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1. Introduction

The sdution of n x n singularlinearsystemsof equatonsof the form

Ax =b 1)
is of greatimportancan mary applicationsIn particular when
A=1—-B, Ble=e, ¢ =[11,...,1], (2)

whereB is the column stochasticmatrix represeriing a Markov chain, and the solu-
tion of (1), for b = O, is the stationary probability distribution of the Markov chain
(normalizedso thatxTe = 1); see,e.qg.,[4,33]. In this cas, p(B) = 1, wherep(B)
denoteghe spectralradiusof B.

Iteratve methodsfor the solution of (1) basd on splittings of the form A =
M — N, where M is nonsngular, have beensuccesfully usedfor this problem;see,
e.g.,[1,2,15,19,27]Thee mehodsincludepoint andblock versonsof the classical
Jacobi,Gaus-Seidel,andSORmethodqd4,33,38]andcanbewritten asthe follow-
ing iteration, startirg from an initial vecta xg):

X+ =Txgy +c¢, c= M~ 1p. (3)
The matrix T = M~1N is calledthe iteration matrix, and it is generally assumed
to be nonngaive (denoed T > 0), e.g, whenthe splittings areweakregular [4],
e, M1 > 0andM N > 0. A regularsplittingissuchthat ¥~1 > 0 andN >
O [38]. A weaksplitting is such that M~1N > O [18] (some auhorscal thes
splittings nonngative splittings; see,e.qg.,[9,40]). SinceA = M (I — T), asingular
matrix A impliesthatl isan eigenwalueof T, and p (7)) =1 isimplied in the case of
stochasic matricessuch asin thecase of Markov chains

The rate of conwergenceof thes iterative methodsis governedby the quan-
tity y(T) = max{|Ar|, A € o(T), A # 1}, where o (T)is the spectrum of T. When
y (T) =1convergencesnotguaranted Wheny (T) < 1andind(!/ — T') =1there
is convergence;see.e.g, [4,35], and Sectian 2. We call the quantity y (T) the con-
vergencefactor of the iteratve method (3). The quantity ind(Z — T) is the maximal
size of the Jordanblockscorrepondingto the eigenvaluel of T; see,e.qg.,[4].

In the cag of nonsngular A, the quantity governing the rate of convergence of
theiterative methodsis p(T'). There existsarich literature comparing two splittin gs
of the samematix; see,e.g.,[9,10,13,16,18,2,39,40]. For exampk, the following
result canbefoundin [38].

Theorem 1.1. Let A be a nonsngular matrix with Al>0 andlet A = M; —
N1 = My — N2 betworegular sgittings. If

N1 < Ny, (4)
thenp(M;N1) < p(M;N2) < 1.

Relatin (4) mears that No — N1 > O, i.e.,that (N2 — N1)x > 0 when x > 0.
Similarly, the following reault comesfrom [39]; see also [10,40].
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Theorem 1.2. Let A be a nonsngular matrix with A=t > 0 andlet A = M1 —
N1 = M — N2 betworegular sgittings. If
-1 -1
Mt > Myt (5)
thenp(M7Ny) < p(M5N2) < 1.

It is not hard to seethat, in this context, condition (4) implies (5); see,e.g, [10],
andfurtherLemma5.9.

When A is singular, several auhors have provided exampks where(4) holds
while y (M{1N1) & y (M5 *N); see[5,15]. Thefollowingexampkis from [15].

Example 1.3. Considerthe matrix

1 1
1 -1 -1 o0
1 1
1 1 o -1
2 2
4=, o 1 -1
2 2
1 1
0 -3 -3 L

ard the two regular sgittings A = M1 — N1 = M — N2 definedby

[0 0 5 O] 0 3 3 O]

0 0 0 3 O 0 0 3
N1 = : Na =

0 0 0O 0 0 0 3

0 0 0 0 [0 0 0 0

ThenNy < Ny, but y (M N1) = 1/9 > y(M, *N») = 0.

Thus it hasbeenclear since the early 1980sthat a compari®n of the conwer-
gencefactorswas hardto obtain,andthat conditionsof theform (4) and(5) do not
suffice. It is thepurpo® of this paperto preentcomputableonditionghatallow the
comparson of theconwergencdacbrs

Thecondtionsusedin ourcomparson aresimilar to (4) and(5), but theinequal
ities arenot interpretedn the usual sens. Instead,we use the partial orderinduced
by a cone #'1 different from the coneof nonngaive vecors R’ ; see Section2
andthe Appendk. Our contribution also congsts of providing a characerizaton of
a cone #"1 for the partial orderwhich can,in certaincaes be computedeasly,
and thereforethe conditionsfor the comparisn can be checled computationally
Furthermore,we provide anew interpretatian of weakregular sglittin gs with respect
to the partial orderinducedby the cone.#"1. With these.#"1-weakregular sqittings
we provide an equivalent condition for y (M~1N) < 1 in the same irit as in the
following well known theoremfor the nonsngular cas, the proof of which canbe
found,e.g.,in [4,28,38];see Secion 4.
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Theorem 1.4. Let Abenonsngular.LetA =M — N = M(I — T) bea weakreg-
ular splitting. Thenp(T) < Lifandonlyif A=t = (1 — 7)"tM~1 > 0.

