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• Monge-Ampère equation:

det D2u(x) = f (x).

• F(D2u) = f fully nonlinear is elliptic on a function u ∈ C2(Ω) if[
Fri j(D

2u(x))
]
> 0, ∀x ∈ Ω.

For Monge-Ampère Fri j(D
2u(x)) = (D2u)i j(x) the i j-cofactor of

D2u(x). Therefore, the M-A equation is elliptic in the class of
convex functions.



• It is an extremal for all elliptic equations:

(det A)1/n = inf{trace(BA) : B is symmetric and det B = 1}.



• It is an extremal for all elliptic equations:

(det A)1/n = inf{trace(BA) : B is symmetric and det B = 1}.

• The equation is invariant by affine transformations with
determinant one:

v(x) = u(Ax)

D2v(y) = At
((

D2u
)

(Ay)
)

A

det D2v(y) = (det A)2 det D2u(Ay).



II
Weak solutions



• Normal or gradient map of u : Ω→ R, Ω ⊂ Rn
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∂u(E) = ∪y∈E∂u(y).
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• Normal or gradient map of u : Ω→ R, Ω ⊂ Rn

∂u(y) = {p ∈ Rn : u(x) ≥ u(y) + p · (x − y),∀x ∈ Ω}

∂u(E) = ∪y∈E∂u(y).

• ∂u(cpt) is compact

• Legendre transform: u∗(y) = supx∈Ω x · y − u(x); always convex so
differentiable a.e.
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Two important results

They are based in the following:

• Basic property: v = u on ∂Ω, v ≥ u in Ω =⇒ ∂v(Ω) ⊂ ∂u(Ω).

Theorem. [Aleksandrov maximum principle] Ω convex bounded,
u ∈ C(Ω̄), u = 0 on ∂Ω, then

|u(y)|n ≤ Cn diam(Ω)n−1 dist(y, ∂Ω) Mu(Ω).
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Proof.

• v is the cone with vertex (y, u(y)) and base Ω × {0}.

• v ≥ u in Ω.

• convex hull
{

B
(
0,
−u(y)

diam(Ω)

)
, p

}
⊂ ∂v(Ω) ⊂ ∂u(Ω),

with |p| = −
u(y)

dist(y, ∂Ω)
.

Then we get Aleksandrov. 2



Theorem. [Comparison principle] u, v ∈ C(Ω̄) with

Mu ≤ Mv.

Then
min
Ω̄

(u − v) = min
∂Ω

(u − v).



III
Solvability of the Dirichlet problem



Homogeneous Dirichlet problem

Theorem. Ω strictly convex, g ∈ C(∂Ω). Then ∃! u ∈ C(Ω) convex
weak solution to

Mu = 0

u = g on ∂Ω.

Proof.
F = {a(x) affine with a ≤ g on ∂Ω}

u(x) = sup{a(x) : a ∈ F }

Ω strictly convex =⇒ u = g on ∂Ω.

The linear nature of u =⇒
∂u(Ω) ⊂ {p ∈ Rn : p ∈ ∂u(x) ∩ ∂u(y), x , y}. 2



Non Homogeneous Dirichlet problem

Theorem. Ω strictly convex, µ(Ω) < ∞, g ∈ C(∂Ω). Then ∃! u ∈
C(Ω) convex weak solution to

Mu = µ

u = g on ∂Ω.

Proof. Based in the Perron method:

F (µ, g) = {v ∈ C(Ω̄) : v convex,Mv ≥ µ, v = g on ∂Ω},

Let W solve MW = 0, W = g on ∂Ω.



Then MW ≤ µ ≤ Mv for v ∈ F (µ, g) and so by the comparison
principle

v ≤ W.
If F (µ, g) , ∅, then let

U(x) = sup{v(x) : v ∈ F (µ, g)}.

This is the solution.



Then MW ≤ µ ≤ Mv for v ∈ F (µ, g) and so by the comparison
principle

v ≤ W.
If F (µ, g) , ∅, then let

U(x) = sup{v(x) : v ∈ F (µ, g)}.

This is the solution.To prove this we proceed by approximation:
approximate µ by a sequence of measures of the form µN =

∑N
i=1 ai δxi

with ai > 0 and xi ∈ Ω.

• F (µN, g) , ∅. Notice that, M(|x − xi|) = ωn δxi.

Let f (x) = 1
ω1/n

n

∑N
i=1 a1/n

i |x − xi|.
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Solve Mu = 0 in Ω with u = g − f on ∂Ω. The function v = u + f
belongs to F (µN, g), because Mv ≥ Mu + M f .

