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an M-matrix if al off-diagonal entries are nonpositiveand B~! > 0, and that it is
termed an H-matrix if its comparison matrix (B} with

o= { ) 1
isan M -matrix.
Theorem 4 Condition Eq. [8] issatisfied in either of the following two cases:
(i) A=' >0, F7'>0, FF'N>0and F~'G >0,
(i) (M) — |N|isan M-matrixand (M) = (F) — |G/].
Proof: To show (i) notethat F~'N + F~1G = I — F~'A. Lete = (1,...,1)and
u= A"Y(1,...,1)whichisapositivevector. Since| F~'N| = F~IN and |F~1G| =
F~1G we get
|F7INu+ [F Glu= (I - F ' A)u=u—Fle. [10]

But F~le > 0 sothatwecanfindy € [0,1) withu — F~'e < yu. Thus, Eq. [10]
implies Eq. [8].

To show (ii) we first notethat (M) aswell as (F') are H-matrices (see [FrSz 92])
and that for any H-matrix B onehas |B~!| < (B)~! (see[FrSz 92, Neu 90]). There-
fore, |[F~IN| < (F)~YN|and |F~1G| < (F)71|G], so that for any positive vector
u we have

[FTINJu+ [F7 Glu < (F)7H(IN|+ |G u
(F)THIN T+ (F) = (M)u
= (I—(F) (M) = IN]))u.

Since (M) — |N|isan M-matrix, we can take ({M) — | N'|)~'e as our positivevector
u. Asfor (i) we then obtain Eq. [8]. |

We remark that (i) isfulfilled if A=t > 0, the splitting A = M — N isregular
(M~—!>0,N > 0)andthesplittingM = F —G isweakregular (F~! >0, F~'G >
0). A discussion of (ii) can befoundin [FrSz 92].
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of amatrix A isthe matrix obtained from A by replacing al entries by their absolute
values.

The following theorem states conditionsunder which Theorems 1 and 2 can be ap-
plied to the particular iteration operator S from Eq. [7].

Theorem 3 Assumethat there existsa positivevector v € R™ andy € [0, 1) such that
|F7IN|u+ |F'Glu <7 - u. [8]

Then
IS(2, y) — @™ [lu < v - max{||le — & [u, |ly — 2" |u}- [9]

Proof: Usingb = Fa* — Gz* — Nz* weget
S(x,y)—2" = F-HGy+ Ne—b)—z* = F'Gy—2*) + F"'N(x — z%).

We now make use of the fact that for any B € R"*" and z € R" we have |(Bz);| <
(|B|u); - ||#||. to obtain, using Eq. [8] for component ¢,

IS ) —ail S o (TG g = 2+ (P Ve 27])
< o (F G+ (P N ) - max{ly — o7l = 0°]L)
< veomax{[ly — 2|, [le — 27}

Taking the maximum over ¢ yieldsEq. [9]. i

Let usfirst noticethat Eq. [9] impliesEq. [5] for anyblock partitioningof {1, ..., n}
into L digoint blocks B;, 1 = 1,..., L. Indeed, if on the subspace corresponding to
block B; we set

il = max || /u;

and if wetakew = (1,...,1) € R*, we get

L
il = max||aals = miax ] /u; = ||l

For thisparticular norm || - ||, Eq. [9] thusimplies
15(2, ) = 2%[|lw < v -max{lle — 2 ||lw, lly — 27|},

i.e. Eq. [5].

As a second remark we note that Eq. [5] actually implies Eq. [4], as can be seen
by atrivia induction. Theorem 3 therefore gives conditionsfor convergence of outer
asynchronous as well as flexible asynchronous linear two-stage iterations.

Our fina theorem shows that the crucial assumption Eqg. [8] of Theorem 3 is met
for certain ‘ standard’ splittings. Recall that anonsingular matrix 3 € R"*" istermed



(iv) tim) <m for{=1,...,Landm =0,1,...

bl

) lim #(m)=o00 fori=1,...,L.