2. Theconefor the comparison

We saythatamatrix 7 € R™*" is convergentf limy_, o T exists.In this paper,
we have in mind the ca® wherep(T) = 1. Thereare several conditionsthat can
guaranéethat a matrix be convergent see,e.g.,[4,21,25,26,35]Thefollowing re-
sult, the proof of which canbe foundin [22], specifiesoneof these conditions cf.
[4, Lemma7.6.9].1t is apowerful tool for analysisandit wasused,e.qg.,in[17,19].

Theorem 2.1. LetT € R"™". Tisconvegentif andonly if
T=P+7Z, whereP’=P, PZ=ZP=0 (6)
andp(Z) < 1. Moreover, P isa projeciononto A" (I — T).

It follows from Theorem?2.1 thatlimy_. ., TX = P. For the ca® thatinteress
ushere,i.e.,whenA = M — N andT = M~1N, the matrix P is a projection onto
N (A). As is well known, an expresion for this projecionis P =1 — (I — T)*
(I — T), wherethe notation Q* standsfor the (unique)groupinverse of Q; see,e.g.,

[6,21].Thus I — P = (I — T)*(I — T). Ifdim 4" (A) =1, e.g.,whenAis irreduc-
ible, then

P=3é", with é'x =1, (7)

wherex € ./"(A), and e somevectorin R".

Example 2.2. Considerthe matrix

T = 55 Zg with o (T) = {1/6, 1}.
ThenT = P + Z, where
P= Zﬁ gjg =%é", withi=e=[1,1]" andé =[2/5,3/5],
and
7 [ 1/10 —1/15].
| -1/10  1/15

One canverify thatthe relationsin (6) hold and that p(Z) = y(T) = 1/6.

Example2.3. Consider the matrix A = I — B ard the two splittings of Exam-
plel.3.LetTo = B, T; = M,._lN,-,i =1, 2. SinceA is synmetric, we havex = e €
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N (A). LetT, =P + Zsatlsﬁ/lng(G) i=012. WeobtalnPl _)Eé ,i=0,1,2,
whered] = [1/4,1/4,1/4,1/4],¢] = [0,0,1/2,1/2],andé) = [0, 1/4 1/4,1/2].

Remark 2.4. It followsfrom Example 2.3, thatthe iteration matricesobtainedfrom
different splittin gs of the same matrix A, may have assaiatedwith themtotally dif-
ferentprojecions P; onto thesamesubgace V (A) = Z(P;).

Given a conwergentmatix T = P + Z satisfying (6), the cone which will be
usedfor our comparson is the conegeneraiing therangeof the projecion/ — P =
(I — T)*(I —T). In other words, we will use #1 such that for every element
ue A — P), there are v, w € #'1 (usualy not unique)suchthatu = v — w,
e, 41— A1=2R(1 — P). (We review the definition of a generating cone in the
Appendk.)

Let .#" beageneraing coneof R". Note thatwe canchoo® %1 = (I — P).A,
and similarly, for every cone #"1 generatingZ(I — P) we canfind ", a gen-
eratng cone of R", suchthat .#'1 = (I — P)# . Note aso that we always have
(I — P)#"1 = A1, and furthermorel — P is the identity operator on .#"1 andon
A — P).

It follows from Remark2.4thatwe have to bevery specific asto which subgpace
(1 — P) we choo®to defineageneraitng conefor ourcomparsons Note also that
in the sameway that thereare mary generating cones for R", thereis awide choice
of generaing conesfor Z(I — P). In whatfollows we characterizehe subgace
(1 — P), and onegeneralway of defining generaing conesfor it. We begh with
the caseof irreducible A, whichimpliesthatdimJV(A) = 1.

It followsfrom (7)thatPTé = ¢, i.e.,(I — P)Té = 0. In thisunidimensonalnull
spacecas we canthencharacterize#(I — P) as

A —P)={xeR":x"é=0). (8)
We canthenchoo®
n—1
H1 = xeR":x=Za,~v,~,a,~>O, i=1...,n—-1¢, (9)
i=1
wherethe n — 1 vectorsv; € Z(I — P) (i.e., v = 0) arelinearly independent
cf. (A.1).

