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Ab
�

stract

Iterative methodsfor the solution of consistent singular systemsof linearequations are
go� vernedby the convergencefactor of the iteration matrix T, i.e., by the quantity ���������
max� ��� ��� �"!$#&%('�)�*"+-,/.0 11 , where 2�3�4�5 is

6
the spectrum of T. Theoremsare presented com-

par7 ing the convergencefactor of two iterative methods.The comparison is basedon the re-
lationship
8

betweenthe matricesof the splittings.A coneother than the usualnonnegative
hyperoct
9

ant is usedto define theorderusedin this comparison. Al thoughthis coneis based
on: the (unknown) projection onto thenull-spaceof a matrix, the characterization providedin
t
;
he paperallows, in specific instances,the coneto be readily computable. © 2000Elsevier

ScienceInc.Al l rights reserved.
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1. Introduction

Thesolution of EGF/H singular linearsystemsof equationsof the formIKJMLON
(1)

is of greatimportancein many applications. In particular, whenPRQTSVUXWKY W T Z&[]\_^`\ T acb 1 d 1 egfhfhfie 1jlk (2)

whereB is the column stochasticmatrix representing a Markov chain, and the solu-
t
m
ion of (1), for npo 0, is the stationary probability distribution of the Markov chain
(normalizedso that q T

r sut
1); see,e.g.,[4,33]. In this case, vxwzy|{~} 1, where�x�z�x�

denotesthespectralradiusof B.
Iterative methodsfor the solution of (1) based on splittings of the form �X�� ���

, where M
�

is
�

nonsingular, have beensuccessfully usedfor this problem;see,
e.g.,[1,2,15,19,27].Thesemethodsincludepoint andblockversionsof theclassical
J
�
acobi,Gauss–Seidel,andSORmethods[4,33,38]andcanbewritten asthefollow-

ing iteration, starting from an initial vector ��� 0� :�������
1���c�(������� �X¡_¢`¡u£]¤¦¥ 1 §�¨ (3)

The matrix ©«ªO¬¦­ 1 ® is called the iteration matrix, and it is generally assumed
t
m
o be nonnegative (denoted ¯X°O± ), e.g., when the splittings areweakregular [4],
i.e., ²¦³ 1 ´]µ and¶¦· 1 ¸º¹]» . A regular splitting issuch that ¼¦½ 1 ¾O¿ and ÀÂÁÃ

[38]. A weak splitting is such that Ä¦Å 1 ÆºÇ]È [18] (some authors call these
splittings nonnegativesplittings; see,e.g.,[9,40]).SinceÉËÊOÌ¦ÍzÎuÏRÐÒÑ , a singular
matrix A impliesthat1 isan eigenvalueof T, and ÓxÔzÕ�Ö~× 1 is implied in thecase of
stochastic matricessuchasin thecase of Markov chains.

The rate of convergenceof these iterative methods is governedby the quan-
tity
m ØÒÙ-ÚÒÛ~Ü

maxÝ Þzß�àâáäãæåGçéèëêzì�íïîæðòñó 1ô , where õëöz÷(ø is
�

the spectrum of T. Whenù(úzûÒü~ý 1 convergenceisnotguaranteed.When þ(ÿ������ 1 and ind ���	��

��� 1 there
is
�

convergence;see,e.g., [4,35], and Section 2. We call the quantity ������� th
m

e con-
vergencefactorof the iterative method (3). The quantity ind ���	����� is

�
the maximal

sizeof the Jordanblockscorrespondingto the eigenvalue1 of T; see,e.g.,[4].
In
�

the case of nonsingular A
�

, the quantity governing the rateof convergence of
t
m
he iterativemethodsis �����! . Thereexistsa rich literaturecomparing two splittings
of the samematrix; see,e.g.,[9,10,13,16,18,23,39,40]. For example, the following
res" ult canbefoundin [38].

Theorem 1.1. L
#

et A be a nonsingular matrix with $&% 1 ')( and* let +�,.- 1 /0
1 1.2 2

3 465
2
3 be two regular splittings. If7

1 8�9 2 : (4)

then ;�<>=@? 1
1 A 1 B�C�D�E>F@G 1

2
3 H 2 I�J 1.

Relation (4) means that K 2 L6M 1 N@O , i.e., that P>Q 2 RTS 1 U�VXW 0 when YXZ 0.
Similarly, the followingresult comesfrom [39]; see also [10,40].
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Theorem 1.2. L
#

et A be a nonsingular matrix with [&\ 1 ])^ and* let _�`.a 1 bc
1 d.e 2 f6g 2 be two regular splittings. If

h@i 1
1 jlk)m 1

2 n (5)

then o�p>q@r 1
1 s 1 t�u�v�w>x@y 1

2 z 2 {�| 1.

It
�

is not hard to seethat, in this context, condition (4) implies (5); see,e.g., [10],
andfurtherLemma5.9.

Wh
}

en A is singular, several authorshave providedexamples, where(4) holds,
while ~!�>�@� 1

1 � 1 ����@�!�>�@� 1
2 � 2 � ; see[5,15].Thefollowingexample is from [15].

Ex
�

ample 1.3. Consider thematrix

� �
1 � 1

2 � 1
2 0

� 1
2 1 0 � 1

2

� 1
2 0 1 � 1

2

0 � 1
2 � 1

2 1

and the two regularsplittings ���)� 1 �6� 1 �.� 2
3  6¡

2
3 definedby

¢
1 £

0 0 1
2 0

0 0 0 1
2
3

0 0 0 0

0 0 0 0

¤ ¥ 2
3 ¦

0 1
2
3 1

2 0

0 0 0 1
2

0 0 0 1
2

0 0 0 0

§

Then
¨ ©

1 ª�« 2, but ¬!­>®@¯ 11 ° 1 ±�² 1³ 9 ´.µ�¶¸·)¹ 1
2 º 2 »�¼ 0.

Thus
¨

, it hasbeenclear since the early 1980sthat a comparison of the conver-
gencefactorswas hardto obtain,andthatconditionsof theform (4) and(5) do not
suffice. It is thepurposeof thispaperto presentcomputableconditionsthatallow the
comparison of theconvergencefactors.

Theconditionsusedin ourcomparison aresimilar to (4) and(5), but theinequal-
ities
�

arenot interpretedin theusual sense. Instead,we use thepartialorderinduced
by
½

a cone ¾ 1 different from the coneof nonnegative vectors ¿�ÀÁ ; see Section2
andthe Appendix. Our contribution also consists of providing a characterization of
a cone Â 1 for the partial order which can, in certaincases, be computedeasily,
and thereforethe conditionsfor the comparison can be checked computationally.
Fu
Ã

rthermore,weprovideanew interpretation of weakregularsplittingswith respect
to
m

thepartial orderinducedby thecone Ä 1. With theseÅ 1-weakregularsplittings
we provide an equivalent condition for Æ!Ç>È)É 1ÊÌËÎÍ 1 in the same spirit as in the
following well known theoremfor thenonsingular case, the proof of which canbe
found,e.g.,in [4,28,38];see Section 4.
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Theorem 1.4. Let A benonsingular. Let Ð�Ñ@Ò Ó6ÔÖÕ.×@Ø�ÙÛÚ�Ü
Ý bea weakreg-
ular splitting. Then Þ�ß�à
á�â 1 if andonly if ãåä 1 æèç�éëêíì!îðï 1 ñ@ò 1 ó 0.