Moreover, suppose that there exist a weighted maximumnorm|| - ||.,, & constant y €
[0,1) and a‘fixed point’ #* € R™ with z* = S(2*, £*) such that

15Ce,y) = 2l < 5 - max{[|x — 2|, [Jy — [l } for all z,y € B [5]
Then lim,, .., ™ = «* in the flexible asynchronous scheme Eq. [3].

Proof: Weconsider anew iterationinR” x R”™ by simply duplicatingtheiterates 2™ +!

from Eq. [3]. To describe thisformally, wefirst observe that the given block decom-

positioninR™ induces a block decompositiononR™ x R™ with twice as many blocks

which can be referred to by using doubleindices (1,17),(2,1), I =1,..., L. Defining
™ = (&™ ™), I, = {1,2} x I, and

S 1 RPxR" R xR", (z,y) — (S(x,y),S

F(m) = (flyl(m),...,FlyL(m),fzyl(m),... szL(m)

where 7y j(m) = ri(m), Fo(m) =t(m), L =1,... L

el bl

we obtain

& [ =F1,1(m) ~71,.(m) ~7F2,1(m) ~Fa 1.(m) ~ ~
gl :{ 5 (951,1 R AT S IR 2% § forl e I,

Fm otherwise

(6]

With #* = (z*, #*) and the weighted maximum norm || - || on R™ x R™ defined for
&= (x,y)as

12l = MICz, )l = max{{[z[lw, [[yllw }
we get, using Eq. [5],

15() = &) = 15(z, y) = 2"l <7+ (|2 = 27|.

Together withthe assumptions (i) — (v) wethussee that theiteration Eq. [ 6] satisfiesthe
hypothesisof the standard convergence theorem of El Tarazi [El-T 82]. Consequently,
we have lim,, .., 2™ = &* whichimplieslim,_ ., ™ = z*. O

4. Thelinear case

We now turnback to thelinear case wherewewant to solvethelinear system Az =
b and where we are given splittingsA = M — N and M = F — G asdescribed in
Section 2. Thus, z* = A=) and

S(a,y) = F~'(Gy + Na +1). [7]

We use thefollowing notation and terminology: A matrix or avector iscalled pos-
itive (nonnegative) if al its entries are positive (nonnegative). The absolutevalue | A|



compositionsof .S any more, but we have now to account for the fact that the second
argument %' of S in theinner loop will usually correspond to an I-th component of a
‘global’ iteration vector @ which isless delayed than that used in thefirst argument of
S. Thisyiddsto

r1(m) ro(m)y ti(m)
x;”‘i'lz{ S ((xl N R I ) forle.Im 3]
x otherwise
withr(m) < mandt;(m) < mforal mand!.
A mathematical model for the totally asynchronous scheme (and a convergence
analysisfor thelinear case) can befoundin [FrSz 94].

3. Convergenceanalysis

Inthissectionwe usevariantsof El Tarazi’s convergencetheorem for asynchronous
iterations(see [EI-T 82]) to analyze the convergence of the outer and the flexible asyn-
chronous iterative schemes. These results involve contraction properties with respect
to aweighted maximum norm || - ||, in R™ which, for given positive numbers w; and
norms|| - ||; onIR™ isdefined as

L
[|2||w = r}l_alXHlel/wl wherew = (wy,...,wr).

Theorem 1 For the outer asynchronous scheme Eq. [2] assume that we have
@) m(m) <m forl=1,...,Landm =0,1,...,
(i) mh_r»r;orl(m) =00 fori=1,...,1L,
(iii) eachl € {1, ..., L} isan element of infinitely many sets I, .

Moreover, suppose that there exists a weighted maximumnorm|| - ||.,, & constant v €
[0,1) and a ‘fixed point’ z* € R™ with z* = S(z*, z*) such that for all p € NN we
have

[[5P(z,2) — x™||w < 7v - ||z — 27| forallz € R". [4]

Then lim,, . " = z* in the outer asynchronous scheme Eq. [2].