Thereis agenerakae wherethevectore canbeknown apriori.
Theorem 2.5. Let Abesuchthatdim /" (A) = 1. Letx € A4 (A), e € MAT) such
thate't =1.Let A= M— N = M(I — T)Let T = P + Zsatisfying (6). Then
R(A) = R(I — P) (10)
if andonly if
MTe e /(AT). (11)
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Proof. Letx € 4 (A). Assumethat(10)holds but(11)doesnot ThenMTe = é #
ae, forany o € R Ontheotherhand,77é = NTe = MTe = ¢, whichimplies that
P =zxé". Thus

RA) ={xeR":xTe=0#£{xeR":x"¢=0=2R— P),

wherethe first equality follows from the factthate € .#"(AT). This contradicts (10).
Converely, if (11) holds thenP = ze' and(10)holds O

A specialcasewhereTheorem2.5 appliesis for the natural splitting A = I — B.
When B is column stachastic,then BTe = ¢, and if B = P + Zsatisfing (6), then
(10) holds An exampk of this ca® is the matix Tp consderedin Example2.3,
wheree; = (1/4)e. Furthemmore, if there are two different sglittin gs satisfying (11),
thentheiriterationmatricessharethe associatedprojection,cf. Remark2.4.Example
2.6 illu strateghis fact.

We point out that our comparson theoremspresnted later in Secion 5, are only
valid whenthe two iteration matriceshave the sameassociatedprojection.If both
satisfycondition(11),thisis oneinstancevhenour comparisortheoremspply.

Example2.6. LetA = M1 — N1 = M> — N2, where

0 -2/3 -1/3 2/3 —2/15 —2/15
A=]0 1 -1/3|, My=| 0 16/15 —4/15
0 -1/3  2/3 0 —4/15 16/15

andM, = I. We havethat Ty = M; Ny = P + Z1, and To = M5 ' No = P + Zo,

0 -1/6 —7/12 0 -1/3 -2/3
Zi=|0 112  1/6| and Z»=|0 0 1/3
0 1/12 5/12 0 13 13

Let us highlight the fact that condition (11) is easily computabe. Furthermore,
whenthis condition is satisfied we cancompute Z(I — P) evenif we do notknow
P.Inthiscase,wehave (I — P) = {x € R" : xTe = 0}. Forexamplewhenn = 2,
asin Example2.2,thenZ(I — P) = 41 — 41 where

H1={aw, a >0, w =][1,—1]}. (12)

In the cage (2), since ATe = 0, we canchoo® the generaing coneasin (9), where
thevectorsy; formabadsof Z(A), e.g.,n — 1lindependentolumnsof A, cf. (A.1).
As we show later in Secion 7, this may notbe a goodchoice of the cone.# 1, but it
isapossible choice.
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We discuss now how to produce.#’; whenthematrix B in (2) isreducible. Let B
beany n x n columnstochasic marix. It iswell known[14, p. 348]thatthereexists
apermuation matrix H such that

[(Go O ... O
Gy, Frn... O
HBH' =| . . ., p>=1, (13)
| Gy, O . .. Fp|
whereGo is anng x ng zero-conergentnonngaive matix, i.e., p(Go) < 1, and
eachof thematricesFy, ..., F, is anirreducible coumn stochasticmatrix of order
nj,j=1,...,p, and Zsz n; = n. Note thatthe first columnneednot appeaiin

(13),i.e.,the permutdmatix could be block diagonal

Thereis a very efficient algorithmdewelopedby Tarjanandwith animplemen-
tation descrited in [11] to find the permutation H and the maticesin (13). Our
experienceshows thatits compkxity is close to linear Thus using Tarjan’s algo-
rithm we are able to invedigate generalstochasic matricesbecaus we are able
to checkwhethera vectorbelongsto Z(1 — P), the subgace“orthogonal to the
Perroneigenpace or not. HereP is the sum of the Perron projections

0 _
Pj

HT H, (14)

O

whereP; is the Perron eigerprojection of the matrix F;. Consequentty, we cancon-
structcone. "1 by settirg

1= exPe. ..o,

Where%fgj) isthe conegeneraing Z(I — P;), e.g.,of theform(9), the condruction
of which hasalreadybeendemonsratedabove for the cas of irreducibleB.

3. Thepartial order

Let #'1 = (I — P)", with " — ¢ = R". By definition, the cone .#’1 gener-
atesa propersubgace,i.e., not the whole space.Therefore to definea partial or-

deron R", we needto redrict the vectorsto Z(I — P). Thus we say thatx {1%
x, yeR", if (I — P)(x —y) € # Similarly, a matrix T € R"" is saidto be

A 1-nonn@aive,denoed T L0, if
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(I — P)T(I—P)x e #, forall xe . (15)

Theparia orderthusdefined,dependof course on the projecion matrix P andon
the choiceof the cone.#"1, but we dropthereferenceo .1 in our notation whenit
is clearfrom the coniext which coneit is, and smply write x > O for x € #7 and
T>0OforTxH1C A.

