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Abstract Given an oblique projector P on a Hilbert space, i.e., an operator satisfying
P? = P, which is neither null nor the identity, it holds that ||P|| = ||/ — P|. This
useful equality, while not widely-known, has been proven repeatedly in the literature.
Many published proofs are reviewed, and simpler ones are presented.
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1 Introduction

This paper concerns a nice and useful identity on an inner-product space between
the norm of a projection and that of its complementary projection. Namely that

1Pl =I1I— Pl (1.1)

where P is a projection which is neither null nor the identity, and the operator norm is
the standard norm induced by the vector norm which is defined by the inner product.
This identity is apparently not widely known in the numerical analysis community,
nor in the linear algebra community, and almost all books on these subjects fail to
mention it; one exception is [34, Exercise 5.9.9]. One purpose of this paper is to call
attention to the identity (1.1) since we believe it can be very useful in the analysis
of certain numerical algorithms. Indeed, in the last few years the equality (1.1) was
applied in a few numerical analysis papers [4, 5, 15, 33, 37, 43]; see also [16].
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The identity (1.1) is apparently well-known among functional analysts, but it is not
generally found in functional analysis texts. One can find it in [18], where Ljance [32]
is given as its source; see also, e.g., [38]. It is also mentioned as an exercise in [25],
with a reference in a footnote to Kato [24]. Generalizations to C*-algebras are found
in [27, 28]. There is an earlier proof of the identity (1.1) by Del Pasqua [10]. In the
latter paper it is also pointed out that the identity (1.1) is not valid in general Banach
spaces; the fact that the norm is associated with an inner product is essential. Indeed,
in [20] it is shown that if the identity (1.1) holds for all projections P, this implies that
the Banach space is an inner-product space. A simple example where the identity
(1.1) does not hold when the norm is not associated with an inner product is given at
the end of the next section.

Thus, we have three authors proving the same result within a five-year period,
independently of each other: Del Pasqua [10], Ljance [32], and Kato [24], although by
1976 Kato was aware of Del Pasqua’s paper [25, p.568]. None of the papers [10, 32],
or [24], have been much cited, and in the few cases found, the citation was mostly for
results other than the identity (1.1).

Other authors have proved and reproved the identity (1.1) in the half century since
the first proof appeared, and in more than one occasion these new proofs were done
without knowledge of the earlier results; see, e.g., [35]. One purpose of this paper to
review many of the proofs found in the literature, and present new ones.

In the next section we state our notation and the precise theorem which is the
object of this paper. We also present two simple proofs, which we believe are not
available elsewhere. We present next, in Sections 3 and 4, two other proofs, an early
one by Kato [24], and a more recent one. These four proofs have in common that
only tools from the structure of the Hilbert space are used, such as the vector and
operator norms, and the inner product.

All other proofs use more geometric concepts, such as angles, or the gap between
subspaces. These concepts are reviewed in Section 5, and we show how these
concepts relate to one another. For completeness we reproduce some of the proofs
of these relations.

In Section 6 we present the proofs of the identity (1.1) by Del Pasqua [10] and
Ljance [32], and complete the picture collecting all the relations among the geometric
concepts mentioned in this paper in a single identity. We complete the review of some
of the published proofs of the identity (1.1) in Section 7.

2 Preliminaries, statement of the main theorem, and simple proofs

Consider a Hilbert space H with inner product (x, y), and its associated norm
x| = (x, x)% (for example R” and the Euclidean inner product). All the results in
this paper apply to complex spaces, and this is assumed throughout; of course the
results equally apply to real spaces. The vector norm induces an operator norm in
the usual manner, i.e., for A : H — H, one has

[All = sup |Aull = sup |Aull= sup [(v, Au)|. 2.1)

lull=1 full<1 llul <L, llvli<1
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The adjoint operator A* is such that for every u, v € H, (Au, v) = (u, A*v), and it
holds that || A*|| = || A|l. It follows from Eq. (2.1), that for any operator A on H,
|A|> = | A* A|. Indeed, we have that