Proof: Thistheorem was aready formulated in [FrSz 94], e.g., for agenera family of
mappings sati sfying the contraction property Eq. [4]. Itisaminor generalization of the
basic theorem by El Tarazi [EI-T 82] . O

We notethat conditions(i) — (iii) inthe above theorem represent the standard mini-
mal assumptionsin convergence resultsfor asynchronousiterations. They arevirtualy
always satisfied in computational practice, see, e.g., [BeTs 89].

Theorem 2 Consider the asynchronous scheme with flexible communication. In ad-
ditionto (i) — (iii) from Theorem 1, assume that we have



fork=0,1,... fork=0,1,... fork=0,1,...

read(x) read(x) forp=0,...,s(k)—1
forp=0,...,s(k)—1 forp=0,...,s(k)—1 read(z)

yr — Si(z, y) yr — Si(x,yr) yr — Si(z, yr)
write(y;) as x; write(y;) as x; write(y;) as x;
outer asynchronous flexible totally asynchronous

Figure 1. Computational models for different asynchronous schemes

remark that the ‘flexible’ scheme here is only one of several possible redlizations of
the method presented in [MES 98]. Another variant would consist of reading » anew
in each inner loop just before each step y; — Si(#, ¥). In this manner, one would
systematically usethe latest information available. Note that then thereis no need for
the inner loop any more. A tacit assumption behind the first and second scheme in
Figurelisthat it be possibleto moreorless‘ split’ theevaluation of S intoapart which
only depends on 2 (and which thus has to be done only once per outer iteration) and
another part which depends on y. In this philosophy, the variant just described and
the third, ‘totally asynchronous', scheme from Figure 1 (like the aternative flexible
scheme) appear less attractive since it requires to evaluate the ‘« part’ anew in each
inner iteration; see further the discussionin [FrSz 94]. We includethis scheme mainly
for the sake of compl eteness.

According to theterminol ogy developedin [Szy 98], the pseudocodes givenin Fig-
ure 1 may be considered as being computational models since they describe the way
the methods would beimplemented on aparallel computer. In order to performamath-
ematical (convergence) anaysis of the different schemes, we have to formulate math-
ematical models of these schemes. For this purpose we now count iteration stepsin a
completely different manner: We use a‘global’ iteration counter m which is stepped
by one any timeablock component of 2 has been changed throughawrite operation by
some processor. Let 7, denotethat block component (or more generally: set of block
components). These components of = have been computed by the respective proces-
sorsusing thevalue of = obtai ned through the preceding read statement. Thisvector «,
in turn, consists of components which have been computed at some previous ‘ global’
iteration which may differ from component to component. In thismanner we arrive at
the following mathematical model for the outer asynchronousiteration

S { S,s(m) ((x’{1<m>, c xTLL(m))’ x;‘z(m)) forl e I, (2]

{ .
x” otherwise

Here, S?(x,y) denotes the p-fold composition with respect to the second argument,
i.e S'(z,y) = S(x,y) and SPT(z,y) = S(x, SP(x,y)), p = 1,2,.... Theindices
r1(m) refer to previousiterations, i.e. r;(m) < m for al m and (.

In asimilar manner we can get a mathematical model for the flexible communice-
tion scheme. Again, we step the global iteration counter any time x ischanged through
awrite operation. Since these occur withintheinner loop, there isno need to consider



fork=0,1,...
Y0 = gk
forp=0,1,...,s(k)—1
Fybptl = GybP + No* + b
ghHl = yfs(k)

Such processes have been analyzed in [FrSz 92, LRS 91]. We now consider their
redization on a parallel computer with L. processors with a shared memory. Assume
that each processor isassigned to update agiven block «; of «. Then ageneric formu-
lation of the resulting implementation for processor { reads

Algorithm 1

fork=0,1,...
read(x)
cr = (Nl‘—l—b)l,%tyl =X
forp=0,1,...,s(k)—1
21— Gy
y— F 2+ o)
write(y;) to z;
synchronize

The synchronize statement means that al processors wait for each other to com-
plete their work for loop k. This kind of mechanism is necessary to ensure that the
algorithm will indeed represent an implementation of the two-stage process just de-
scribed.

