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SCHWARZ ITERATIONS FOR SYMMETRIC POSITIVE
SEMIDEFINITE PROBLEMS*
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Abstract. Convergence properties of additive and multiplicative Schwarz iterations for solving
linear systems of equations with a symmetric positive semidefinite matrix are analyzed. The analysis
presented applies to matrices whose principal submatrices are nonsingular, i.e., positive definite.
These matrices appear in discretizations of some elliptic partial differential equations, e.g., those
with Neumann or periodic boundary conditions.
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1. Introduction. Domain decomposition methods, including additive and mul-
tiplicative Schwarz, are widely used for the numerical solution of partial differential
equations; see, e.g., [38], [41], [44]. Advantages of these methods include enhancement
of parallelism and a localized treatment. One can find algebraic descriptions of them,
e.g., in [14], [20], [47], especially for symmetric positive definite problems.

In this paper, we adopt the algebraic representation of additive and multiplicative
Schwarz developed in a series of papers [1], [18], [19], [34], [35], where analysis of
convergence and properties for several variants of the methods are provided, both for
symmetric positive definite and for nonsingular M-matrices. Recently, convergence
properties were studied for singular systems arising in the solution of Markov chains,
i.e., singular M-matrices with all principal submatrices being nonsingular [7], [32].
In particular, this theory applies to singular matrices with a one-dimensional null-
space, and to those representing irreducible Markov chains; see, e.g., [42]. We also
mention the recent work on multiplicative Schwarz iterations for positive semidefinite
operators [26], [28].

In this paper, we extend the theory to the symmetric positive semidefinite case,
with particular emphasis on the singular case (the analysis of the symmetric positive
definite case is known; see, e.g., [1], [21, Ch. 11], [41], [44]). We study in particular
the case when all principal submatrices are nonsingular, i.e., positive definite. This
situation arises in practice, e.g., in the discretization of certain elliptic differential
equations such as —Awu 4+ u = f with Neumann or periodic boundary conditions; see,
e.g., [b]. We show that in this case, the additive and multiplicative Schwarz itera-
tions are convergent and we characterize the convergence factor v for such methods
(sections 4 and 5). We use the theory of matrix splittings (see section 3) to obtain
these convergence properties. We remark that we do not use splittings to produce new
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stationary iterative methods. What we do is recast the Schwarz iteration matrices as
coming from specific splittings, and we use this setup as an analytical tool to obtain
convergence results.

The convergence theory we develop implies that the corresponding preconditioned
matrices have zero as an isolated point in the spectrum. The rest of the spectrum is
contained in a circle centered at one with radius v < 1. When considering additive and
multiplicative Schwarz preconditioners for singular systems, one needs to use Krylov
subspace methods which are sometimes tailored for this case; see, e.g., [17], [23], [39],
and the references given therein.

We believe that our purely algebraic approach is much simpler than that of [26],
[28], and in addition, it can be applied to problems which may not have a variational
formulation. Of course our approach is only valid for the finite dimensional case.
We also consider the case of inexact local solvers (section 6), and the influence of
the amount of overlap and the number of blocks in the convergence rate (sections 7
and 8). Finally, we study the convergence of two-level methods, i.e., methods where
a coarse grid correction is considered as well (section 9).

2. The algebraic representation and notation. We first briefly describe
the additive and multiplicative Schwarz methods and give some auxiliary results.
Additional notation and background are also given in the next section.

Let R(A) be the range of A. Consider the linear system in R™ of the form

(2.1) Az =b, beR(A).
In this paper we consider the case where A is symmetric positive semidefinite, and we
denote this by A = O. We assume that every principal submatrix of A is nonsingular,
i.e., a symmetric positive definite matrix, and if A; is such a submatrix, we denote
this by A; > O. This situation occurs, for instance, when the null-space of A, N'(A),
is unidimensional and any generator of it has no zero entries; cf. [5].

We consider p subspaces V;, with dimV; = n;,i = 1,...,p, which are spanned by
columns of the identity I over R™ and such that

n
(2.2) Y Vi=R"=V.
=1

Note that the subspaces V; may overlap. Between the subspaces V; and the space V/
we consider the following mappings:
R :V =V, Rl:Vi—-V,
where rank(RT) = n;. R; is called the restriction operator while RY is called the
prolongation operator. We also use the matrices
P, =RIA7'R;A = RT(R,ART) 'R A,

where A; := R;ART is a permutation of a principal submatrix of A, which because
of our assumption is nonsingular. Note that P; is a projection.

With these projections the damped additive Schwarz method used as an iterative
method to solve (2.1) can be described as

p
(2.3) P =gk + 0 RTATRi(b - Axb)
=1

p p
- (1 - QZR?A;lRiA> z* 4 <QZR?A;1&> b,

i=1 i=1
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where 0 < 6 < 1 is a damping parameter; see [8], [11], [12], [13], [20], [21, Ch. 11],
[41], [44]. The iteration matrix is then given by

p p
(2.4) Taso=1-0Y RIA;'RA=I-0) P,

i=1 i=1

or, using the notation

p
(2.5) Mys =) RIAT'R;,

i=1
then, the iteration matrix (2.4) can be written as
Tase =1 —0M SA.

