of subgraphs,q, i.e., the number of the corresponding diagonal blocks, is not known a priori,but is determined by the algorithm and it depends on the structure of the graphG and the input parameters. In the version presented in [7], q is set by the user tomatch the number of available processors. In the algorithm PABLO (as well asin the threshold variant used in this paper), a �rst node is taken from the stackof unmarked nodes and this node starts a new current set of vertices P , thenadditional nodes are taken from the stack and added to the set P if they satisfycertain criteria, or sent back to the stack if not. Two criteria are used in PABLOto determine if a node v should be added to a current set P � V , correspondingto a diagonal block, by measuring how full fvg[P is, and how much the verticesin fvg [ P are connected to each other. The �rst criterion is measured by theratio � of the total number of edges corresponding to fvg [ P to the numberof edges that subgraph would have if it were complete (corresponding to a fullsubmatrix). If it is satis�ed then the new node is added. The second test is thatthe new node v must be adjacent to at least a certain proportion � of nodes in



the subgraph corresponding to P and more than outside it. For further details,see [11].In the algorithm TPABLO used in this paper, a third additional criterion isused to decide if a new vertex v is added to the current subgraph being formed.Let 
 be the given threshold, let P be the set of nodes of the current subgraph,and vj be the vertex being tested for addition to P (corresponding to the jthrow and column of the matrix). The node vj is added to P if, in addition toeither of the two criteria in PABLO, the following holds:jaijj > 
 or jajij > 
 for at least one i 2 P:The use of this additional criterion produces a permuted matrix in whichevery entry in the o�-diagonal blocks is smaller than the threshold in absolutevalue. Entries in the diagonal blocks may still have magnitude smaller than thethreshold 
, these are not discarded. In addition, the user can specify a minimumand a maximum block size; see further [3].We point out that the three main parameters of TPABLO, i.e., the two con-nectivity parameters � and �, and the threshold 
, together with the parameterfor maximum size of each block, provide the user with great 
exibility. Thus,one may wish to �nd permutations such that the resulting matrix has denseror sparser diagonal blocks, or ones whose o�-diagonal blocks have smaller andsmaller entries.We conclude this brief description of TPABLO by noting that there is noguarantee that the blocks along the diagonal obtained by this algorithm be non-singular. In fact, it would be easy to construct examples for which the resultingblock diagonal matrix is singular. Nevertheless, we should note that this problemdid not arise in our experiments.3 Numerical ExperimentsWe consider the following partial di�erential equation in 
 = (0; 1)� (0; 1)���u+ @exyu@x + @e�xyu@y = g (2)with Dirichlet boundary conditions. Equation (2) has been used many timesas a model problem in the literature; see, e.g., [13]. The problem is discretizedusing centered di�erences for both the second order and �rst order derivativeswith grid size h = 1=33, leading to a block tridiagonal linear system of orderN = 1024 with NZ = 4992 nonzero coe�cients. The right-hand side is chosen sothat the solution v to the discrete system is one everywhere. The parameter � > 0controls the di�culty of the problem |the smaller is �, the harder it is to solvethe discrete problem by iterative methods. For our experiments, we generated tenlinear systems of increasing di�culty, corresponding to ��1 = 100; 200; : : : ; 1000.The coe�cient matrix A becomes increasingly nonsymmetric as � gets smaller.



The Krylov subspace methods tested were GMRES(20) [16], BiCGStab [17],QMR [9] and CGNR (conjugate gradient method applied to the normal equa-tions ATAv = AT b). The preconditioners used were ILU(0) [10], ILUT [14] and,for use with CGNR, a drop tolerance-based incomplete QR factorization (see,e.g., [13] and [1] for information on incomplete QR preconditioning). In all ourexperiments we used v0 = 0 as initial guess and we stopped the iterations whenthe 2-norm of the `true' residual b � Avk had been reduced to less than 10�9,with a maximum of 1000 iterations allowed.For the TPABLO ordering, we set � = � = 0, a maximum block size of 100,and threshold 
 = 0:005 for ��1 = 100; 200; 300 and 
 = 0:01 for ��1 > 300. Weshow in Fig. 1 the sparsity patterns corresponding to (a) the natural orderingand (b) the TPABLO ordering for ��1 = 1000.
(a) Natural ordering (b) TPABLO orderingFig. 1. Matrix patternsIn Table 1 we show the amount of �ll-in incurred by the incomplete factor-izations ILUT and IQR for typical values of the parameters, using the naturalordering and TPABLO. The �gures refer to the number of nonzeros in the in-complete L and U factors for ILUT, and in the incomplete R factor for QR.Note that the amount of �ll-in increases almost monotonically with ��1, andthat TPABLO reduces the amount if �ll-in in all cases, except one.In Tables 2 and 3 we show the number of iterations for various combina-tions of Krylov solvers and preconditioners, with the natural ordering and withTPABLO. It is clear that as � decreases, the rates of convergence tend to deteri-orate with both orderings, but the deterioration is much slower in the TPABLOordering. This phenomenon is particularly striking for CGNR/IQR. As a result,TPABLO, which gives worse results than the natural ordering for the `easy'problems (� large), becomes clearly better for the `hard' problems (� small).Additional experiments where performed with CGNR/IQRwhere the columnsof the coe�cient matrix A were permuted according to the minimum degreeheuristic applied to the structure of ATA. The purpose of this heuristic is to