2. The cone for the comparison

W
}

e saythat a matrix ô�õXö�÷ùøûú is convergentif limü�ýÿþ�� � exists.In this paper,
we have in mind the case where �����	��
 1. Thereareseveral conditionsthat can
guaranteethat a matrix be convergent; see,e.g.,[4,21,25,26,35].The following re-
sult, theproof of which canbe foundin [22], specifiesoneof these conditions, cf.
[4, Lemma7.6.9].It is apowerful tool for analysisandit wasused,e.g.,in [17,19].

Theorem 2.1. Let ��
�������� . T is convergent if andonly if
��������� �

wh! ere " 2 #%$'&($*),+%- .0/%1 (6)

and* 2�3�4	576 1. Moreover8 P9 is a projection onto : ;�<(=?>	@ .
It follows from Theorem2.1 that limACBED�F�G7H%I . For the case that interests

usJ here,i.e., when KMLON PRQ and SUT�V�W 1 X , the matrix P
9

is
Y

a projection ontoZ []\ ^
. As is well known, an expression for this projection is _?`%a(b?c�d(e?f�g #h�ikj�l�m

, wherethenotation n # standsfor the(unique)groupinverseof Q; see,e.g.,
[6,21].Thus, o(p?q?r%s�t'uMv�w # x�ykz�{}| . If dim ~�������� 1, e.g.,whenA is irreduc-
ible, then

�?����}�� T � with �� T ���� 1 � (7)

where ����E� �]��� , and �� somevectorin ��  .
Example 2.2. Consider thematrix

¡�¢ 1£ 2 1¤ 3
1¥ 2 2¦ 3 with §�̈�©	ª�«�¬ 1­ 6 ® 1̄±°

Then
² ³�´%µU¶�·

, where

¸?¹ 2º 5 2» 5
3¼ 5 3½ 5 ¾

¿À}ÁÂ T Ã with ÄÅ�Æ�Ç È%É 1 Ê 1Ë T and ÌÍ'Î%Ï 2Ð 5 Ñ 3Ò 5Ó T Ô

and

Õ�Ö 1× 10 Ø 1Ù 15Ú 1Û 10 1Ü 15 Ý
Onecanverify that the relations in (6) hold and that Þ�ß�à	á�â%ã�äCå}æ�ç 1è 6.

Example 2.3. Consider the matrix é?ê%ë(ì?í and the two splittings of Exam-
pleî 1.3.Let ï 0 ð%ñ , ò�óõô�ö�÷ 1øúù ø , û�ü 1 ý 2. SinceA is symmetric, we have þÿ������
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� �
	��
. Let 
�������������� satisfying (6), ��� 0 � 1  2.Weobtain !�"$#&%')(* T

+, , -�. 0 / 1 0 2,
where 12 T

0 3�4 15 4 6 17 4 8 19 4 : 1; 4< , => T
1 ?�@ 0 A 0 B 1C 2 D 1E 2F , and GH T

2 IKJ 0 L 1M 4 N 1O 4 P 1Q 2R .
Remark 2.4. It

S
followsfrom Example 2.3, that theiteration matricesobtainedfrom

different splittings of the same matrix A, may have associatedwith themtotally dif-
ferent
T

projections U�V onto thesamesubspaceWYX[Z]\�^`_badc�egf .
Given a convergentmatrix hji�kml�n satisfying (6), the cone which will be

usJ edfor our comparison is theconegenerating therangeof the projection oqpsrstudvxwzy){ # |d}q~s��� . In other words, we will use � 1 such that for every element�������d�q�s��� , there are � , ����� 1 (usually not unique) such that ���K����� ,
i.e., � 1 �j� 1 �� �¡d¢x£z¤�¥ . (We review the definition of a generating cone in the
Appendi
¦

x.)
Let
§ ¨

be
©

a generating coneof ª¬« . Note thatwe canchoose ­ 1 ®°¯d±q²s³µ´d¶ ,
and similarly, for every cone · 1 generatinģ�¹dºq»s¼�½ we can find ¾ , a gen-
erating cone of ¿)À , such that Á 1 Â�ÃdÄqÅsÆ�ÇdÈ . Note also that we always haveÉdÊxËzÌ�ÍdÎ

1 Ï�Ð 1, and furthermoreÑqÒsÓ is the identity operator on Ô 1 andonÕ�Öd×qØsÙ�Ú
.

It followsfrom Remark2.4thatwehaveto bevery specific asto whichsubspaceÛ�ÜdÝqÞsß�à
wechooseto defineagenerating conefor ourcomparisons. Notealso that

in
Y

the sameway that thereare many generating cones for á)â , thereis a wide choice
of generating conesfor ã�ädå�æ�ç�è . In what follows we characterizethe subspaceé�êdëqìsí�î

, and onegeneralway of defining generating conesfor it. We begin with
th
ï

ecaseof irreducible A, which implies thatdim ð ñ
ò]óõô 1.
It followsfrom (7) that ö T ÷ø�ùûúüþý i.e., ÿ�������� T �	�
 0. In thisunidimensionalnull

spacecasewe canthencharacterize��
�������� as���������������! �"$#&%('*) T +,.- 0/10 (8)

W
2

e canthenchoose

3
1 4 57678:9(;=<?>

@=A 1

BDC
1

EGFIHJFIKLEGFLM 0 NPORQ 1 S*TUTUT1SWVYX 1 Z (9)

where the [?\ 1 vectors ]J^L_?`�a�b�c�d�e (i.e., f Tgihj�k 0) are linearly independent,
cf. (A.1).

There
²

is ageneralcase wherethevector lm canbeknown a priori.

Theorem 2.5. L
n

et A besuch thatdim oqpsr.tvu 1. Let wxzy|{q}s~.�1�*���|� �!� T � su� ch
that � T ���� 1. Let ����� ���������������i�. Let  P¡�¢�£¥¤ sa� tisfying (6). Then¦�§!¨�©&ª�«�¬�­�®�¯�°

(10)

if andonly if± T ²(³?´qµs¶ T
+ ·1¸

(11)
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Pr
¹

oof. Let
º »¼7½?¾q¿sÀ.Á . Assumethat(10)holds, but (11)doesnot. ThenÂ T Ã�ÄÆÅÇÉÈÊËÍÌ , for any ÎÐÏ7Ñ . On theotherhand, Ò T ÓÔ�Õ×Ö T Ø�Ù�Ú T Û�ÜÆÝÞ , which implies thatß�àâáãiäå T
+
. Thus,æ�ç!è�é&ê�ë!ì�í7î:ï(ð=ñ T ò.ó 0ô�õö�÷!øzù$úvû(üþý T ÿ��� 0

�����	��

�������
wherethefirst equality followsfrom the factthat ����� ��� T � . Thiscontradicts(10).
Conversely, if (11)holds, then ���! "$# T

+
and(10)holds. %

A
&

specialcasewhereTheorem2.5 applies is for the natural splitting ')(+*-,�. .
Wh
2

en B is column stochastic,then / T 021�3 , and if 465+798�: satisfying (6), then
(10) holds. An example of this case is the matrix ; 0 consideredin Example2.3,
where <= 1 >@? 1A 4B�C . Furthermore, if thereare two different splittingssatisfying (11),
then
ï

their iterationmatricessharetheassociatedprojection,cf. Remark2.4.Example
2.6 illustratesthis fact.

