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Abstract. Being one of the key tools in conformationdynamics,the identi�cation of metastablestatesof
Markov chainshasbeensubjectto extensive researchin recentyears,especiallywhentheMarkov chainsrepresent
energy statesof biomolecules.Somepreviouswork on this topic involvedthecomputationof theeigenvaluecluster
closeto one,aswell asthecorrespondingeigenvectorsandthestationaryprobabilitydistribution of theassociated
stochasticmatrix. Morerecently, sincetheeigenvalueclusteralgorithmmaybenonrobust,anoptimizationapproach
wasdeveloped.As a possiblelesscostlyalternative, we presentanSVD approachof identifying metastablestates
of astochasticmatrix,whereweonly needthesingularvectorassociatedwith thesecondlargestsingularvalue.We
alsointroduceaconceptof blockdiagonaldominanceonwhichouralgorithmis based.Weoutlinesometheoretical
backgroundanddiscusstheadvantagesof this strategy. Somesimulatedandrealnumericalexamplesillustratethe
effectivenessof theproposedalgorithm.
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1. Intr oduction. The researchfor this paperhasbeenmotivatedby the work on con-
formationdynamics,or morespeci�cally, on the identi�cation of metastableconformations
of biomoleculesdoneby Deu�hard et al., see,e.g.,[7], [8], andthereferencestherein.This
problemarisesfor instancein drugdesign,whereit is importantto studydifferentconforma-
tionsof thedrugmoleculein orderto optimizeits shapefor bestpossiblebindingproperties
with respectto the targetmolecule[22]. Differentconformations,alsocalledaggregatesor
metastablestatesof amoleculearesetsof statessuchthatthetransitionwithin thesetis very
probablewhereasthetransitionbetweenthesesetsonly rarelyoccurs.

We brie�y describethis problemfrom a mathematicalpoint of view. Givena stochastic
matrix � representingsomestatesof a biomolecule,but includingsomenoisedueto mea-
surements,�nd a permutation� sothat �����	��

����� , where � is stochasticandblock
diagonal,and � hassmall entries. The diagonalblocksof � correspondto the metastable
states,and � consistsof thenoiseandalsoof thesmallprobabilitiesthatthemoleculemight
movefrom oneaggregateto another. Thenumberof blocksin � is of particularinterest,and
it is not known a priori .

Theapproachto identify metastableconformationsof biomoleculespresentedin [7] in-
volves the computationof the eigenvalue clusterof � close to one, the so-calledPerron
cluster, aswell asthecorrespondingeigenvectors.Thenumberof eigenvaluesin thecluster,
then, representsthe numberof differentmetastablestates.The algorithmalsousesa sign
structureanalysisof thecorrespondingeigenvectorsto identify thedifferentsets.Sincethis
algorithmmaybenonrobust,anoptimizationapproachwasdevelopedin [8]. Themainidea
of theapproachin [8] is to �nd atransformationof thecomputedperturbedeigenvectorssuch�
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thatthetransformedeigenvectorsarecontainedin asimplex with unit vectorsasvertices.The
numberof verticesis takento be thenumberof diagonalblocks,it maybesmallerthanthe
numberof computedeigenvectors. In both approachesthe Markov chainis assumedto be
reversiblein orderto exploit thefactthatthetransitionmatrix is thensymmetricwith respect
to aninnerproduct,which in its de�nition requiresthestationarydistribution of theMarkov
chain.

The main drawbacksof thesetwo approachesare �rstly , that the identi�cation of the
Perronclustermay be dif�cult or even impossibleif the transitionmatrix of the Markov
chainhasnosigni�cant spectralgaps;andsecondlyin the�rst method,thecalculationof the
stationarydistribution,althoughusuallywell conditioned[11], [16], [20], [29], maybecostly
andbadlyconditionedif the Perronclustercontainsmany eigenvaluesvery closeto 1; see,
e.g.,[25]. In this case,alsothe identi�cation of thePerronclustermay be dif�cult or even
impossible. We compareour new methodto thesetwo methodsof [7] and[8], sincethey
seemto bethestateof theartmethodsusedto identify conformationsof biomolecules.

In thispaper, wepresentadifferentapproachto identifyingmetastablestatesof aMarkov
chain:we �nd a permutationof a givenstochastictransitionmatrix of a Markov chain,such
thattheresultingmatrix is block diagonallydominant.We alsointroducea conceptof block
diagonaldominancedifferentthanthatusedin [7], [8]. In ourmethodwedonotneedto know
thenumberof metastablestatesin advancebut insteadit is calculatedin theprocess.Hence,
thefunctionalityof thealgorithmdoesnotdependonasigni�cant gapin thespectrumof the
transitionmatrixof theMarkov chain.Furthermore,insteadof calculatingmany eigenvectors
or employing costly optimizationprocedures,we calculateonly two singularvectorsthat
correspondto thetwo largestsingularvalues.This allowsusto useiterativeproceduressuch
asLanczosor Arnoldi iterationfor our computations[3]. Sincewe aredealingwith singular
vectorsinsteadof eigenvectors,we do not needthe reversibility assumptionon theMarkov
chain. Underthis assumption,the transitionmatrix is symmetricin a non-Euclideanscalar
productde�ned usingthestationarydistribution. Symmetryon theotherhandis neededfor
accuracy of calculations.In thecaseof singularvectors,we do not needthis, sincesingular
vectorsform anorthogonalbasis.

The basicideaof our algorithmis to calculatethe singularvector that correspondsto
the secondlargestsingularvalue, sort its entriesand apply the thus obtainedpermutation
to the transitionmatrix. This ideais basedon an observationdueto I. Slapnicar[23]. Our
strategy partlyre�ectswell-studiedideasfrom theliteratureoncomputerscienceanddiscrete
mathematics.In graphpartitioning,theFiedlervector, whichis theeigenvectorcorresponding
to the secondsmallesteigenvalueof a Laplacianmatrix playsan importantrole, see,e.g.,
[12], [21] for the basicsand[1], [24] for further reading. Ideasof usingthesingularvalue
decompositionfor graphclusteringcan be found, e.g., in [9], [30], or in the caseof the
seriationandtheconsecutiveonesproblem,e.g.,in [2].

Our paperis organizedas follows. In Section2 we introducethe notationand some
well-known de�nitions and theoremsthat we will usethroughoutthe paper. In Section3,
we formulatesometheoreticalresultsfor uncoupledMarkov chainsfollowedby Section4,
wherewe translatetheseresultsto the nearly uncoupledcase. In Section5, we describe
our algorithmin detail. Finally, in Section6, we presentsomeconstructedandsomereal
numericalexamplesthatillustratethefunctionalityof ournew method.

2. Preliminaries. Wecall avector ������� , ��

� ����� �"!$#&%('('('(% � positiveandwewrite ��)+*
if all its entries ��� arepositive. A matrix ,-�.�/�102� , ,3
4� 56�879� ��% 7:!�#;%('('('(% � is calledpositive
(nonnegative)and we write ,<)=* ( ,?>@* ) if all entries 5:�87 are positive (nonnegative).
The matrix , is calledreducibleif thereexists a permutationmatrix �A�B���10C� , suchthat
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 H ,I#J# *,/K # ,/K:K9L , where ,I#J#NM:, KJK aresquare.Otherwiseit is calledirreducible. We

call the matrix , (strictly) diagonally dominantif O 5 �P� OQ)-R �7:!�#7NS!�� O 5 �87 O for all T	
4UVMXWYWXWXM:Z .

We denoteby [ thevectorof all ones �"U\MXWYWXWYMXU9�]� . For ^$M_�`�B�/� , we denoteby a]^�M:�cb the
Euclideanscalarproduct.

A scalar de�f� is called an eigenvalue of the matrix , �g���102� if a vector�h�i�/�jM��lk
m* exists,suchthat ,n�	
Bd2� . Suchavector � is calleda(right) eigenvectorof ,
associatedwith d . A vector op�q���jM$ork
s* with ot�I,B
GduoE� is calleda (left) eigenvector
of , . Let ,v�w�/�x0C� have theeigenvaluesdx�_MyTz

U\MXWYWXW9M:Z . We call {x|],t}Q
B~����u#&�j��� � O d1�JO
thespectral radiusof , .

A processis called�nite homogeneousMarkov chain if it hasZ states�V#NMYWXWXWXMJ� � andthe
transitionprobability ��� �N�j���;79��
	�c56�87 is time-independent.Thematrix ,s
�� 5_�879� ��% 7:!�#;%('('('(% �
satis�es 56�(7�>�* and R �7:!�# 56�87�
GU for T&M��	
vUVMXWXWYW9M_Z , i.e.,it is (row)stochasticandit is called
the transitionmatrix of a Markov chain. We denoteby ����
�� �j�� � �"!�#;%('('('(% � the probability
distribution vector, where� �� is theprobabilitythatthesystemis in state��� after � steps.We
have, � �� >�* and R ��P!�# � �� 
.U for each� . A distribution vector � is saidto bestationaryif�1��,�
��1� . A matrix � is calledblock stochasticif � is block-diagonal,i.e..,

(2.1) �m
��2�P�\�1|]�D#�MXWYWXWXMJ�E�D};M
thematrices� � ���j�\�:0C��� , Tt
3U\MYWXWXWXM_� , are(row) stochasticmatrices,and R ��P!�# Z � 
pZ .
For every block � � , we de�ne sets� � of Z � indicescorrespondingto theblock � � . We have� ��"!$# � � 
v�VUVMXWXWYW9M_Zy� and � �J� � 7 
B� for Tnk
+� . Wede�ne by � �87 
��	|�� � MJ� 7 } thesubblock
of � thatcontainsentries  �;¡ , where �¢�l� � M:£$�¤� 7 .