Later on, in Theorem 4.2, we show that the matrix on the right-hand side in (2.5) is
nonsingular, and therefore it makes sense to denote it as Mgé. Furthermore, for each
6 > 0 one can define a splitting of A for which the iteration matrix is precisely (2.4).
One such splitting is A = %MAS — (%MAS — A). When A is singular, such splitting
however is not unique; see [2].

Very often in practice the additive Schwarz method is used for preconditioning a
Krylov subspace method. In the symmetric cases considered here the method of choice
is the conjugate gradient method; for a study of this method for singular systems,
see [23]. While the matrix A may be singular, the preconditioning matrix M is usually
assumed to be symmetric positive definite. The additive Schwarz preconditioner is
Mgé and the preconditioned matrix is then

p
MyGA=> P =1I-Tys,.
=1

The multiplicative Schwarz method can be written as the iteration
(2.6) " = Tyea® + ¢, k=0,1,...,

with the iteration matrix

(2.7) TMS:(I_PP)(I_prl)"'(I_Pl):H(I_Pi),

1=p

and a certain vector c. The corresponding preconditioned matrix in this case is I —
Tus-

Remark 2.1. Observe that for any vector y € N(A), i.e., such that Ay = 0, one
has Ty = y for both iteration matrices T' = Tugg of (2.4), or T = Tayg of (2.7).
This implies in particular that we need to require in our iterations, such as (2.3), that

We outline our strategy to prove the convergence of the iterations (2.3) and (2.6).
We need to show that the powers of the iteration matrices (2.4) and (2.7) converge
to a limit; see Definition 3.1 below. One sufficient condition for this to hold is that
there is a splitting of A of the form A = M — N with M nonsingular such that
M~!N is the iteration matrix, and we show that this splitting is P-regular (see
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Definition 3.3 below), which implies convergence; see Theorem 3.2 below. We also use
certain comparison theorems to relate the convergence of different versions of these
iterations. We present a context for these analytical tools in section 3. In the rest of
this section, we repeat the algebraic characterization of the Schwarz methods used,
e.g., in [1], which is the basis to produce the above-mentioned splittings.

As already mentioned, we assume that the rows of R; are rows of the nxn identity
matrix I, e.g., of the form

000 O0O0O0OT1FPO0
R, = 01 0 0O0O0O0OO
00 01 O0O0O0O0

This restriction operator is often called a Boolean gather operator, while its transpose
RY is called a Boolean scatter operator. Formally, such a matrix R; can be expressed
as

with I; the identity on R™ and 7; a permutation matrix on R™. Then A; is a sym-

metric permutation of an n; x n; principal submatrix of A. In fact, we can write

(2.9) T AT] = [ A K }7

KT A,
where A_; is the principal submatrix of A “complementary” to A;, i.e.,
A_W' = [O|I_|Z] c T A- 71'1-T . [O|IﬁZ]T

with I_; the identity on R™ "™,
For each : = 1,...,p, we define

(2.10) E; := R] R; € R™*",

These diagonal matrices have ones on the diagonal in every row where R! has nonze-
ros. We further need sets S; defined by

SZ‘ = {j S {1, PN ,n} : (Ei)j,j = 1}

Then
P

(2.11) Usi=s={12,...,n}
=1

i.e., each index is in at least one set S;. This is equivalent to saying that Zle E; >
I, with equality if and only if there is no overlap. In other words, in the case of
overlapping subspaces, we have here that each diagonal entry of Y »_| E; is greater
than or equal to one, which implies nonsingularity. Only in the rows corresponding
to overlap this matrix has an entry different from one.

Foreachi=1,...,p, we construct a second set of matrices M; € R™*™ associated
with R; from (2.8) as

(2.12) M; =] { 4 DO} }w
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where under our assumptions on A = O, we have that D_; = diag(A—-;) > O, and
thus M; is invertible.

With the definitions (2.10) and (2.12) we obtain the following equality which we
will use throughout the paper:

(2.13) EM7'A=RI'AT'RA=P, i=1,...,p.

3. Convergent matrices, splittings, and comparison theorems. In this
section we present some more definitions and results which we use in the rest of the
paper.

DEFINITION 3.1. A matriz T is called convergent if limg_,oo T
equivalent to the following three conditions:

(1) p(T) < 1.

(2) rank(I —T) = rank(I — T)2.

(3) If N =1 for an eigenvalue A of T, then A\ = 1.

Condition 2 states that the index of the matrix I — T is one, or in this case that
indiT =1 [3]. Several equivalent conditions can be found in [43]. One of them is the
following:

k exists. This is

(3.1) indyT =1 R(I-T)NN(I —T) = {0},

i.e., that the intersection of the range and the null-space of I — T is trivial.
If p(T) = 1 for a convergent matrix then the asymptotic rate of convergence is
given by

(3.2) Y(T) :=max{|A\| : Aeo(T),|N <1}

When A is singular, and we have a nonsingular matrix M, and a convergent
matrix 7 such that A = M (I —T), then P = limy_., T is a projection onto N'(A4) =
N(I-T). Infact P=I1—(I-T)(I-T)P, where (I—T)P denote the Drazin inverse of
(I —T). Furthermore, if we let ¢ = M ~1b, and consider the iteration 2kt =Tk 4 ¢,
zo ¢ N(A) (cf. (2.3)), then limy,_ o 2% = (I = T)Pc+ (I — P)x°; see, e.g., [3, Ch. 7.6].