W
2

e point out thatourcomparison theorems, presented later in Section 5, areonly
vD alid whenthe two iterationmatriceshave the sameassociatedprojection.If both
satisfycondition(11),this isoneinstancewhenourcomparisontheoremsapply.

Ex
E

ample 2.6. Let
º F)GIH

1 J9K 1 LNM 2 OQP 2
R , where

S)T 0 U 2V 3 W 1X 3
0 1 Y 1Z 3
0 [ 1\ 3 2] 3

^ _ 1 `
2a 3 b 2c 15 d 2e 15

0 16f 15 g 4
h i

15
0 j 4k 15 16l 15

and m 2
R n@o . We have that p 1 qNrIs 1

1 t 1 u+v9w�x 1, and y 2
R z�{N| 1

2
R } 2

R ~������
2
R ,

where

��� 1 1 1
0 0 0
0 0 0

�

�
1 �

0 � 1� 6 � 7� 12
0 1� 12 1� 6
0 1� 12 5� 12

and � 2 �
0 � 1� 3 � 2� 3
0 0 1� 3
0 1� 3 1� 3

�

Let us highlight the fact that condition (11) is easilycomputable. Furthermore,
whenthis condition is satisfied, we cancompute �	���
�� �¡ evenif we do not know
P
¢

. In thiscase,wehave £¥¤�¦
§�¨�©«ª�¬�­¯®¥°«±³²µ´ T ¶�· 0̧ . For example,when¹»º 2,
asin Example2.2,then ¼	½�¾-¿�À�Á«Â�Ã 1 ÄQÅ 1 whereÆ

1 Ç@È�É«Ê-ËÌÉÎÍ 0 ÏÑÐ T Ò+Ó 1 ÔµÕ 1ÖØ×�Ù (12)

In
S

thecase (2), since Ú T Û�Ü 0, we canchoose thegenerating coneasin (9), where
the
Ý

vectorsÞàß form
T

abasisof á	â�ã2ä , e.g., åçæ 1 independentcolumnsof A
è

, cf. (A.1).
As we show later in Section 7, thismay notbea goodchoiceof the cone é 1, but it
isapossiblechoice.
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W
2

e discussnow how to produceê 1 whenthematrixB in (2) is reducible. Let B
be
©

any ë¯ìîí columnstochastic matrix. It iswell known [14,p.348]that thereexists
apermutation matrix H

ï
such that

ðòñ�ð T ó

ô
0 õ öîö	ö÷õ
ø

1 ù 1 úîú	ú÷û
ú ú
ú ú
ú úü�ý û úîú	úîþ ý

ÿ ��� 1 � (13)

where � 0 is an � 0 ��� 0 zero-convergentnonnegative matrix, i.e., 	�

� 0
� ��� 1, and

eachof thematrices� 1 ������������� is
�

anirreducible column stochasticmatrix of order��� , � � 1 !�"�"�"#!%$ , and &')( 0
� *�+-,/. . Note that the first columnneednot appearin

(13),i.e.,the permutedmatrix could beblock diagonal.
There
²

is a very efficient algorithmdevelopedby Tarjanandwith an implemen-
tatio
Ý

n described in [11] to find the permutation H and the matrices in (13). Our
experienceshows that its complexity is close to linear. Thus, using Tarjan’s algo-
rithm we are able to investigate generalstochastic matricesbecause we are able
to
Ý

checkwhethera vectorbelongsto 021
3547698 , the subspace“orthogonal” to the
Perron
:

eigenspace,or not.HereP
;

is
�

thesum of thePerron projections

< T

=
>�?�@

> > =
ACB

(14)

where D�E is thePerron eigenprojection of thematrix F�G . Consequently, we cancon-
structconeH 1 b

©
y settingI

1 JLK 0MONQPSR 1T1 UWV�V�V#UQX
Y[Z�\
1 ]

wherê`_ba)c1 i
�
s theconegenerating dfe
gihkj�lnm , e.g.,of the form(9), theconstruction

of whichhasalreadybeendemonstratedabovefor thecaseof irreducibleB
o

.

3.
p

The partial order

Let
º q

1 rLs
tiukv9w
x , with y z|{ }L~�� . By definition, the cone � 1 gener-
atesa propersubspace,i.e., not the whole space.Therefore,to definea partial or-

der on ��� , we needto restrict the vectorsto �2�
�5�7�9� . Thus, we say that ���� 1 � ,����������� , if �
 ���Q�9�#�¡  £¢¥¤§¦9¨�© 1. Similarly, a matrix ªk«�¬®­°¯²± is
³

said to be´
1-nonnegative,denoted µ·¶¸ 1 ¹ , if
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»5¼7½9¾#¿-À
Á5Â7Ã9Ä
ÅÇÆ�È
1 for all É�Ê�Ë`Ì (15)

The
Í

partial orderthusdefined,dependsof course on theprojection matrix P
;

andon
t
Î
he choiceof the cone Ï 1, but we dropthereferenceto Ð 1 i

³
n our notation whenit

is clearfrom the context which coneit is, and simply write ÑÓÒ 0 for ÔfÕ£Ö 1 and×kØÚÙ
for ÛÝÜ 1 Þ7ß 1.

Thereis a subtledistinctionherebetweenthepartialorderdefinedby à 1 on the
wholespace,andtheonedefinedin thesubspaceá2â
ã5ä7å9æ . Thus, theoperator T is

³ç
1-nonnegativein è�é whenever thereducedoperatorê�ëíìLî
ïiðkñ9ò#ó�ô
õ�öQ÷9ø

is ù 1-nonnegative in ú�û
ü5ý7þ9ÿ . Observe thatonedoesnot needto compute ��� in
orderto checkthat ����� . First of all, condition(15) is equivalentto sayingthat�
	���
����������

1 for
�

all ����� 1, sincewe canalwayswrite � ��! 1 as "$#&%�')(
*
for
�

some + ,�- , and conversely for every .�/�0 , 1�243
576�8�9
:<;�= 1. Now we
canshow that (15) canbeverified by checking the usual condition>@?

1 ACB 1 D (16)

T
Í

o see this, consider (16) valid, i.e., E�FHG�I 1, with J�K�L 1. Then, by writingM�NPORQ
S7T�U�V
W
, for some zX andusing the fact that Y7Z�[ is

³
a projection, we have\
]�^�_�`�a�bdcRe
f7g�h�i 2j kmlon
p7q�r�s
t�uRv�w , so weare in thepreviouscase.

