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Abstract. We provide a general framework for the understanding of inexact Krylov subspace
methods for the solution of symmetric and nonsymmetric linear systems of equations, as well as for
certain eigenvalue calculations. This framework allows us to explain the empirical results reported
in a series of CERFACS technical reports by Bouras, Frayssé, and Giraud in 2000. Furthermore,
assuming exact arithmetic, our analysis can be used to produce computable criteria to bound the
inexactness of the matrix-vector multiplication in such a way as to maintain the convergence of the
Krylov subspace method. The theory developed is applied to several problems including the solution
of Schur complement systems, linear systems which depend on a parameter, and eigenvalue problems.
Numerical experiments for some of these scientific applications are reported.
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1. Introduction. Consider the iterative solution of large sparse (symmetric or)
nonsymmetric n× n linear systems of the form

Ax = b(1.1)

with a Krylov subspace method. In a series of papers, Bouras and Frayssé [3], [4]
and Bouras, Frayssé, and Giraud [5] reported experiments in which the matrix-vector
multiplication with A (at each step of the Krylov subspace method) is not performed
exactly. Instead of the exact matrix-vector multiplication Av, the product

Av = (A+ E)v(1.2)

is computed, where E is an error matrix which changes every time the operator is
applied.

In the experiments reported in the mentioned papers, and also in [14], [32], the
norm ‖E‖ is allowed to grow as the Krylov iteration progresses, without apparent
degradation of the convergence of the iterative method. This counterintuitive situa-
tion is in contrast to other inexact or two-stage methods, where the inner tolerance
has to stay at least constant [12], or it needs to decrease as the iterates get closer to
the solution [7], [30].

There are many scientific applications where the inexact matrix-vector product
(1.2) appears naturally. For example, when operating with A implies a solution of a
linear system, as is the case in Schur complement computations (see, e.g., [19], [20],
[37]), and in certain eigenvalue algorithms [16], [32], or when the matrix is very large
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(and/or dense), and a reasonable approximation can be used [2], [11]. Several authors
have studied different aspects of the use of inexact matrix-vector multiplication in
iterative methods, sometimes in the context of small perturbations, and in some other
instances allowing for large tolerances (though not letting them grow); see, e.g., [13],
[14], [15], [38].

The problem we consider in this paper is the case in which ‖E‖ can be monitored,
usually through an additional (inner) tolerance. We are interested in evaluating how
large ‖E‖ can be at each step while still achieving convergence of the Krylov subspace
method to the sought-after solution x. In [3], [4], [5], and [41], ad hoc criteria were
used to determine an appropriate inner tolerance.

In this paper, we address essentially three questions:

1. What are the variational properties of the computed approximate solution
and associated residual when using inexact matrix-vector products?

2. Can we explain why ‖E‖ can be allowed to grow?
3. Can we give computable criteria to bound ‖E‖ at each step (i.e., criteria
for the inner tolerance) of the Krylov subspace method, so that the global
residual norm falls below a prescribed tolerance?

Our answers to these questions provide the theory for the experiments in [3], [4],
[5], [41], as well as more general computable criteria than the ones hitherto proposed.

We present a general framework for inexact Krylov subspace methods, including
FOM (full orthogonalization method) (or CG), Lanczos, MINRES (minimal resid-
ual), GMRES, and QMR. For general description of these methods, see, e.g., [17],
[29]. The main results of this paper were first presented in [35] and were developed
independently of similar results in [36], where another point of view is adopted; see
section 6 for some details.

In the next section, we begin with the analysis of the inexact Krylov subspace
methods. In section 3 we answer question 1. In section 4 we produce some bounds
on the true residual of the methods, setting the stage to tackle questions 2 and 3
in section 5. In section 6 we comment on related inexact implementations. In later
sections, we apply the theory we developed to several scientific applications and report
on some computational experiments.

We note that even though we show that the matrix-vector multiplication may
be performed in an increasingly inexact or approximate manner as the iteration pro-
gresses and still allow convergence to the solution of the original problem (1.1), the
rate of convergence of the inexact Krylov subspace method may deteriorate in com-
parison to that with exact matrix-vector products. Example 5.6 illustrates this.

In section 9 we discuss flexible Krylov subspace methods, where the matrix-vector
multiplication is exact, but the preconditioner is allowed to change; see, e.g., [34] and
the references given therein. These methods can be combined with the inexact Krylov
methods treated in this paper, and in fact this is used in [41].

Matlab notation is used throughout the paper. Given a vector u, uT denotes
its transpose, while (u)k:m denotes its kth through mth components; its kth single
component is denoted by (u)k. An analogous notation is used for matrices. Vector
subscripts are instead used for recurrence iterates, except for ek which is the kth col-
umn of the identity. We denote by Ik the k×k identity matrix; we omit the subscript
when the dimension is clear from the context. By σk(H) we denote the kth singular
value of matrixH ∈ R

m1×m2 , while κ(H) = σ1(H)/σp(H), with p = min(m1,m2) and
H full rank. By R(V ) we denote the range of the matrix V . The 2-norm is used for
vectors and the induced 2-norm is employed for matrices. The only exception is when



456 VALERIA SIMONCINI AND DANIEL B. SZYLD

one considers QMR; see Remark 3.1. Our analysis is presented in real arithmetic.
Nonetheless, our theory can be equally stated in complex arithmetic; our numerical
experiments in Example 10.2 were actually done using complex arithmetic. Exact
arithmetic is assumed, although some results can be applied to finite precision arith-
metic as well; see in particular Remark 4.4. Note that except for the phrase “exact
arithmetic,” when we use the word “exact” throughout the paper, it is in contrast to
“inexact,” for example, when we talk about the exact FOM method vs. the inexact
FOM method.

2. General description of inexact Krylov subspace methods. We assume
that the reader is familiar with Krylov subspace methods and refer to the mentioned
references [17], [29] for their description. In these iterative methods, such as CG,
Lanczos, MINRES, GMRES, FOM, one finds at the mth iteration an approximation
to the solution of (1.1) in a Krylov subspace Km(A, v1) spanned by the first m vectors
of the Krylov sequence v1, Av1, A

2v1, . . . . At the mth step one has a typical relation

AVm = Vm+1Hm,(2.1)

where Vm = [v1, v2, . . . , vm] and v1 = b/β, β = ‖b‖ (x0 = 0), and the (m + 1) × m
matrix Hm is either tridiagonal or upper Hessenberg. For certain methods, such
as FOM or GMRES, the matrix Vm is orthogonal; for others, such as two-sided
Lanczos or QMR, its columns are biorthogonal to a basis of another Krylov subspace
generated with matrix-vector products with AT . In all cases, we can assume ‖vk‖ = 1,
k = 1, . . . ,m. The relation (2.1) is called an Arnoldi relation when Vm is orthogonal.

When the matrix-vector multiplication is not exact, the relation (2.1) does not
hold. The left-hand matrix needs to be replaced by [(A + E1)v1, (A + E2)v2, . . . ,
(A+ Em)vm] so that (2.1) becomes

[(A+ E1)v1, (A+ E2)v2, . . . , (A+ Em)vm] = Vm+1Hm,

AVm + [E1v1, E2v2, . . . , Emvm] = Vm+1Hm.(2.2)

The subspace R(Vm) is no longer a Krylov subspace generated by A. However, Vm

has the same properties as in the exact method, i.e., it is an orthogonal matrix in
the case of FOM, GMRES, etc., or its columns are biorthogonal to a basis of an-
other subspace generated using AT . In particular, each basis vector vm is explicitly
(bi)orthogonalized with respect to all previous basis vectors so that orthogonality
properties are preserved; see section 6 for further comments. We also point out that
even in the case that A and all perturbation matrices E1, . . . , Em are symmetric, in
general, the inexact Hm in (2.2) no longer maintains symmetry. We call (2.2) an
inexact Arnoldi relation.