On the other hand, synchronization may produce significant idle times on severa
processors if the computational work is not well balanced or if the processors work at
different speeds (asisthe case in heterogeneous or multi-user networks). Theideaof an
asynchronous modification of Algorithm 1 is precisaly to remove the synchronization
barrier. Thisresultsin aless structured iterative process, since at agiven timedifferent
processors may work on different iteration steps £. The advantageisthat we now have
removed all idle times due to synchronization, and numerical experiments show that
thiscan resultin significant savingsin runtimeas compared to the synchronousvariant.
Inthetwo-stage setting we have different ‘ degrees’ of asynchronism depending on how
processorsare alowed to access (read and write) theglobal iterate z. To systematically
describe these variants we place ourselves in a more general context than before and
assume that the two-stage method is defined viaan iteration function S : R x R" —
R"™ (x,y) — S(z,y). Asbefore, block components of S are denoted by .S;, and for
the sake of practical feasibility we aso assume that S;(«x, y) only depends on « and
the [-th block of y, i.e. Si(x,y) = Si(z,y). Inthelinear situation described before
we have S(z,y) = F~Y(Gy+ Nz +b).

Figure 1 describes the three different levels of asynchronism we are considering
here: In the ‘outer asynchronous scheme (see [FrSz 94]), = is read and written only
once per outer iteration. In the ‘flexible’ scheme, al inner iterates are made available
to the other processors by writing them to « as soon as they have been computed. We



1. Introduction

Recently, Midlou, El Baz and Spitéri [MES 98] (see also [ESM 96], [EGM S 96])
introduced a new ‘flexible’ communication scheme for asynchronous iterative meth-
ods. Their scheme alowsfor various, very general communication schemeswithinthe
iterative process. The paper [MES 98] contains an analysis of the convergence of this
scheme under monotonicity conditionsinvolving M -functions and M -super applica-
tions, assuming that theinitia guessisasupersol ution. The purposeof the present note
isto propose amodel similar in spirit, but specifically taylored to asynchronous two-
stage methodswhere the operatorsinvol ved are contractionswith respect to awei ghted
maximum norm. We will give convergence results assuming arbitrary initial guesses
and (possibly) unbounded delays. In thissense we generalize the classical result of El
Tarazi [El-T 82] to asynchronousiterationswith flexible communication. The motivat-
ing specia case behind this study isthat of asynchronous two-stage iterative methods
for solving linear systems. This special case will therefore be given particular atten-
tion. Since space restrictions prevent us from presenting other specia cases or gener-
alizations, let us just mention that our approach is aso interesting for nonlinear asyn-
chronous iterations (where the two-stage paradigm comes up very naturally), and in
asynchronous algebraic Schwarz type iterations including domain decomposition ap-
proaches with and without overlap; see [FSS 97, Szy 98].

The paper isorgani zed asfollows: Section 2 explainsthegeneral framework weare
considering and contains a systematic treatment of different communication schemes
in asynchronousiterations. Section 3 gives our genera convergence analysiswhereas
Section 4 contains more details for the specific case of linear systems.

2. Communication schemes

As our motivating example, we consider alinear systeminR" written as
Ar =b, A€ R non-singular.
A splitting A = M — N (M non-singular) givesriseto theiteration

Ma**t = Nz*b 406, k=0,1,.... [1]

Let us assume that M is block diagonal, so that solving Eq. [1] for 2*+! decou-
plesinto L independent subproblems. To be specific, let M have the block diago-
nal structure M = diag(M, ..., M) with non-singular matrices M; € R™"*",
I =1,....L S°F n; = n. Moreover, assume that systems with the matrices M;
are still difficult to be solved directly, so that we approximate the block components
xf Tt of z¥+1 by performing several steps (s(k), say) of an ‘inner’ iteration based on
splittingsM; = F; — Gy,1=1,..., L. Defining

FIdiQ(Fl,...,FL), GIdiQ(Gl,...,GL)

we then arrive at the following overall ‘two-stage’ iterative process:
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