The (adjacency) graphof a matrix �¥
¦�  C�879�§�]% 7:!�#;%('('('8% � is de�ned by letting thevertices
representtheunknowns.Thereis anedgefrom node�¨� to node�©7 whenever  c�87ªk
�* . Wecall
a graphand,hence,the correspondingmatrix simplyconnectedif for all T&M��`�G�VU\MYWXWYW9M_Zy�
thereexistsa pathfrom nodeT to node� or from node� to nodeT .

The well-known Perron-FrobeniusTheorem(see,e.g., [4, p. 27]) guaranteesthe exis-
tenceanduniquenessof a stationarydistribution.

THEOREM 2.1 (Perron-FrobeniusTheorem). Let ,4>3* be irreduciblewith spectral
radius {j|�,�} . Then{x|],t} is a simpleeigenvalueand , hasa positiveleft andright eigenvector
correspondingto {j|�,t} . Anypositiveeigenvector � of a nonnegativematrix , correspondsto{j|�,t} .

In thispaperweapplythesingularvaluedecompositionto identify metastablestatesof a
Markov chain.Thefollowing well-known theorem(see,e.g.,[14, p. 70]) statestheexistence
of a singularvaluedecomposition.

THEOREM 2.2 (SVD). Let �<�r���10C� . Then,there exist orthogonal matrices «?
� ^/#�MXWXWYW9M_^ � �I�i�/�10C� and ¬.
.� �V#�MXWYWXW9M:� � �I�­�j�x0C� , such that

(2.2) �m
s«�®¯¬ � M
where ®+
��C�§���j|]°j#�MYWXWYW9M:° � } and °j#�>+° K >sWXWXWu>+° � >�* .

We call °x#�MXWYWXWXMJ° � , singular values, ^�#�MXWXWYW9M_^ � , left singular vectors and �¨#�MXWYWXWXM:� � ,
right singularvectorsof � . Singularvalueswith multiplicity onearecalledsimple.

3. Uncoupled Mark ov chains and the SVD. In this sectionwe formulatethe theo-
retical basisfor the sign structureapproachthat we usein our algorithm. In Theorem3.1,
following thelinesof [7, Lemma2.5], we show animportantsignstructurepropertyfor sin-
gularvectors.Subsequently, we explain how we usethis propertyin our approachandstate
theadvantagesof thisstrategy.
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If a block stochasticmatrix � is permutedto �±
¥�F�t��� thenclearly � and � have
the samesingularvalues. In the following we presentan approachto obtaina permutation
matrix ²� that yields ²��
³²�F���v²� where ²� is block-diagonalandrevealsthehiddenblock-
structureof � . We will determinesucha ²� by meansof thesingularvaluedecomposition.
Onemotivationfor our approachis thefact that thesingularvectorsof � areobtainedfrom
thoseof � by thesamepermutationthatpermutes� to � .

THEOREM 3.1. Let � be a block-stochasticmatrix of the form (2.1) with � simply
connecteddiagonalblocksof order Zy#NMXWYWXWYM_Z�� , denotedby �D#�MXWYWXW9MJ�E� . Let ��� bethesetofZ�� indicescorrespondingto theblock �D� , Ty
GUVMXWYWXW9M:� . Let�s
@²«�®¤²¬ �
be a singular valuedecompositionof � as in (2.2) and let ²^�#�MXWYWXWXM ²^x� be the � left singu-
lar vectors correspondingto the largestsingular valueof each of the blocks ��#�MXWXWYWXMJ�E� ,
respectively. Associatewith everystate � � its signstructure´ �P�\µ�|��©�¶}·�(
-¸ ´ �\µ�| ²^�#9}_�_MYWXWYWXM ´ �\µ�| ²^x�D}6�]¹ M
where ´ �Vµº�C��»x¼½�¨»FU\MJ*2MXU\�¾­¿»x¼ ÀÁ Â UVM ¾ )�**uM ¾ 
�*»FUVM ¾�Ã * W
Then,

i) statesthatbelongto thesameblock of � exhibit thesamesignstructure, i.e., for any�¯7 andall �jM:£$�l�17 , wehavé �"�VµI|�� � }Ä
 ´ �P�\µ�|�� ¡ } ;
ii) statesthatbelongto differentblocksof � exhibit differentsignstructure, i.e., for any�E�:M:�Å7 with TEk
`� andall �¢�¤���6MJ£��¤�17 wehave ´ �"�Vµ�|�� � }�k
 ´ �"�VµI|�� ¡ } .

Proof. i) Theleft singularvectorsof amatrix � aretheeigenvectorsof �E�F� , sincefrom
(2.2) weget �t� � 
@²«F® K ²« � , see,e.g.,[14]. Notethatthesingularvaluesof � arethesquare
rootsof theeigenvaluesof �E��� .

Sincewehaveassumed� to have � simplyconnectedblocks,thematrixproduct�F���E��
is irreducibleandwehave � � �t�� >�* . Hence,by thePerron-FrobeniusTheorem2.1wehave
that {j|]� � �t�� } is a simpleeigenvalueandthe correspondingright eigenvector Æ^ � is strictly
positive. Thus,thevector

(3.1) ²^j�I
.� *2MYWXWXWXM:*2McÆ^ �� M:*2MYWXWYW9M:*�� �
is aneigenvectorof �E�t� correspondingto thelargesteigenvalueof theblock � � �E�� , i.e., it is
a left singularvectorcorrespondingto thelargestsingularvalueof theblock � � . This implies
thatstatesthatbelongto thesameblock exhibit thesamesignstructure.

ii) Sinceby part i) all statesthatbelongto thesameblock have thesamesignstructure,
without lossof generality, we may assumethat every block consistsof only onestate,i.e.,Zp
A� . Then, since ²«Ç
?� ²^/#�MXWYWXW9M ²^x�E���¥� � 0 � is orthogonal,the rows of ²« arealso
orthogonaland,hence,no two vectorscanhave thesamesignstructure.

Note,that thesameresultscanbeobtainedfor theright singularvectorsby considering
thematrix �t��� insteadof �E�t� .

To illustratethesignstructurepropertyestablishedin Theorem3.1 we considerthefol-
lowing example.



ETNA
Kent State University 
etna@mcs.kent.edu

50 D. FRITZSCHE,V. MEHRMANN, D. B. SZYLD, AND E. VIRNIK

EXAMPLE 3.2. Considerablockdiagonaltransitionmatrixof aMarkov chainwith three
blocksof sizes2, 3, 2. Then,thethreesingularvectors� # M_��KVM_��È correspondingto thelargest
singularvaluesof eachof theblocksarelinearcombinationsof thevectors ²^I� in (3.1). We
have thatthevectors ²^/� ��#� K� È�YÉ�©Ê�©Ë�©Ì

²^ #ÍÎÎÎÎÎÎÎÎÏ �� *****
ÐÒÑÑÑÑÑÑÑÑÓ

²^xKÍÎÎÎÎÎÎÎÎÏ **��� **
ÐÒÑÑÑÑÑÑÑÑÓ

²^xÈÍÎÎÎÎÎÎÎÎÏ *****��
ÐÒÑÑÑÑÑÑÑÑÓ

arepositive on theblock they correspondto andzeroelsewhere.A possiblelinearcombina-
tion for theorthogonalvectors�V� couldleadto thefollowing signstructure.��#� K� È� É� Ê� Ë� Ì

�V#ÍÎÎÎÎÎÎÎÎÏ �������
Ð ÑÑÑÑÑÑÑÑÓ

� KÍÎÎÎÎÎÎÎÎÏ �� »»»»»
Ð ÑÑÑÑÑÑÑÑÓ

� ÈÍÎÎÎÎÎÎÎÎÏ »»»»»��
Ð ÑÑÑÑÑÑÑÑÓ W

Here, the states� # M&�YK belongto the �rst block andhave the sign structure |¶�	M&�	MX»E} , the
states�©È�M&� É MJ� Ê belongto the secondblock andhave the sign structure |¶�	MX»FMY»E} and the
states� Ë M&� Ì belongto thethird blockandhave thesignstructure|¶�	MX»FM;�D} .

Theideato sortthesingularvectorcorrespondingto thesecondlargestsingularvalueand
to apply the resultingpermutationto the matrix is dueto an observationby Slapnicar[23].
This methodalwaysworksfor matriceswith only two blocks,seeSection5 for anexample,
andusuallyworks for matriceswith a few blocks. For largermatriceshaving moreblocks,
however, thissimpleapproachis not suf�cient to revealtheblockstructure.