In most of our analysis we use the expression (2.2). Another way to look at the
inexact Arnoldi relation when Vm is orthogonal is to write

(A+ Em)Vm = Vm+1Hm, Em =

m∑
k=1

Ekvkv
T
k .(2.3)

The relation (2.3) shows that Vm is a basis for a subspace spanned by elements of a
Krylov sequence obtained by a (possibly large) perturbation of the matrix A, where
this perturbation is updated at each iteration, i.e., we have that

R(Vm) = Km(A+ Em, v1).(2.4)
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We end this section with a brief comment on the techniques not used in this
paper. The expression (2.3) indicates that when Vm is orthogonal one could analyze
the inexact Krylov subspace method considering the consequences of a perturbation
of the matrix A, e.g., as in [38]. Since the norm of the perturbation is indeed large,
the usual techniques cannot be used. In addition, neither the use of orthogonal
polynomials nor the consideration of the spectrum of the matrices as driving the
iterative methods can be applied in this context [17], [29]. The large norm of the
perturbations considered here, and the fact that they change from step to step, may
also limit the applicability of pseudospectra analysis [40].

3. Properties of the computed approximate solution. General Krylov sub-
space methods produce their approximation to the solution of (1.1) by either a min-
imization (or in some cases quasi minimization) or a projection procedure over a
subspace of the form AKm(A, v1); cf. [9]. In the inexact case, the appropriate sub-
space is R(Wm), whereWm = Vm+1Hm; cf. (2.2) or (2.3). In fact, we show that given
r0 = b−(A+E0)x0, the inexact Krylov subspace methods determine an approximation
to r0 in R(Wm) by either of the following.

1. Oblique projection. Find qm ∈ R(Wm) such that

r0 − qm ⊥ R(Ym),(3.1)

where Ym = Vm when Vm is orthogonal, or else it represents the biorthogonal
basis, i.e., V T

mYm is a diagonal matrix. Note that this is a general Petrov–
Galerkin projection method; see, e.g., [29].

2. Minimization procedure. Solve

min
q∈R(Wm)

‖r0 − q‖.(3.2)

Remark 3.1. The descriptions of the methods so far apply to a variety of Krylov
subspace methods. For clarity of exposition, in the rest of the paper, we specialize
in the FOM method (as well as CG) and in GMRES. Nevertheless, our results have
wider application. In particular, the QMR method satisfies (3.2) using a different
norm [9].

An inexact minimal residual method, such as GMRES, determines a solution
zm = Vmym for ym the minimizer of

min
y

‖e1β −Hmy‖,(3.3)

where v1 = r0/β, β = ‖r0‖. Unlike the exact case, this minimization does not imply
a minimization of the residual b − Azm. We next show that zm is associated with a
minimization procedure as in (3.2).

Proposition 3.2. Let v1 = r0/β, β = ‖r0‖. Let ygmm be the solution of the
GMRES equation (3.3) at the mth step, i.e., the solution of HT

mHmy = HT
me1β, and

let the inexact Arnoldi relation (2.2) hold. Then qm =Wmygmm satisfies (3.2).
Proof. We have that since Wm = Vm+1Hm, with V T

m+1Vm+1 = I, ygmm solves

WT
m(r0 − qm) = HT

me1β −HT
mHmygmm = 0.

Thus we have that WT
m(r0 − qm) = 0, that is, r0 − qm ⊥ R(Wm), so that qm =

argminq∈R(Wm) ‖r0 − q‖, and the proof is complete.
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The exact FOM method determines zm as zm = Vmym with ym the solution of

Ĥmym = e1β,(3.4)

where Ĥm = [I, 0]Hm is the principal square part of Hm. In the inexact case, the
matrix Hm is as in (2.2), and zm is computed as in the exact case, that is, zm =

VmĤ−1
m e1β. However, zm no longer satisfies a Galerkin condition on the residual

b − Azm in Km(A, r0). We characterize now this solution in terms of the subspace
R(Wm).

Proposition 3.3. Let v1 = r0/β, β = ‖r0‖. Let yfomm be the solution of the FOM
equation (3.4), and let the inexact Arnoldi relation (2.2) hold. Then qm = Wmyfomm

satisfies (3.1).
Proof. The FOM solution yfomm solves (3.4), and since qm = Vm+1Hmyfomm , we

have V T
m (r0 − qm) = e1β − Ĥmyfomm = 0. This corresponds to r0 − qm ⊥ R(Vm), and

the proof is complete.
The approximation error r0 − qm ≡ r0 − Vm+1Hmyfomm satisfies

r0 − qm = r0 − Vm+1HmĤ−1
m e1β = −vm+1hm+1,meTmyfomm .(3.5)

It follows from (3.5) that as long as the subspace R(Wm) keeps growing, the norm
of the error in the approximation, namely ‖r̃m‖ = ‖r0 − qm‖ = |hm+1,meTmym|, de-
creases, although possibly not monotonically, and it eventually becomes zero for m =
n. Unless hm+1,m becomes small, which occurs when {v1, v2, . . . , vm, (A + Em)vm}
are almost linearly dependent, this means that |eTmym| keeps decreasing. We conclude
that the norm of the computed residual ‖r̃m‖ converges to zero. This can be clearly
seen in the examples presented in later sections.

If {v1, v2, . . . , vm, (A+Em)vm} are linearly dependent, then hm+1,m = 0 and we
have breakdown, just as in the case of exact matrix-vector products, although in the
inexact case breakdown does not necessarily imply convergence. Also note that since
‖Em‖ may be large, it is possible that for some m, A+Em is singular. This in itself
does not cause breakdown, as long as (A+ Em)vm /∈ R(Vm).

We end this section with a comment on the accuracy required to compute the
initial residual r0. It was observed in [3] that r0 should be computed with high
accuracy; see also [5]. The same applies to the initial residual at each restarting
phase of a restarted method, such as restarted GMRES. Our discussion in this section
gives an explanation for such a requirement. Thus let x0 be a starting guess and set
r0 = b− (A+ E0)x0. If xm = x0 + zm is an approximate solution obtained with the
inexact method, then

rm = b−Axm = b−Ax0 −Azm = E0x0 + (r0 −Azm).

The inexact method aims to approximate r0 in R(Vm+1Hm), and thus the term
E0x0 remains untouched by the inexact procedure; hence, its norm should be smaller
than the required convergence tolerance. Keeping this consideration in mind, in the
following we shall always work with r0 assuming that ‖E0x0‖ is sufficiently small; at
the start-up phase, this is easily achieved by setting x0 equal to the zero vector.

4. Bounds on the true residual. Let the inexact Arnoldi relation (2.2) hold,
and let zm = Vmym be the approximate solution to Az = r0 obtained by projecting
r0 onto R(Vm). Then the true residual at the mth iteration is

rm = r0 −AVmym = (r0 − Vm+1Hmym) + [E1v1, . . . , Emvm]ym(4.1)

= r̃m + [E1v1, . . . , Emvm]ym,(4.2)
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which defines the distance between the computed and true residuals (see also [36]) as

δm := ‖rm − r̃m‖ = ‖[E1v1, . . . , Emvm]ym‖.(4.3)

The next result will be applied to inexact GMRES and FOM (and implicitly to
the other methods) and is the basis for our answers to questions 2 and 3.

Proposition 4.1. Assume that m iterations of the inexact Arnoldi method have

been carried out. Let ym = [η
(m)
1 , η

(m)
2 , . . . , η

(m)
m ]T . Then

δm = ‖rm − r̃m‖ ≤
m∑

k=1

|η(m)
k | ‖Ek‖,

where rm and r̃m are defined in (4.1) and (4.2), respectively. Moreover, let Um ∈
R

n×m be full column rank. If r̃m ⊥ R(Um), then

‖UT
mrm‖ ≤ ‖Um‖

m∑
k=1

|η(m)
k | ‖Ek‖.

Proof. The first result follows from (4.3) and the following bound, where the fact
that ‖vk‖ = 1, k = 1, . . . ,m, is used:

‖[E1v1, . . . , Emvm]ym‖ =
∥∥∥∥∥

m∑
k=1

Ekvkη
(m)
k

∥∥∥∥∥ ≤
m∑

k=1

‖Ek‖ |η(m)
k |.(4.4)

By using (4.1) together with the orthogonality relation UT
mr̃m = 0, we obtain

‖UT
mrm‖ = ‖UT

m[E1v1, . . . , Emvm]ym‖ ≤ ‖Um‖ ‖[E1v1, . . . , Emvm]ym‖.