IA|> = sup ||Aul®> = sup (Au, Au) = sup (u, A* Au)

lul<1 full<1 full<1

< sup 1|<U’ A*Au)| = |A*A| < | AIP,
lull <L, Jvli=
and equality holds throughout. An operator A on H is continuous if and only if it
is bounded, i.e., ||A] < co. Given any subspace X of H we define its orthogonal
complement by

Xt ={zeH, (z,x)=0forall x € X}.
A projection P is an idempotent operator, i.e., such that
P’ =P. (2.2)

The operator P is a projection along (or parallel to) its null space ) = N/ (P) onto
its range X = R(P). If these subspaces are orthogonal, the projection is called
orthogonal, and this is the case if and only if P is Hermitian. Otherwise, it is called
an oblique projection. When we want to emphasize that a projection onto X is
orthogonal, we denote it by ITy. In both the oblique and the orthogonal case,
I — P is also idempotent, and it is a projection along X = N'(I — P) = R(P) onto
Y =RU - P) =N (P). Since P = P? one directly has that (/ — P)P = P(I — P) =
O, and that ||P|| > 1, with equality only in the case of an orthogonal projec-
tion. Thus, in the case of orthogonal projections, the identity (1.1) is trivial since
Mxll =1 -yl = 1.

From Eq. (2.2) it follows that if x € X = R(P), then x = Px. Indeed, let x = Py,
then x = Py = P?y = Px. Using this, one can show that for a continuous projection
P, the subspaces X = R(P) and ) = N (P) are closed sets. These two subspaces are
also complementary, i.e., X @ ) = H. This follows from the fact that any x € H can
be written as x = Px + (I — P)x.

Some early results on oblique projections, which foreshadowed the derivation of
the identity (1.1) can be found in [1]; see also [3, 9, 12, 19, 35, 38, 42], for some
additional properties of oblique projections not discussed here.

We state now the result which this paper highlights.

Theorem 2.1 Let P be a continuous projection on a Hilbert space 'H, such that neither
X =R(P) nor Y = N(P) is the whole space. Then | P|| = || I — PJ.

We begin by presenting two simple proofs, which we believe are new. In fact,
they can be used in undergraduate courses. The first was reported to us in 2004
after we had a similar proof restricted to the finite dimensional case. The second
was communicated to us after a first version of this paper was disseminated.

Proof of Theorem 2.1 (Krainer, 2004, personal communication) Let u € H, |lu| = 1
be arbitrary. Letx = Pue€ X and y = (I — P)u € Y. Then

lll® = 11X + 1y1* +2Re(x, y) = 1. (2.3)
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We will show that || Pu|| < ||I — P|| which would imply || P|| < ||/ — P||. The theorem
will then follow by symmetry. If either x = 0 or y = 0 we are done, since in the first
case we have Pu = 0, and in the second | Pu|| = 1. We assume then that x # 0 and
y # 0. Let us define another element in H. Let w = X + y, with

Mxeé’(, j}:myey.
[lx]l Iyl

Then we have, using Eq. (2.3) that ||w||> = ||y||> + ||lx||> + 2Re(x, y) = 1 and

X =

[ Pull = llxl = Iyl = I = Pyw| < I - PJ.
]

We illustrate in figure 1 the situation described in this proof in the two-dimensional
case. The complete symmetry between P and I — P can be appreciated. The follow-
ing proof, can also be easily interpreted in the two-dimensional case, by choosing the
appropriate basis, and expressing the operators P and / — P in this basis.