By using the sign structurepropertyestablishedin Theorem3.1 we modify this idea
into a recursive bisectioningalgorithmthat is suitablefor large matriceswith any number
of blocks. The main strategy is to identify two blocks in eachstepandapply the sorting
procedurerecursively to eachof the blocks. The detailsof the algorithmarepresentedin
Section5.

Theadvantagesof this approachin comparisonto theeigenvalueapproachpresentedin
[7] arethefollowing:Ô we do not needto know the numberof blocksin advance. Instead,we only seta

tolerancethresholdfor thesizeof theentriesin theoff-diagonalblocks.Thenumber
of identi�ed blocksthenre�ects thegiventolerance,seeSection4;Ô insteadof computingall eigenvectorscorrespondingto the eigenvalue1, we only
calculatetwo singularvectorsin eachrecursionstep;Ô it is lesscostlythananoptimizationapproachin termsof runtime,sincewe needto
calculateonly two singularvaluesandvectorsper recursion,which canef�ciently
bedoneby Arnoldi-typeiterativeprocedures[19];Ô to computeeigenvectorsaccurately, it is usuallyassumedthat the transitionmatrix
is symmetricin a non-Euclideaninnerproductde�ned usingthestationarydistribu-
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tion; for thecomputationof singularvectors,we do not needthis assumption,since
singularvectorsareby de�nition orthogonal;Ô theapproachmakesuseof combinatorialaspectsof theproblem.

4. Nearly uncoupledMark ov chains. In theprevioussectionwe have consideredun-
coupledMarkov chains. In applications,due to perturbations,noiseandactualweakcou-
plingsbetweenaggregates,theMarkov chainsarenearlyuncoupled.Sucha matrix � , con-
sistingof � nearlyuncoupledblocks,canbetransformedby a permutationmatrix � to

(4.1) �F��� � 
m�`�`�

 ÍÎÎÎÎÏ ��#J# �t# K WYWXWÕ�t#_�� K # � KJK WYWXWÕ� K �
...

...
...�n�n#e�n� K ... �t�·�

ÐÒÑÑÑÑÓ M
wherethe elementsof each �E�87 aresmall. In this case,we arelooking for somepermuta-
tion matrix ²� , possiblydifferentfrom the matrix � in (4.1), that permutes� into a block
diagonally-dominantmatrix of the form (4.1). In order to de�ne diagonaldominancefor
blocks,weneedto introduceameasurefor thesmallnessof theoff-diagonalblocksor, equiv-
alently, a measurefor thelargenessof thediagonalblocks.

For thispurpose,in De�nition 4.2below, we�rst de�ne anormthatis moregeneralthan
thatof [7, De�nitions 2.3,2.4]. Thenormusedin [7, De�nitions 2.3,2.4]andthe [ -normthat
wewill usein thefollowing, will thenbespecialcasesof thegeneralnormin De�nition 4.2.

Let � � MJ� ¡lÖ �¨U\MXWYWXW9M:Zy� be setsof indices. In the following, we denoteby � �;¡ 
��|�� � MJ� ¡ } thesubblockof � correspondingto the index sets� � MJ� ¡ . For simplicity, for any� , we write � � for thediagonalblock � �9� .
DEFINITION 4.1 (Conditional transitionprobability). Let �Õ
×� ØX�87X�l�-�/�10C� be a

stochasticmatrix. Let ��

� �¨#NMXWYWXWYM_� � � � bea positivevectorwith R ��P!�# ����
.U . Let � � MJ� ¡ Ö�VUVMXWXWYW;M_Zy� besetsof indiceswith � � � � ¡ 
v� andlet � � 
G�¢|�� � MJ� � }9M:� ¡ 
G�¢|�� ¡ M&� ¡ } be
thecorrespondingblocks..Then,theconditionaltransitionprobability from � � to � ¡ is given
by Ù$Ú |]� � M:� ¡ }Ä
 R �]ÛVÜ�Ý©% 79ÛVÜ�Þ � � O Ø �87 OR �]ÛVÜ Ý ��� W(4.2)

Notethatin (4.2), in orderto de�ne a normin thefollowing De�nition 4.2, we useabsolute
valuesof Ø;�87 , althoughin ourcasetheseentriesareall nonnegative.

DEFINITION 4.2 ( � -Norm). For any vector ��)r* , we de�ne the � -norm of a matrix
(block) � �&¡ by

(4.3) ß9� �;¡ ß Ú �8
 Ù Ú |]� � M:� ¡ }9W
DEFINITION 4.3 (Couplingmatrix). Let � # MYWXWXWYMJ� � Ö �VUVMXWXWYW;M_Zy� be setsof indices

such that
� ��P!�# � � 
@�¨U\MYWXWXWXM_Zy� and � �$� � 7 
A� , for all T¤k
3� . Let � � 
à�¢|�� � M&� � } ,��
áUVMXWXWYW9M_� , be thediagonalblocksof thecorrespondingblock decompositionof � . The

couplingmatrix of thedecompositionis givenby thestochasticmatrix â Ú
de�nedby|�â Ú } �;¡ 
 Ù Ú |�� � MJ� ¡ };M

for �jMJ£�
GU\MYWXWYW9M_� .
In [7] and[8] thevector � is takento bethestationarydistribution of theMarkov chain,

i.e., �º
.ã , where ãI�I�3

ã�� and ã��y[¤
äU . Hence,thenormusedin [7] and[8] is called
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the ã -norm. If we use �l
å[ insteadandrecallingthat Z � is thecardinalityof � � , thenwe
obtain

(4.4) ß9� �&¡ ßXæD
 UZ � ç��ÛVÜ�ÝN% 79ÛVÜ�Þ O Ø;�87¨O8M
andwe call this normthe [ -norm. Notethat the [ -normis simply theaveragerow sumof a
matrix (block).

We discussthedifferenceof the [ -normandthenormusedin [7] and[8] in Section6.
The advantageof our choiceis that we avoid calculatingthe stationarydistribution of the
Markov chain,which,althoughusuallywell conditioned[11], [16], [20], [29], maybecostly
andbadly conditionedif thePerronclustercontainsmany eigenvaluesvery closeto 1, see,
e.g.,[25]. Weclaimto obtainthesamequalitativeresultswith bothnorms,seeSection6. The
following lemmagivesthefactorsfor theequivalencebetweenthetwo norms(4.3) and(4.4)
for adiagonalblock.

LEMMA 4.4. Let �r
¥� Ø9�(7Y�z���j�102� bea stochasticmatrix. Let � � Ö �VUVMXWXWYW9M_Zy� bea
setof Z � indicesand � � 

��|�� � MJ� � } thecorrespondingprincipal subblock. Furthermore,
let ��

� �V#�MXWXWYWXM:� � �§� bea positivevectorand �\èêé ë , ��èêì_í theminimumandmaximumvalues
of theentriesin �j|�� � }Ä
v�Y���ÄO�Tz�¤� � � . Then,wehaveß9� � ß Ú�î � èêì:í��èêé ë ß9� � ß æ î � Kèêì:í� Kèêé ë ßX� � ß Ú W

Proof. We haveß9� � ß Ú 
 R �]% 79ÛVÜ�Ý ���&O Ø9�(7¨OR ��ÛVÜ�Ý ��� M�ß9� � ß9æ�
 UZ � ç��% 79ÛVÜ\Ý O Ø9�(7¨OÒW
Since� èêé ë î � � î � èêì_í for all TQ�º� � , we havethatß9� � ß Ú î R ��% 79ÛVÜ�Ý ��èêì:íuO Ø9�(7¨OR �]ÛVÜ�Ý ��èêé ë 
 � èêì:í��èêé ë W UZ � ç��% 79ÛVÜ\Ý O Ø9�(7¨O\
 � èêì:í��èêé ë ßX� � ßXæ¨W
Similarly, ßX� � ß Ú > R �]% 79ÛVÜ�Ý � èêé ë O Ø �87 OR ��ÛVÜ\Ý � èêì_í 
 ��èêé ë� èêì_í ßX� � ßXæ¨W
Note,thatif we take � to bethestationarydistribution ã of theMarkov chain,then �¨�¯� � can
bearbitrarily closeto zero.

In the numericalexamplesin Section6, we can seethat for the diagonalblocks theã -normis usuallylarger thanthe [ -norm. Lemma4.4 indicatesthatevenif ß9� � ß Ú is larger
than ß9� � ßXæ , theformercannotexceedthelatterby morethana factor �Vèêì:íVïN��èêé ë . Howeverß9� � ß Ú is notalwayslargerthan ßX� � ßXæ asthefollowing exampledemonstrates.

EXAMPLE 4.5. Considerthestochasticmatrix�

 ÍÏ *uW"Uf*2W ð **uW"Uf*2W ñ *2WPU*uW òó*2WPU *2W ô ÐÓ W
Thestationarydistribution of � is givenby ã��`
 ¸ *uW"U©ò�õ¨ôö*uW ôVðV÷�òö*2WPUNø�ò2U&¹ . For the �rst÷�ùl÷ block �F# we have ßX�F#�ß9ú�
m*2W ð2UYôVò Ã *2W ðVûF
.ßX�D#\ß9æ .
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We now usethe [ -normto introducea measureof thelargenessof diagonalblocks.
DEFINITION 4.6 (Nearlyuncoupled). Wecall twoor morediagonalblocksof a stochas-

tic matrixnearlyuncoupledif the [ -normof eachof theblocksis larger thana giventhresholdü:ý2þ 
vU¯»wÿ for somesmall ÿ	)�* . We call a matrix ²� with

²�å

ÍÎÎÎÎÎÎÎÎÎÎÏ

� # � # K WXWXW�� #_�� K # � K
...