Applying the bound (4.4), the result follows.
We next specialize the result above to the cases of GMRES and FOM. Corol-

lary 4.2 applies Proposition 4.1 to the GMRES solution, with Um =Wm = Vm+1Hm.
Corollary 4.2. Assume that m iterations of the inexact Arnoldi method have

been carried out. Let Wm = Vm+1Hm and ygmm = argminy ‖e1β − Hmy‖, ygmm =

[η
(m)
1 , η

(m)
2 , . . . , η

(m)
m ]T . Then the true GMRES residual rgmm = b−AVmygmm satisfies

δm = ‖rgmm − r̃gmm ‖ ≤
m∑

k=1

|η(m)
k | ‖Ek‖, ‖WT

mrgmm ‖ ≤ ‖Hm‖
m∑

k=1

|η(m)
k | ‖Ek‖,(4.5)

where r̃gmm is the computed residual r̃gmm = r0 − Vm+1Hmygmm .
The following result can be obtained by applying Proposition 4.1 to the FOM

solution, with Um = Vm.
Corollary 4.3. Assume that after m iterations of the inexact Arnoldi method,

the FOM solution yfomm = Ĥ−1
m e1β exists. Then the true FOM residual rfomm =

b−AVmyfomm satisfies

δm = ‖rfomm − r̃fomm ‖ ≤
m∑

k=1

|η(m)
k | ‖Ek‖, ‖V T

m rfomm ‖ ≤
m∑

k=1

|η(m)
k | ‖Ek‖,(4.6)

where yfomm = [η
(m)
1 , η

(m)
2 , . . . , η

(m)
m ]T and r̃fomm = r0 − Vm+1Hmyfomm .
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It follows directly from (4.6) and (4.5) that if one wants δm and/or V T
m rfomm (or

WT rgmm ) to be small, what matters in these bounds is that the product |η(m)
k | ‖Ek‖ is

small but not necessarily both factors! Thus, if |η(m)
k | is decreasing (as we establish

in the next section), then ‖Em‖ can be allowed to grow as the iteration progresses,
hence the accuracy of the matrix-vector product can be relaxed. This will explain the
issue raised in question 2.

Remark 4.4. The bound (4.4) is often sharper than

‖[E1v1, . . . , Emvm]ym‖ ≤ ‖[E1v1, . . . , Emvm]‖ ‖ym‖.

This suggests that the techniques used here may lead to improvements in the bounds
used in round-off error analysis of Krylov subspace methods; see, e.g., [17, Chap. 4].

From ‖V T
m rfomm ‖ ≤ ‖rfomm ‖ it follows that ‖V T

m rfomm ‖ represents a lower bound
for the attainable final norm of the true residual. It is thus important to be able to
monitor such a quantity. We do this in the experiments with inexact FOM reported
in later sections.

The true residual rm may not be computationally available; however, the simple
relation ‖rm‖ ≤ ‖r̃m‖+δm together with (4.6) or (4.5) provides the computable bound

‖rm‖ ≤ ‖r̃m‖+ ‖[E1v1, . . . , Emvm]ym‖(4.7)

≤ ‖r̃m‖+
m∑

k=1

|η(m)
k | ‖Ek‖.

When considering backward errors, the ratio ‖rm‖/(‖A‖ ‖Vmym‖) is the quantity
that one would like to monitor. Plugging this into (4.7) and using the fact that Vm is
orthogonal, we get

‖rm‖
‖A‖ ‖Vmym‖ ≤ ‖r̃m‖

‖A‖ ‖ym‖ +
‖[E1v1, . . . , Emvm]ym‖

‖A‖ ‖ym‖ .

Following backward error analysis, the final attainable residual norm should be
monitored in terms of the relative quantity ‖[E1v1, . . . , Emvm]ym‖/(‖A‖ ‖ym‖). It is
thus natural to impose relative conditions on the norm of the error matrices. Given
ε ∈ (0, 1), we can consider perturbation matrices E1, . . . , Em, satisfying

‖[E1v1, . . . , Emvm]ym‖ ≤ ε‖A‖, m = 1, 2, . . . .

To simplify the presentation, in this paper we shall always incorporate the norm of A
in the relaxation parameter, thus defining ε = ε‖A‖, ε ∈ (0, ‖A‖).

5. Relaxing the accuracy of the matrix-vector product. We proceed now
with questions 2 and 3, using as starting points Corollaries 4.2 and 4.3. We want to
prescribe a relaxation strategy, i.e., a maximum value for ‖Ek‖, k = 1, . . . ,m, so that∑m

k=1 |η(m)
k | ‖Ek‖ ≤ ε (or ≤ ε/‖Hm‖) and thus, from (4.5) and (4.6), both δm and

the norm of the projected residuals are less than ε.

From now on we drop the superscript in η
(m)
k , but the reader should remember

that ηk = eTk ym, k = 1, . . . ,m, are computed at the mth iteration, hence they are
not available when we need to bound the matrices Ek, k = 1, . . . ,m, earlier in the
process. We next provide bounds for ηk that depend on quantities at iteration k− 1.
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Lemma 5.1. Assume that m iterations of the inexact Arnoldi method have been
carried out and let ygmm be the GMRES solution. Then, for any k = 1, . . . ,m,

|ηgmk | = |(ygmm )k| ≤ 1

σm(Hm)
‖r̃gmk−1‖,

where r̃gmk−1 = r0 − Vk−1Hk−1y
gm
k−1.

Proof. We eliminate the superscripts that denote the GMRES method. Let
Qm[R

T
m, 0]T = Hm be the QR factorization of Hm, with

QT
m = ΩmΩm−1 · · ·Ω1 ∈ R

(m+1)×(m+1),(5.1)

Ωk =




Ik−1

ck sk
−sk ck

Im−k


 ∈ R

(m+1)×(m+1),(5.2)

where ck, sk are the sines and cosines of the Givens rotations to annihilate the corre-
sponding elements hk+1,k of Hm = (hi,j) i=1,...,m+1

j=1...,m
, and blanks in (5.2) indicate zero

entries [29]. Let

gm = [γ1, . . . , γm]
T(5.3)

be the vector of the firstm components of QT
m(βe1). We have |γk| = |cks1s2 · · · sk−1β|;

see, e.g., [29, eq. (6.42)]. Moreover, ‖r̃k−1‖ = β|s1s2 · · · sk−1|; see, [6, eq. (4.4)] or [29,
eq. (6.48)].

Since ym = R−1
m gm [29, Proposition 6.9], and since Rm is upper triangular imply-

ing that R−1
m is also upper triangular, then

|ηk| = |(R−1
m )k,1:mgm| ≤ ‖(R−1

m )k,k:m‖ ‖(gm)k:m‖ = ‖eTk R−1
m ‖ ‖(gm)k:m‖.

Therefore

‖(gm)k:m‖2 = γ2
k + γ2

k+1 + · · ·+ γ2
m

= β2
(|cks1s2 · · · sk−1|2 + |ck+1s1s2 · · · sk|2 + · · ·+ |cms1s2 · · · sm−1|2

)
= β2|s1s2 · · · sk−1|2

(|ck|2 + |ck+1sk|2 + · · ·+ |cmsksk+1 · · · sm−1|2
)

= ‖r̃k−1‖2
(|ck|2 + |ck+1sk|2 + · · ·+ |cmsksk+1 · · · sm−1|2

)
.