As
x

a corollary to this discussion we have the following generalresult, used later
in thepaper.

L
y

emma 3.1. Let
z

P be a projection in {}|�~ and� let � 1 be a generating cone of���
�7�����
. Thenfor anymatrix T such that �@� 1 �C� 1 � the followingholds��
�7�������m�
�&�����
���R�
���� �¡�¢@£d¤o¥m¦
§7¨�©�ª
«

f
¬
or any ­�®�¯ 1 °

Example 3.2. Consider thematrix

±�² 5 ³ 1´ 2 4 µ
Let ¶ 1 and · b

¸
easin (12). It followsthat ¹»º½¼ 6 ¾À¿dÁ 1 sothat ÂÄÃ�Å , thoughÆRÇÈÄÉ

.

4.
Ê Ë

1
Ì -regular splittings

Theorems1.1, 1.2, and1.4 remainvalid if we interpreteachmatrix inequality
(including the definition of regular and weakregular splittings) with respect to any
generating coneÍ of ÎÐÏ . Theproofsof thetheoremswith thenew partial ordersare
eitheridenticalor they canbeobtained;see[4,16,30,36–38],andalso [31,Lemma1].

W
Ñ

e note that in the caseof the partial order of Hermitianpositive-definite ma-
t
Î
rices, the corresponding theoremsusing P-regularsplittings, canbefoundin [24].



I. Marek,D.B. Szyld / Linear Algebra andits Applications316(2000)67–87 75
Ò

Usin
Ó

g thisorder, comparisonsfor the convergencefactor in the Hermitiansemidefi-
niteÔ case wererecentlyobtained[8].

Our situation is a bit different since we use a partial order inducedby a coneÕ
1 which doesnot generatethe whole space,but rathera propersubspace.The

definitions of the different splittings (e.g., regular splittings) can be given in the
same way, but we needto reformulate the convergenceandcomparison theorems.
Th
Í

efollowing example showsaregularsplitting with respectto thecone Ö 1, which
is not a regularsplitting (nor weakregular) in the usual sense.

Example 4.1. Let ×�ØÚÙ 2 ÛÝÜ 2, where

Þ�ß 1à 2 á 2â 3
ã 1ä 2 2å 3 and æ 2 ç 4

è é
3 1ê 3

2ë 3 5ì 3 í

We
î

have that

ïñð 1
2
j ò 1

6

5 ó 1
ô 2 4 õ

Let ö 1 and ÷ b
¸
e as in (12). It follows that øñù 1

2
j úüûRý (see Example3.2), andþ

2
j ÿ�� 1

6
� � , so the splitting is a

�
1-regular splitting. (The iteration matrix for this

splitting is thematrix T in Example2.2.)

W
î

e begin ourdevelopmentof the theorywith a coupleof verygeneralresults.

L
y

emma 4.2. Let
� ���
	 �
���������������

bea � 1-weak splitting of A � i.e. � su� ch
that ��� 1  "! 1. Let 1 #$&%('�)+*-, wh. ere /103214
57698:5<;>=7?A@CB . Then

DF E�G 1 H7I # J>K�LNMPO�Q #R S>T�UWVYX[Z-\�]:^P_a`-b 1 c (17)

Pr
d

oof. W
î

e easilycheckthevalidity of the threerelationsdefining thegroup inverse
of e�f�g .

h
i ikj�lWmYn+o-p�q�r�s[t-u�vNw�xay-z 1 {C|�}N~P���-���:�P�a�-� 1 ���N�P�a���3�N�P���
�
ii
� �k���W�Y�+� 2 ���W�P�� -¡�¢:£P¤a¥-¦ 1

§>¨�©WªY«+¬-­�®N¯P°Y±P²a³-´�µW¶Y·[¸-¹�º:»P¼a½-¾ 1 ¿>ÀNÁPÂaÃ
Ä
iii
� ÅÇÆ�È�É�Ê�Ë Ì�ÍNÎPÏ�Ð # 2 Ñ1Ò�ÓNÔPÕ[Ö-×�Ø:ÙPÚaÛ-Ü 1 Ý�Þ�ßYà+á-â�ãWäYå[æ-ç�è:éPêaë-ì 1

í1î�ïNðPñ[ò-ó�ô:õPöa÷-ø 1 ù3ú�ûNüPýaþ # ÿ �
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Observe that in relation (i), we have that �������	� # 
��
���	�������
���������
����� #  !
"�#
, which is the identity in the subspace $&%�'
(�)+* andin the generating cone,

1.

Theorem 4.3. L
-

et A be singular. Let .�/10 243658789�:�;=<�> be a ? 1-weak
sp� litting @ with. ACBEDCFHGJI�KLGNM�OJP�QSRUT	V 2 WSX�Y 1 Z[]\_^�`�a�b and� c

1 a� cone
gend erating egf�h�i�j+k . Then l�m�n	o	p8qsr�t�uwv 1 if and only if xzy�{=|�} # ~��U� i.e. ��������	� # is � 1-nonnegative.

Proof. Assumefirst that �����	�	�8�s�����w� 1.Since,by hypothesis, ��� 1 �E��� 1 ��
1, using(17),we see that

���
����� # �S �¡£¢=¤+¥
¦
§©¨

0
ª
«�¬®­�¯U°

(18)

For thenecessity, using thefactthat ±�² 1 ³�´ 1, thereis a Perroneigenvectorµ]¶·�¸�¹�º+»�¼¾½À¿
1 for
Á

which Â�ÃÅÄ1ÆÈÇ�É�Ê�Ë . Thus, therelation

1

1 Ì4ÍsÎ�Ï�Ð
Ñ]ÒSÓ�Ô£Õ=Ö�× # Ø¾ÙÀÚ

1

implies that ÛÈÜ�Ý�ÞàßSá	â�ã	äwå 1 andthiscompletesthe proof. æ
ConsiderthereducedoperatorçéèëêEìzí£î�ïñð�òôó�õ
ö�÷+ø , i.e.,therestriction of the

mù atrix A
ú

acting on the(proper)subspaceûgü�ý£þ=ÿ�� . We firstobserve that in spite of
A bei

�
ng singular, this reducedoperator is nonsingular on �����	��

� . To seethis, it

sufficesto seethat a linearsystemassociatedwith this matrix has a uniquesolution
in
� �����������

. This follows from the factthat if ������� �"! , then #%$'&)( andthus*�+�,�-�.0/21
0, so the null spaceof A is reducedto thezeroelement in 3�4�5	687�9 .

Considernow thematrix:<;�=?>�@BA�CED # FHG 1 I�JBK�L�M0N
It
O

is an P 1Q -inverse of A
ú

[4,6]. In fact, the following two relationshold, andcanbe
vR erified directly.STSVU�WYXBZ�[	\ ]V^`_T_Va�bdc<egf

(19)

Remark 4.4. It followsfrom (19)thatif hjilknm�o�p�q�r , s<tvu is theonly element inw�x�yBz�{�|
th
}

atsolves ~T���d� .

