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an M -matrix if all off-diagonal entries are nonpositive and B�1 � 0, and that it is
termed an H-matrix if its comparison matrix hBi withhBiij = � jBijj if i = j�jBijj if i 6= j
is an M -matrix.

Theorem 4 Condition Eq. [8] is satisfied in either of the following two cases:

(i) A�1 � 0; F�1 � 0; F�1N � 0 and F�1G � 0,

(ii) hM i � jN j is an M -matrix and hM i = hF i � jGj.
Proof: To show (i) note that F�1N + F�1G = I � F�1A. Let e = (1; : : : ; 1) andu = A�1(1; : : : ; 1)which is a positive vector. Since jF�1N j = F�1N and jF�1Gj =F�1G we get jF�1N ju+ jF�1Gju = (I � F�1A)u = u� F�1e: [10]

But F�1e > 0 so that we can find 
 2 [0; 1) with u � F�1e � 
u. Thus, Eq. [10]
implies Eq. [8].

To show (ii) we first note that hM i as well as hF i are H-matrices (see [FrSz 92])
and that for any H-matrix B one has jB�1j � hBi�1 (see [FrSz 92, Neu 90]). There-
fore, jF�1N j � hF i�1jN j and jF�1Gj � hF i�1jGj, so that for any positive vectoru we have jF�1N ju+ jF�1Gju � hF i�1(jN j+ jGj)u= hF i�1(jN j+ hF i � hM i)u= (I � hF i�1(hM i � jN j))u:
Since hM i� jN j is an M -matrix, we can take (hM i� jN j)�1e as our positive vectoru. As for (i) we then obtain Eq. [8]. 2

We remark that (i) is fulfilled if A�1 � 0, the splitting A = M � N is regular
(M�1 � 0; N � 0) and the splittingM = F�G is weak regular (F�1 � 0; F�1G �0). A discussion of (ii) can be found in [FrSz 92].
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of a matrix A is the matrix obtained from A by replacing all entries by their absolute
values.

The following theorem states conditions under which Theorems 1 and 2 can be ap-
plied to the particular iteration operator S from Eq. [7].

Theorem 3 Assume that there exists a positive vector u 2 Rn and 
 2 [0; 1) such thatjF�1N ju+ jF�1Gju � 
 � u: [8]

Then kS(x; y) � x�ku � 
 �maxfkx� x�ku; ky � x�kug: [9]

Proof: Using b = Fx� �Gx� � Nx� we getS(x; y) � x� = F�1(Gy + Nx� b)� x� = F�1G(y � x�) + F�1N (x� x�):
We now make use of the fact that for any B 2 Rn�n and z 2 Rn we have j(Bz)ij �(jBju)i � kzku to obtain, using Eq. [8] for component i,1ui jSi(x; y) � x�i j � 1ui �(jF�1Gju)i � ky � x�ku + (jF�1N ju)i � kx� x�ku�� 1ui �(jF�1Gju)i + (jF�1N ju)i� �maxfky � x�ku; kx� x�kug� 
 �maxfky � x�ku; kx� x�kug:
Taking the maximum over i yields Eq. [9]. 2

Let us first notice that Eq. [9] implies Eq. [5] for any block partitioningof f1; : : : ; ng
into L disjoint blocks Bl, l = 1; : : : ; L. Indeed, if on the subspace corresponding to
block Bl we set kxlkl = maxi2Bl jxij=ui
and if we take w = (1; : : : ; 1) 2 RL, we getkxkw = Lmaxl=1 kxlkl = nmaxi=1 jxij=ui = kxku:
For this particular norm k � kw Eq. [9] thus implieskS(x; y) � x�kw � 
 �maxfkx� x�kw; ky � x�kwg;
i.e. Eq. [5].

As a second remark we note that Eq. [5] actually implies Eq. [4], as can be seen
by a trivial induction. Theorem 3 therefore gives conditions for convergence of outer
asynchronous as well as flexible asynchronous linear two-stage iterations.

Our final theorem shows that the crucial assumption Eq. [8] of Theorem 3 is met
for certain ‘standard’ splittings. Recall that a nonsingular matrix B 2 Rn�n is termed
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(iv) tl(m) � m for l = 1; : : : ; L and m = 0; 1; : : : ;
(v) limm!1 tl(m) =1 for l = 1; : : : ; L.