• u, v ∈ F (µN, g) =⇒ u ∨ v ∈ F (µN, g)

• U ∈ F (µN, g)

• MU ≤ µ. Define the ”lifting” of U, solve Mv = 0 in Br(x0) with v = U
on ∂Br(x0) and let

w(x) =

 v(x) for x ∈ Br(x0)

U(x) for x ∈ Br(x0)C

2



IV
Regularity of solutions



• If L = Di(ai j(x)D j) or L = ai j(x)Di j satisfies

λ Id ≤ (ai j(x)) ≤ Λ Id,

then we have a regularity theory for solutions of Lu = f .



• If L = Di(ai j(x)D j) or L = ai j(x)Di j satisfies

λ Id ≤ (ai j(x)) ≤ Λ Id,

then we have a regularity theory for solutions of Lu = f .

For Monge-Ampère the ellipticity in linear equations is replaced by

λ |E| ≤ Mu(E) ≤ Λ |E|,

then we have a regularity theory for solutions of Mu = f . For
example, Aleksandrov solutions are regular (assuming appropriate
bdry data): C1,α.



• Ω convex is normalized if Bαn(0) ⊂ Ω ⊂ B1(0).

• Ω open, bounded and convex; ∃ T affine such that T (Ω) is
normalized.
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• Ω open, bounded and convex; ∃ T affine such that T (Ω) is
normalized.

• The sections of u are the convex sets

S (y, t) =

{x ∈ Ω : u(x) < u(y) + Du(y) · (x − y) + t}.
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Assume λ ≤ det D2u ≤ Λ, u = 0 on ∂Ω.

Sections behave like Euclidean balls after affine transformations.

• Let T be affine normalizing S u(x, t), T (S u(x, t)) = S v(T x, t) where
v(y) = u(T−1y).



Geometric properties of sections

Assume λ ≤ det D2u ≤ Λ, u = 0 on ∂Ω.

Sections behave like Euclidean balls after affine transformations.

• Let T be affine normalizing S u(x, t), T (S u(x, t)) = S v(T x, t) where
v(y) = u(T−1y).

• Engulfing property: There exists a constant ϑ > 0 such that

y ∈ S (z, t) =⇒ S (z, t) ⊂ S (y, ϑt).



• Let
Ωα = {x ∈ Ω : u(x) < (1 − α) min

Ω
u}.

Given 0 < α < 1, there exists η(α) > 0 such that if x ∈ Ωα and
t ≤ η(α), then S (x, t) b Ω.



• Let
Ωα = {x ∈ Ω : u(x) < (1 − α) min

Ω
u}.

Given 0 < α < 1, there exists η(α) > 0 such that if x ∈ Ωα and
t ≤ η(α), then S (x, t) b Ω.

• There exist positive constants K1,K2,K3 and ε such that if S (z0, r0)
and S (z1, r1) are sections with r1 ≤ r0, S (z0, r0) ∩ S (z1, r1) , ∅ and
T is an affine transformation that normalizes S (z0, r0) then

B
(
Tz1,K2

r1

r0

)
⊂ T (S (z1, r1)) ⊂ B

(
Tz1,K1

(
r1

r0

)ε)
,

and Tz1 ∈ B(0,K3).

• Sections are strictly convex.



These geometric properties permit to establish estimates of
solutions using measure theoretical arguments. Mainly covering
lemmas which yield distribution function estimates (Harmonic
analysis techniques).

I will describe some known results for M-A.

We assume Ω strictly convex normalized domain,
det D2u(x) = f (x), u = 0 on ∂Ω.



Second derivatives estimates for M-A

• f = 1, then L∞-estimates (Pogorelov, 71):

C1 Id ≤ D2u(x) ≤ C2 Id, x ∈ Ω′

Ω′ b Ω, and Ci are positive constants depending only on the
domains.



Second derivatives estimates for M-A

• f = 1, then L∞-estimates (Pogorelov, 71):

C1 Id ≤ D2u(x) ≤ C2 Id, x ∈ Ω′

Ω′ b Ω, and Ci are positive constants depending only on the
domains.

• f continuous, λ ≤ f ≤ Λ, then Lp interior estimates (Caffarelli, 90):

‖D2u‖Lp(Ω′) ≤ C,

Ω′ b Ω, and C universal positive constant. If f ∈ Cα then u ∈ C2,α.



• w f satisfies a Dini condition, then D2u ∈ L∞(Ω′), and ∃ f ∈ C(Ω),
with D2u < L∞, (X-J. Wang, 95).



Estimates for the linearized M-A equation

• u : Rn → R,
det D2 (u + tv) =

det D2u + t trace
(
UD2v

)
+ · · · + tn det D2v,

U = (U)i j is the matrix of cofactors of D2u.