We note that ‖[ck, ck+1sk, . . . , cmsksk+1 · · · sm−1]‖ = ‖[Im, 0]Ωm · · ·Ωk+1Ωkek‖, thus
|ck|2 + |ck+1sk|2 + · · ·+ |cmsksk+1 · · · sm−1|2 ≤ 1, from which

|ηk| ≤ ‖eTk R−1
m ‖ ‖r̃k−1‖ ≤ ‖R−1

m ‖ ‖r̃k−1‖.(5.4)

Noticing that ‖R−1
m ‖ = (σm(Hm))

−1, the result follows.
An analogous relation holds for the FOM approximation.
Lemma 5.2. Assume that m iterations of the inexact Arnoldi method have been

carried out and that the FOM solution yfomm = Ĥ−1
m e1β exists. Then, for any k =

1, . . . ,m,

|ηfomk | = |(yfomm )k| ≤ 1

σm(Ĥm)
‖r̃gmk−1‖,(5.5)
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where r̃gmk−1 = r0−Vk−1Hk−1y
gm
k−1 is the GMRES residual as in Lemma 5.1. Moreover,

if for any k = 1, . . . ,m− 1 the FOM residual r̃fomk−1 = r0 −Vk−1Hk−1y
fom
k−1 exists, then

|ηfomk | = |(yfomm )k| ≤ 1

σm(Ĥm)
‖r̃fomk−1 ‖.(5.6)

Proof. We eliminate the superscripts that denote the FOM method. The proof
is strictly related to that of Lemma 5.1; therefore, we use the same matrices and
notation. Let Qm[R

T
m, 0]T = Hm be the QR factorization of Hm with Qm as in (5.1).

Then R̂m = QT
m−1Ĥm is an m×m upper triangular matrix and ym = R̂−1

m QT
m−1e1β

[29]. Let ĝm = QT
m−1e1β. Then ĝm = [gTm−1, γm/cm]

T with gm−1 defined as in (5.3).
Therefore

|(ym)k| = |(R̂−1
m )k,1:mĝm| ≤ ‖(R̂−1

m )k,k:m‖ ‖(ĝm)k:m‖ = ‖eTk R̂−1
m ‖ ‖(ĝm)k:m‖.(5.7)

Moreover,

‖(ĝm)k:m‖2 = β2|s1 · · · sk−1|2
(
|ck|2 + |ck+1sk|2 + · · ·+ 1

c2m
|cmsksk+1 · · · sm−1|2

)
.

We have ‖[ck, ck+1sk, . . . , sksk+1 · · · sm−1]‖ = ‖Ωm−1 · · ·Ωk+1Ωkek‖ = 1. Moreover,

β|s1 · · · sk−1| = ‖r̃gmk−1‖. Substituting in (5.7) and using ‖eTk R̂−1
m ‖ ≤ ‖R̂−1

m ‖ =

1/σm(Ĥm), we see that bound (5.5) follows. If ck−1 �= 0, which holds when Ĥk−1

is nonsingular [29], then the FOM solution yfomk−1 is defined, and using ‖r̃gmk−1‖ =
|ck−1| ‖r̃k−1‖ ≤ ‖r̃k−1‖, we see that bound (5.6) follows.

We note that the bound (5.5) is sharper than (5.6); moreover, the computed
GMRES residual is always defined for any k = 1, . . . ,m, and its norm is cheaply
available during the FOM computation if desired.

The estimates of Lemmas 5.1 and 5.2 provide a dynamic criterion for relaxing the
accuracy in the application of the operator Av = (A+ Ek)v.

Theorem 5.3. Let ε > 0. Let rgmm = r0 −Azgmm be the GMRES residual after m
iterations of the inexact Arnoldi method. Under the same hypotheses and notation of
Lemma 5.1, if for every k ≤ m,

‖Ek‖ ≤ σm(Hm)

m

1

‖r̃gmk−1‖
ε,(5.8)

then ‖rgmm − r̃gmm ‖ ≤ ε. Moreover, if

‖Ek‖ ≤ 1

mκ(Hm)

1

‖r̃gmk−1‖
ε,

then ‖(Vm+1Hm)
T rgmm ‖ ≤ ε.

Proof. Let zgmm = Vmygmm with ygmm = [η1, . . . , ηm]
T . From Lemma 5.1, |ηk| ≤

σm(Hm)
−1 ‖r̃gmk−1‖, k = 1, . . . ,m. Therefore, if for each k,

‖Ek‖ ≤ σm(Hm)ε

m‖Hm‖ ‖r̃gmk−1‖
,

then the bound
∑m

k=1 |η(m)
k | ‖Ek‖ ≤ ε/‖Hm‖ holds. By Corollary 4.2, we then have

‖(Vm+1Hm)
T rgmm ‖ ≤ ε. Similarly, if (5.8) holds, we have |ηk|‖Ek‖ ≤ ε/m, k =

1, . . . ,m, and thus ‖rgmm − r̃gmm ‖ ≤ ε.
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A corresponding result holds for the FOM approximate solution. The proof is
analogous to that of the previous theorem and is therefore omitted.

Theorem 5.4. Let rfomm = r0 − Azfomm be the FOM residual after m iterations.
Let ε > 0. Under the same hypotheses and notation of Lemma 5.2, if for every k ≤ m,

‖Ek‖ ≤ σm(Ĥm)

m

1

‖r̃gmk−1‖
ε,(5.9)

then ‖rfomm − r̃fomm ‖ ≤ ε and ‖V T
m rfomm ‖ ≤ ε.

As noted in Lemma 5.2, if the FOM residuals exist for all k ≤ m, then we can
replace ‖r̃gmk−1‖ by ‖r̃fomk−1 ‖ in (5.9). In the experiments reported in later sections we
use this bound since the FOM residuals do exist and are directly available.

Observe that the magnitude of σm(Ĥm) may vary considerably with m, showing
that FOM may be very sensitive to the use of an inexact operator A; see, e.g., [6,
section 6], for an example where Ĥm is singular at every other step, and also [23].

In both GMRES and FOM methods, we have determined a condition on ‖Ek‖ of
the type

‖Ek‖ ≤ (m
1

‖r̃k−1‖ε,(5.10)

which guarantees overall convergence below the given tolerance. In [3] a similar con-
dition is proposed, where the factor (m is given the value one. It was shown in [3] as
well as in [5] that setting (m = 1 is not harmful in many circumstances. Nonetheless,
in some applied problems, setting (m = 1 causes the true residual to reach its final
attainable accuracy above the requested tolerance; cf. (4.7) and see [5], [41]. Several
of our experiments below also indicate that a value of (m which takes into account
the information on A or Hm is needed.

Theorems 5.3 and 5.4 are of important theoretical value, but since matrix Hm is
not available after k < m iterations, they fail to provide us with a truly computable
criterion to bound ‖Ek‖. Moreover, Hm differs depending on the (amount of) per-
turbation occurring in the operation with Av during the m steps. Depending on the
problem at hand, one needs to provide estimates for quantities such as σm(Hm). We
do not have a full answer to the question of how to best obtain these estimates. We
offer some possibilities below; see also comments in Examples 8.2 and 9.3.

First, a simple compromise consists of replacing m with the maximum number of
iterations allowed, m�. Second, at least for exact GMRES, σm(Hm) may be bounded
by σn(A). For inexact GMRES the bound would be σn(A + Em), though this is
hard to estimate. Some bounds can be obtained directly from (2.2), namely ‖Hm‖ ≤
‖A‖+ ‖[E1v1, E2v2, . . . , Emvm]‖ and

σm(Hm) ≥ σn(A)− ‖[E1v1, E2v2, . . . , Emvm]‖.(5.11)

In most experiments reported here we have used σn(A) to estimate σm�(Hm�),
and this turned out to be sufficient for providing a practical bound. We have found
that condition (5.10) is in fact stricter than necessary. This is a consequence of the
nontightness of the bounds used in our derivation, for example, in (4.4) and (5.4).
Therefore, estimates for σm(Hm) that are not so sharp would still be very useful. The
same applies to estimates of σn(A) when this quantity is not readily available.