...
...���n# WXWXW-���

Ð ÑÑÑÑÑÑÑÑÑÑÓ
nearlyuncoupledif its � diagonalblocksare nearlyuncoupledandthecorrespondingcou-
pling matrix (seeDe�nition 4.3) is diagonallydominant.

Ouralgorithmis designedto determinethepossiblymaximalnumberof blockssuchthat
thecouplingmatrix is diagonallydominant.

In theprevioussectionwehaveshown thatsingularvectorsthatcorrespondto thelargest
singularvaluesof eachof theblockshave a speci�c signstructure.Statesthatbelongto the
sameblock exhibit thesamesignstructureandstatesthatbelongto differentblocksexhibit
differentsignstructures.Sinceour identi�cation algorithmis basedon thissignstructure,we
needto show thatundercertainconditionstheassertionsof Theorem3.1 arestill trueunder
perturbations.

4.1. Perturbation theory. In thissectionweconsidercomponentwiseperturbationthe-
oryof singularvectors(orequivalentlyeigenvectorsof symmetricmatrices)accordingto [17],
sincewe areinterestednot only in thesizeof thecomponentwisedeviation of theperturbed
singularvectorfrom theunperturbedbut alsoin its sign. For thenormwiseperturbationthe-
ory for singularvectorssee,e.g., [26]. A survey of componentwiseperturbationtheory in
absolutevaluescanbe found in [15]. Perturbationtheory in termsof canonicalanglesof
singularsubspacesis discussed,e.g.,in [5], [10], [27].

Considertheperturbedstochasticmatrix�p
 Æ�+� ��� M
for some� )v* . Hereboth Æ� and � arestochastic.For suf�ciently small real � , thematrix,�| � }ê
m����� is a linearsymmetricoperatorthatcanbewrittenas

(4.5) ,�| � }Ä
�,`� � , � #�� ����| � K }9M
where,	|]*V}ê
�,�
 Æ� Æ� � is theunperturbedoperatorand , � #�� 
 Æ� � � � � Æ� � is aLyapunov
perturbationoperator;see[17, pp. 63, 120]. For all real � )å* , thematrix-valuedfunction,�| � } is aproductof astochasticmatrixwith its transpose,thatis symmetricandnonnegative.
Note,thattheperturbationsherearealsosymmetric.Accordingto [17, Section6.2], for such
a ,�| � } thereexistsanorthonormalbasisof eigenvectors	 � | � } thatareanalyticfunctionsof � .
In particular, theeigenvectors	 � | � } dependsmoothlyon � andadmita Taylorexpansion

	 � | � }z

	 � � � 	 � #��� ���h| � K };M(4.6)

where 	 � aretheorthonormaleigenvectorsof theunperturbedoperator, , i.e., linear com-
binationsof thevectors ²^/� in (3.1), and 	 � #��� is the(vector)coef�cient of the�rst ordererror
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thatwe will derive in thefollowing; seealso[17, Section6.2] for details.Thefollowing is a
generalizationfrom eigenvectorsto singularvectorsof [7, Theorem3.1] and[8, Lemma2.1].
Notethatin [8, Lemma2.1] a termis missing.

THEOREM 4.7. Let ,�| � } as in (4.5) havethe two largesteigenvalues d/#�| � }h>¥d K | � } .
Supposethat theunperturbedmatrix ,G
v,�|]*¨} asin (4.5) canbepermutedto ²,G
.�D,E�F�
such that ², has � uncoupledirreducibleblocks. Let d/#¢)�d K )3WXWYWê)åd1� be the largest
eigenvaluescorrespondingto each of theblocks.Then,theperturbedorthonormaleigenvec-
tor 	 K | � } correspondingto theperturbedsingularvalue d K | � } is of theform

	 K | � }Ä
 �ç7:!�# | ¾ 7·� �
� 7©} ²^u7z� � �ç7:!�����# � 	I7\M�	 � #��K�� 	I7·����| � K };M(4.7)

where ²^u7 are theeigenvectors in (3.1) and ¾ 7\M � 7 aresuitablecoef�cients.
Proof. Assumethat ², has � uncoupledirreducibleblocksandsupposethat d�#�MXWYWXWXM&du�

arethelargesteigenvaluescorrespondingto eachof theblocks,i.e., thecorrespondingeigen-
vectors	 � arelinearcombinationsof thevectorsin (3.1). For �­
3UVMXWYWXW9M:� , let � � be the
orthogonalprojectiononto theeigenspaceof theeigenvalue d � . Then,by [17, Sec.II.2.1],
theperturbedprojection � � | � } is analyticin � andadmitsa Taylorexpansion� � | � }Ä
�� � � � � � #��� ����| � K };Mê�ª
.U\MYWXWYW9M_�iM
where� � #��� is thecoef�cient of the�rst ordererrorasde�ned in [17, Sec.II.2.1(2.14)],i.e.,� � #��� 
 ç79Û��&#&%('('('(% ���7NS! � Ud � »wd 7 |]� � , � #�� ��7Q�`��7X, � #�� � � }9My��
.U\MXWYWXW9M:�­W
Let �y#;%('('(' % � be the orthogonalprojectiononto the eigenspacecorrespondingto the distinct
eigenvaluesdj#�MXWXWYWXM&du� . Then,� #&%('('('(% � | � }z
 �ç �"!�# � � | � }Ä

 �ç �"!�# � � � � �ç �P!�# ç79Û��&#&%('('(' % ���7NS!�� Ud1�/»wdC7 |�� � , � #�� � 7 �`� 7 , � #�� � � }I����| � K }Ä



��ê#;%('('('(% �+� � �ç �P!�# �ç7:!�����# Ud � »qd 7 |]�$�], � #�� ��7Q�`��7X, � #�� �$�¶}I����| � K };M(4.8)

sincethetermsfor � î � cancelout. For thecorrespondingeigenvectors	·#�| � }9MXWYWXWXM�	y�	| � } ,
we havethat

(4.9) 	 � | � }Ä
��ê#;%('('(' % ��| � }�	 � | � };Mê��
vUVMXWXWYW9M_�iW
By plugging(4.6) and(4.8) into theright handsideof (4.9), weobtain

	 � | � }Ä
�	 � � � 	 � #��� ����| � K }Ä

m� #&%('('(' % � 	 � � � | �ç7:!�����# Ud � »qdC7 � 7 , � #�� 	 � ��� #;%('('(' % � 	 � #��� }�����| � K };W
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Comparingthecoef�cients correspondingto � , we get|��F»w�y#;%('('('(% �t}�	 � #��� 
 �ç7:!�����# Ud � »wd 7 ��7X, � #�� 	 � W
Since |��º»s�y#;%('('(' % ��} is the orthogonalprojectioncomplementaryto �z#;%('('(' % � , which is the
projectionontotheeigenspacecorrespondingto theeigenvectors	·#$WYWXWXM�	y� , weobtain

	 � #��� 
 �ç7:!�# ²� � 7 	 7 � �ç7:!�����# Ud � »qdC7 � 7 , � #�� 	 � M(4.10)

with somecoef�cients ²� � 7 �i� . By inserting(4.10) into (4.6), we obtain

	 � | � }z
�	 � � � 	 � #��� ���h| � K }Ä

 �ç7:!$# | ¾ � 7 � �
� � 7 } ²^ 7 � � �ç7:!�����# Ud � »qdc7 � 7 , � #�� 	 � ����| � K }9M(4.11)

with somecoef�cients ¾ � 7\M � � 7F�­� , sincetheeigenvectors	 � arelinearcombinationsof the
vectors ²^u7 in (3.1).

Following thelinesof theproof of [8, Lemma2.1] we canrewrite thesecondsummand
in (4.11) asfollows. First, for ��
.U\MXWYWXW9M:� , we expandtheperturbedeigenvaluesd � | � }Q
�d � � � d � #��� ���h| � K };M
andrewrite thesecondsummandasaprojectionin termsof theEuclideanscalarproduct a_MJb ,�ç7:!�����# Ud � »qd 7 �/7X, � #�� 	 � 
 �ç7:!I���$# Ud � »wd 7 � 	I7VM_, � #�� 	 � � 	I7VW
Now we needanexpressionfor , � #�� . For ��
GUVMXWXWYW9M_� we have,�| � }�	 � | � }Ä
md � | � }�	 � | � };W
We insertall expansionsandobtain|�,�� � , � #�� ����| � K }:}9|�	 � � � 	 � #��� ���h| � K }:}z
v|�d � � � d � #��� ����| � K }_}X|�	 � � � 	 � #��� ����| � K }_};W
(4.12)

Comparingthecoef�cients for thezeroordertermsin (4.12) yields,�	 � 
md � 	 � W
For the�rst ordertermsin (4.12) weget,�	 � #��� �q, � #�� 	 � 
�d � 	 � #��� �`d � #��� 	 � M
which transformsto , � #�� 	 � 
.|�d � �F»i,t}�	 � #��� �+d � #��� 	 � W
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Now, we canrewrite thescalarproductexpression� 	I7VM_, � #�� 	 � � 
 � 	I7\M©|�d � �F»i,t}_}�	 � #��� �+d � #��� 	 � � 

 � 	 7 M©|�d � �F»i,t}�	 � #��� � �`d � #��� a�	 7 M
	 � b !#" $!&% W
Thelasttermvanishesdueto theorthogonalityof theunperturbedeigenvectorsof asymmet-
ric operator. For the�rst term,since, is symmetric,weobtain� 	�7\M©|�d � �F»i,t}�	 � #��� � 
 � |�d � �F»i,t}�	I7\M�	 � #��� � 

v|�d � »wd 7 } � 	 7 M
	 � #��� � W
Finally, we canwrite (4.11) as

	 � | � }Ä
 �ç7:!�# | ¾ � 7 � ��� � 7 } ²^ 7 � � �ç7:!I���$# � 	 7 M
	 � #��� � 	 7 ����| � K }9M
which for ��
m÷ andsetting ¾ 7 
 ¾ K 7 and � 7 
 � K 7 , is theresult(4.7).