A useful result in the analysis of convergent iteration matrices is the following,
due to Keller [24].

THEOREM 3.2. Let A be symmetric and let M be nonsingular such that M +
MT — A is positive definite. Then T = I — M~'A is convergent if and only if A is
positive semidefinite.

Note than when M is symmetric this theorem says that if 2M — A >~ O, then T
is convergent if and only if A = O.

DEFINITION 3.3. A splitting A = M — N s called P-regular if M +M7T — A = O
[36], and strong P-regular if in addition N > O [33].

With this definition, Theorem 3.2 indicates that a sufficient condition for con-
vergence of T is that A = M — N is a P-regular splitting of a positive semidefinite
matrix. Weaker sufficient conditions, and also necessary conditions not requiring the
nonsingularity of M, can be found in the recent paper [27].

The following result is a new sufficient condition for convergence, which we use
later in the paper.

LEMMA 3.4. Let A be symmetric positive semidefinite and let A = M — N with
M symmetric positive definite. If

AT MA? <21,

then T = I — M1 A is convergent and A = M — N is a P-regular splitting.
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Proof. We have A2 M~1A2 < 2]. Thus
o(A2M~A%) C [0,2).
Since
o(AZM1AR) = o(M71A) = 0(AM™Y) = o(AM "2 M~ 3) = o(M "2 AM~3),
we have that
21 — M~3AM ™% - 0.
Hence,
M3z(2I — M~ 2AM~3)M? = 0
and therefore,
2M — A = 0;

i.e., we have a P-regular splitting. Using Theorem 3.2 we obtain that T =1 — M~1A
is convergent. 0

The use of P-regular splittings as sufficient conditions for convergence of classical
stationary iterative methods for symmetric matrices mimics the use of regular or weak
regular splittings as sufficient conditions for the convergence of classical stationary
iterative methods for monotone matrices; see, e.g., the classic books [3], [37], [45].
In this case, the rate of convergence of the iterative method is given by the spectral
radius of the iteration matrix. Thus, the rate of convergence of two iterative methods
for monotone matrices can be compared by looking at the corresponding spectral
radii. Many comparison theorems using different hypothesis on the splittings have
appeared in the literature; see, e.g., [9], [10], [16], [29], [33], [45], [46], and other
references therein. When the iteration matrices have spectral radius equal to one, as
is usually the case for singular linear systems, the convergence rate is given by (3.2).
Comparison theorems for these can be found in [30], [31]. Here we present a new
comparison theorem, which we use in our context.

We first present the following result due to Weyl; see [22, Theorem 4.3.7]. Let
M = O, and denote its eigenvalues by A (M) > Ao(M),..., Ap(M) > 0.

PrOPOSITION 3.5. Let M and My be two symmetric positive semidefinite ma-
trices. If My = My then \;(M1) > \i(Ms) for all i.

Of course, this proposition is valid when M is positive definite as well.

THEOREM 3.6. Let A be symmetric positive semidefinite. Let My and My be
symmetric positive definite and let Ny := My — A and Ny := My — A. If

Myt = My
then
Xi(M{TNy) < Ni(My ' N,)
for alli. If additionally N1 and No are positive semidefinite, then

Y(M{NY) < y(MytNo).
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Proof. We first note that
o(M;'A) = o(M;'AZ A%) = (AT M1 A7), k=1,2.
With Proposition 3.5 we obtain for each i that
(3.3) Ni(MTTA) = N(AFMTTAT) > M\ (AR M1 AR) = N(M; 1 A).
Since M,;lNk =1- M,;lA, k =1,2, (3.3) indicates that for each i,
Ni(M{TNy) < Ni(My'N).

If Ny and N are positive semidefinite then all eigenvalues of M; ' N; and M, ' Ny are
nonnegative, and therefore

F(M{IND) < y(MyIN,). O

4. Convergence of additive Schwarz. We begin with an auxiliary result, the
proof of which follows by a straightforward calculation.
LEMMA 4.1. Let A be symmetric positive semidefinite. Then

A3 RT(R;ART) 'R, A%
is an orthogonal projection. Thus, I — A%R;-‘F(RiAR?)_lRiA% s also an orthogonal
projection and as a consequence
(4.1) Az RT(R;ART) 'R, A% < I,
and
o(A* RT(R;ART)'R; A7) = {0,1}.

THEOREM 4.2. Let A be symmetric positive semidefinite such that each principal
submatriz is positive definite. Let b € R(A) and xo ¢ N(A). If 0 < 0 < 2/p, then the
additive Schwarz iteration defined by (2.4) is convergent and the splitting defined by
M = éMAs is P-reqular.