Thereis a subtledistinction herebetweerthe partialorderdefinedby .1 onthe
whole space,andthe onedefinedin thesubgpace#(I — P). Thus theoperaor T is
A 1-nonn@aivein R" wheneerthereducedperator

Tp = (I — P)T(I — P)

is # 1-nonn@aivein Z(I — P). Observe thatonedoesnot needto compue 7p in
orderto checkthat 7T > O. First of all, condition(15) is equvalentto sayingthat
(I — P)Ty € 1 for all y € 1, Sincewe canalwayswrite y € #'1 as(I — P)x
for somex € ", and conver=ly for everyx € #', y = (I — P)x € #'1. Now we
canshow that (15) canbe verified by checking the usual condition

TH 1 C AH. (16)

To see this, consder (16) valid, i.e., Ty € "1, with y € #1. Then, by writing
Ty = (I — P)z, for some z andudng thefactthat/ — P is a projection, we have
(I - P)Ty = (I — P)’z = (I — P)z = Ty, sowearein thepreviouscas.

As a corollary to this discussian we have the following gereralresut, used later
in the paper.

Lemma3.1l. Let P be a projection in R", and let .#"1 be a geneiting cone of
(I — P). Thenfor anymartix T suchthatT #"y C %1, the following holds

(I-—P)TI—-P)x=(U—-P)Tx=T({ — P)x for anyx € 1.

Example 3.2. Considerthe matrix

5 -1
V= [_2 4} .
Let 7’1 andw beasin (12). It followsthat Vw = 6w € "1 sothatV > O, though
V £ 0.

4. A 1-regular splittings

Theoremsl.1, 1.2,and 1.4 remainvalid if we interpreteachmatrix inequality
(including the definition of regular and weakregular sgittin gs) with resgectto ary
generaing cone.#” of R". Theproofsof thetheoremswith the new parial ordersare
eitheridenicalorthey canbeobtained;see[4,16,30,3638],andalso [31,Lemmal].

We note that in the caseof the partial order of Hermitian positive-definite ma-
trices the correponding theoremsusng P-regular splittings, canbe foundin [24].
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Using this order, comparisonsfor the convergencefacta in the Hermitiansemidefi-
nite cae wererecentlyobtained8].

Our situation is a bit different since we use a paria orderinducedby a cone
"1 which doesnot generatehe whole space,but rathera propersubgace.The
definitions of the different sgittings (e.g, regular sgittings) can be given in the
same way, but we needto reformukte the convergenceand comparson theorems
The following example shows aregular sglittin g with resgectto the cone #'1, which
is not aregular sgitting (nor weakregular)in the usual serse.

Example4.l. Let A = M> — N>, where
1/2 -2/3 4/3 1/3
A= / / and M = / / .
-1/2 2/3 2/3 5/3
We have that

M_l—} 5 -1
2 T 6|2 4|

Let 7’1 andw be asin (12). It follows that Mz_lw = w (see Example3.2), and
Now = %w, so the sqitting is a #"1-regular sgitting. (The iteration matrix for this
spitting isthe matrix T in Example2.2.)

We beghn our dewelopmentof the theorywith a couple of very generareaults.

Lemmad4.2. LetA=M — N = M(I —T) bea.x'1-we& splitting of A, i.e., such
thatT 41 C #'1.Letl ¢ o(Z), whereT = P+ Z, PZ =ZP = O. Then

MAIAN =aq-TY=u—-P)1a-2"1 (17)

Proof. We easilycheckthe validity of the threerelations defining the group inverse
of I —T.

VI -TYI-PYI-2Z)t=U-P)I-2)YU-T)=1-P.

(i) I =TI —P)YI —2)t
=(I-TYI-P-2YI-P)I—-2)t=1-T.

(i) (1 = T) [(T - T)#]2=(I —PYI -2)Ya0 -7y -P)I-2)"1
—I-PI-2)t=u-1" O
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Observe that in relation (i), we have that (I — T (I —T) = (I —T)(I — T)* =
I — P, whichis the identity in the subspace#(I — P) andin the generaing cone
H1.

Theorem 4.3. Let A be singular. Let A=M — N =M(I —T) be a #1-weak
spitting, with T = P+ Z, PZ=Z7ZP =0, P>= P, 1¢ o(Z), and %1 a cone
gererating Z(I — P). Then y(T) = p(Z) 4 if andonly if (I — T)* > 0, i.e.,
(I — T)# is A 1-nonngative.

Proof. Assumefirstthaty (T) = p(Z) < 1.Since,byhypothess, Z.#'1 =T "1 C
A 1,using (17),we see that

o0
I-Tf'=u-pP)>) 7z">o0. (18)
k=0
For the necesity, using thefactthat Z.%'1 C .#'1, thereis aPerroneigenwectorx =
(I — P)x € "1 forwhich Zx = p(Z)x. Thus therelation

— = x=U-TYxeux
1-p(Z)

impliesthat p(Z) = y(T') < 1 andthiscompktesthe proof. [

CongderthereducedperatorAp = (I — P)A(I — P), i.e.,therestrictian of the
matrix A acing on the (proper)subpacez(I — P). We firstobserve thatin spte of
A being singular, this reducedoperabr is nonsngular on Z(I — P). To seethis, it
sufficesto seethat a linearsystemassaeiatedwith this matrix has a unique sdution
in Z(1 — P). Thisfollowsfrom the factthatif w € A47(A), then Pw = w andthus
(I — P)w = 0, so the null spaceof A is reducedto the zeroelemertin Z(I — P).