The
�

followingtheoremis thereformulation of Theorem1.4.Severalauthorshave
attemptedto presentcounterparts to Theorem1.4 for singular systems, using alter-
native definitions of regular splittings; see[21,25,29]. In thesereferences,the con-
ditions defining the regular splittings arenot easilyverifiable. We believe that this
is the first time thatananalogousresult is producedin which this hypothesiscanbe
checked;see,e.g.,Example4.1.
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Theorem 4.5. Let A besingular. Let ���d� �����H�H��������� bea � 1-weakreg-
ular splitting.Let ���Y����� with� �%���) "¡�¢?£¥¤§¦ 2 ¨?©	ª 1 «¬l­"®�¯±°0² and³ ´

1 a³
conegenerating µ�¶�·B¸�¹�º . Then »E¼�½±¾
¿ 1 if andonly if ÀVÁ�ÂYÃ�ÄBÅ�Æ�Ç # ÈÊÉ 1 Ë�ÌBÍÎ�Ï"ÐÒÑ¥Ó

i.e. ÔÖÕV× is Ø 1-nonnegative.

Proof. Assumefirst that ÙEÚ�Û�ÜÞÝdßáà�â±ã
ä 1. Thesufficiency followsby multiplying
(18) on the right by åHæ 1 ç�èBé�ê�ë"ì�í . On the other hand,assume that î<ïñð 0.
Since ò�ó 0 and ôHõ 1 ö�÷ , and for everymø ,ù�úüûdý�þ ÿ 2 �����������	��

�������	����������� � 1 ! (20)

wehave that

0 "$#�%'&�(*)�+ 2
, -�.�.�.�-�/�0�1
2�3�4�57698;:

1 <�=�>�?7@
ACB�D'E�F*G�H 2 I�J�J�J�I�K�L�M
N�O�P�Q�R
S�T�U�V�W
X 1 Y�Z�[�\7]�^`_ 1 a�bdcfe7g
hCi�j�k�l	m n 1 o�prqtsvuxwzy

wherethe lastinequality followsfrom theassumption {r|t} 0. Thetheoremfollows
now as in the nonsingular case, by noting that the partial sum (20) is boundedin
the
}

partial order inducedby ~ 1, since ��� 0, the partial sum is convergent, thus�	���������'�9�	��� 1. �

5. Comparison theorems

W
�

e follow thespirit andideasusedfor thenonsingularcase in ourpaper[18]. We
b
�
egin with a new simple lemma.

L
�

emma 5.1. Let
- ����� ���

be a convergent � 1-weak splitting � and³ let ����`� 1� . Then
�'�����d f¡	¢# £�¤�¥ ¦	§�¨	©

1 ªf«	¬�­�®°¯ (21)

Proof. Let ± andx² be
�

aneigenpairof T, i.e., ³�´¶µ;·'¸z¹7¸vº» 0 ¼ First consider the
Perroneigenvector ½¾ , i.e., ¿ÁÀ 1. By (17),Â�ÃdÄfÅ�Æ # Ç�È�É�Ê�Ë7Ì
Í�ÎÐÏfÑ�Ò # Ó�ÔdÕfÖ7×
andsince Ø�Ù�Ú�Û7ÜÞÝß¶à 0, we have that á�â�ã�ä�å #æ çxèé¶ê 0. For theothereigenvectors,
i.e., for ëíìî 1, it follows thatï�ðdñfò�ó # ô	õ÷ö ø

1 ù�ú ûýü
Therefore,since þ	ÿ 1 � � 1,

���������
	�� # 
���� max
�

1 ��� ������������ "! 1 #$&%�' 0 (
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Sincethe function*,+.-0/21 3
1 4�576 (22)

is
8

increasing for 9�: 1, the lemmafollows. ;
Lemma
<

5.2 = 18> Corollary 3 ? 2@ . Let
A BDCFEHG

and³ let IKJ 0 besuch that L�MONQPSRKT
0. Then UWV
X�Y�Z�[ .
Theorem 5.3. L

A
et A be singular. Let \^]`_ 1 acb 1 dfe 1 g�hji^k 1 l�m&n 2 o�p 2

, qr
2 s�tjuwv 2x betwo y convergentz|{ 1-regular splittings} wh� ere ~ 1 is the conegen-

erating �������w��� and³ �
1 �����D� 1 ��� 2 ���������

1 ��� 1 �����H�¡ �¢�£ 1¤,¥ 1 ¦�§ 2 ¨©Qª&«
2 ¬®­ 2

, ¯�°�±²°´³
2 µ�¶ 2 ·
¸�¹Hº¼»�½�¾ 2 ¿,À 1. IfÁ

2
, ÂÄÃ

1 Å (23)

then ÆÈÇ�É
1 Ê,Ë&Ì�Í�Î 2Ï"Ð (24)

Pr
Ñ

oof. By
Ò

Theorem 4.5, ÓÕÔ1 Ö�×�Ø�Ù
Ú 1 Û # Ü`Ý 1
1 Þ�ß�à
á�â�ãåä , and æèç2, é�ê�ë�ì
í 2î #ï`ð 1

2 ñ�ò�ó
ô�õ�öF÷ . Let øKù 0 be thePerroneigenvector of ú 1, i.e.,û
1üOý�þ�ÿ�� 1������� 1�
	���
�� 1 ����������� 1 � ���� 0 �

By hypothesis, � 1 �! 0, and " 2 #%$ 0. By Remark 4.4, we have that &('2, ) 1 *
+,(-
1 . 1 / . From (23) it follows that

0 0(1322, 465 2
, 7�8:9

1 ;=<?>�@3A2, B 2
, C�D:E3F

1 G 1 H
IKJ�LNMPO

2 Q # RTS 1
2 U�VXW�Y[Z]\ 2 ^�_P`�aNbPc 1d #æ eTf 1

1 g�hXi�j[k�l 1 m
nKo�pNqPr

2 s # t 2
, u
v wyx�z 1 {

1 |P}y~�� 1�
��� (25)

wherethe last equality follows from Lemma3.1 and from (17). The theoremnow
fo
�

llows from Lemmas5.2 and 5.1, and the fact that the function (22) is increasing.�

W
�

e note that the parts of theproof wherethe projectionsassociatedwith � 1 and�
2 must be the same are in the � 1-nonnegativity of �(�1 and �(�2 , and in the useof

Lemma
�

3.1 in (25).

Remark 5.4. Theorem
�

5.3isvalid with slightly weakerhypotheses, using thesame
p� roof. Namely, that thesplittingsareconvergent � 1-weaksplittingsand that if �%�
0 is thePerroneigenvector of � 1, then�

1 �!� 0 and � 2 �!� 0 � (26)

cf. [18, Theorem3.5]. A similar proof can be obtained if (26) holds for x� being
�

the
�

Perroneigenvectorof � 2 and lying in the interior of � 1. Furthermore,onecan
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extendtheresult to strict inequalityin (24)with suitablehypothesesonthesplittings;
see [18,40].