A further question is whether it is possible to prevent σm�(Hm�) from getting
too small. Indeed, for large enough perturbations, (A+ Em)Vm may be (almost) rank
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Fig. 5.1. Example 5.5. Inexact FOM convergence history and other norms. Left: Tolerance
with �m� = 1. Right: Tolerance with �m� = σn(A)/m�.

deficient. In such a case, the proposed estimate σn(A) becomes too loose, but most
importantly the theoretical inexactness tolerance, i.e., the right-hand side in condition
(5.10), becomes extremely small. A possible, though very stringent, strategy to limit
the decrease of σm�(Hm�) is to impose a constraint on the size of ‖Ek‖. Using
(5.11), this is achieved by requiring that in addition to (5.10), Ek satisfy ‖Ek‖ <
σn(A)/m� for k = 1, . . . ,m�. Alternatively, for small space dimensions, the magnitude
of σm(Hm) could be monitored asm grows, yielding a nonmonotonic increase of ‖Em‖.
Although the implementation consequences of the latter approach have not been fully
explored, we believe it is a more feasible strategy than the very stringent one just
discussed.

We point out that since the bounds of the form (5.10) are used to control the
matrix-vector product, computationally one actually obtains relations of the form

||Ek|| ||r̃k−1|| ≈ (m ε,

where the right-hand side is in fact a constant. This inverse relation can be clearly
observed in the computational experiments, e.g., in Figure 5.1.

The following is an example where the use of (m� = 1 is not satisfactory, while
the use of (m�

= σn(A)/m� provides an appropriate computable criterion to achieve
the desired convergence.

Example 5.5. We consider the diagonal matrix A = diag([10−4, 2, 3, . . . , 100]).
The perturbation matrix Ek is built up at each iteration k > 0 as a symmetrized
random 100× 100 matrix (with normally distributed values, Matlab function randn),
while the right-hand side is b = randn(100, 1), normalized so that ‖b‖ = 1. We consid-
ered ε = 10−8 and m� = 100 iterations. In Figure 5.1 (left) we report the convergence
history of FOM when using the condition (5.10) with (m� = 1, as suggested in [3].
The right plot of Figure 5.1 displays the convergence history when (m�

= σn(A)/m�,
which is 10−6 in this example, as an approximation to the condition in Theorem 5.4.
The left plot shows that when using (m� = 1, the final residual norm remains above
the required tolerance ε. This is in general undesirable, since ε represents a user es-
timate of the required accuracy. The stricter condition with (m� = σn(A)/m� forces
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the quasi-orthogonality condition and thus the residual norm to be well below the
expected tolerance.

The next example illustrates the fact that the use of inexact matrix-vector prod-
ucts may degrade the rate of convergence of the Krylov method. It also illustrates
the effect of different values of (m�

.
Example 5.6. We consider the Grcar matrix of size n = 100, i.e., A is a Toeplitz

matrix with minus ones on the subdiagonal, ones on the diagonal, and five super-
diagonals of ones [18]. This matrix is known to have sensitive eigenvalues. Note that
‖A‖ ≈ 4.9985 and σmin(A) ≈ 0.7898. The right-hand side is b = e1. We compare
solving with the exact GMRES method and with the inexact scheme with (m� = 1
and with (m�

= 10−2. The perturbation is as in Example 5.5 without symmetriza-
tion. In Figure 5.2 the convergence history (norm of true residual) is plotted for all
methods. The results show that the rate of convergence in the inexact case degrades,
yielding worse case performance when using a looser condition on ‖Ek‖. Even more
dramatic differences in the convergence rate can be observed; see, e.g., [36, Fig. 7.1].
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Fig. 5.2. Example 5.6. Convergence of exact GMRES and inexact GMRES on the 100 × 100
Grcar matrix.

6. Comments on the case of Vm nonorthogonal. In this section, we relate
our results to the cases when the columns of Vm in (2.2) are not orthogonal. This is
the case, e.g., in inexact or flexible CG methods [14], [22]. In exact CG, the columns of
Vm are (implicitly) generated by short recurrences. In inexact CG, short recurrences
are used, but the global orthogonality is lost.

The assumption V T
mVm = I is used in several places to obtain our results. For

example, we use that ‖r̃m‖ = ‖r0 − Vm+1Hmy‖ = ‖e1 − Hmy‖. If this assumption
were not to hold, then we would need to carry quantities such as ‖Vm‖ in our bounds,
and the bounds for |ηk| in Lemmas 5.1 and 5.2 would become

|ηk| ≤ ‖R−1
m ‖ ‖r̃k−1‖/σm(Vm).

Thus, for example, for inexact CG (or truncated FOM), to satisfy the requirement
δm ≤ ε we would have to replace (5.9) with

‖Ek‖ ≤ σm(Vm)σm(Ĥm)

m

ε

‖r̃k−1‖ , k ≤ m.
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If Vm is far from orthogonal, this condition is extremely stringent. It indicates
that the loss of orthogonality implies a restriction to smaller perturbations, i.e., to
more exact matrix-vector products. This observation is consistent with the comments
in [22] (see also [36]) where truncation is used, i.e., by keeping only a certain number
of vectors in Vm orthogonal. In summary, one has to pay somehow for the loss of
orthogonality, either by allowing very small perturbations ‖Ek‖ or by allowing for
more reorthogonalization.

We note here that Sleijpen and van den Eshof [36] do study the case of nonorthog-
onal Vm and allow larger perturbations but only obtain bounds for what they term
the “residual gap” δm = ‖rm − r̃m‖; i.e., this difference might be small, but in actual
computations the residuals are not always small. In fact, in [36, section 6] it is as-
sumed that the computed residual goes to zero. We are able to also bound the norm
of the projected residuals V T

m rfomm and WT
mrgmm by assuming the extra orthogonality

of Vm.
The approach in [36] is different from ours in other respects as well. In [36], the

analysis starts with the relaxation strategy (5.10) from [3], i.e., (m = 1, and then a
bound for δm is obtained (involving κ(A), cf. our discussion in section 5). Instead, we
prescribe the desired level of δm (and the norm of the projected residual) and develop
the necessary value of (m in (5.10) to reach that level.

7. Dynamic inner stopping criteria for inner-outer iterations. This sec-
tion serves as a brief introduction to the rest of the paper, where we describe a few
application problems, each dealing with an inexact computation of the matrix-vector
multiplication; see also, e.g., [36], [41], for applications different from those presented
here. In each of the following four sections, we illustrate the use of the theory devel-
oped in the preceding sections to a different scientific computing application.

In general, for different problems, one would need a different monitoring strategy
for ‖Ek‖. However, for the applications we consider, all require the approximate
solution of some linear system to perform the operation

Av = Av + p(v).(7.1)

If pk is the residual in (7.1) corresponding to Ek, all monitoring strategies we use for
our applications are of the form

‖pk‖ ≤ (
1

‖r̃k−1‖ε,

where ( depends on m (or m�, the maximum number of iterations) and on the exact
operator associated with A; cf. (5.10). In all cases studied, such a bound will imply
that δm = ‖rm − r̃m‖ ≤ ε for both FOM and GMRES and that ‖V T

m rm‖ ≤ ε in the
case of FOM, or that ‖(VmHm)

T rm‖ ≤ ε for GMRES (for which a different value of
( is required).

We emphasize that in several cases, sharper stopping criteria can be devised by
exploiting the structure of the problem; see, e.g., Example 9.3. Most plots report the
magnitude of the variable inner stopping tolerance εinner ≡ ( 1

‖r̃k−1‖ε, the convergence
curve of the computed residual norm ‖r̃m‖ and of the true residual norm ‖rm‖, and
finally, the magnitude of δm = ‖rm − r̃m‖; note that for FOM, ‖V T

m rm‖ ≤ δm.