Moreover, suppose that there exist a weighted maximum norm k � kw, a constant 
 2[0; 1) and a ‘fixed point’ x� 2 Rn with x� = S(x�; x�) such thatkS(x; y) � x�kw � 
 �maxfkx� x�kw; ky � x�kwg for all x; y 2 Rn: [5]

Then limm!1 xm = x� in the flexible asynchronous scheme Eq. [3].

Proof: We consider a new iteration inRn�Rn by simply duplicating the iterates xm+1
from Eq. [3]. To describe this formally, we first observe that the given block decom-
position inRn induces a block decomposition onRn�Rn with twice as many blocks
which can be referred to by using double indices (1; l); (2; l); l = 1; : : : ; L. Defining~xm = (xm; xm), ~Im = f1; 2g� Im, and~S : Rn �Rn ! Rn �Rn; (x; y) 7! (S(x; y); S(x; y));~r(m) = (~r1;1(m); : : : ; ~r1;L(m); ~r2;1(m); : : : ; ~r2;L(m));

where ~r1;l(m) = rl(m); ~r2;l(m) = tl(m); l = 1; : : : ; L;
we obtain~xm+1~l = ( ~S~l �~x~r1;1(m)1;1 ; : : : ; ~x~r1;L(m)1;L ; ~x~r2;1(m)2;1 ; : : : ; ~x~r2;L(m)2;L �

for ~l 2 ~Im~xm~l otherwise
: [6]

With ~x� = (x�; x�) and the weighted maximum norm k � k on Rn � Rn defined for~x = (x; y) as k~xk = k(x; y)k = maxfkxkw; kykwg
we get, using Eq. [5],k ~S(~x) � ~x�k = kS(x; y) � x�kw � 
 � k~x� ~x�k:
Together with the assumptions (i) – (v) we thus see that the iteration Eq. [6] satisfies the
hypothesis of the standard convergence theorem of El Tarazi [El-T 82]. Consequently,
we have limm!1 ~xm = ~x� which implies limm!1 xm = x�. 2
4. The linear case

We now turn back to the linear case where we want to solve the linear systemAx =b and where we are given splittings A = M � N and M = F � G as described in
Section 2. Thus, x� = A�1b andS(x; y) = F�1(Gy + Nx+ b): [7]

We use the following notation and terminology: A matrix or a vector is called pos-
itive (nonnegative) if all its entries are positive (nonnegative). The absolute value jAj
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compositions of S any more, but we have now to account for the fact that the second
argument yl of S in the inner loop will usually correspond to an l-th component of a
‘global’ iteration vector x which is less delayed than that used in the first argument ofS. This yields toxm+1l = ( Sl �(xr1(m)1 ; : : : ; xrL(m)L ); xtl(m)l �

for l 2 Imxml otherwise
; [3]

with rl(m) � m and tl(m) � m for all m and l.
A mathematical model for the totally asynchronous scheme (and a convergence

analysis for the linear case) can be found in [FrSz 94].

3. Convergence analysis
In this section we use variants of El Tarazi’s convergence theorem for asynchronous

iterations (see [El-T 82]) to analyze the convergence of the outer and the flexible asyn-
chronous iterative schemes. These results involve contraction properties with respect
to a weighted maximum norm k � kw inRn which, for given positive numbers wl and
norms k � kl onRnl is defined askxkw = Lmaxl=1 kxlkl=wl where w = (w1; : : : ; wL):
Theorem 1 For the outer asynchronous scheme Eq. [2] assume that we have

(i) rl(m) � m for l = 1; : : : ; L and m = 0; 1; : : : ;
(ii) limm!1 rl(m) =1 for l = 1; : : : ; L,

(iii) each l 2 f1; : : : ; Lg is an element of infinitely many sets Im.

Moreover, suppose that there exists a weighted maximum norm k � kw, a constant 
 2[0; 1) and a ‘fixed point’ x� 2 Rn with x� = S(x�; x�) such that for all p 2 N we
have kSp(x; x)� x�kw � 
 � kx� x�kw for all x 2 Rn: [4]

Then limm!1 xm = x� in the outer asynchronous scheme Eq. [2].