Proof of Theorem 2.1 (Corach, 2006, personal communication) We consider ‘H =
X @ X+, and we write every linear operator on H as

ab
cd |’
where a: X > X, b: Xt > X, c: X —> XL, and d: X+ — XL. In this form we

write
10 1b
=[ot) 7=[oc)

In the latter case, if b = 0 we have I1y. We can now simply compute

0-b
[0

It follows that ||P||?> = ||P*P| =1+ ||b*P|, and ||[I — P|*> = ||(I — P)*(I — P)|| =
1+ ||b*b||. The theorem follows. O

Figure 1 Two-dimensional
illustration of a simple proof.
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For an example of a Banach space, where Theorem 2.1 does not hold, consider the
space R? with the max norm. Let X = {(x, ) | y =0} and ) = {(x, y) | x = y}. Thus

1 -1 01
p=[0 0], 1_p=[01]

and we have that || P||oo = 2, while || — Pl = 1.

3 An early proof

We begin our presentation of the different proofs encountered in the literature with
that of Kato [24], which is similar in flavor to our first simple proof in the previous
section, and can also be easily interpreted in the case of two dimensions, as illustrated
in figure 2.

Proof of Theorem 2.1 (Kato [24]) If || P|| = 1, then ||/ — P|| = 1, and there is nothing
to prove. We therefore consider the case where || P|| > 1. For any « such that

|P|| > o >1, (3.1)
there exists u # 0 such that
I Pull > aflul > 0. (3.2)
Consider now
(u, Pu)
=u-— Pu, 33
S ) e @3)
i.e., v = [1y1u, so that (v, Pu) = 0, and therefore
2 2 |(u, Pu>|2
— A 34
vl = flull e (3.4)

A direct calculation, using the fact that P> = P shows that v — Pv = u — Pu, and
therefore, from Eq. (3.2), and v # 0 we have that

1— Pyl I — Pyul|| Pul? Pull?
II€ 2)vll _ IIE 2)ull [| Pul - > I u|2| > o (3.5)
vl el Poell® — | (ue, Pu)l [[ecll

Figure 2 Two-dimensional
illustration of Kato’s proof. XJ_ y

Pu Pv/
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where the equality follows from Eq. (3.4), and the middle inequality from the
following identity

lull* (L = Pyull®> = (lull* | Pull® = |(u, Pu)|*)
= (lull® = [, Pu)l)” + 2flul® (| (ut, Pu)| — Re(u, Pu)) > 0.

Thus, Eq. (3.5) indicates that ||/ — P|| > «. Since o was arbitrarily chosen satisfying
Eq. (3.1), we have that |/ — P|| > || P|. By symmetry, the theorem follows. O

4 A recent proof

We continue our survey of the different proofs with the most recently published, from
2003, where in the first part, the space is assumed to be two-dimensional. Observe the
similitude with the second simple proof in Section 2.

Proof of Theorem 2.1 (Xu and Zikatanov [43]) We first prove the theorem assuming
that dim’H = 2. In that case, both P and I — P have rank 1, namely Pv = (b, v)a and
(I — P)v = (d, v)c for some fixed nonzero a, b, ¢, d € H such that (a, b) = (¢, d) = 1.
(Note that b € Y+ and d € X1). Thus for any v € H,

v=Pv+ (I — Pyv={(b,via+{d, v)c.
By replacing v with d and b in the last expression, we have that
lal* 161> = llel* 1> = 1 — (a. c) (b, d).
The theorem for the two-dimensional case follows from the following equalities:
IP*P| = llal*1b1, I = P)"( = P)|l = lcl*lld|l*.
For the general case, consider any v € ‘H, ||v|| = 1, and the subspace
V = span{v, Pv}.

Observe that V is invariant under P and I — P. If dim) = 1, then one has either
Pv=0o0r (I — P)v=0.In the first case ||({ — P)v| = ||v]| = 1 < || P]. In the second,
(I = P)v|| =0 < ||P|.Ifdim V = 2, by the previous part ||( — P)v|ly < || — P|ly =
Il Plly, where we have used the norm restricted to the subspace V. Therefore,

(L = Pyl == Pulv = [IPlv = |IPI,

and since v was arbitrary of unit norm, we conclude that ||/ — P|| < || P||. By symme-
try, the theorem is proved. g