Proof. First, as is done in [21] for the nonsingular case, we prove that the matrix

p
> RI(RART)™'R;

i=1

is nonsingular. To that end, let the vector x be such that

p
> Rl (R,AR]) ™' Rz = 0.

i=1

Hence

p
«" Y RI(RiAR])™'Riz =0,
=1
and thus

P P
S (A R A R = S 14, P Riall3 = 0,

i=1 i=1
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which implies R;z = 0 for ¢ = 1,...,p. By our assumption (2.2) this implies that
z=0.
Using Lemma 4.1 we have that (4.1) holds. Summing up, we have

P
(4.2) Az <Z R?(RAR?)”&) AR <pl,

i=1
and since 6 < 2/p, we have A%GMgéA% < 2I. We can now use Lemma 3.4, and this
completes the proof. O

As is done in [21, Ch. 11.2.4] in the symmetric positive definite case, a careful
look at the sum in (4.2) indicates that we can replace the number of subdomains p
with the number of colors q of the graph of A. Thus A%M;;A% < ql,and if 6 < 2/q,
we have convergence.

Remark 4.3. If we further restrict the value of the damping parameter to 6 < 1/p
(or 8 < 1/q), we have that the splitting defined by %MAS is strong P-regular. This
follows since in this case A%OMXS%A% < I, which implies %MAS — A.

We note that the result in Theorem 4.2 applies in particular to the symmetric
positive definite case. Thus, in our formulation we have doubled the interval of ad-
missible damping factors for convergence of the damped additive Schwarz method,
since the usual restriction is that 0 < 1/g; see [18], [21, Ch. 11.2.4]. We mention also
that simple examples show that this method may not be convergent for § = 1.

From Theorem 4.2 it follows that the only eigenvalue of T in the unit circle is
A =1, and since we showed that M 45 is nonsingular, the corresponding eigenvector is
a generator of the one-dimensional A'(A). It follows then (see, e.g., [22, section 4.2]),
that the convergence factor (3.2) of the additive Schwarz iteration can be characterized
as

’Y(TAS,G) = maXxX ZTTAS,QZ

zLN(A)
2T z=1
p
= max [1—46 E (RTA; 'Rz, A2)
2 LN (A)
(2,2)=1 =1

P
-1 i TATIR.
(4.3) =1-90 <z(£nj\%&) ZI(RZ A; Rlz,Az)> .

We note that on the subspace N(A)L, the matrix A is positive definite. Let us call
A = Alpr(ays, and we can thus replace A with A in (4.3). Furthermore, since A/? is
invertible, we can write w = A2z, and write (4.3) as

P
(4.4) Y(Taspe)=1-10 min ZwTA_l/QRiTA;lRZ-AUQw
A=1/24 1N (A) 4

(w,A=1w)=1 =1
We point out that the characterization (4.4) is also valid for the case of A symmetric
positive definite, in which case we have A = A.

5. Convergence of multiplicative Schwarz. We begin with an important
auxiliary result.

LEMMA 5.1. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let x, y € R™, such that

(5.1) y=(—E;M Az,
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where E; is defined in (2.10) and M; in (2.12). Then the following holds:
(5.2) yT Ay — 2T Az = —(y — 2) ' B;AE;(y — ) <0.

Proof. Consider z = 7} (27, 2])T and y = «l (y¥,y1)T, with z1, y1 € R™.
Further, from (2.10) and (2.8) we have that

.
(5.3) E;, =, {O o | ™

Consider now (5.1), whence we immediately have that
(5.4) Y2 = T2,

and using (2.12) and (2.9), we also get

(5.5) Ajyr = — A,

where here we use the notation A = K;, and similarly Ay, = K = A%,. Using
these identities we write

y Ay — ot Ax = (v, ys )miAx] (yi ,y5)" — (2], 23 )mAn] (af ,23)"
=yl Aiy1 +y3 Ao1y1 + yi Arays — o Aizy — 23 Aoy — 21 Apozs
= a5 Ao (y1 — 21) + (yi — a1 ) Araa + yi Ay — 2] Asaa
= =yl Ai(yr —x1) — (y{ —2]) Ay +yi Aiyy — o Ay
= —(yi —2])Ai(y1 —11) = —(y — )" B AE(y — ),

where the last equality follows from the identity

r| 4 O

Since A = O, E;AFE; is semidefinite as well, and the right-hand side of (5.2) is non-
positive. 0

THEOREM 5.2. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let b € R(A) and o ¢ N(A). Then the
multiplicative Schwarz iteration defined by (2.6) is convergent.

Proof. We need to prove that the iteration matrix T' = T)sg is convergent; i.e.,
we need to prove conditions (1), (2), and (3) of Definition 3.1.