Congdernow the matix

A" = -TY"mM L1 - P).

It is an {1}-inverse of A [4,6]. In fact the following two relatonshold, andcanbe
verified directly.

AA-"=1-P, A AA =A". (19)

Remark 4.4. It followsfrom (19)thatif b € #(I — P), A~b istheonly elemert in
A(I — P) thatsdvesAx = b.

Thefollowing theoremisthe reformulaton of Theoreml.4. Severalauthorshave
attemptedto preentcounerparsto Theoreml.4 for singular systems using alter-
native definitions of regular spittings; see[21,25,29]. In thesereferertes,the con-
ditions defining the regular sqittin gs are not easily verifiable. We believe that this
isthe first time thatananabgousreault is producedn which this hypothess canbe
checled;see,e.g.,Exampled.1.
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Theorem 4.5. Let Abesingular.LetA =M — N = M(I — T) bea " 1-weakreg-
ular spitting.Let” = P+ Zwith PZ = ZP =0, P2=P,1¢ o(Z),and#'1 a
conegenerating Z(I — P). Theny (T) <1ifandonlyif A~ = (I — T)*M~1(1 —
P) > O, i.e.,, A” is A 1-nonngatve.

Proof. Assumefirstthaty (T) = p(Z) < 1. Thesufficiency follows by multiplying
(18) on the right by M~1(I — P) = 0. On the other hand,assume that A~ > 0.
SinceZ = 0 and M1 > O, andfor everym,

I+Z+Z°+---+ZMUI-2)=1- 2", (20)
we have that

O<(I+Z+Z%+---+ 2" - P)M LI - P)
=(I+Z+Z%°+-+ZMU-2)I -2 -P)M Y1 - P)
=(I—-2Z"MHA" <A™,

wherethe lastinequality followsfrom the assumption A~ > 0. Thetheorenfollows
now as in the nongngular cag, by noting that the parial sum (20) is boundedn
the partial orderinducedby #'1, snce Z > 0, the parta sum is conwergent thus
y(T)=p(Z) <1. O

5. Comparison theorems

We follow the spirit andideasusedfor the nonsngularcase in our paper{18]. We
begin with anew simple lemma.

Lemmab.1l. Let A= M — N be a convegent .#"1-week splitting, and let 7 =
M~IN. Then
(T)
p((1 —THT) =

. 21
1—y(T) 1)

Proof. Let u andx beaneigenpairof T, i.e.,Tx = ux, x # 0. Firstconsider the
Perroneigenectorx, i.e,, u = 1. By (17),

I-TY¥=U-P)I-TUI-P)
andsince (I — P)x = 0, we havethat (I — T)#Tx = 0. For theothereigenecors
i.e.,for u # 1, it follows that

(I —T)Tx = 2

1—n

ThereforesinceT #"1 C 41,

X.

o((I —TY*T) = max{ - ad

e a(T), 1#M>O}.
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Sincethe function
o = 1L (22)
— K

isincreasimg for © < 1, thelemmafollows. [

Lemma5.2 [18, Corollary 3.2]. LetV > O, andlet x > ObesuchthatVx — ax >
0. Thena < p(V)

Theorem 5.3. Let Abesingular. LetA = M1 — N1 = M1(I — T1) = M2 — N2 =
M>(I — T») betwo (convepgent) #'1-regular sgittings, where ¥ is the conegen-
erating#(I — P)andTy = P + Z1, P2=P,PZ1=Z1P =0, p(Z1) <1, Tr =
P+Zy, P2P=P, PZo=Z7oP =0, p(Z>) < L. If

Nz = N1, (23)
then

y (T < y(T2). (24)

Proof. By Theorem4.5, A7 = (I — T)*M[*(I — P) = 0, and A, = (I — To)*
Mz_l(l — P) > O. Letx > 0bethePerroneigenwecborof Z;, i.e.,
Tix =y(T)x = Z1ix = p(Z1)x, xe€ A1, x#0.

By hypohess, Nix > 0, and Nox > 0. By Remark 4.4, we have that A; Nix =
A7 Nix. From (23) it follows that

0< A5 (N2x — N1x) = A, Nox — A Nix
=(I — T)*M;Y1 = P)Nox — (I — To)* MY — P)N1x
v (T1)
1—y (T

wherethe last equality follows from Lemma3.1 and from (17). The thearem now
follows from Lemmash.2 ard 5.1, and the factthat the function (22) is increasim.
O

=(I — T2)"Tox — x, (25)

We note thatthe parts of the proof wherethe projecionsassociated with 7p and
T> must be the same are in the #"1-nonn@aivity of A7 and A, , and in the useof
Lemma3.1in (25).