Example 5.5. Let ¡£¢�¤ 1 ¥§¦ 1 ¨T© 2 ªK« 2, ¬ 1 ­�®°¯ 1
1 ± 1, and ² 2 ³�´Tµ 1

2
, ¶ 2,

whereA
·

and ¸ 2
, areasin Example4.1,and

¹
1 º 5» 4 1¼ 3

2½ 3 19¾ 12 ¿
No
À

te that both Á T
1 Â and Ã T

2 Ä aremultiplesof ÅÇÆ�ÈÊÉ6Ë T
Ì Í

. Let Î 1 and Ï be
�

asin
(12). It follows that ÐTÑ 1

1 ÒÔÓ 12
11 Õ°Ö�× 1 and Ø 1 ÙÔÚ 1

12 ÛTÜ
Ý 1, so the two split-
t
�
ingsare Þ 1-regular splittings. Furthermore, ß6à 2

, áKâ
1 ãåäÔæ 1

12 ç , and thus è 2
, éê

1 ë which implies ìyí�î 1 ïñð�òôó�õ 2
, ö . Indeed,÷yø�ù 1 úüû 1ý 11 þ�ÿ���� 2

, ��� 1� 6.

Theorem 5.6. Let A besingular. Let �
	�� 1 
�� 1 ��� 1 ������� 1 ����� 2 ��� 2 � 
2 !�"�#%$ 2

, & betwo ' convergent(*) 1-regular splittings+ wh� ere , 1 is the conegen-
erating -/.�021%354 and³ 6

1 798�:<; 1 =?> 2 @BA2CDAFE
1 GIH 1 JLKBMONQPSR�T 1UWV 1 X?Y 2 Z[]\�^

2
, _a` 2 b9c2decgf

2 h9i 2
, j
k9lOmonSp�q

2 rWs 1. Iftvu 1
1 wyx�z 1

2 { (27)

then |�}�~ 1 �W������� 2
, � .

Pr
�

oof. If
� �����

1 ��� 0, there is nothing to prove. Since � 1 i
�
s the conegenerating�������
�5�

, and by hypothesis � 1� 1 �I� 1 � 1 �
� 1, thereis a Perroneigenvector���9 �¡�¢�£5¤�¥§¦©¨
1 for
ª

which « 1 ¬®­9¯ 1°²±�³S´�µ 1¶�·�¸9¹»º�¼ 1 ½�¾À¿ 0. Then,

Á
1 Â®Ã 1Ä»Å�Æ

1 Ç
È

1 ÉÀÊ 0 (28)

and
ËÍÌ®Î�Ï

1 Ð�Ñ�Ò
Ó 1 Ô�Õ²Ö 1 ×
Ø»Ù�Ú 1 ÛÜ»Ý�Þ
1 ß

à
1 á§â 0 ã

Usin
ä

g (27), it follows that

0 åçæéèvê 1
1 ë�ìví 1

2 îðïòñ�óBô�õ�ö
÷ 1 ø�ù²ú�û�ü�ý�þ 2 ÿ���� � 2
� ���
	���


1 ����� (29)

Since �����
0 � (30)

from (29),wehavethat � 2 ����� 2 ���! �"�# 1$�% . Thus, applyingLemma5.2to & 2, we
havethat ')(�* 2+),.-0/�1 224365�7�8 1 9 . :

W
;

e note thatthehypothesisof thecommonprojection isused in (30).

Remark 5.7. Theorem5.6 is valid with weakerhypotheses, using the sameproof.
Nam
<

ely, that the splittings areconvergent = 1-weaksplittings and that if >�? 0 is
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the
A

Perroneigenvectorof B 1, then C 1 DFE 0; see (28).A similar proof canbeusedin
which thehypothesesareconvergentG 1-weaksplittings, and if HJI 0 is thePerron
eigenvectorof K 2

� , with zL in
M

the interior of N 1, then O 2 PRQ 0; cf. [18, Theorem
3.11]. Herealso, strict inequalities canbe obtainedessentially with the same proof,
with suitablehypotheses.

Ex
S

ample 5.8. Let
T U
V6W

1 XZY 1 []\ 2
� ^Z_

2
� , ` 1 a6b]c 1

1 d 1 and e 2 f.g.h 1
2 i 2

� , be
asin Example2.6.Let

j
1 k�lnm�o 1 prq0s 2 tvu�t0wyx 0 z|{ 1 }�~ 1 � 0 ��� 1� T ��� 2 ��� 1 ��� 1 � 0� T ��� (31)

cf. (A.1). Onecancheckthatthetwosplittingsare� 1-regularsplittings,e.g., � 2
� �

1 �
1
3
� � 1 � 1

3
� � 2, � 2 � 2 � 1

3 � 1. Furthermore, �.� 11  ¢¡.£ 1
2 ¤ and ¥�¦�§ 1 ¨ª©�« 3 ¬
­ 6®°¯

2 ± 0 ² 454 ³6´�µ�¶ 2 ·ª¸�¹ 1 º
» 5¼�½ 6 ¾ 0 ¿ 539.

W
;

e concludethe section showing, in a way very similar to thenonsingular case,
that
A

condition(23) implies condition(27). We remarkthat the usual hypothesis ofÀRÁ 1 Â6Ã is
M

notneeded;in factA
·

needÄ notbenonsingular.

L
Å

emma 5.9. Let
Æ ÇÉÈ.Ê

1 ËZÌ 1 Í]Î 2 ÏZÐ 2 betwo Ñ 1-weak regular splittings. IfÒ
2 ÓÕÔ 1 Ö then ×.Ø 1

1 Ù¢Ú.Û 1
2 .

Pr
Ü

oof. We
;

have

ÝßÞÕà
2 áãâ 1 ä6å 2 æZç 1 è6é 2 ênë.ì 1

1 íZî.ï 1
2 ðòñ 1 ó

Multiply the lastequation by ô.õ 1
2 öø÷ on the left, and by ù.ú 1

1 ûøü on the right
andobtain thelemma. ý

6. Nearly completely decomposable stochastic matrices

Consider system(1), in the case(2), with þ ÿ 0. We aregoing to show that suit-
ablesplittings canbefoundutilizing knowledgeof themagnitudeof someelements
of B. We demonstrate this facton the example of near� ly completely decomposable
sto� chastic matrices; see,e.g.,[33]. Let B be

�
an ����� nearlycompletely decompos-

able irreducible column stochasticmatrix, i.e., let B
	

satisfy (2) andbe given in its
bl
�

ock form


��



11 � � � � 1�
� � � � �
� � 1 � � � �����

(32)
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with squarediagonalblocks, wherethe magnitudeof the elements in blocks �������� �!#" , do notexceedthevalue $&% 0 which is assumed to besmall.
A
'

class of widely used methodsto computethe stationaryprobability vectors
of such matrices are some aggregation/disaggregation iterations; see, e.g.,
[2,7,20,27,32–34]. Variousaggregation/disaggregation algorithms reducethe orig-
inal problem of finding a stationary probability vector to a similar problem on the
coarselevel, i.e., of determining a stationary probability vector of the aggregated
matrix () . Oneof thepossiblewaysto aggregateinvolvesreducingeachof theblocks
in (32) to a single scalarelementof theaggregatedmatrix. In sucha case,matrix *+
is
M

elementwisenearlycompletelydecomposable, i.e. the following relationshold:,-�.0/21435
1 6 78 2

with 9:
1 ; diag<>=? 1

11 @BACACAC@ DE 1F�FHGJI 0 KMLN 1OPORQTSVUXW Y[Z 1 \^]C]C]J\`_
and ab

2
c d0e>fg 2

chji�kJl 0 m0no 2p�qsrutwvyx{zwx`|~} 1 �B�C�C���`���
where��������� areindependentof � .