(1) Starting with z = () ¢ N (A), let 20+ = (I — P)z®. Thus 2+ = Tz,
Using (5.2) repeatedly, and canceling terms, we obtain

p
TTTATz — 2T Az = — Z(a:(ﬂ'l) — s NTEAE; (0D — 2)
=1
(5.6) == (@ — 2T E) B AE; (Ei(2T) — 2)).
i=1

Since E; AE; is positive definite it follows that the right-hand side of (5.6) is nonpos-
itive. However, the right-hand side is zero if and only if

Ei(x(”l) —m(i)) =0 foralli, i=1,...,p.
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The other n — n; components of z(i+1) — z() are also zero using the same argument
as in Lemma 5.1 to obtain (5.4). But this implies P+1) = g0+ = 2 = z(1)
i=1,...,p. Thus () must be a common fixed point of (I — P;) for all i =1,...,p.
However, the fixed points of the projections (I — P;) are just the vectors z € R™ with
E;z=0. Since Y_?_| E; > I there is no such common nonzero fixed point. Hence the
right-hand side of (5.6) must be negative, and we obtain

ATTAT: — 2T Az < 0.
Thus we have that for all A € o(T) with corresponding eigenvector y ¢ N(A)
(5.7) Nyt Ay —yT Ay < 0.
Hence A\? — 1 < 0. Thus
Al < 1.

If A € o(T) but the corresponding eigenvector y € N(A), we easily obtain from the
definition of T' that A = 1. Hence, p(T) < 1.

(2) By (3.1), it suffices to prove that N'(I — T)NR(I —T) = {0}. Here we have
that N (4A) = N(I — T). This holds since y ¢ N(A) implies Ty # y by part (1),
ie.,y ¢ N(I —T). On the other hand y € N(A) implies y € N (I — T'), using the
definition of T'; cf. Remark 2.1. Hence, we need to prove that

(5.8) N(A)NR(I —T) = {0}

Let x € N(A)NR(I—T). Then there exists a y with ([ —T)y = x, i.e., y = Ty+=x.
Since z € N(A) we obtain

A(I —T)y = Az =0, and thus y7 Ay — yT ATy = 0.
Using y = Ty + = we get
ylT Ay —yTTT ATy + 2T ATy = yT Ay —yTTT ATy = 0.

Part (1) of this proof now implies y € N(A); cf. (5.7). Therefore, by Remark 2.1,
x = (I = T)y = 0, which completes this part of the proof.

(3) As proved above we have A < 1 for all A € ¢(T") with corresponding eigenvector
y ¢ N(A). Thus if [\] = 1 for some eigenvalue A of T then the corresponding
eigenvector y must be in the null-space of A. Hence Ay = 0. But then Ty = y and
thus A = 1. ]

We mention that we need to prove explicitly (5.8) since we do not have an explicit
representation of a nonsingular matrix Mjy;g such that M J\_/IlsA =1 —Tys. The
existence of such a matrix, i.e., of a splitting induced by Thys [2] is only obtained
after the theorem is proved. Any splitting induced by such a matrix Mg is thus
P-regular.

We also comment on the fact that in some cases one may want to have a symmetric
operator, and in such a case, the natural multiplicative operator is

(5.9)  Tsas=(I~P)(I~Po)--- (I~ Pyi)(I — Bp)(I — Byr) - (I~ Py).

It follows that Theorem 6.1 applies to this case as well, and that a posteriori,
there exists a nonsingular matrix Mgasg such that M§1\14$A =1 —Tsys. We can
characterize the convergence factor (3.2) of this symmetric multiplicative Schwarz
iteration as
(5.10) v =y(Tsms) = max (z,Tsysz)-

2LN(A)

2T z=1
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6. Inexact local solvers. In this section we study the effect of varying how
exactly (or inexactly) the local problems are solved. The convergence of these very
practical versions of the methods is based on the same ideas used to prove that of the
standard Schwarz iterations in sections 4 and 5. The influence of different levels of
inexactness is analyzed using our comparison theorem, Theorem 3.6.

Very often in practice, instead of solving the local problems A;y; = z; exactly,
such linear systems are approximated by fli_lzi, where A; is an approximation of A;;
see, e.g., [6], [41], [44]. The expression fl; 12; often represents an approximation to
the solution of the system A;z; = v; using some steps of an (inner) iterative method.
By replacing A4; with A; in (2.4) one obtains the damped additive Schwarz iterations
with inexact local solvers, and its iteration matrix is then

P
(6.1) Tasp=I1-0Y RIAT'RA.
=1

The iteration matrices Tago and TAS,G in (2.4) and (6.1) are induced by splittings
A= My — Ng and A = My — Ny where

p P
(6-2) Mg' =03 RIAT'R, =0y EM;" - O,

i=1 i=1

- p B p ~

(6.3) Myt =03 RTAT'R; = 0> BN - O.

i=1 i=1
Here

. T /L O ) -1 7 Az_l 0 |

(6.4) M, = 7; { 0 D.. }m, and thus M, " =, [ O D:il s

The fact that the matrix (6.3) is nonsingular follows in the same manner as in the
proof that (6.2) is nonsingular in Theorem 4.2.

In the case considered in this paper we assume, as is generally done (see, e.g., [21,
Ch. 11.2.4]), that the inexact local solvers correspond to symmetric positive definite
matrices and satisfy

(6'5) /L = A;.