Proof: This theorem was already formulated in [FrSz 94], e.g., for a general family of
mappings satisfying the contraction property Eq. [4]. It is a minor generalization of the
basic theorem by El Tarazi [El-T 82] . 2

We note that conditions (i) – (iii) in the above theorem represent the standard mini-
mal assumptions in convergence results for asynchronous iterations. They are virtually
always satisfied in computational practice, see, e.g., [BeTs 89].

Theorem 2 Consider the asynchronous scheme with flexible communication. In ad-
dition to (i) – (iii) from Theorem 1, assume that we have
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for k = 0; 1; : : :
read(x)
for p = 0; : : : ; s(k)� 1yl  Sl(x; yl)
write(yl) as xl
outer asynchronous

for k = 0; 1; : : :
read(x)
for p = 0; : : : ; s(k)� 1yl  Sl(x; yl)

write(yl) as xl
flexible

for k = 0; 1; : : :
for p = 0; : : : ; s(k) � 1

read(x)yl  Sl(x; yl)
write(yl) as xl

totally asynchronous

Figure 1: Computational models for different asynchronous schemes

remark that the ‘flexible’ scheme here is only one of several possible realizations of
the method presented in [MES 98]. Another variant would consist of reading x anew
in each inner loop just before each step yl  Sl(x; yl). In this manner, one would
systematically use the latest information available. Note that then there is no need for
the inner loop any more. A tacit assumption behind the first and second scheme in
Figure 1 is that it be possible to more or less ‘split’ the evaluation of S into a part which
only depends on x (and which thus has to be done only once per outer iteration) and
another part which depends on y. In this philosophy, the variant just described and
the third, ‘totally asynchronous’, scheme from Figure 1 (like the alternative flexible
scheme) appear less attractive since it requires to evaluate the ‘x part’ anew in each
inner iteration; see further the discussion in [FrSz 94]. We include this scheme mainly
for the sake of completeness.

According to the terminologydeveloped in [Szy 98], the pseudocodes given in Fig-
ure 1 may be considered as being computational models since they describe the way
the methods would be implemented on a parallel computer. In order to perform a math-
ematical (convergence) analysis of the different schemes, we have to formulate math-
ematical models of these schemes. For this purpose we now count iteration steps in a
completely different manner: We use a ‘global’ iteration counter m which is stepped
by one any time a block component of x has been changed through a write operation by
some processor. Let Im denote that block component (or more generally: set of block
components). These components of x have been computed by the respective proces-
sors using the value of x obtained through the preceding read statement. This vector x,
in turn, consists of components which have been computed at some previous ‘global’
iteration which may differ from component to component. In this manner we arrive at
the following mathematical model for the outer asynchronous iterationxm+1l = ( Ss(m)l �(xr1(m)1 ; : : : ; xrL(m)L ); xrl(m)l �

for l 2 Imxml otherwise
: [2]

Here, Sp(x; y) denotes the p-fold composition with respect to the second argument,
i.e. S1(x; y) = S(x; y) and Sp+1(x; y) = S(x; Sp(x; y)); p = 1; 2; : : :: The indicesrl(m) refer to previous iterations, i.e. rl(m) � m for all m and l.

In a similar manner we can get a mathematical model for the flexible communica-
tion scheme. Again, we step the global iteration counter any time x is changed through
a write operation. Since these occur within the inner loop, there is no need to consider
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for k = 0; 1; : : :yk;0 = xk
for p = 0; 1; : : : ; s(k)� 1Fyk;p+1 = Gyk;p + Nxk + bxk+1 = yk;s(k)
Such processes have been analyzed in [FrSz 92, LRS 91]. We now consider their

realization on a parallel computer with L processors with a shared memory. Assume
that each processor is assigned to update a given block xl of x. Then a generic formu-
lation of the resulting implementation for processor l reads

Algorithm 1

for k = 0; 1; : : :
read(x)cl = (Nx+ b)l, set yl = xl
for p = 0; 1; : : : ; s(k)� 1zl  Glylyl  F�1l (zl + cl)
write(yl) to xl
synchronize

The synchronize statement means that all processors wait for each other to com-
plete their work for loop k. This kind of mechanism is necessary to ensure that the
algorithm will indeed represent an implementation of the two-stage process just de-
scribed.