5 The gap, canonical angles, and other geometric ingredients

We begin this section with a characterization of the adjoint of a continuous oblique
projection P. Let X = R(P), Y = N(P). Let O be the oblique projection such that
R(Q) = Y+ and N (Q) = X+, cf. figure 3. It holds that

P= 0
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Figure 3 Four subspaces:

X =R(P),Y=N(P), 1L
R(P): =N(Q), X Y
N(P)L =R(QO). yJ_
U
P X

[29],[18, Section V1.5.3]. This can be seen by considering arbitrary elements u, v € H,
and writing them as u = u,, +Uy, Uy € X, uy € Y,and v =v,, + vz, vy, € W=
Y+ vz € Z= X"+ and thus

(Pu,v) = (uy,v) = (y, vyw) = (U, Vyy) = (u, OQv).

The minimal gap between two arbitrary closed subspaces X and ) of a Hilbert
space can be defined as

dist(x, V)

g(X,Y) = inf ———=, where dist(x,)) = inf |x — y|| = [|x — Oyx|; (5.1)
xeX [|x]| yey

see, e.g., [11], and cf. [25, p. 219]. The equivalent definition

g(X,)) = in)f{ dist(x, )) (5.2)

xe
flxll=1

is given in [10] where it is called index of disjointness of the subspaces.

The minimal gap (5.2) should not be confused with the usual concept of gap
between two arbitrary subspaces X and W of a Hilbert space (which perhaps should
be called the maximal gap, and sometimes it is also referred as opening or aperture),
defined as

G(X, W) = sup dist(x, W) = sup dist(w, X). (5.3)
it iidd

This implies that G(X, W) = [[( — Iw)[x|l = [[(/ = D)) [ = [Mx — |
and it is equal to the sine of the maximal canonical angle between the subspaces,
i.e.,

G(X, W) = (1 = c08* Oppax (X, W) 2, (5.4)
where
€08 Oax (X, W) = inf  |(x, w)|;
||§ﬁfl’ Iﬂﬂzl
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see, e.g., [2, Section 34], [8, Section 2.5.1], [18, Section VI1.5.3], [25, Section IV.2.1],
[32], [39, Section I1.4.1]. The concept of the gap (5.3) was apparently first introduced
in [29]. In the finite dimensional case, one usually specifies that X and W have the
same dimension.

The minimal canonical angle 0 < 0,y (X, Y) < 7/2 between two nonzero sub-
spaces X' and ) of a Hilbert space can be defined as (see, e.g., [11, 13], [18,
Section VI.5.4], [32])

o8 Omin(X, V) = sup  [(x, y)l. (5.5)
I xnegf’ ﬁyl
x[=1, llyll=

It turns out that we can express this angle as the norm of the product of the two
orthogonal projections onto the subspaces X and V. The following result is given
in [22] for finite dimensions. The proof we present for the general case is almost
identical to that of [22].

Lemma 5.1 Let & and ) be nonzero closed subspaces of a Hilbert space, then

08 Onin (X, V) = [[Tlx My | = [Ty x|l (5.6)
Proof If |ull < 1, then Myu € X and || MTxu| < [Mx|llull = lul < 1.
cosOmin(X, V) = sup  [(x, )= sup  [(x, y)]

xeX, yeY xeX, yeY
[lxlI=1, lIyll=1 llxlI<1, lyli<t

=  sup [(Ilxu, Oyv)|=  sup  [u, dxTlyv)
flull =1, Jvll <1 flull =1, Jvll <1

= My,

where in the last two equalities we have used the fact that an orthogonal projection
is Hermitian, and the identity (2.1). To complete the proof we have ||ITxI1y| =
(M Ty)* | = [Tyl O

Just as we have the relation (5.4), it turns out the sine of the minimal angle is equal
to the minimal gap, as shown next.