For examples of splittings for which the inequality (6.5) holds, see, e.g., [33]. A
situation worth mentioning where (6.5) holds is when A; is semidefinite and the inexact
local solver is definite. This process is usually called regularization; see, e.g., [15], [25].

THEOREM 6.1. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let b € R(A) and zo ¢ N(A). Let A; and
A; be inexact local solvers of A; satisfying A; = A; = A;. Let TAS’Q be obtained by
replacing A; by A; in (6.1), i =1,...,p. Let the damping factor 0 < 6 < 2/p. Then
the inexact additive Schwarz iterations defined by (6.1) and TAs,g are convergent, and
the splittings induced by these iteration matrices are P-regular. With the stronger
hypothesis that 0 < 0 < 1/p, we also have that ¥(Tas.p) < ¥(Tas.e) < ¥(Tass), and
the splittings induced by these iteration matrices are strongly P-reqular.

Proof. Since A; = A; we have

(6.6) A7t <At
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and thus, using Lemma 4.1
AZRTAT'R;AZ < ASRTAT'R,AZ < 1.

Similar inequalities are obtained with A;. The rest of the convergence proof proceeds
in the same manner as that of Theorem 4.2.

Consider the matrices (6.2) and (6.3) which are symmetric positive definite using
M; as in (2.12) and M; as in (6.4). From (6.6), we have that Myt = M;l > O. This
implies My =< J\ng and Ny < Ne. By Remark 4.3, we have that Ny = O, i.e., that the
splittings are strong P-regular. The same results are obtained in the case of A;. The
theorem follows from Theorem 3.6. O

As was the case with Theorem 4.2, we can replace p in the restriction on the
damping parameter with ¢, the number of colors; i.e., we guarantee convergence of
additive Schwarz with inexact local solvers for 8 < 2/¢. Since Theorem 6.1 applies in
particular to the symmetric positive definite case, we have again double the interval
of admissible damping factors for the additive Schwarz iteration with inexact local
solvers; cf. [1].

Remark 6.2. An alternative proof of the second part of Theorem 6.1 can be
obtained by considering the two convergence factors, 7(Tas,9) given by (4.4) for the
exact case, and the second given by

P
(6.7) Y(Tas,e) =1—6 min E wTA_1/2RZTA;1RZ-/11/2w
A—l/fle_N(A) 0=
(w,A=Llw)=1 =

for the inexact case. Since o(A~1/2RTATIR;A'/2) = {0} U o(A7!) and o(A~1/2RT
ATIRAY?) = {0} U o(A1), and since —A; ! = —A; !, we have that

CwTATV2RT A R A2 > — T ATVRRT AT R A 2w, i =1, p,

which implies that '}/(TAS79) > V(TAS,Q).

For simplicity, in Theorem 6.1, we assumed that the inexact versions use the same
damping parameter 6. It is evident from the proofs that if the damping parameter
for the inexact version is smaller, say, 6 < 0, the same conclusions hold.

The implication of Theorem 6.1 is that by replacing the local solvers A; with the
approximate counterparts A;, the additive Schwarz iteration is expected to take more
iterations. In practice, a solve with A; should be sufficiently less expensive so that
the overall method is cheaper.

Next we consider the multiplicative Schwarz method with inexact local solvers on
the subdomains. Here we assume that the approximations A; satisfy

(6.8) A+ AT — A; - 0.
This assumption implies that
A=A — (;11 — A;) are P-regular splittings.
Using (6.4), the inexact multiplicative Schwarz iteration matrix is given by

(6.9) T =(I—-E,M;"A) (I — E,_1 M, A)---(I — EM[ ' A).
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LEMMA 6.3. Let A be a symmetric positive semidefinite matriz. Let z, y € R"
such that y = (I — E;M; " A)z, where M; is defined in (6.4) with A; satisfying (6.8).
Then the following identity holds:

(6.10) —(y— )" Ei(M" + M; — A)E;(y — z) <0.

Proof. The proof proceeds as that of Lemma 5.1. We have that (5.4) holds, but
instead of (5.5) we have A;y1 = (4; — A;)x1 — Ajaxo. We then obtain

y" Ay — 2T Ax = 25 Agy (y1 — x1) + (yf — 27 ) Avaa + i Aiyr — 21 Aia
= (2] (Ai = A)T =yl AT)(y1 — 1)
+ = 2]) (A — Az — Agn) + yf Ays — =] A
= (2] Ai — (y{ —2])A])(y1 — 1)
+ i = 2] (A — Ai(yr — 1)) + yf Ay — 2] Ay
yi — 2] (Ai + AT — A)(y1 — 1)
y— )" E(M] + M; — A)Ei(y — x) <0,

—(
=
where the last inequality follows from (6.8) and the form of the matrices M; in
(6.4). |

THEOREM 6.4. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let b € R(A) and o ¢ N(A). Then the

multiplicative Schwarz iteration with iteration matriz (6.9) with M; defined in (6.4)
and with inezxact local solvers satisfying (6.8) converges to the solution of Ax =b.