8. Schur complement systems. Block structured linear systems can be solved
by using the associated Schur complement; see, e.g., [8], [37]. For instance, if the sys-
tem stems from a saddle point problem, then the algebraic equation has the following
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form: [
S B
BT 0

] [
w
x

]
=

[
f
0

]
,(8.1)

with S symmetric. The corresponding (symmetric) Schur complement system is

BTS−1Bx = BTS−1f,(8.2)

whose solution x can be used to recover the unknown w. Let us set A = BTS−1B and
b = BTS−1f . Therefore, if a Krylov subspace method is used to solve Ax = b, oper-
ations with the coefficient matrix A are inexact unless S−1 is applied exactly. Thus,
if systems with S are only solved approximately, or iteratively, at the kth iteration
of the Krylov subspace method, the matrix-vector multiplication Av is replaced by

Av = BT z
(k)
j , where z

(k)
j is the approximation obtained at the jth (inner) iteration

of the solution to the equation Sz = Bv. Let p
(k)
j = Sz

(k)
j − Bv be the associated

residual, so that z
(k)
j = z + S−1p

(k)
j . The question we address in this context is when

to stop the inner iteration, i.e., how small should ‖p(k)
j ‖ be? We have that

Av = BT z
(k)
j = BT z +BTS−1p

(k)
j =

(
BTS−1B +BTS−1p

(k)
j

vT

‖v‖2

)
v ≡ (A+ Ek)v;

hence, assuming for simplicity1 that ‖v‖ = 1, we have

‖Ek‖ ≤ ‖BTS−1‖ ‖p(k)
j ‖.(8.3)

The bound above, together with the condition in Theorem 5.3 or in Theorem 5.4,
provides a stopping criterion for the inner iteration involving S, which ensures that
the orthogonality condition is satisfied with the desired tolerance. We state the result
for the FOM method. An analogous result holds for GMRES.

Proposition 8.1. With the notation of Theorem 5.4, let ε > 0. Assume that at

each outer iteration k ≤ m of the FOM method, the inner residual p
(k)
j after j inner

iterations satisfies

‖p(k)
j ‖ ≤ σm(Ĥm)

‖BTS−1‖m
1

‖r̃fomk−1 ‖
ε ≡ εinner.

Then ‖rfomm − r̃fomm ‖ ≤ ε and ‖V T
m rfomm ‖ ≤ ε.

We see that the bound involves S−1, and therefore the estimates as well as the
stopping criterion threshold depend on the conditioning of the coefficient matrix S.
We also recall that Ĥm is no longer symmetric but upper Hessenberg, for significant
nonzero entries appear in the upper triangular portion of the matrix to maintain
orthogonality of Vm. An alternative strategy explored, for instance, in [14], [22]
consists of maintaining local orthogonality among the basis vectors, so as to work
with a banded Ĥm. See section 6 for comments on this case.

Example 8.2. We consider a problem of the form (8.1) derived from a two-
dimensional saddle point magnetostatic problem described in [26, section 3]; see also

1This is always the case if the Arnoldi algorithm is explicitly used to construct the Krylov
subspace. If ‖v‖ �= 1, then the bound in (8.3) requires the additional factor ‖v‖−1.
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[25] for additional experiments. In the data we employ, S has size 1272×1272 while B
has dimension 1272× 816. The Schur complement system is (8.2), with ‖BTS−1‖ ≈
3.5792·103 and σmin(B

TS−1B) ≈ 3.2980·102. Consideringm� = 120, we approximate
the factor in the estimate for the stopping tolerance as

σm�(Ĥm�)

‖BTS−1‖m�
≈ σmin(B

TS−1B)

‖BTS−1‖m�
≈ 7.6786 · 10−4.

A posteriori, we computed σm�
(Ĥm�

) ≈ 3.2973 · 102, which is clearly well approxi-
mated by σmin(B

TS−1B).
When the saddle point problem (8.1) originates from certain classes of PDEs, it

can be shown that σmin(B
TS−1B) = O(hα) for some known integer α, where h is a

mesh-dependent parameter. Therefore, rough estimates of such quantity can be easily
obtained; see, e.g., [20], [25], [31] and references therein.

Figure 8.1 displays the convergence history of the computed and true residuals
of inexact FOM for ε = 10−4. In the plot, r̃m stands for the computed inexact FOM
residual r̃fomm . Note that ‖rm‖ remains larger than δm = ‖rm − r̃m‖, while the latter
remains well below the requested tolerance ε = 10−4. In the plot,

εinner =
σmin(B

TS−1B)

‖BTS−1‖m�

1

‖r̃fomk−1 ‖
ε.
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Fig. 8.1. Example 8.2. Inexact FOM convergence history and other norms.

When running the same example with εinner = ε/‖r̃k−1‖, that is, (m� = 1, we did
not notice any change in the convergence behavior (the curves are the same as those
in Figure 8.1), showing that our bound is very conservative on this problem.

9. Inexact preconditioning and flexible methods. In order to achieve bet-
ter efficiency of the linear system solver, the preferred Krylov subspace method is
commonly employed on the preconditioned system. Given a nonsingular matrix P or
its inverse P−1, if right preconditioning is employed, the original system is transformed
into

AP−1x̄ = b, x = P−1x̄.
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At each iteration of the solver the application of P−1 is thus required. In several cases,
e.g., as in [10], neither P nor P−1 can be applied exactly but only through an operator,
yielding a variable preconditioning procedure in which a different preconditioning
operator is applied at each iteration. Often this is due to the approximation of an
optimal, in some sense, but expensive preconditioner. More precisely, at each iteration
the operation

Az̃k, z̃k ≈ P−1vk,(9.1)

is carried out, where z̃k can be thought of as some approximation to the solution zk
of the linear system Pz = vk, k = 1, . . . ,m [28], [34], [39]. The operation in (9.1) thus
replaces the exact preconditioning product AP−1vk. In the variable preconditioning
case, the Arnoldi relation AP−1Vm = Vm+1Hm is transformed into

A[z̃1, . . . , z̃m] = Vm+1Hm.(9.2)

As a consequence of the relation (9.2), a Krylov subspace is no longer constructed,
and standard convergence results do not apply; see [9] for a study of convergence which
applies to this case. Let x̄m = Vmym be an approximate computed solution, and let
ym = [η1, . . . , ηm]

T , Zm = [z1, . . . , zm], Z̃m = [z̃1, . . . , z̃m]. Observe that we can write
Z̃m = Zm + P−1Pm, where Pm collects all residuals in the approximate application
of P. From (9.2) we clearly have AP−1Vm + AP−1Pm = Vm+1Hm. Then the true
residual satisfies

rm = r0 −AP−1x̄m = (r0 − Vm+1Hmym) +AP−1Pmym.(9.3)

Note that the term in parentheses on the right-hand side is the computed residual.
The relation (9.3) is completely analogous to (4.1). Therefore, setting r̃m := b −
Vm+1Hmym and using the same argument as in Proposition 4.1, we obtain

‖rm − r̃m‖ ≤
m∑

k=1

|ηk| ‖AP−1pk‖ ≤ ‖AP−1‖
m∑

k=1

|ηk| ‖pk‖(9.4)

and also

‖V T
m rfomm ‖ ≤ ‖AP−1‖

m∑
k=1

|ηk| ‖pk‖, ‖(VmHm)
T rgmm ‖ ≤ ‖Hm‖‖AP−1‖

m∑
k=1

|ηk| ‖pk‖.

Using these relations one obtains results analogous to Theorems 5.3 and 5.4.
Proposition 9.1. Let ε > 0. Assume that m iterations of the inexact GMRES

method have been carried out. Let x̄gm
m = Vmygmm , the true residual rgmm = b −

AP−1x̄gm
m , and the computed residual r̃gmm = r0 − Vm+1Hmygmm . If at each iteration

k ≤ m the inner residual pk = vk − P z̃k satisfies

‖pk‖ ≤ σm(Hm)

‖AP−1‖m
1

‖r̃gmk−1‖
ε,

then ‖rgmm − r̃gmm ‖ ≤ ε. Moreover, if

‖pk‖ ≤ 1

‖AP−1‖mκ(Hm)

1

‖r̃gmk−1‖
ε,
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then ‖(Vm+1Hm)
T rgmm ‖ ≤ ε.

Proposition 9.2. Let ε > 0. Assume that m iterations of the inexact FOM
method have been carried out. Let x̄fom

m = Vmyfomm , the true residual rfomm = b −
AP−1x̄fom

m , and the computed residual r̃fomm = b−Vm+1Hmyfomm . If at each iteration
k ≤ m the inner residual pk = vk − P z̃k satisfies

‖pk‖ ≤ σm(Ĥm)

‖AP−1‖m
1

‖r̃fomk−1 ‖
ε,

then ‖rfomm − r̃fomm ‖ ≤ ε and ‖V T
m rfomm ‖ ≤ ε.