Lemma 5.2 [42] Let X and ) be nonzero closed subspaces of a Hilbert space, then

g(X,Y) = (1 — Tyl |*)"? = sinOyin (X, V). (5.7)

Proof By definition

g(X, V) = inf distr,)) = inf ([ — y)x| = inf [|( — y)MTxx].
T T T
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For any x € X with ||x| =1, we have that ||(1 — TTy)Txx|> + |[TTyMyx|? = 1.
Therefore

gX, V) =1— sup [[MyMyx|*=1— |[TyIMx|>
mfl

O

Ljance [32] relates the minimal canonical angle between complementary sub-
spaces X and Y and the maximal canonical angle between X and the orthogonal
complement of ). Namely, he shows that

Omin (X, V) + Omax (X, yJ_) = %;

cf. figure 3, and see also [18, Section VI.5.3], [29]. As a consequence, we can relate
the minimal gap between X and ) to the (maximal) gap between X and V.

Lemma 5.3 [32] Let X and ) be nonzero complementary closed subspaces of a
Hilbert space, then

Ccos emin(Xa y) = sin Omax(X7 yl_)’ (58)

i.e.,

\/mz G(X, V) = [Ty — My-].

Proof Let W = Y*. Since

dist(x, W) = \/Ilx]I* — [ITT)y,x]1?,

from Eq. (5.3) it follows that for any ¢ > 0, thereisan x = x, € &, | x|| = 1, such that

V1= ITux]12 > 8inOpay (X, W) —e.

Consider now y = y, = (x — I1,,x)/[lx — ITy,,x||. We thus have y € ), |y = 1, and

(x,y) = /1= ITpx]* > sinbOpe (X, W) —e,

which by Eq. (5.5) implies that cos 6y (X, V) > sin O (X, W) —e. Since ¢ was
arbitrary, we have cos Oy (X, V) > sin Opax (X, W).

To prove the inequality on the other direction, from Eq. (5.5) it follows that for
any ¢ > 0, therearex =x, € X, ||x]| = 1,and y = y. € ), ||y|| = 1, such that (x, y) >
cos Oin (X, V) — &, where if necessary, one vector x, or y, have been multiplied
by e for some real «, so that (x, y) is real and positive. Consider now z = z, =
(x — My,x) /1 € Y, where A = ||x — IT),x|| = (1 — |[TT,,,x[*)"/2, so that | z|| = 1. With
this construction, x = Az + I1,,,x and since IT,,x L V, (x, z) = A and

(X, y) = Mz, y) = {x, 2)(z, ¥) = {x, 2) 2l Iyl = (x, 2).
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Therefore

$in Omax (X, W) = /1 = [T, x]|> = A = (x, 2) = (x, y) > €08 Opnin (X, V) — €.
Since ¢ was arbitrary, the lemma follows. |
6 The other early proofs

In this section we present the two other proofs from the 1950s in the order in which
they were published. They both make use of the geometric concepts developed in
Section 5, and in particular on the fact that

g8(X, V) =gV, X); (6.1)
see Eqgs. (5.7) and (5.6).

Proof of Theorem 2.1 (Del Pasqua [10]) We will show that

Pl

PTEIRY) (62)

and the theorem will follow from Eq. (6.1). To that end, consider x € X, ||x|| = 1, and
y € Y. Since Py = 0, we then have

L=|xll=[Px=yI =Pl llx—yl.
Thus

1
Ix =yl = —»
1Pl
and therefore, since y € ) is arbitrary, by Eq. (5.2),

(X, ) = —-.
¢ 17l
For the inequality in the other direction consider an arbitrary element z € H written
as z = x — y,with x € X and y € ). We then have, by Eq. (5.1)
[Pzl = [1P(x = »)Il = llxIl =

X =yl = llzll-

1 1
g(X. ) g(X. )

Since z € ‘H was arbitrary,

1Pl <

1
gXx, )

Proof of Theorem 2.1 (Ljance [32]) We will show that

Pl=—————,
I#1 €08 Omax (X, Y1)
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and the result will follow using Eq. (5.8), and the symmetry in Eq. (5.5); cf. Eq. (6.1).
Let W = Y*. First observe that

P=PI,,. (6.3)