Let us write ����0�2�4�� . Oneneedsto compute thepositive p� -vector �����������¡ 
normalizedÄ so that ¢£ T ¤¦¥ 1, § T ¨ª© 1 «B¬C¬C¬`« 1­¯®±°³² . Wemayalsoiterateon thecoarse
le
´

vel for this purpose.Let uschoose thefollowing splittings:µ¶¸·º¹¼»2½ ¾¿ÁÀ ÂÃ�ÄÆÅ ÇÈ¦É¼Ê�Ë[Ì
1 Í 2 Î

where ÏÐ
1 ÑÓÒÕÔ×Ö�ØÚÙJÛ^Ü ÝÞ 1 ß#à¯áãâ äåRæçè
2
c éÓêÕë×ì�íïîñðóòCôöõ ÷ø

2
c ù0úÕû&ü¸ýÿþ�������� �	

with 
���
��
Let � 1 ������������� 1 ���! , where "#%$�&('�)+*-,2 .0/213/-4�5�6+7�8:9<;

1 =>@?BA�CED�F It is obviousthat the above splittings are G 1-regular if H�I 0 is suffi-
ciently largeand JLK 0. Let MNPO 1

1

QR
1 S0T 1 U:VBWYX[Z�\^]_a` 1

2
c bc 2 d:e 2

c f�g+hYikj�lnm and
sincetheperipheralspectrum

oqpsr�turYvxw�r�y-z�{}|~|s���������u���+�Y�[���������x���:�s���+�Y�[���x�
consists just of a single point �s���+�Y�[��� , the matrix �u Y¡[¢ i

£
s convergentfor ¤�¥ 0

l
´
arge enough.Furthermore, ¦§ 2 ¨ ©ª 1 «a¬}­¯® i.e.,

£ °n±²
2 ³ ´µ 2 ¶�· 1 ¸�¹ 1 º It

»
follows

th
¼

enthat for ½�¾ 0 sufficiently large,by Theorem5.3:
¿ÁÀ�ÂuÀYÃ[Ä�ÄÁÅ0ÆsÇ~È

1 É�Ê�ËsÌ�Í 2
Î ÏÑÐ�ÒÁÓ�Ô+ÓYÕkÖ�×nØ�Ø�Ù ×LÚ 0 Û (33)

R
Ü

elation (33)canbestrengthenedasmentionedin Remark5.4.
It followsasaconsequenceof (33) that for splittingsof this form,wehavecertain

monotonicityproperties, andwe canchoose the parametersin such a way that the
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convergence factor is minimized. As an elementary illustration let us consider forÝßÞ 0, à(á 0,

âã�ä 1 åçæxè éêè
æ[è 1 ë(ìêí î andthus ïð�ñ0ò�óõôö%÷aø ù ú�ûü�ý þ ÿ

Setting

������ � �� � �
wecandefine thesplittings

	�
���
������������������! �"��$#�%'&)( *+-,/.10�243�576�8�9
andthe iterationmatrices:<;�=�>$?A@�B�C�D�E 1 F!G�HJI , KMLONQP We

R
see that S$TVU<T�W�XVXZY 1

if [M\ 0 and that min ]V^$_V`<_�aJbVb<cedMfhg$ikj�l$mVnZm0oVoqp 0 r
Let usfurtherspecify s and t , by setting uwv�xzy 1, then

{|�}�~����O���������$����� 0 1
1 0 �

�����O�����������$������� 1¡�¢ £M¤
0 ¥

is
£

a ¦ 1-regular splitting of §¨ for
© ª¬«O­

, but since ®¯Z° 1 ±³²<´ 1, µ 1 asin (12),
th
¼

is splitting isnot ¶ 1-weakfor 0 ·O¸M·O¹ . It follows that:
º$»V¼<»�½�¾V¾Z¿AÀ$ÁVÂ<Á�ÃÅÄ�ÆqÇVÇ�ÈÊÉÅËOÌ�ÍÏÎÅÐ�ÑÓÒ ÑÕÔ 0 Ö

andwe see that ×$ØVÙ<Ø�Ú�ÛVÛÝÜ 0 Þ miß n àâáÝãåäZã�æJçVç<è�éMêìë�í .

7. Different comparisons

In
î

Example4.1,weshoweda ï 1-regularsplitting which is not aregularsplitting
with respectto ð 2ñ . Similarly, a ò 1-regularsplitting maynot beregularwith respect
t
ó
o anotherconeô 2 which generatesthesaõ mesubspaceöø÷Vù�ú�û)ü , as shown in the
followingexample.

Ex
ý

ample 7.1. Let
þ

ÿ
2 � ����� 1 ���
	 2

Î �
���
��� 0 ��� 1 ����� 1 � 0 � 1� T ��� 2 �! 1 "$# 1 % 0& T ')(
It
î

canbeseenthat * 1 +!,.- 1 and / 2 0!1 2Î i
2
n (31),andthusthis conegeneratesthe

samesubspaceas 3 1. ConsiderA asin Example5.8 and the second splitting there.

The
4

matrix 576!8:9<;�=
>

1 ? , but @BA 1 C�D�E 2F 3 G 1H 3 I 1J 3K T LMON 2
Î , andfurthermorePRQ

2 S!T 1U 3 V 0 W$X 1Y 3Z T[ \]O^ 2. Thus, _�`badcfe is nota g 2-weaksplitting.

Examples5.8 and 7.1 illustratethe fact that given a splitting hjilk m<n , one
mayß or may not be able to find the appropriate cone o 1 f

p
or which this splitting isq

1-weakregular, and thusto apply Theorem4.5, or the comparison theoremsin
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Section 5. However, if onedoesnot find the appropriate cone,this doesnot mean
that
s

two splittings cannotbecomparedusing anothercone.