Example 9.3. We work on the same saddle point problem as in Example 8.2, and
we consider a now well-established technique which consists of preconditioning the
original structured problem (8.1) with

P =

[
D 0
0 BTB

]
,(9.5)

whereD is an approximation to S; see, e.g., [31] and the references given therein. Here
we use D = I as in [25]. At each iteration, the application of the exact preconditioner
P requires solving a system with coefficient matrix BTB, with sparse B, which is
efficiently carried out by sparse direct methods on small problems. On large and
denser problems (e.g., in three-dimensional applications), direct solution of systems
with BTB is very time consuming, and approximations to P need to be considered
[25], [26]. Here we consider solving with BTB by an iterative method, relaxing the
accuracy of the solution as the outer process converges.

It is important to notice that for this structured problem, the conditions in Propo-
sition 9.1 can be sharpened. We work with the first condition, since we want our
computation to guarantee that δm = ‖rm− r̃m‖ ≤ ε. Let pTk = [0, p̂Tk ] be the residual

2

of the system with P at the kth iteration. Using the first bound in (9.4), we see that

AP−1pk = AP−1

[
0
p̂k

]
=

[
B(BTB)−1p̂k

0

]
,

therefore, ‖AP−1pk‖ ≤ ‖p̂k‖/σnB
(B), where σnB

(B) is the smallest singular value
of B. Hence, the condition in Proposition 9.1 can be relaxed to be

‖pk‖ ≤ σm�(Hm�)σnB
(B)

m�

1

‖r̃k−1‖ε.(9.6)

In Figure 9.1 (right) we show the convergence history of GMRES applied to (8.1)
with preconditioner (9.5) using condition (9.6) for the inner residual. The quantity
δm is computed as δm = ‖AP−1Pmygmm ‖; cf. (9.3). A preconditioned conjugate gra-
dient method is used as an inner iterative solver, where at least two inner iterations
with BTB are performed. We consider ε = 10−9, and we exploit the approximation
σm�(Hm�) ≈ σn(AP−1), which we use to explicitly estimate the approximate factor

σm�(Hm�)σnB
(B) ≈ σn(AP−1)σnB

(B) ≈ 1.

The same argument given in Example 8.2 applies here for estimating σn(AP−1) and
σnB

(B) when a PDE problem is being solved.
For a comparison with the criterion in [3], the left plot in Figure 9.1 considers the

stopping criterion with (m� = 1. One can appreciate the difference between the two
criteria and in particular the difference of the final attainable accuracy.

2The first block of the residual vector is zero because the (1,1) block of P−1 is applied exactly.
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Fig. 9.1. Example 9.3. Inexact GMRES with a minimum of two inner iterations, convergence
history and other norms. Left: Tolerance with �m� = 1. Right: Tolerance as in (9.6).

9.1. Comments on flexible Krylov subspace methods. In this section we
make some observations on flexible and inexact Krylov subspace methods.

As already illustrated earlier, variable preconditioning for a Krylov subspace
method can be interpreted as an inexact subspace method, and this is the approach,
e.g., in [14]. Flexible Krylov subspace methods such as FGMRES [28] or FQMR [39]
are defined not only by the fact that the preconditioner changes from one iteration to
the next, but also from the fact that the solution is obtained directly from the new
preconditioned basis {z̃1, . . . , z̃m} that generates the approximation space R(Z̃m); see
(9.2). In other words, in flexible Krylov subspace methods the dependence on the ap-
proximation basis Vm is eliminated. In the present context, this allows us to directly
form the approximate solution, bypassing the unpreconditioned space, which caused
the inexactness of the true residual rm = b−AP−1x̄m. Indeed, rm is available, since
xm is computed as

xm = [z̃1, . . . , z̃m]ym = Z̃mym(9.7)

for some ym; see [28], [39].
Let z̃k = zk + P−1pk, k ≤ m, where pk is the (inner) residual of the system with

P. The perturbation in the matrix-vector product with A can be written explicitly
as

Avk = Az̃k = AP−1vk −AP−1pk
vTk

‖vk‖2
vk ≡ (AP−1 + Ek)vk,

implying that the error computed at each matrix-vector multiplication has the bound

‖Ek‖ ≤ ‖AP−1‖ ‖pk‖
‖vk‖ .(9.8)

In the case of FOM (and CG), the expression (9.7) indicates that the perturbation
Ek does not affect the computation of the true residual, while full orthogonality is
preserved with respect to the generated space. In other words, in exact arithmetic,
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rm = r̃m for m > 0 and rm is orthogonal to R(Vm) to full precision, where Vm

satisfies (9.2). As a consequence, the inexactness of the matrix-vector multiplication
only affects the goodness of the approximation space R(Z̃m), and thus the accuracy
of the obtained approximate solution is xm = Z̃mym. From this discussion we deduce
that in the flexible context, a dynamic stopping criterion can be employed to save
computational effort by limiting the work of the preconditioner (so that the bound
on the inner residual norm ‖pk‖ is not too stringent) without sacrificing the closeness
of the computed and true residuals.

A particular case of the flexible Krylov subspace methods is when the precon-
ditioner P is the inexact application of matrix A itself, e.g., when an inner Krylov
subspace iteration is used to approximate the solution of Az̃k = vk in (9.1) (possibly

with a much looser tolerance) [28], [34], [39]. In such a setting, if p
(k)
j is the inner

residual after j iterations of the inner Krylov subspace method, we have

Avk =

(
I + p

(k)
j

vTk
‖vk‖2

)
vk,

which obviously shows that the distance from the perfectly preconditioned matrix (the
identity matrix) is directly monitored through the inner residual, i.e., (9.8) becomes

‖Ek‖ ≤ ‖p(k)
j ‖/‖vk‖.

10. Linear systems with a parameter. Consider the linear system

(M + ωK)x = b,(10.1)

which needs to be solved for several values of the parameter ω; see, e.g., [21], [33].
A similar problem arises in the context of eigenvalue computation: when using certain
formulations of the inexact shift-and-invert Arnoldi method, a system of the form

(M + ωK)K−1x = b(10.2)

needs to be solved at each iteration of the method [1].
If K is nonsingular, the system (10.1) can be transformed into

(A+ ωI)x̃ = b, A =MK−1, x̃ = Kx,(10.3)

yielding a shifted system with coefficient matrix A+ωI that can be solved efficiently
with a Krylov subspace method for several values of ω simultaneously; see [33] and
references therein. Each iteration involves solving a system with coefficient matrix
K, and if the problem has large dimension, such a solution is carried out iteratively.
The fact that K−1 is only applied approximately destroys the equivalence of the two
formulations (10.1) and (10.3), even in exact arithmetic. In other words, the coefficient
matrix in (10.2) is perturbed, and thus the analysis of the previous sections applies.
While the system which is approximately solved is (10.3), the equation of interest is
in fact (10.1). It was observed in [33] that the inner tolerance greatly influences the
performance of the overall method, and as a consequence the accuracy in the solution
of (10.1) may deteriorate a great deal. It is the aim of this section to provide a better
understanding of this phenomenon.

Assume that the operation Avk replaces Avk, and let z̃k be the approximation to
zk = K−1vk. As in the previous section, we can write z̃k = zk +K−1pk, using which
we obtain

Avk =Mz̃k =MK−1vk +MK−1pk
vTk

‖vk‖2
vk ≡ (A+ Ek)vk,
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implying that the error computed at each matrix-vector multiplication has the bound
‖Ek‖ ≤ ‖MK−1‖ ‖pk‖/‖vk‖. We can be more precise on the effect on the whole pro-
cedure. If systems with K were solved exactly, then the Arnoldi relation MK−1Vm =
Vm+1Hm would hold, which, after shifting, would yield

(MK−1 + ωI)Vm = Vm+1(Hm + ωĨm) Ĩm = [Im, 0]T .