Proof. We need to prove that the iteration matrix T is convergent; i.e., we need
to prove conditions (1), (2), and (3) of Definition 3.1. The proof is similar to the
proof of Theorem 5.2. The only difference appears in proving condition (1). Here we
use Lemma 6.3 and obtain

TTTATZ — 2T Az <0

for all z ¢ N(A), and the rest of the proof follows. O

A symmetric version of multiplicative Schwarz with inexact local solvers can also
be constructed in a way similar to (5.9), and its convergence factor can be character-
ized in a way similar to (5.10).

We mention that a comparison analogous to that of the second part of Theorem 6.1
is not valid for multiplicative Schwarz, not even in the definite case. A counterexample
can be found in [40].

7. Varying the amount of overlap. We study here how varying the amount
of overlap between subblocks (subdomains) influences the convergence rate of additive
Schwarz.

Let us consider two sets of subblocks (subdomains) of the matrix A, as defined
by the sets (2.11), such that one has more overlap than the other; i.e., let

(71) SiQSiy izla"'7pa

with (JY_; S; = P, S; = S. Of course, each set S; defines an 7; x n matrix R;,
where 7; is the cardinality of S;, and the corresponding n X n matrix F; = RiTRi, as
in (2.10). The relation (7.1) implies that

(7.2) I-FE; = E; = O.
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Similarly, if 7; is such that R, = [I;|O] #;, with I; the identity in R™, we denote by

A; the corresponding principal submatrix of A4, i.e.,
A; = RART = [I,|O) - ;- A- &1 - [L;]O]7,

and, as in (2.12) define

- A O
, A B B N S
(7 3) 7 Trz |: O D—‘i :| 7T’L7

where D_; = diag(A—;) = O, and A_; is the (n — 7;) x (n — ;) complementary
principal submatrix of A as in (2.9). As in (2.13), we have here also the fundamental
identity

EiMi_l = R’ZTAZ_IRM 1= 1, ey n.

We want to compare J\Zz with M;, although flz and A; are of different size. Without
loss of generality, we can assume that the permutations 7; and 7; coincide on the set
S;, and that the indexes in S; are the first n; elements in S;. In fact, we can assume
that 7; = m;. Thus, A; is a principal submatrix of Ai, and M; has the same diagonal
as M.

We will apply to these the following result for symmetric positive definite matrices
which can be found, e.g., in [21].

LEMMA 7.1. Let A be a symmetric positive definite matriz and the form of the
matrices M; in (6.4). Let A be a symmetric positive definite matriz, and A; = R;ARY,
R; a restriction operator, so that A; is a principal submatriz of A. Then RZ-TAZ-_IRZ- =
AL

We consider the case of damped additive Schwarz with iteration matrix (2.4), and
the iteration matrix corresponding to the larger overlap is

p
(74) TAS,Q =1-0 Z RlTA;lRZA
i=1

THEOREM 7.2. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let b € R(A) and xo ¢ N(A). Consider two
sets of subblocks of A defined by (7.1), and the two corresponding additive Schwarz
iterations (2.4) and (7.4). Let the damping factor 8 < 1/p, which implies in particular
that the additive Schwarz methods are convergent. Then, v(Tp) < v(Tp).

Proof. As mentioned above assume that all the principal submatrices of A of
order less than n are nonsingular. Let Q; = EiMi_1 = RiTAi_lR,» and Ql = EiMi_l =
R?AZIR, Since A; is a principal submatrix of Ai, by Lemma 7.1 we have that
Q; = Q. Therefore,

P p
Myt =0 Qi=0) Qi=M;">O0.
i=1 i=1

As shown in Remark 4.3, these splittings are strong P-regular, and the theorem follows
from Theorem 3.6. O

We note that an alternative proof similar to that in Remark 6.2 can be applied
here, using the relation RZTAfRZ = Ql =Q; = RiTA;lRi just proved.
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Theorem 7.2 indicates that the more overlap there is, the faster the convergence
of the algebraic additive Schwarz method. As a special case, we have that overlap is
better than no overlap. This is consistent with the analysis for grid-based methods;
see, e.g., [4], [41]. Of course, the faster convergence rate brings an associated increased
cost of the local solvers, since now they have matrices of larger dimension and more
nonzeros. In the cited references a small amount of overlap is recommended, and the
increase in cost is usually offset by faster convergence.

We should mention that with an increase of overlap, the number of colors of the
graph may decrease, so that the damping factor may need to be revised. In all cases,
the maximum restriction is § < 1/p.

A comparison analogous to that of Theorem 7.2 is not valid for multiplicative
Schwarz, not even in the definite case. A counterexample can be found in [40].

8. Varying the number of blocks. We address here the following question:
If we partition a block into smaller blocks, how is the convergence of the Schwarz
method affected? We show that for the additive Schwarz method the more subblocks
(subdomains), the slower the convergence. In a limiting case, if we have a single
variable in each block and there is no overlap, this is the classic Jacobi method, and
our results indicate that this has asymptotically slower convergence than any sets of
blocks for additive Schwarz.