Remark 5.4. Theorenmb.3isvalid with dightly weakerhypothess using the same
proof. Namely that the sgittin gs areconvergent .#"1-weaksplittings and that if x >
0 isthePerroneigenwecir of Z1, then

Nix >0 and Nox >0, (26)

cf. [18, Theorem3.5]. A similar proof canbe obtainedif (26) holds for x being
the Perroneigenwectorof Z, and lying in the interior of .#"1. Furthermorepnecan
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extendthereault to strict inequalityin (24) with suitablehypothegsonthesplittings;
see[18,40].

Example55. Let A= My — Ny = Mz — Ny, T1 = M{ Ny, and T2 = M; *No,
whereA andM, areasin Exampk4.1,and

54 13
Ml_[2/3 19/12]'

Note that both M e and M e aremultiplesof e € 4" (AT). Let #'1 andw beasin
(12). It follows that My w = 2w e 1 andNiw = Lw € #'1, so the two split-
tingsare #'1-regular sgittings. Furthermore, (N2 — Ny)w = lizw, and thus Np >

N1, whichimpliesy (T1) < y(T2). Indeedy (T1) = 1/11 < y(T2) = 1/6.

Theorem 5.6. Let A besingular. Let A = M1 — Ny = M1(I — T1) = My — Np =
Mo(I — T») betwo (convegent) #"1-regular sgittings, where %1 is the conegen-
erating#(I — P)andTi =P + Z1, P2=P,PZ1=Z1P = 0, p(Z1) <1, T> =
P+ Zy, P2P=P, PZo=Z7ZoP =0, p(Z2) < L. If

Mt = M5t (27)
theny (T1) < y(T2).
Proof. If y(T1) = 0, thereis nothing to prove. Since .#"1 is the cone generaing

(1 — P), andby hypohess Z1.#'1 = T1.#'1 C A1, thereis a Perroneigenwector
x = — P)x € A1 forwhich T1x = Z1x = p(Z1)x = y(T1)x > 0.Then,

1
Mix = Nix >0 28
y (T1) (28)
and
11—y (T
Ax = My —Tyx = 2 YTV N oo,
v (T1)
Using (27), it follows that
0< Mt~ M;HAx = (I — To)x — (I — To)x = Tox — y(Th)x. (29)
Since
Px =0, (30)

from (29),we havethatZox = Tox > y(T1)x. Thus applyingLemma5.2to Z,, we
havethaty (T2) = p(Z2) =2 y(T1). U

We note thatthe hypothess of the commonprojectionisused in (30).

Remark 5.7. Theoremb.6is valid with weakerhypohess using the sameproof.
Nanely, that the splittings are convergent 7 1-weak sgittings and that if x > 0 is
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thePerroneigenwectorof Z1, then Nix > 0; see (28).A similar proof canbeusedin

which thehypothessareconwergent# 1-weaksglittings, and if z > 0isthePerron

eigenectorof Z», with z in the interior of #'1, then N2z > O; cf. [18, Theorem
3.11]. Herealso, strictinequalities canbe obtained essetially with the same proof,

with suitable hypohess

Example5.8. LetA = My — Ny = M — Np, Ty = My Ny andT> = M, ' N, be
asin Example2.6.Let

r(){l = {aU]_ + IBUZ’ «, ,8 > 07 V1 = [1’ 0’ _1]T9 V2 = [l’ _1’ O]T}’ (31)

cf. (A.1). Onecancheckthatthetwo sgittingsare.#"1-regularsgittings, e.g., Novy =
v+ 2vp, Novp = v1. Furthermore, M;* > MY, and y(T1) = 3+ 6)/
2=0.454< y(T») = (14 +/5)/6 = 0.539.

We concldethe secion showing, in away very similar to the nonsngular cas,
that condition (23) implies condition (27). We remarkthat the usual hypothess of
A~1 > 0 isnotneededin factA neednotbenonsngular.

Lemmab5.9. LetA = My — N1 = M2 — No betwo .#"1-wedk regular sglittings. If
N2 = Ny, thenmt > M,

Proof. We have
O <Nz — Ny=Mp— My =My (M{* — M;*) My,

Multiply the lastequation by M, * > O on the left, and by M;* > O onthe right
andobtain thelemma. O

6. Nearly completely decomposable stochastic matrices

Consider system(1), in the case(2), with b = 0. We aregoing to show that suit-
ablesplittings canbefoundutilizing knowledgeof the magnitudeof some elements
of B. We demongrate this facton the exampk of nealy compktely decompoable
stachastic métrices see,e.g.,[33]. Let B beann x n nearly completely decanpos-
ale irreducible column stochasticmatrix, i.e.,let B satisfy (2) andbe givenin its
block form

Bi1 . . . B]_p_

B=| . . . . . (32)

Bpr . . . Bpp_
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with squarediagonalblocks wherethe magntude of the elemens in blocks B jy,
J # k, do notexceedthevalues > 0 which is assumed to be small.