Let Z̃m = [z̃1, . . . , z̃m] and Zm = [z1, . . . , zm]. In the inexact case, the shifted inexact
Arnoldi relation is

MZ̃m + ωVm = Vm+1(Hm + ωĨm).(10.4)

Let xm = Z̃mym be the approximate solution to x with ym ∈ R
m, x0 = 0, and

let Pm = [p1, . . . , pm]. Note that xm is computed by means of the flexible strategy
described in the previous section, that is, xm ∈ R(Z̃m). From Z̃m = Zm +K−1Pm

we see that KZ̃m = Vm + Pm. Therefore, using (10.4) the exact (and computable)
residual can be written as

rm = b− (M + ωK)xm = b− (M + ωK)Z̃mym

= b−MZ̃mym − ωKZ̃mym = b− Vm+1(Hm + ωĨm)ym − ωPmym

= Vm+1

(
e1β − (Hm + ωĨm)ym

)
− ωPmym.

The relation above is completely analogous to that in (4.1), and

δm := ‖ωPmym‖(10.5)

measures the distance between the true residual and the residual of the underlying
method. Moreover, if ym = [η1, . . . , ηm]

T is determined as yfomm = (Ĥm+ωIm)
−1e1β,

then the associated residual rfomm = b− (M + ωK)Z̃myfomm satisfies

‖V T
m rfomm ‖ ≤ |ω|

m∑
k=1

|ηk| ‖pk‖.(10.6)

An analogous relation holds for ‖(Vm+1(Hm + ωĨm))
T rgmm ‖.

We can thus derive a dynamic stopping criterion for the inner iteration that
solves a system with K, so that, for instance, the bound (10.6) can be used to obtain
‖V T rfomm ‖ < ε. The proof follows the same argument as that of Theorem 5.4.

Proposition 10.1. Let ε > 0. Let the residual of the inexact FOM applied
to (10.3) be rfomm = b − (M + ωK)Z̃myfomm and the computed residual be r̃fomk =

Vk+1(e1β− (Hk+ωĨk)y
fom
k ) for k ≤ m. If at each iteration k ≤ m the inner residual

pk = vk −Kz̃k satisfies

‖pk‖ ≤ σm(Ĥm + ωIm)

|ω|m
1

‖r̃fomk−1 ‖
ε ≡ εinner,(10.7)

then ‖rfomm − r̃fomm ‖ ≤ ε and ‖V T
m rfomm ‖ ≤ ε.

A similar relation holds for the GMRES solution, using Lemma 5.1.
Example 10.2. We consider the system

(M − λ2K)x = b
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arising in the direct frequency analysis of an n-DOF discretized linear system in
the absence of viscous damping, studied in [33]. The parameter λ represents the
inverse of the frequency, M is the kinetic matrix, and K = K0 + ıDH is given by
the potential energy matrix K0 and the hysteretic damping matrix DH . For more
details on the problem we refer to [33] and references therein. The problem (test case
B in [33]) has size n = 3627. We consider for the illustrative experiment here only
one value of λ, namely λ = (30 · 2π)−1. The matrix K is complex symmetric and
M is real with all positive diagonal entries. We ran inexact FOM with m� = 30 and
ε = 10−8. Inner systems with K were solved with the complex symmetric version of
the preconditioned conjugate gradients. For a comparison with the criterion in [3],
the left plot in Figure 10.1 considers the stopping criterion with ( = 1, i.e.,

‖pk‖ ≤ 1

‖r̃k−1‖ε.(10.8)
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Fig. 10.1. Example 10.2. Inexact FOM convergence history and other norms. Left: Inner
stopping criterion with � = 1. Right: Inner stopping criterion with � = 1/m�.

We observed that for this problem σm�
(Ĥm�

− λ2I) ≈ λ2, therefore we replaced
the inner stopping criterion (10.7) with

‖pk‖ ≤ 1

m�

1

‖r̃k−1‖ε.(10.9)

In both tests we show δm computed as in (10.5). The left plot shows that when using
test (10.8), the condition δm ≤ ε fails to be satisfied. Such a condition is instead
satisfied when using the stricter inner stopping test (10.9).

11. Application to eigenvalue computations. Following the empirical re-
sults in [4], in this section we show that inexactness of the computed matrix-vector
multiplication can be monitored also in the eigenvalue context. The results here
though are less general than in the linear system setting. If the exact Arnoldi method
is employed to approximate the eigenpairs of A (see, e.g., [1], [27]), then starting with
a unit norm vector v1, the Krylov subspace Km(A, v1) is constructed and (λ̃i, Vmyi),
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i = 1, . . . ,m, are approximate (Ritz) eigenpairs to some of the (exact) eigenpairs of

A, where λ̃i, yi, i = 1, . . . ,m, satisfy Ĥmyi = λ̃iyi, i = 1, . . . ,m.
In the inexact case, i.e., when the subspace (2.4) is used instead, the inexact

Arnoldi relation (2.2) holds, and let λ̃i, yi, i = 1, . . . ,m, now be the eigenpairs of Ĥm.
Then for each i = 1, . . . ,m, we can write

AVmyi − λ̃iVmyi = VmĤmyi + hm+1,mvm+1e
T
myi

− [E1v1, E2v2, . . . , Emvm]yi − λ̃iVmyi

= hm+1,mvm+1e
T
myi − [E1v1, E2v2, . . . , Emvm]yi.

Therefore, the norm of the difference between the true and computable eigenvalue
residuals is

‖(AVmyi − λ̃iVmyi)− hm+1,mvm+1e
T
myi‖ = ‖[E1v1, E2v2, . . . , Emvm]yi‖.

Moreover,

‖V T
m (AVmyi − λ̃iVmyi)‖ ≤ ‖[E1v1, E2v2, . . . , Emvm]yi‖

≤
m∑

k=1

|η(i)
k | ‖Ek‖,

where yTi = [η
(i)
1 , . . . , η

(i)
m ]. The bound above is completely analogous to those in

Proposition 4.2 and Proposition 4.3. This allows us to accept large values of ‖Ek‖
for k large enough such that |η(i)

k | is small. The components of the eigenvectors
corresponding to the extreme eigenvalues do have a decreasing pattern, at least in the
symmetric case [16], [24], and this allows us to effectively relax the accuracy in the
computation of the matrix-vector products with A [4]. We note that this fact was
already noticed and exploited in the symmetric case in [16].

We should keep in mind that the relation above holds for any i = 1, . . . ,m. In
particular, different approximate eigenvectors Vmyi, i = 1, . . . ,m, in general converge
with a different convergence rate as m increases, implying that the magnitude of
the last components of two eigenvectors yi, yj , i �= j, will in general decrease with
a possibly very different pattern as m increases. As a consequence, depending on
the approximate eigenvector convergence rate, the relaxation strategy for ‖Ek‖ may
substantially differ. Therefore, in practical implementations, it would be possible to
relax the accuracy in the computation of A only when approximating leading groups
of eigenpairs for which the iterates show a similar convergence rate.

12. Conclusions. We have analyzed a class of inexact Krylov subspace methods
and answered several outstanding questions on their convergence properties. In par-
ticular, we showed why the norm of the matrix-product perturbation can grow as the
iteration progresses. This is due to the combination of two factors. First, the inexact
method approximates the initial residual r0 in a certain subspace (see (3.1) or (3.2)),
and this implies that the quantities ηk converge to zero as k → ∞ if no breakdown
occurs; see the discussion after Proposition 3.3. Second, the quasi orthogonality of
the true residual rm (e.g., of the form ‖V T rm‖ ≤ ε) is maintained if all products
|ηk| ‖Ek‖ are kept small (k ≤ m).

In fact, the theory presented here not only explains the empirical behavior noted
by other researchers, but also provides the basis for practical dynamic strategies for
the relaxation of the matrix-vector products. These strategies translate into stopping
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criteria for the inner solver in inner-outer procedures. Furthermore, these criteria may
be efficiently sharpened for specific problems, as illustrated, e.g., in Example 9.3.

We also made some observations on flexible Krylov subspace methods, indicat-
ing that, unlike the inexact methods, the true residual is available. Nevertheless a
dynamic stopping criterion can still be useful for computational purposes.
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[4] A. Bouras and V. Frayssé, A Relaxation Strategy for the Arnoldi Method in Eigenproblems,
Technical Report TR/PA/00/16, CERFACS, Toulouse, France, 2000.
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