As in the situations described in sections 6 and 7, the slower convergence may
be partially compensated by less expensive local solvers, since they are of smaller
dimension.

Formally, consider each block of variables S; partitioned into k; subblocks; i.e.,
we have

(81) SZ']. C S, j=1,...k;,

Uki Si; = Si, and S;; N'S;, = 0 if j # k. Each set S;; has associated matrices R;,

j=1%1
and E;; = RZ R;;. Since we have a partition,

ki
(8.2) Ei, 2By, j=1,....,k, and Y Ey =FE; i=1,...,p.
j=1

We define the matrices 4;, = R;; ART  and M;; corresponding to the set S;; in the

157

manner already familiar to the reader (see, e.g., (7.3)), so that
EZ-J.M;1 = R;-‘CAfleiw j=1,...k, i=1,....p.

Given a fixed damping parameter 6, the iteration matrix of the refined partition is
then

P ks
(8.3) Ty=1-0) > EyM'A
i=1 j=1

(cf. (2.4)), and an induced strong P-splitting (assuming the proper restriction on )
A = My — Ny is given by

P ki
My =0 "> By M

i=1j=1
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THEOREM 8.1. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Let b € R(A) and xo ¢ N(A). Consider
two sets of subblocks of A defined by (2.11) and (8.1), respectively, and the two cor-
responding additive Schwarz iterations defined by (2.4) and (8.3). Let k = max; k;,
and let the damping factors be § < 1/p, and = 0/k < 1/(kp). This implies that in
particular the additive Schwarz methods are convergent. Then, v(Ty) < v(Tj).

Proof. As in the proof of Theorem 7.2 we have, using Lemma 7.1, that

Qi; = B, MM 2 Qy = E;M; .

Therefore, Zle Qi; = k;Q;, and

P ki 4
Myt =03 "Qi, 2 k0 Qi =kM;",
=1

i=1 j=1

which is equivalent to Me;l = (1/k)M,;* < M, "'. The theorem now follows using
Theorem 3.6 and the fact that these are strong P-regular splittings, as shown in
Remark 4.3. O

As in the previous sections a comparison analogous to that of Theorem 8.1 is not
valid for multiplicative Schwarz, not even in the definite case. Again, a counterexam-
ple can be found in [40].

9. Two-level schemes. We consider now two-level schemes, i.e., those in which
an additional step is taken, corresponding to a coarse grid correction. In the non-
singular case, this additional step makes Schwarz methods optimal in the sense that
the condition number of the preconditioned matrix M ' A is independent of the mesh
size; see, e.g., [38], [41], [44]. In our setting, for the coarse grid correction consider an
additional subspace Vj of V', and the corresponding projection Py = ROTAE LRyA =
RI(RyART)"'RyA. There are several cases we consider here: additive Schwarz with
coarse grid correction, with iteration matrix given by

p p
(9.1)  Tasep =Tase—ORYAF'RyA=T—-6 Z RIATIRA=1T - ez P
=0 =0

multiplicative Schwarz with coarse grid correction, with iteration matrix given by

0
Tarse = Tus(I — Po) = [[(I - P,

1=p

or in the symmetrized case by Tsarse = (I — Po)Tsas (I — Py); multiplicative Schwarz
additively corrected, known as the two-level hybrid I Schwarz method, with iteration
matrix given by

Hrp=1-0Py—0(I —Tays)=1—0(Go+ Mys)A,

where Gy = REAO_ 'Ro; and the two-level hybrid IT Schwarz method, which is additive
Schwarz multiplicatively corrected, with iteration matrix given by

Hiro=Tase(I — P).

We begin our analysis with the additive Schwarz iteration with coarse grid cor-
rection. By comparing the iteration matrices in (9.1) and (2.4), one can see that
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Theorem 4.2 is valid in this case as well, with the exception that the damping factor 6
needs to be less than 2/(p+1). Therefore we have that the matrix Tag. is a conver-
gent matrix, and that the induced splitting defined by Mgé'c,e =0>", R?A;lRi is
P-regular. We can also show that coarse grid correction does not increase (and may
decrease) the convergence factor of the iterations.

THEOREM 9.1. Let A be a symmetric positive semidefinite matriz such that each
principal submatriz is positive definite. Then ¥(Tasc,0) < v(Tas,0)-

Proof. We use the fact that Gy = R} Ay 'Ry = 0 to conclude that

aseo =O0(Mys+Go) = OM§ .

The theorem now follows by the application of Theorem 3.6. ]

A characterization similar to (4.4) applies to this two-level method, with one more
term in the sum. Thus, an alternative proof of this theorem using this characterization
can be done in a manner similar to that in Remark 6.2.

Next, we consider the multiplicative Schwarz iterations with coarse grid correc-
tion. It is not hard to see that Theorem 5.2 applies to this case as well, so that Thss.
and Tsprs. are convergent.

We conclude by mentioning that the coarse grid corrections can be applied to the
methods with inexact solvers described in section 6 as well, and since the analysis is
very similar, we do not repeat it.

Acknowledgments. We thank Michele Benzi and the referees for their com-
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