A class of widely used methodsto computethe stationary probability vectors
of such matrices are some aggregation/deggregation iterations see, e.g.,
[2,7,20,27,3234]. Various aggregabn/disaggregaion algorithms reducethe orig-
inal problem of finding a stationary probability vecta to a similar problem on the
coarselevdl, i.e., of determinng a stationary probability vecta of the aggregated
matrix B. Oneof thepossiblewaysto aggregatévolvesreducingeachof theblocks
in (32) to asingle scalarelementf theaggregatedhatrix. In sucha ca®, matrix B
is elemenwise nearly completely decanposable, i.e. the following relations hold:

E:I—Bl-FBz
with

By = diag{h* pl pl L

1= Iag{bll,...,bpp} O<bjj</c8, j=1...,p
and

Bo=(b5). 0<h <te, jk=1...p

wherex, T € R areindependentf ¢.

Let uswrite A = I — B. Oneneedgo compue the postive p-vectori € 4 (A)
normalizedothati e = 1,e" = [1, ..., 1] € R”. We mayalsoiterateon the coarse
level for this purpo®. Let uschoo® thefollowing splittings:

where

Mi=(ax+8)I, Ni=al+G,
Mo=(a+B+8I, No=(@+B+8)I+G

with a > §.

let #1=(I—-P)#1CR’, where B=P + Z, P=P, PZ=ZP =0,
1¢o0(Z). Itis obwousthatthe above splittings are .%/1 regular if o > 0 is suffi-
ciertly largeard g > 0. LetM Nl =T =T(a), M N2 =T, =T(x+ B) and
sincetheperipherakpectrum

oz (T(@)(I = P)) ={r € o(T (), |A] = y(T ()},

conssts just of a single point y (7 («)), the matrix 7'(«) is convergentfor o > 0
large enough.Furthermore,No — N1 = B1, i.e., {N2 — N2} #"1 C 1. It follows
thenthatfor « > O sufficiently large,by Theorenb.3:

y(T(e) =y(T) <y(T2) =y(T(a+p), B=0. (33)

Relation (33) canbe strenghenedasmenionedin Remark5.4.
It follows asa consequence of (33) thatfor splittin gs of this form, we have certain
monotonicitypropertiesandwe canchoo® the parametersn such a way thatthe
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convergence facta is minimized As an elemertary illu stratian let us consider for
k> 0,p >0,

E:[l_’og e } andthusA:I—B:g[ P _K]
pE 1—«ke —p K
Settirg

G:8|:K IC:|’
p P

we candefine the sgittings
M@) = (+8)I, Na)=al+G, 8§=c(k+p)

andtheiterationmatricesT («) = M («) N (x), o > 8. We see that y (T (x)) < 1
if « > 0andthat min{y (T («a)) : « € R} = y (10§ = 0.
Let usfurtherspecify x andp, by settingx = p = 1, then

0

A:(a-i—s)l—al—e[l

é] =(a+e)l—(al +eG), a>=0,

is a # 1-regular splitting of A for « > ¢, butsinceG.#'1 = —#'1, #'1 asin (12),
this sgitting isnot #"1-weakfor 0 < « < e. It follows that:
yT (@) <yT(@+p), e<a<a+p, p=0,

andwe seethaty (T'(¢)) = 0= min{y(T(x)) : « € R}.

7. Different comparisons

In Exampk 4.1, we showeda .#"1-regular sgitting whichis not aregular sgitting
with resgectto Ri. Similarly, a.#"1-regular sgittin g may not be regularwith respect
to anohercone.#’> which generatethe samesubgace#(I — P), as shown in the
following exampk.

Example7.1. Let
%2 = {awl + ,BU)Z, o, 5 2 0’ w1 = [_17 O’ 1]T’ w2 = [1’ _1’ O]T}'
It canbe seenthatw; = —v1 andwz = vz in (31), andthusthis conegenera¢sthe

samesubgaceas.#’1. Condder A asin Examgde 5.8 and the secand sgitting there.

ThematrixT =1 — A {10, but 7wy = [—2/3,1/3,1/3]"T ¢ A4 5, andfurthermore
Twy =[1/3,0,—1/3]T ¢ # 5. Thus A = I — T isnota.# >-weaksplitting.

Exanples5.8 and 7.1 illustratethe factthat given a sgitting A = M — N, one
may or may not be able to find the approprate cone.#"1 for which this sglitting is
A 1-weakregular, and thusto apply Theorem4.5, or the comparson theoremsn
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Secion 5. However, if onedoesnot find the approprate cone,this doesnot mean
thattwo splittings cannotbe comparedusng anothercone.

Example 7.2. Considerthe4 x 4 matrix Afrom Exampk 1.3andthefollowingtwo
sgittingsof it, A = M1 — N1 = My — Na:

1100 IRRE:

Pl BN

N1 = 1 1| M= 1 1
o o % 1 1 o9 1 1

2 2 a > 7

[0 0 5 3] [0 7 7 3.