The�rst sumin (4.7) doesnotspoilthesignstructureaslongas ¾ 7 M � 7 havethesamesign
or, in caseof differentsign, � is smallenoughsuchthat O ¾ 7 OC) � O � 7 O holdsfor ��
.U\MXWYWXW9M:� ,
respectively. The third term dependson the orthogonalityof the �rst orderperturbationof
the secondsingularvector 	 � #��K with respectto the singularvectors 	Ä����#NMYWXWXWYM
	 � . If it is
closeto orthogonal,this termwill becloseto zero.However, the largenessof thethird term
essentiallydependson thegapbetweenthesecondandthe |]�ä�BUN} -st unperturbedsingular
values. Onecanseethis by considering	 � #��K , which on the subspacecorrespondingto the
singularvectors	y����#�MXWYWXWXM�	 � yields|���»w�y#;%('('(' % ��}�	 � #��K 
 �ç7:!�����# Ud1KÅ»qd 7 ��7X, � #�� 	 K W
The smallerthis gap,the smallerthe perturbationof the operatorhasto be in ordernot to
spoil thesignstructure.However, in many practicalexamplesthis gapis largerthanthegap
betweenthe �rst � eigenvaluesandtherestof thespectrum,which intuitively explainsthe
betterperformanceof the proposedmethodover the existing methodsbasedon the Perron
cluster. In theworst case,if thesecondsumof (4.7) hasa differentsign thanthe �rst sum,
thenalso

� Ã '''
( R �7:!�# | ¾ 7 � �
� 7 } ²^ 7*) � ''''''

( R �7:!�����# � 	�7\M�	 � #��K�� 	I7+) � ''' Mhasto hold. In this case,up to �rst ordererror, thesignwill notbespoiled.

5. The algorithm. In this sectionwe proposeanalgorithmto determinea permutation
of a stochasticmatrix that permutesit into block diagonallydominantform (4.1) by recur-
sively identifyingdiagonallydominantblocks.We �rst presentanidenti�cation procedurein
the caseof two blocks. Then,we imbedthis procedureinto a recursive methodthat works
for any numberof blocks. Notethateverythingthat is statedfor left singularvectorsin this
sectionappliesto right singularvectorsaswell.
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Considerthe caseof two nearlyuncoupledblocks. Let �F���	�B
r�m��� be a matrix
of the form (4.1) that consistsof two blocks( �<
á÷ ), where � is not known. Since � is
not uncoupled,���	� is irreducibleandfrom the Perron-FrobeniusTheorem2.1, we know
that � hasasimplelargestsingularvalue °/# andacorrespondingpositive left singularvector^/# . Considernow the secondlargestsingularvalue ° K andthe correspondingleft singular
vector ^ K .

Sincesingularvectorsare orthogonal(or by the Perron-Frobeniustheorem), ^ K must
have a changein sign, i.e., thereexist two indecesT and � suchthat |]^ K }_�:|]^ K }�7 Ã * . From
Theorem3.1 we assumethat statesthat correspondto valuesof differentsign in ^ K belong
to differentblocks. We sort thesecondsingularvector, e.g.,in increasingorderandusethis
permutationto permutethematrix � . Then,we split thepermutedmatrix ²�p
 ²�F�v²�F� such
thatthe�rst block ²� # is of sizeequalto thenumberof negativevaluesin ^�K andthesecond
block ²��K is of sizeequalto thenumberof positive valuesin ^�K . We obtaina matrix ²� that
revealsthehiddenblockstructureof � , i.e., ²� hasthesamediagonalblockstructureas � up
to a permutationof theblocksandof theentrieswithin a block.

Thefollowing exampleillustratestheidenti�cation procedurein thecaseof two blocks.
EXAMPLE 5.1. Considertherow stochasticmatrix

�m
 ÍÎÎÎÎÏ *uW ÷\*\*V*g*2W ñ\*V*\* * * **uW õ¨*\*V*g*2W ô\*V*\* * * ** * *2W ò\*V*\* *2W ò\*\*V*g*uW õ¨*\*\** * *2W(÷�*V*\* *2W(÷�*\*V*g*uW ôV*\*\** * *2WPUY*V*\* *2WPUY*\*V*g*uW ñV*\*\*
ÐÒÑÑÑÑÓ W

Thesingularvectorsof � aregivenby

«G
 ÍÎÎÎÎÏ * »n*2W8ø�ûVû\û * »n*uW ô¨û\ûV÷ ** »n*2W ôVûVû\÷ * *uW(ø\û\û\û *»n*uW õcû�ðV* * *2W8ø�ñ\ðuU * *2W õV*VñV÷»n*uW û¨ø�*¨÷ * *2W *\ð\*Vñ * »n*2W ñ2U©ôVû»n*uW ôVñ2U©ò * »n*2W ô\*cø�ô * *2W õV*VñV÷
ÐÒÑÑÑÑÓ W

We canseethatthesingularvectorsareonly nonzeroon theoneblock they correspondto.
Now considertheperturbedmatrix �`�`� , where

�.
 ÍÎÎÎÎÏ »n*uW *Vò�õcû »n*uW"UVU©÷�ñ *2W *\ñ\ñcø *uW *Vò\ðVò *2W *2U©ðV÷»n*uW *¨û�ð¨÷ »n*uW"U©*�õuU *2W *\ô\ôcø *uW *\õ¨÷2U *2W *Vû�õ\õ*uW *\õ¨÷\ñ *2W *\*uU©û »n*2W *�õCø�ò *uW *uU©û�õ »n*2W *2UN÷\û*uW *¨÷\ûV÷ *2W *\ôVò\ô »n*2W *V÷2U©÷ »n*uW *uU\UN÷ »n*2W *Vû\ô�õ*uW *cø�÷\* *2W *¨ø�ð\ð *2W *V÷\ûV÷ »n*uW *VôVû\ô »n*2WPU\UVUYô
ÐÒÑÑÑÑÓ M

is chosensuchthatthematrix

²�m
m�`�`�

 ÍÎÎÎÎÏ *uW"U©ôVûVûg*uW ôVñ¨ø�÷ *2W *\ñVñ¨øg*2W *\ò\ðVòö*uW *uUYð¨÷*uW ò\õV*Vñö*uW õ¨ðVû�ð *2W *\ôVô¨øg*2W *�õ¨÷2Ue*uW *¨û�õVõ*uW *\õ¨÷\ñö*uW *V*2U©û *2W(÷\ûV÷Vøg*2W ò2U©û�õ *uW òVñ¨ø\û*uW *¨÷\ûV÷g*uW *Vô\ò\ô *2WPUNø�ñ\ñ *2WPUYñ\ñVñö*uW û�õVòVô*uW *cø�÷\*ö*uW *cø�ð\ð *2WPU©÷Vû\÷ö*2W *\ò�õVõ *uW ôVñ\ñ\õ
Ð ÑÑÑÑÓ M

is againrow stochastic.Here,the error matrix � hasbeenobtainedasfollows. We chose
a randommatrix � of samesize as � , wherethe entriesthat correspondto the diagonal
blocksareuniformly distributedin |6»FUVMXU©} andtheentriesthatcorrespondto theoff-diagonal
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blocks are uniformly distributed in |�*2MYU©} . Then, we computedthe matrix �
� ��� , with� �8
åUY*-, K , andthis matrix is no longerstochastic.We thenscaleeachrow by dividing each
of its elementsby therow sumandobtainthestochasticmatrix ²� . We have �

×²��»i� and� haszerorow sums.