On the other hand, synchronization may produce significant idle times on several
processors if the computational work is not well balanced or if the processors work at
different speeds (as is the case in heterogeneous or multi-usernetworks). The idea of an
asynchronous modification of Algorithm 1 is precisely to remove the synchronization
barrier. This results in a less structured iterative process, since at a given time different
processors may work on different iteration steps k. The advantage is that we now have
removed all idle times due to synchronization, and numerical experiments show that
this can result in significant savings in run time as compared to the synchronous variant.
In the two-stage setting we have different ‘degrees’ of asynchronism depending on how
processors are allowed to access (read and write) the global iteratex. To systematically
describe these variants we place ourselves in a more general context than before and
assume that the two-stage method is defined via an iteration function S : Rn �Rn !Rn; (x; y) 7! S(x; y). As before, block components of S are denoted by Sl , and for
the sake of practical feasibility we also assume that Sl(x; y) only depends on x and
the l-th block of y, i.e. Sl(x; y) = Sl(x; yl). In the linear situation described before
we have S(x; y) = F�1(Gy +Nx+ b).

Figure 1 describes the three different levels of asynchronism we are considering
here: In the ‘outer asynchronous’ scheme (see [FrSz 94]), x is read and written only
once per outer iteration. In the ‘flexible’ scheme, all inner iterates are made available
to the other processors by writing them to x as soon as they have been computed. We
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1. Introduction
Recently, Miellou, El Baz and Spitéri [MES 98] (see also [ESM 96], [EGMS 96])

introduced a new ‘flexible’ communication scheme for asynchronous iterative meth-
ods. Their scheme allows for various, very general communication schemes within the
iterative process. The paper [MES 98] contains an analysis of the convergence of this
scheme under monotonicity conditions involvingM -functions and M -super applica-
tions, assuming that the initial guess is a supersolution. The purpose of the present note
is to propose a model similar in spirit, but specifically taylored to asynchronous two-
stage methods where the operators involved are contractions with respect to a weighted
maximum norm. We will give convergence results assuming arbitrary initial guesses
and (possibly) unbounded delays. In this sense we generalize the classical result of El
Tarazi [El-T 82] to asynchronous iterationswith flexible communication. The motivat-
ing special case behind this study is that of asynchronous two-stage iterative methods
for solving linear systems. This special case will therefore be given particular atten-
tion. Since space restrictions prevent us from presenting other special cases or gener-
alizations, let us just mention that our approach is also interesting for nonlinear asyn-
chronous iterations (where the two-stage paradigm comes up very naturally), and in
asynchronous algebraic Schwarz type iterations including domain decomposition ap-
proaches with and without overlap; see [FSS 97, Szy 98].

The paper is organized as follows: Section 2 explains the general framework we are
considering and contains a systematic treatment of different communication schemes
in asynchronous iterations. Section 3 gives our general convergence analysis whereas
Section 4 contains more details for the specific case of linear systems.

2. Communication schemes
As our motivating example, we consider a linear system inRn written asAx = b; A 2 Rn�n non-singular:

A splittingA = M � N (M non-singular) gives rise to the iterationMxk+1 = Nxk + b; k = 0; 1; : : : : [1]

Let us assume that M is block diagonal, so that solving Eq. [1] for xk+1 decou-
ples into L independent subproblems. To be specific, let M have the block diago-
nal structure M = diag(M1; : : : ;ML) with non-singular matrices Ml 2 Rnl�nl ,l = 1; : : : ; L; PLl=1 nl = n. Moreover, assume that systems with the matrices Ml
are still difficult to be solved directly, so that we approximate the block componentsxk+1l of xk+1 by performing several steps (s(k), say) of an ‘inner’ iteration based on
splittingsMl = Fl �Gl; l = 1; : : : ; L. DefiningF = diag(F1; : : : ; FL); G = diag(G1; : : : ; GL)
we then arrive at the following overall ‘two-stage’ iterative process:
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