It followsimmediatelythat D = N1 — N> is neither nonngyaive nor nonpostive
in the usual sense, i.e., they cannotbe comparedusng the usual nonngaive cone
R’ . They do comparethoughwith regectto the cone(9) with vI =[1,0,0, —1],
vl =1[0,1,—1,0],andv] = [1, —1/2, —1/2, 0]. Indeedve have Dvy = 3v2, Dvo =
v1, and Dvs = 3v2, andthusN1 > No. It canbe checkedthat thesetwo splittings
are.#"1-weakregular (but notregular!), andthus by Theorenb.3(with the hypot-
egs asin Remark5.4),y (T2) < y(T1). Thecompuaton of theconwergencdacors
givesy(T2) =1/3and y (T1) = 1/2.

We point out that the differencematix D of Exampk 7.2 is symmetic but not
postive (semi)definite. Therefore the two splittings cannotbe comparedusng the
Hermitianpostive definite partialorder i.e.,the splittings do not satisfy thehypoth-
essof thecompari®n theoremsn [8].

Example7.2illustratesthat,asin thenonsngularcas, notevery pair of splittings
is comparabldan the sens of satidying either(4) or (5). In the singular cas, we
canalso have pairs of splittings A = M1 — N1 = M» — N, suchthatneither(23)
nor (27) hold. The situatonsin the examplkes presentd in [5,15] are not of this
kind though.Our theoremsdo not apply to the exampk in [5] since the Gaus-
Seickl sgitting in that example is not convergent, i.e., the convergence facta y is
equal to one. In the caseof Example 1.3, which comes from [15], the sgittin gs have
associatedprojectionmatriceswhich are not equal,as shown in Example2.3, and
thus the hypothesesof our comparson theoremsarenot fulfilled.

When A is nonsngular, thereis a uniquesplitting A = M — N correpondng
to the iteration matrix 7 = M~1N. In the singularcas, thereare mary splittings
correpondingto the sameiterationmatrix [3, Theoren?.2]. In thecas thatATe =
0, anddim./"(AT) = 1, the splittings A = M — N = M — N have the sameiter-
ation matrix M=IN = M~IN if M=1 = M1 + veT, for some vecor v. So one
couldimaginethatif two splittings do not satisfy (27), we canchoo® anothersplit-
ting with the sameiteration matrix to seeif the new pair is comparalde. Unfor-
tunziely, this is not possible, sincefor any w € #'1, e'w = 0, andthus M 1w =
M~ w.
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We endthe secton by observing that the methodsof comparson preenied for
consgstent singular systemscanbeappled to inconsstent systemsaswell. In sucha
casetheiteration (3) yields

k
X(k+1)=Px) + Zk+1x(0) + Zth
=0
=Px) + Z o) + (k+ D Pc+ (I — ZMH(1 — 2)711 - P)c.

It follows that

F—Ti=-T) [Px(o) (-7 - P)c} — (I - P)c
and

lim llyx+1 — Xl =0,

k—00
where

YutD = XtD) — k (Y@ — x@). £ =Pxo+ U -2 — P)c;
see[12]. Furthermore,

| Pellp = M7 (A% — b) |p = min{llM‘l (Ax —b) ||p i x € IR”} .

where|| - ||p denoesthe normon R" definedby
Ixllp = [[Px|l + (I — P)x],
where| - || isany normon R".

8. Concluding remarks

We have solved the longganding problem of edablishing theoremscomparng
the convergencdacbrs of iterative methodsfor (generdly nongymmetic) singular
matrices.

The new theary developed usesa partial order which depends on the projection
assaiatedwith the iteration matrix. Thus, when comparing two splittings, i.e.,two
iterative methods the two iteration matricesneedto have the same projection.In
mary casesthisis the caseandin particularwhenthey satisfycondition(11), this
canbe easily checled. This conditionis a naturalonein the caseof splittings for
Markov chains The projection matrix neednot be known in orderto checkthis
condition.Neitheris it neededo computethe conedefiningthe partialorder.

With this new theory a new situation arises,a kind of inverseproblem If a sgit-
ting is not regular with resgectto a certainpartial order, one cantry to look for the
appropriateconefor which it becomesegular. Similarly, if two splittings cannotbe
comparedusng a certin paria order, a new conecanbe soughtso that they are
comparable.
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Appendix A. The generating cone

Let & bearealBanachspace,&” itsdualand%(&) thespaceof all boundedinear
operabrsmappng & into itself. We do not distinguish betveenthe normsof these
spaceswriting smply | - |.

A normalcone.7” isasubstof & with the following properties:

W) A +H CH,
() ax” c A fora >0,
(i) A& N0 (=A") = {0},
(iv) # = A, where #" denoesthe norm-cbaureof ¢, and
(V) 30 > Osuchthatforx, y € # onehas|x + y| > ox|.

We say that 7" is generating if & = %" — . Thetypicalexampkis& = R" (in

which caseproperty (v) is auomaticallysatisfied, and a generating cone is

A =R ={xeR":x >0}

n
:{xeR":x:Zaiei, ai20,i:1,...,n}, (A.1)
i=1

whereg; Is the standard ith canonicalector i.e.,theith column of the identity.
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