Furthermore,considera permutedmatrix �p
m�p²�E� � , where� is a randomsymmetric
permutationmatrix. We obtain

�

 ÍÎÎÎÎÏ *2WPUYô¨û\ûö*2W *\òVð\ò *2W *\ñ\ñcøf*uW *uUYðV÷ö*2W ô\ñcø�÷*2W *V÷Vû\÷ö*2WPUYñVñ\ñ *2WPUNø�ñVñg*uW û�õVò\ô *2W *\ôVò\ô*2W *�õc÷�ñ *2W ò2UNû�õó*2W(÷\û\÷¨øf*uW òVñ¨ø�ûö*2W *\*uU©û*2W *¨ø\÷�* *2W *\ò\õ\õó*2WPU©÷\ûV÷ *uW ôVñ\ñ�õó*2W *¨ø�ð\ð*2W ò�õ¨*\ñ *2W *�õc÷CU *2W *\ô\ôcøf*uW *¨û�õ\õó*2W õVð¨û�ð
ÐÒÑÑÑÑÓ W

Thematrix � is of a form in which we usuallywould get thesematricesfrom applications.
Theleft singularvectorsof � aregivenbyÍÎÎÎÎÏ »n*2W òVûVû�ñ *2W ô\ñV÷V÷ *uW *Vò\ô¨ø »n*2W ôV÷Vû�ñ »n*2WPU©÷\÷\*»n*2W(û�*\õVñ »n*2W(÷Vø\ø�* *uW *cøcU\U »n*2WPUYôVô2U *uW(ø�ð¨ø�ò»n*2W õ¨÷2UYô »n*2W(÷�ô\òuU *uW(ø�ô\*\ñ *2W *¨øVø�û »n*2W õuUY*V*»n*2W(ûVø�ò\ñ »n*2W ò\*\òV* »n*uW ô\õ\õV* *2W *\òVô\ñ »n*2W õV*\ò¨û»n*2W ò\òVò\ð *2W(û�õ\õ¨ñ »n*uW *V*\*\ô *2W8ø�û¨ø�÷ *uW"U©òVû¨ø

Ð ÑÑÑÑÓ W
Wenow sortthesecondcolumn,i.e., theleft singularvectorcorrespondingto thesecondsin-
gularvalue,andobtainthepermutation|�õuM&÷CMJò2MJû2MXUN} , which correspondsto thepermutation
matrix

²�v
 ÍÎÎÎÎÏ * *ó* Uf** Uf* *ó** * U *ó** *ó* * UU *ó* *ó*
ÐÒÑÑÑÑÓ W

We applythepermutationto thematrix � andobtain

²�

?²�D�v²� � 
 ÍÎÎÎÎÏ *2W ô\ñVñ�õó*2W *\ò\õ\õó*2WPU©÷\ûV÷ *uW *cø�ð\ð *2W *¨ø\÷�**2W(û�õ¨ò\ô *2WPUYñVñ\ñ *2WPUNø�ñVñ *uW *Vô\ò\ô *2W *V÷Vû\÷*2W ò\ñcø�ûö*2W ò2UNû�õó*2W(÷\û\÷¨ø *uW *V*2U©ûö*2W *�õc÷�ñ*2W *Vû�õ\õó*2W *�õc÷CU *2W *\ô\ôcø *uW õ¨ðVû�ð *2W ò�õ¨*\ñ*2W *2U©ðV÷ö*2W *\òVð\ò *2W *\ñ\ñcø *uW ôVñ¨ø�÷ö*2WPUYô¨û\û
ÐÒÑÑÑÑÓ M

whichexhibits theoriginalblock structureof ²� .
Oncewe know how to permuteonelargeblock thatcontainsat leasttwo subblocksinto

two blocks,wecanemploy this procedurerecursively.
We computea left singularvectorcorrespondingto thesecondsingularvalue,sort it in

increasingorderandapplythepermutation.Then,wecheckif the [ -norm(averagerow sum)
of thepotentialblocksis above a given threshold,seeDe�nition 4.6. In this case,we have
foundtwo blocksandproceedrecursively with eachof thetwo blocks.Sincewemeasurethe
sizeof theentriesin thediagonalblocksandnot in theoff-diagonalblocks,thethresholdcan
staythesamefor all recursive calls. If thenormof thepotentialblocksis not above a given
threshold,wecannotsplit theblockany furtherandstop.

Note, that for the bisectioningprocedure,we useonly the secondsingularvalueanda
correspondingsingularvector;wedonotcomputeothersingularvectors.It wouldbenatural



ETNA
Kent State University 
etna@mcs.kent.edu

AN SVD APPROACH TO IDENTIFYING METASTABLE STATESOFMARKOV CHAINS 59

Algorithm 1: Identi�cation of nearlydecoupledblocks

Input : Matrix � , threshold5�.0/C|�

UÅ»iÿ�} .
Output : Number� andsizesZI�:MITy
.U\MYWXWYW9M_� , of identi�ed blocksin � , a

permutationmatrix � suchthat �F�	���­
��+�`� .

Computethesecondleft singularvector ^ K of � .1

Sortit in increasingorderandusetheresultingpermutation� to permutethematrix2 � .
Identify two potentialblocks ��# and � K by usingthechangein signin ^ K .3

Thesizeof the�rst block is thenumberof negativevaluesin ^ K , thesizeof the4

secondblock is thenumberof positivevaluesin ^ K .
if thenormof thediagonalblocksis larger than 5�.0/ then5

We have foundtwo blocksandseparatethem.6

Proceedrecursively with step1. appliedto eachof theblocks.7

else8

Thecurrentblock cannotbefurtherreduced.9

Increasethecounterof blocksby one.10

to considernot just the thesecondsingularvector, but � singularvectors,if therewere �
diagonalblocks. We do not considersuchan approach.Onereasonis that � , the number
of blocksis not known in advance.Also, �nding a singularvectorcorrespondingjust to the
secondsingularvalueis lesscostly.

A problemmay ariseif the secondandthird (or even more)singularvaluesareequal
or not well separatedwithin the perturbationrangedueto round-off errors. In this caseit
is not clearwhat the singularvectorassociatedwith the secondsingularvalue is andthus
we cannotdecideon the sign-structure. In this case,it may be necessaryto carry out a
re�nementstep,which considerslinear combinationsof thecorrespondingsingularvectors
in thedecisionprocess.Currently, wedonot know how to handlethis situation.However, in
theexamplesthatwe have testedso far (seeSection6) thesecondandthird singularvalues
arewell separatedwithin theperturbationrangedueto round-off errors.We expectthis to be
generallythecasefor thediscussedapplications.

Anotherproblemmayariseif thethesecondlargesteigenvaluein modulusof thetransi-
tion matrix is negative.

EXAMPLE 5.2. Considerthefollowing stochasticmatrix�B
 ÍÏ *2W ñ\* *uW"U©*ö*uW"U©**2W *Vû *uW *¨ûg*uW ðV**2WPUY* *uW ñV*ö*uW"U©* ÐÓ M
thatobviouslyhastwo metastableblocks.

The eigenvaluesof � are ¸ UVW *V*\*\* »n*2W8ø\ø�ò¨ø *2W8ø�÷�òcøX¹ , i.e., the secondlargesteigen-
valuein modulusd�
.»n*2W8ø\ø�ò¨ø is negative. If wecalculatethesingularvaluedecomposition,
weobtain�m
 ÍÏ »n*2W(ûCU *2W õVð »n*2W8øcU»n*2W ô\ð »n*2W8ø�÷ »n*2W *\*»n*2W(ûCU *2W õVð *uW(øCU ÐÓ ÍÏ U\W *2U * ** *uW(ø�ð ** * *uW(ø�* ÐÓ ÍÏ »n*2W õVð *uW û2U »n*2W8øcU»n*2W õVð *uW û2U *uW(øCU»n*2W8ø�÷ »n*2W ô\ð »n*2W *\* ÐÓ W
Here,the left andtheright secondsingularvectorsexhibit a signstructurethatwould break
up thetwo by two block. This is dueto thefollowing fact. Thetwo by two block consistsof
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two states,wherewith a high probabilitythechaindoesnot staywithin thesamestate.With
a high probability, it cyclesbetweenthetwo states.This meansthatonecouldactuallyview
thetwo statesasone.

In therealworld examplesthatwehavetested,thisproblemdoesnotoccur. However, we
proposeanalgorithmthathandlesthis possiblesituation.It is basedon theTarjanalgorithm
[28], that �nds stronglyconnectedcomponents(cycles)of a graphthat we constructfrom
comparatively “large” entriesof thetransitionmatrix. For this weusetheimplementationby
T. A. Davis [6]. Theideais to �nd statesthatareconnectedby “large” probabilitiesin acyclic
way, andconsiderthemin a singleblock. At leastfor the applicationof our identi�cation
algorithmsuchcliquesof statescanbeviewedasonestate,sincethesestatesbelongto one
block.

Notethatin thecaseof diagonallydominantmatricesthisproblemdoesnotoccur. There-
fore, beforelooking for potentialcycles,we remove diagonallydominantstates,i.e. states
wheretheprobabilityof stayingis largerthanthesumof probabilitiesfor leaving thestate.As
a secondstep,we removecomparatively “small” entriesin thematrix, sincewe areonly in-
terestedin cycleswith “large” weights.Wemergethestateswithin eachfoundcycleby using
thenormsfor matrixblocksde�ned in Section4. We addthepreviously removeddiagonally
dominantstatesandrun Algorithm 1 to �nd themetastableblocks. Finally, we redistribute
thestateswithin thecyclesto recover theoriginalnumberof statesin � .

Themainprocedureis outlinedin the following algorithmthat formsanouterloop for
Algorithm 1.