Example 7.2. Considerthe4 t 4 matrix A from Example1.3andthefollowingtwo
splittingsof it, ufvxw 1 y7z 1 {l| 2 }<~ 2:

�
1 �

1
2

1
2 0 0

1
2

1
2 0 0

0 0 1
2

1
2

0 0 1
2

1
2

� � 2 �

1
2

1
4

1
4 0

1
4

1
2
� 0 1

4
�

1
4 0 1

2
1
4

0 1
4

1
4

1
2

�

It follows immediatelythat �x��� 1 �<� 2 is neithernonnegativenornonpositive
in the usual sense, i.e., they cannotbecomparedusing the usual nonnegative cone����

. They do comparethoughwith respectto the cone(9) with � T[1 �!� 1 � 0 � 0 �$� 1� ,� T
2 �!� 0 � 1 �$� 1 � 0  , and ¡ T3¢ £!¤ 1 ¥$¦ 1§ 2 ¨$© 1ª 2 « 0¬ . Indeedwehave ­O® 1 ¯ 1

2 ° 2, ±O² 2 ³
1
2 ´ 1, and µO¶ 3¢ · 1

4 ¸ 2� , and thus ¹ 1 º¼» 2. It canbe checkedthat thesetwo splittings
are ½ 1-weakregular (but not regular!), andthus, by Theorem5.3(with thehypoth-
esis asin Remark5.4), ¾�¿ÁÀ 2 ÂÄÃ�ÅÇÆÁÈ 1 É . Thecomputation of theconvergencefactors
gives ÊÇËÁÌ 2

� Í�Î 1Ï 3 and Ð�ÑÁÒ 1 ÓÇÔ 1Õ 2.

W
Ö

e point out that the differencematrix D
×

of Example 7.2 is symmetric but not
posØ itive (semi)definite.Therefore,the two splittings cannotbecomparedusing the
Hermitianpositivedefinitepartialorder, i.e.,thesplittingsdonotsatisfy thehypoth-
esesof thecomparison theoremsin [8].

Example
Ù

7.2illustratesthat,asin thenonsingularcase,noteverypairof splittings
is
2

comparablein the sense of satisfying either (4) or (5). In the singular case, we
canalsohave pairs of splittings ÚjÛxÜ 1 Ý7Þ 1 ß�à 2 á<â 2, such that neither(23)
norã (27) hold. The situations in the examples presented in [5,15] are not of this
kind though.Our theoremsdo not apply to the example in [5] since the Gauss–
Seidel splitting in that example is not convergent, i.e., the convergence factor ä is

2
equal to one. In thecaseof Example1.3, which comes from [15], thesplittingshave
associatedprojectionmatriceswhich arenot equal,asshown in Example2.3, and
t
s
hus, thehypothesesof ourcomparison theoremsarenot fulfilled.

Wh
Ö

en A is nonsingular, thereis a uniquesplitting åfæxç è<é corresponding
to
s

the iteration matrix êìëlí�î 1 ï . In the singularcase, therearemany splittings
correspondingto thesameiterationmatrix [3, Theorem2.2]. In thecase that ð T

ñ òBó
0, anddim ôöõø÷ T

ñ ù�ú
1, the splittings ûfü ýþ ÿ ������ ���

have the sameiter-
ation matrix 	�
 1 ��
 ���� 1 �� if

2 ���� 1 ����� 1 ����� T, for some vector � . So one
couldimaginethatif two splittings donot satisfy (27),we canchoose anothersplit-
tin
s

g with the sameiteration matrix to seeif the new pair is comparable. Unfor-
t
s
unately, this is not possible, sincefor any �! #" 1, $ T %'& 0, andthus

()�* 1 +-,.�/ 1 0 .
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W
Ö

e endthe section by observing that the methodsof comparison presented for
consistent singularsystemscanbeapplied to inconsistent systemsaswell. In sucha
case,the iteration (3) yields

1325476
18:9<;>=3? 0@BA�C

D7E
1 F3G

0HBI
J

KML 0

NPORQ

S<T>U3V
0WBX�Y

Z7[
1 \3]

0̂B_a`cbed 1fhgjilk�monqpsrutwv 1 xhyoz|{~}P��� 1 �o�q�s�j�w���
It
�

follows that��#����������o�����P� �j�3�
0� ��¡o¢q£s¤u¥h¦ 1 §o¨q©sªj«o¬ ­�®o¯q°s±j²o³

and

lim7́µ·¶a̧º¹3»5¼7½ 1¾À¿ÂÁÃÅÄÇÆ 0 È
where

É3Ê5Ë7Ì
1ÍÏÎ�Ð3Ñ5ÒwÓ 1ÔÖÕ<× Ø3Ù5Ú7Û 1ÜÀÝ�Þàßâá7ã ä åæ#ç�èjé3ê

0
ë ìîíðïoñ|ò~óuôhõ 1 öo÷�ø�ùjúoûîü

see [12]. Furthermore,
ýÿþ����

P �����
	 1 �
������ �
P � mi� n ���
� 1 ���������! #"%$'&)(+*-,/. 0

where 1#231 P denotesthenormon 4#5 definedby6�798
P :<;%=�>@?BAC?%DFEHGJI�KFL9M%N

where O#P3O is
2

any normon Q#R .

8. Concluding remarks

W
S

e have solved the longstanding problem of establishing theoremscomparing
t
s
he convergencefactorsof iterative methodsfor (generally nonsymmetric) singular
m� atrices.

The new theory developed usesa partial order which depends on the projection
associatedwith the iteration matrix. Thus, when comparing two splittings, i.e.,two
iterati
2

ve methods, the two iterationmatricesneedto have the sameprojection.In
many cases,this is thecase,andin particularwhenthey satisfycondition(11), this
canbe easilychecked.This condition is a naturalonein the caseof splittings for
Markov chains. The projectionmatrix neednot be known in order to checkthis
condition.Neitheris it neededto computetheconedefiningthepartialorder.

W
S

ith this new theory a new situation arises,a kind of inverseproblem. If a split-
tin
s

g is not regular with respect to a certainpartial order, one cantry to look for the
appropriateconefor which it becomesregular. Similarly, if two splittingscannotbe
comparedusing a certain partial order, a new conecanbe soughtso that they are
comparable.
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Appendix A. The generating cone

Let
T U

be
V

arealBanachspace,WYX i2 tsdualand Z
[�\#] the
s

spaceof all boundedlinear
operatorsmapping ^ into itself. We do not distinguish betweenthe normsof these
spaceswriting simply _a`a_ .

A normalconeb is a subsetof c with the following properties:d
i
2 egf hji kml

,n
ii ogp�q rms for tvu 0,w
iii xgy z|{F}�~��/�C� 0� ,�
iv
2 ���� ���

, where �� denotesthe norm-closureof � , and�
v� �H�g��� 0 suchthatfor ��������� onehas ���¡ �¢9£�¤m¥§¦�¨9© .
We
ª

say that « is
2

generating if ¬|­¯® °'± . Thetypicalexample is ²�³C´#µ (in
which caseproperty (v) is automaticallysatisfied), and a generating cone is

¶ ·�¸#¹º¼»v½�¾+¿+À#ÁÃÂÅÄÇÆ
0È

É Ê-Ë+Ì#ÍÏÎ)Ð�Ñ
Ò
ÓÕÔ

1

ÖØ×ÚÙÛ×ÝÜ�Ö3×�Þ 0 ß%à/á 1 âÅãÛãÛã%â%ä å (A.1)

whereæÛç is
2

the standard ith
è

canonicalvector, i.e.,the ith
è

column of the identity.
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