This is illustrated for two dimensions in figure 4.
To see that the identity (6.3) holds, consider any u, v € H, and we have that

(PTyu, v) = (u, Iy, P*v) = (u, P*v) = (Pu,v),

where we have used that P* is a projection onto W = )*. Therefore, since
T, wl < lwll, we conclude that

IPl=sup [Pw].
weW, |wll=1

Next, we want to show that for any w € W, (w, w — Pw) = 0, i.e., that w is the image
in W of the orthogonal projection applied to Pw. In other words, we want to show
that IT,,, Pw = w; see figure 4 for a two-dimensional representation of this. To see
this operator identity in general, let z € H be arbitrary, then

(M, Pw, z) = (w, P*Iyz) = (w, IT),,2) = (II),w, 2) = (w, 2).

Therefore

2
w

IPw| || Pw]

| Pwl* = lw|*+ llw — Pw|* = ||w|* + || Pw|

Using again that any w € W is the closest element in W to Pw, we have that

Pw w Pw
—_— — =dist { ——, W) .
H | Pwll | Pw] ” (ll Pull

Therefore, for w € W such that ||w|| =1

1

| Pw| = =
. Pw
\/1 — dist (m, W)
Figure 4 Two-dimensional
illustration that for W = Y+, it X—L y
holds that P = PTI,,,, and for
we W, I, Pw = w. yl—
U
'Pu, X

Pw
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and consequently

1
Vsup | Pw| = =
weW, ||lw||=1 . Pw
\/1 — sup dist (W’ W)

To conclude the proof, we need to show that every element x € X, || x|| = 1 can be
written as Pw/|| Pw||, for some w € W. This follows from Eq. (6.3), since then

PW = PM,,W = PIl,,)H = PH = X.

Let us pause and collect the geometric results derived.

Theorem 6.1 Let P be a continuous projection on a Hilbert space 'H, such neither
X = R(P) nor Y = N(P) is the whole space. Then

1
T = S Oin(X, V) = g, ) = \J1 My 2 (6.4)
= €08 s (X V) = VT = G V1P = [l - My — My 2. (65)

7 Other proofs

Most of the other published proofs of Theorem 2.1 show one or another identity in
Egs. (6.4) and (6.5):

Gohberg and Krein [18, Section VI.5.2] show that
I P~ = $in 6pin (X, V). (7.1)

Labrousse [30] shows that

117" = 1= T, — My 2 = VT = G, Y02,

Ptak [35] shows that

117 = /1= 10 = T2 = /1= (= Ty

Ipsen and Meyer [22] show Eq. (7.1). Their presentation is geared towards
classroom use in Linear Algebra courses, and the proof is for the Euclidean
space.

Buckholtz [7] shows that || P||~! = /1 — ||l'[Xl'[y||2 = Sin Opin (X, V).
Wimmer [42] proves Egs. (5.7) and (6.2), and refers to Ljance [32].
Rakodevi¢ [36] shows that || P|~! = /1 — ITT I1,,[|>. He is aware of most of the
previous proofs.
We conclude our review by mentioning a more general result from 1989 by
Lewkowitcz [31], from which Theorem 2.1 follows as a corollary, but only valid in
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finite dimensions, with the Euclidean norm. Recall that in that case || P|| = o,(P), the
largest singular value [21].

Theorem 7.1 [31] Let P be a projection onto X C C" of dimension m < n. Let oy be
the kth singular value. Then, the following holds:

ox(P)=ox(I—P)>1, k=1,...,m,
ox(P) =0, on(I-P)=1, k=m+1,...,n—m,
ox(P)=0y(I—P)=0, k=n—-m+1,...,n.

We end the paper by noting that in finite dimensions, canonical or principal
angles in between the minimal and maximal can be computed using singular values;
see, e.g., [6, 21, 39], and two recent papers discussing the computation of these
angles [14, 26]. We also mention a very recent paper [17] on recursive definitions of
these intermediate angles, and a recent thesis extending these concepts to infinite
dimensions [23]; see also [40, 41].
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