Algorithm 2: Identi�cation of nearlydecoupledblocksin thepresenceof cycleswith
“large” weights

Input : Matrix � , threshold5�.0/C|�

UÅ»wÿ�} .
Output : Number� andsizesZ � M�Ty
vUVMXWXWYW9M_� , of identi�ed blocksin � , a

permutationmatrix � suchthat �F��� � 
��+�`� .

Findandtemporarilyremovediagonallydominantstatesin � .1

Temporarilyremove“small” entriesin � .2

if thecurrentmatrix � hasstronglyconnectedcomponentsthen3

Temporarilymergethestateswithin everystronglyconnectedcomponentinto4

onestate.
Add thepreviously removeddiagonallydominantstatesto � .5

RunAlgorithm 1 on thecurrentmatrix � andapplypermutation.6

Redistributethestateswithin everystronglyconnectedcomponent.7

A nicesideeffect of this procedureis that thetransitionmatrix to which Algorithm 1 is
applied,is typically muchsmallerthantheoriginalmatrix if many cycleshavebeenmerged.
Notethattheadditionalpreprocessingin Algorithm 2 hascomplexity of 1ª|�Zh�wZ/Z32c} , whereZ is the size of the transitionmatrix without the diagonallydominantstatesand Z/Z32 the
numberof “large” nonzeroentries. Thus,it is comparatively cheapto perform,andwould
addvery little computationalcomplexity to Algorithm 1, wheresingularvaluesandvectors
of thewholetransitionmatrix arecalculated.

6. Numerical tests. In this section,we presentthreetypesof numericalexamples.In
Section6.1 we discussexamplesconstructedin a mannersimilar to Example5.1, with a
�x edblockstructure,with randomentries,randomaddednoise,andpermutedwith arandom
permutation,resultingin matricesfor which we know thehiddenstructure.We illustratethe
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ability of thealgorithmto recovera hiddenstructureanddiscusslimitationsof thealgorithm
in thepresenceof largeperturbations.

In Section6.2, we show resultsfor themoleculen-pentane,thatwasalsousedasa test
examplein [7], andin this casewe obtainthesameresults. In Section6.3, we presenttwo
slightly more challengingexamples,wherethe algorithmsin [7] and [8] have dif�culties
identifying themetastablestates.

For numericaltests,Algorithm 1, wasimplementedin MATLAB R
4

Version7.0andrun
on a PCwith an Intel(R) Pentium(R)4 CPU3.20GHzprocessor. Therelative machinepre-
cisionwaseps 
�÷2W ÷V÷�*�õ�ù�UY*-, #6Ë . In all example�gures, we denoteby Z thenumberof
unknownsandby Z32 thenumberof nonzeroelementsin thematrix.

6.1. Constructed examples. The �rst exampleillustratestheability of our methodto
recover a hiddenblock structure. It is constructedin the samemannerasExample5.1 in
Section5, is of size Z¤
�òVò\ñ andhasZ32	
vU\U©ò\ð\*Vô nonzeroentries.

n = 338   nz = 113906

original matrix

100 200 300

100

200

300

n = 338   nz = 113906

after random permutation

100 200 300

100

200

300

n = 338   nz = 113906

after one run

100 200 300

100

200

300

n = 338   nz = 113906

after recursive application

100 200 300

100

200

300

FIGURE 6.1. Random example revealing 8 blocks

In Figure 6.1, the upperleft matrix is the original block diagonallydominantmatrix,
wherewe clearly candistinguishthe diagonalblocks. The correspondingcouplingmatrix
is diagonallydominantwith valuesslightly larger than *2W(û on thediagonal.Hence,theper-
turbationhereis quite large. The upperright matrix is a randomsymmetricpermutationof
the �rst matrix. Here,no structurecanbeseen.The lower left matrix depictstherecovered
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blocksafter the calculationof onesingularvectorandthe applicationof the corresponding
permutation.Onecansee,thattheblockstructureis to alargeextentrecoveredbut someparts
arenot fully restoredyet. The lower right matrix now depictsthe recoveredstructureafter
recursiveapplicationof thealgorithm.We canseethatwe have obtainedthesameblocksas
in theoriginalmatrixup to permutationof theblocksandtheentrieswithin ablock.

For someexampleswith sucha largeperturbationasin thepreviousexample,thealgo-
rithm mayfail aswecanseein therandomexamplein Figure6.2. Here,thestructurecannot
berecovered.

n = 338   nz = 113906

original matrix

100 200 300

100

200

300

n = 338   nz = 113906

after random permutation

100 200 300

100

200

300

n = 338   nz = 113906

after one run

100 200 300

100

200

300

n = 338   nz = 113906

after recursive application

100 200 300

100

200

300

FIGURE 6.2. Random example where the algorithm fails due to a very large error

In general,onecansaythatthesmallertheperturbationthebetterthealgorithmrecovers
the hiddenstructure.We have tested3 typesof randomlygeneratedexamples. In the �rst
typethediagonalentriesof thecouplingmatrixareslightly largerthan0.5,in thesecondthey
arebetween0.6and0.7,andin thethird typethediagonalentriesof thecouplingmatrix are
about0.9. We have run 1000examplesof eachtype. Thestructurecouldberecoveredin the
�rst casein 57,6%,in thesecondcasein 85%andin thethird casein 98,1%of all cases.

For comparisonreasons,we havealsorun our algorithmusingtheright singularvectors
insteadof the left singularvectors. For the same3 typesof examplesas in the previous
paragraph,the optimal solutionwasfound in the �rst casein 61,3%,in the secondcasein
84,9%andin thethird casein 98,1%of all cases.

The performancecould be slightly enhancedby running the algorithma secondtime
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usingtheright (left) singularvectorsin casethat it failed to �nd theoptimalsolutionin the
�rst runusingleft (right) singularvectors.In thiscaseweobtainedtheoptimalsolutionin the
�rst casein 65,2%,in thesecondcasein 87,8%andin thethird casein 99,5%of all cases.

Fromthis we mayalreadyconcludethatasfor someotherproblems(see,e..g.,[18] and
the referencestherein)thechoiceof left versusright singularvectormay be important;see
further our experiencewith harderproblemsin sections6.2 and6.3. At this point it is not
clear that left or right singularvectorshouldbe preferredsinceboth producegoodresults.
This issuestill needsto be further studied. Unlessspeci�ed otherwisewe have usedleft
singularvectorsfor ourcomputations.

6.2. n-Pentane. Theexampleof n-pentanewaspresentedin [7, Section5.2]. We will
usethisexampleto discussthedifferenceor theequivalenceof the ã -normusedin [7] andthe[ -normproposedin Section4. This exampleis of size Z�
s÷\ûVû andhasZ32�
Bô\õVô�õ nonzero
entries.

n = 255   nz = 6464

original matrix

50 100 150 200 250

50

100

150

200

250

n = 255   nz = 6464

recovered block structure

50 100 150 200 250

50

100

150

200

250

FIGURE 6.3. Algorithm 1 using the 5 -norm for n-Pentane (Ph300) revealing 7 blocks of sizes 46, 24, 36, 20,
42, 47, 40.

In Figure6.3 we illustratethe resultsof our algorithmusingthe [ -norm. We obtain7
blocksof sizes46,24,36,20,42,47,40. Bothcouplingmatricesâqæ and â­ú arediagonally
dominant;see[13] for thevaluesof their entries.

To comparethe norms,we now run our algorithmusing the ã -norm. The result that
we obtain is depictedin Figure6.4. We seethat we obtain the sameblock structureup to
permutationof theblocks.Thecouplingmatricesâ æ and â ú arethesameasfor Algorithm 1
runwith the [ -norm.In this exampleit doesnotmakeany differencewhichnormwe usefor
calculationsexceptfor thecost,asalreadydiscussed.

Ournext exampleis thesamemoleculebut in adifferenttemperaturesetting.Thisexam-
ple is of size Zl
mò\*cø andhasZ32�
.UYðuU\U©ô nonzeroentries.Again,we �rst run thealgorithm
usingthe [ -norm. In this case,we obtainonly 5 blocksdepictedin Figure6.5. The corre-
spondingcouplingmatricesâ æ and â ú arebothdiagonallydominant;see[13] for details.
If we alsorun thealgorithmusingthe ã -norm,thenwe obtainthesix blocks,onemorethan
with the [ -norm.Theresultis depictedin Figure6.6.