Table 1. Fill-in for the drop tolerance-based ILUT and IQR preconditioners(n/o = natural ordering, TP = TPABLO)ILUT(5,10�2) ILUT(10,10�3) IQR(10�2)��1 n/o TP n/o TP n/o TP100 12540 11258 21319 15520 9783 12718200 14458 13507 22935 19465 16742 14259300 14706 14139 23640 20850 19108 15050400 14782 14333 23876 21541 20093 15559500 14796 14425 24374 21970 20718 16167600 14807 14439 24571 21986 20697 16360700 14828 14523 24633 21953 21537 16260800 14852 14467 24677 22082 24362 16845900 14863 14002 24773 22023 25680 171351000 14856 14041 24855 22039 24727 17429Table 2. Number of iterations for di�erent preconditioners and iterative solvers(n/o = natural ordering, TP = TPABLO). A y means that convergence wasnot attained in 1000 iterations.ILU(0) ILUT(5,10�2) ILUT(10,10�3)GMR BST QMR GMR BST QMR GMR BST QMR��1 n/o TP n/o TP n/o TP n/o TP n/o TP n/o TP n/o TP n/o TP n/o TP100 17 36 12 15 20 27 7 9 4 5 7 10 5 7 3 4 6 8200 39 90 21 29 37 50 11 11 6 6 11 11 7 8 4 5 7 9300 113 220 36 44 58 71 14 13 9 7 15 14 8 9 5 6 9 10400 457 637 63 57 93 94 18 15 10 9 19 16 11 10 6 6 11 10500 y y 87 81 198 124 26 19 13 11 23 21 14 12 8 6 14 12600 y y 156 102 y 176 33 25 16 12 27 23 16 14 9 8 17 14700 y y 333 143 y 210 40 23 20 12 34 22 20 13 13 7 21 14800 y y 606 148 y 235 59 50 26 21 41 38 27 15 15 9 23 16900 y y 778 177 y 296 y y y y y y 32 17 16 9 27 181000 y y y 205 y 338 y y y y y y 38 18 18 10 32 19preserve sparsity in the triangular factor R (which corresponds to the Choleskyfactor of ATA); see [1]. With this ordering, the convergence rate of CGNR/IQRwas about as good as with TPABLO. However, �ll-in in the incomplete factor Rwas consistently found to be about 20% higher with minimum degree than withTPABLO.4 Concluding RemarksThe results of our experiments show that TPABLO can enhance the robustnessand performance of Krylov subspace methods preconditioned with incomplete



Table 3. Number of iterations for CGNR preconditioned with incomplete QRfactorization (n/o = natural ordering, TP = TPABLO).order 100 200 300 400 500 600 700 800 900 1000n/o 24 22 27 53 84 118 119 112 149 190TP 23 22 22 24 25 25 23 27 28 29factorizations. The bene�cial e�ect of TPABLO for the class of problems con-sidered in this paper can be explained as a `damping' of the instability of theincomplete LU factorizations of such matrices. This instability was �rst demon-strated in [8]; see also [4] and [15] for some illuminating examples of the samephenomenon. In this context, the `instability' refers to the fact that the norm of(LU )�1 can be extremely large. Hence, the ILU preconditioning matrixM = LUis extremely ill conditioned and so is the preconditioned matrixM�1A, althoughthe original problem is actually rather well conditioned. As shown in [8] for thecase of ILU(0), the ill conditioning is caused by the long recurrences in the for-ward and backward triangular solves when the preconditioning is applied. WhenA is highly inde�nite or has large nonsymmetric part, even the more accurateILUT factorization can exhibit this kind of instability, causing the preconditionediteration to fail [4]. In this case, a common course of action is to increase theaccuracy of the preconditioner by allowing more �ll-in in the incomplete factors,which increases the cost of forming and applying the preconditioner. Anotherpossibility would be to switch to sparse approximate inverse preconditioners,which do not involve triangular solves and are therefore immune from the typeof instability described above; see, e.g., [2] and [4]. However, these precondition-ers are more expensive to compute and use than incomplete factorizations.Another alternative is to apply some reordering to the original matrix. Thisleaves the conditioning of the matrix unchanged, but may have a bene�cial e�ecton the conditioning of the preconditioner. It appears that TPABLO can improvethe stability of the incomplete factorization without increasing the amount of�ll-in, in fact even reducing it. The price for this is the cost of the preprocessingitself, which may be negligible if a sequence of linear systems with the samematrix and di�erent right-hand sides must be solved. A more detailed analysiswill be presented, together with additional experiments, in a forthcoming paper.Acknowledgment.We would like to thank Miroslav T�uma for providing someof the codes which were used for the numerical experiments.References1. Benzi M., T�uma M.: A comparison of preconditioning techniques for general sparsematrices. In S. Margenov and P. Vassilevski (Eds.), Iterative Methods in LinearAlgebra, II, IMACS Series in Computational and Applied Mathematics Vol. 3,pages 191{203 (1996)
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