We seethatwe have thesameblocksexceptthat theblock of size88 is subdividedinto
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n = 255   nz = 6464

original matrix

50 100 150 200 250

50

100

150

200

250

n = 255   nz = 6464

recovered block structure

50 100 150 200 250

50

100

150

200

250

FIGURE 6.4. Algorithm 1 using the 6 -norm for n-Pentane (Ph300) revealing 7 blocks of sizes 46, 24, 36, 47,
20, 42, 40.

n = 307   nz = 19116

original matrix

100 200 300

50

100

150

200

250

300

n = 307   nz = 19116

recovered block structure

100 200 300

50

100

150

200

250

300

FIGURE 6.5. Algorithm 1 using the 5 -norm for n-Pentane (Ph500) revealing 5 blocks of sizes 88, 37, 71, 51, 60.

two blocksof sizes45 and43. If we look at the couplingmatrices,we canseethe reason.
The ã -normcouplingmatrix

â ú 

ÍÎÎÎÎÎÎÏ *2W8ø�ô\õ¨÷ö*2W *V÷\ò\ôg*uW *V*\òVôö*uW *Vð2UYò *2W *\ñV*\ñö*2W *\ò\ô¨û*2W *\ô¨÷�ñ *2W8ø�ð¨÷CU *uW"UVU©÷\òö*uW *V*\ô\ð *2W *\*cø�ðö*2W *2UYñV**2W *V÷�õV* *2W(÷Vø�ñ�õö*uW û\ñ�õc÷g*uW"U©*Vû�õó*2W *\*¨û�ñö*2W *\*V÷2U*2WPU©û2UYô *2W *\*\õVòg*uW *¨÷�ô¨ûg*uW(øVø�ò\ñ *2W *V÷¨øNõ *2W *2UYô\õ*2W(÷CU©*¨øg*2W *\*cø�ñg*uW *V*V÷\òö*uW *\õVò\* *2W ô\ðcø\ø *2W *\ò\ñVô*2W *¨ø�ñ¨øg*2W *2UYõVôg*uW *V*\*cø *uW *¨÷CUYò *2W *\ò¨÷�*ö*2W ñVû\÷¨ø

ÐÒÑÑÑÑÑÑÓ
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n = 307   nz = 19116

original matrix

100 200 300

50

100

150

200

250

300

n = 307   nz = 19116

recovered block structure

100 200 300

50

100

150

200

250

300

FIGURE 6.6. Algorithm 1 using the 6 -norm for n-Pentane (Ph500) revealing 6 blocks of sizes 37, 45, 43, 71,
51, 60.

is diagonallydominant.Yet, the [ -normcouplingmatrix

â æ 

ÍÎÎÎÎÎÎÏ *uW õ¨ñ\ð¨øg*2W *¨ø�ôVûö*2W *\ò¨û�õö*uW"UVUYðuUe*uW ÷V÷�*�õó*2W *Vû\ñ\ð*uW"UNûVø�ô *2W(û\÷\ð\* *2WPU©û\ð\òg*uW *¨÷CU©òö*uW *Vð\ñ\* *2W *\ò\õVñ*uW *Vò\ôVûö*2W(÷\û\*¨øg*2W(û\ûV÷�òg*uW"U©ò\òVôö*uW *¨÷\÷�ñ *2W *\*\õ¨÷*uW"UNû�ñVûö*2W *V÷�õ\õó*2WPUY*uUYôg*uW ôuU©û\*ö*uW *¨÷�ñ\ñ *2W *¨øCUYñ*uW"U©òV÷�ð *2W *2UN÷�ò *2W *\*Vò�õö*uW *Vò�õ¨ñö*uW ôcø�÷\ûö*2WPUXõVõV**uW"UVUY*Vûö*2W *V÷\*\ô *2W *\*uUYòg*uW"UYõuUVUe*uW *cøcUYô *2W ôVû�õVð

ÐÒÑÑÑÑÑÑÓ
hasonevaluesmallerthan0.5on thediagonal.Hence,with bothnormswe obtainthesame
qualitative results,meaningthat theadditionalblock thatwe obtainusingthe ã -normis not
diagonallydominantin the [ -norm.

Usingright insteadof left singularvectorsfor theseexamplesleadsto thesamenumber
of blocksin the �rst example,althoughof differentsizeand,hence,with a differentdiago-
nally dominantcouplingmatrix. A slight improvementcanbe achievedwith right singular
vectorsin the secondexample,wherewe obtainthe six blocksdepictedin Figure 6.7 with
bothcouplingmatricesbeingdiagonallydominant,whereaswith theleft vectorswe obtain6
blockswith only â ú beingdiagonallydominant,see[13] for details.

6.3. Two more dif�cult cases. In this sectionwe presenttwo caseswherethe algo-
rithmspresentedin [7] and[8] havedif�culties identifyingmetastableconformations.

For the �rst matrix, that is of size Zm
AU©û\ñ andhas Z32i
á÷�õ¨ñ\*Vô nonzeroentries,the
dif�culties are that the algorithmsin [7] and [8] identify the numberof blocksby looking
at spectralgaps. In this example,the spectrumof the matrix doesnot have any gaps. Our
algorithm,on the contrary, doesnot needto know the numberof blocks in advancebut it
is calculatedin the process.Using right singularvectors,which is the betterchoicehere,
we obtain8 blocksdepictedin Figure 6.8. Here,both couplingmatricesâiæ and â­ú are
diagonallydominant;see[13] for thevaluesof their entries.

Thesecondexamplewhich is of size Z¤
.UNøVø�÷ andhas Z32�
B÷\ñ\ð\õVòV÷ nonzeroentriesis
problematicin a differentway. Here,we have a very largeclusterof eigenvaluesvery close
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n = 307   nz = 19116

original matrix

100 200 300

50

100

150

200

250

300

n = 307   nz = 19116

recovered block structure

100 200 300

50

100

150

200

250

300

FIGURE 6.7. Algorithm 1 run using right singular vectors for n-Pentane (Ph500) revealing 6 blocks of sizes
99, 33, 36, 23, 53, 63.

n = 158   nz = 24806

original matrix

50 100 150

50

100

150

n = 158   nz = 24806

recovered block structure

50 100 150

20

40

60

80

100

120

140

FIGURE 6.8. Algorithm run using right singular vectors for a matrix without a spectral gap (Pmatrix2) reveal-
ing 8 blocks of sizes 34, 20, 18, 14, 31, 14, 19, 8.

to 1. This makesthe matrix very badly conditioned,especiallyasfar asthe calculationof
thestationarydistribution is concerned.Also, thealgorithmsin [7] and[8] have dif�culties
identifying the right numberof blocks. In Figure6.9, we depictthe resultscalculatedwith
the [ -normandusingleft singularvectors.This is themaximumnumberof blocksthatwe
canidentify, suchthatthecouplingmatrix is diagonallydominant.Yet,blocksof verysmall
sizesprobablydo not make a lot of sensefrom thechemicalpoint of view. However, this is
not a problem,sincesmallerblockscanalwaysbemergedinto largerblocks.An alternative
strategy couldbe to restricttheminimal block sizein advance.In this case,we would only
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n = 1772   nz = 289432

original matrix

500 1000 1500

500

1000

1500

n = 1772   nz = 289432

recovered block structure

500 1000 1500

500

1000

1500

FIGURE 6.9. Algorithm 1 using the 5 -norm for a badly conditioned matrix with a large eigenvalue cluster very
close to 1, revealing 77 blocks of sizes 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 5, 5, 5, 5, 5, 5, 5, 6, 6,
6, 6, 6, 7, 7, 9, 11, 12, 12, 12, 13, 20, 21, 21, 23, 23, 23, 25, 26, 27, 29, 29, 29, 33, 34, 34, 46, 46, 56, 59, 60, 69, 74,
81, 81, 88, 90, 91, 100, 116 sorted in ascending order.

split up into blocksif they areof requiredsize.Usingright singularvectorsin this caseleads
to only 55blocks.

Fromtheexamplespresentedin thissectionweconcludethatif theperturbationis nottoo
large,a block diagonallydominantstructurecanberecoveredor identi�ed by theproposed
algorithm. Both norms,the [ -norm andthe ã -norm canbe usedfor calculations.Qualita-
tively, oneobtainssimilar results. Sincefor the real examplesthe “correct” answeris not
known, we cannotdecide,which norm is the “better” one. However, it is muchcheaperto
usethe [ -norm,andfor a largeeigenvalueclusteraround U , thecalculationof thestationary
distribution maybebadlyconditioned.Also, we mayconcludefrom theseexamplesthat to
optimizetheresultsit makessenseto useleft or right singularvectorsdependingontheprob-
lem. Thequestionof whetherto chooseleft or right singularvectorsis an interestingissue
thatneedsfurtherinvestigation.

7. Conclusions. In this paper, we have presenteda bisectioningalgorithmfor identify-
ing metastablestatesof a Markov chainbasedon the calculationandsortingof a singular
vectorcorrespondingto thesecondlargestsingularvalue.Thealgorithmdeterminesa num-
berof blocks,suchthatthecouplingmatrix is diagonallydominant.Hence,we do not need
to know thenumberof blocksin advancebut it is calculatedin theprocess.This is themain
differenceto mostothermethodsthatusetheSVD or spectralanalysis.Anotheradvantageof
ourapproachis thatit doesnotdependonasigni�cant spectralgapbetweenthePerronclus-
ter andtherestof thespectrumin thetransitionmatrix of theMarkov chain.Thus,matrices
withoutaspectralgapor with avery largePerronclustercanbetreated.A third advantageis
thatwe calculateonly two singularvectorsinsteadof many eigenvectors.This allows to use
iterative proceduressuchasLanczosor Arnoldi iteration. We suggestto abstainfrom using
thestationarydistribution in thenormneededto determinethediagonallydominance,since
its calculationmaybecostlyandbadlyconditioned.Weshow thatthesamequalitativeresults
canbeachievedusinganalternativenorm.This is illustratedby numericalexperiments.
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