Estimates for the linearized M-A equation

• u : Rn → R,
det D2 (u + tv) =

det D2u + t trace
(
UD2v

)
+ · · · + tn det D2v,

U = (U)i j is the matrix of cofactors of D2u.

• The linearized Monge-Ampère operator is:

LUv = trace
(
UD2v

)
.

• LUu = n det D2u; div (UDv) = trace(UD2v).



• D2u is positive semidefinite⇒ U is positive semidefinite. Thus, LU

is elliptic, possibly degenerate.

• LU appears when one considers first derivatives of u: u j = D ju,
j = 1, . . . , n, satisfy the equation

LU(u j) = µ j.



Theorem . [L. A. Caffarelli & C.G.] Suppose

λ ≤ det D2u ≤ Λ.

There exists a constant C depending only on n, λ and Λ such that

sup
S

v ≤ C inf
S

v,

for all sections S of u and for each solution v ≥ 0 to LUv = 0.



To put the results of the next part in perspective we mention the
following result.

Theorem. [Caffarelli] Suppose u convex in Ω is a weak solution to
the Monge-Ampère equation

λ ≤ det D2u ≤ Λ.

If ` is a supporting hyperplane to u, and the set Γ = {x : u(x) = `(x)}
has more than one point, then Γ has no extremal points in the interior
of Ω.

This implies that solutions to M-A with u = 0 on ∂Ω are strictly
convex.



V
A M-A TYPE EQUATION

IN THE CONSTRUCTION OF REFLECTORS
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SNELL’s LAW

• Snell’s law of reflection on a perfectly reflecting plane:

angle(normal, incident ray)= angle(normal, reflected ray).

• Snell’s law of reflection on a perfectly reflecting surface S :

angle(normal to tangent plane, incident ray)

= angle(normal to tangent plane, reflected ray).
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REFLECTION ON SOME SURFACES

• Sphere: rays bounce back.

• Ellipsoid: rays go from one focus to the other.

• Paraboloid: rays emanating from the focus are reflected into
parallel rays.
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FORMULA FOR REFLECTED RAYS

If Ω ⊂ S n−1 and a ray emanates from O in the direction x ∈ Ω, and A
is a reflecting surface parameterized by

z = x ρ(x),

then the reflected ray has direction:

T (x) = x − 2 〈x, ν〉 ν,

where ν is the outer normal to A at z = x ρ(x).



FORMULATION OF THE GENERAL PROBLEM
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FORMULATION OF THE GENERAL PROBLEM

O light source; Ω,Ω∗ are two domains in the sphere S n−1

f (x) is a positive function for x ∈ Ω (input illumination intensity)

g(x∗) is a positive function for x∗ ∈ Ω∗ (output illumination intensity)

Problem:

Light emanates from O with intensity f (x) for x ∈ Ω.

Find a reflecting surface A parameterized by z = x ρ(x) for x ∈ Ω,
such that all reflected rays by A fall in the direction Ω∗, and the output
illumination received in the direction x∗ is g(x∗).



• No loss of energy in the reflection =⇒ by conservation of energy that∫
Ω

f (x) dx =
∫
Ω∗

g(x) dx.



• No loss of energy in the reflection =⇒ by conservation of energy that∫
Ω

f (x) dx =
∫
Ω∗

g(x) dx.

• In addition, and again by conservation of energy, T is a measure
preserving map:∫

T−1(E)
f (x) dx =

∫
E

g(x) dx, for all E ⊂ Ω∗ Borel set
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MATHEMATICAL FORMULATION OF THE PROBLEM

Given Ω,Ω∗ domains on S n−1, f ∈ C(Ω), g ∈ C(Ω∗) positive functions,
find a reflecting surface A parameterized by z = x ρ(x) for x ∈ Ω such
that

T (Ω) = Ω∗.



• Using that T is a measure preserving map, the Jacobian of T is
f (x)

g(T (x))
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• Using that T is a measure preserving map, the Jacobian of T is
f (x)

g(T (x))
.

Taking an orthonormal frame of coordinates on S n−1 yields the pde

Lρ = η−2 det
(
−∇i∇ jρ + 2 ρ−1∇iρ∇ jρ + (ρ − η)δi j

)
=

f (x)
g(T (x))

;

where∇=covariant derivative, η =
|∇ρ|2 + ρ2

2ρ
, and δi j is the Kroeneker

delta.



• Using that T is a measure preserving map, the Jacobian of T is
f (x)

g(T (x))
.

Taking an orthonormal frame of coordinates on S n−1 yields the pde

Lρ = η−2 det
(
−∇i∇ jρ + 2 ρ−1∇iρ∇ jρ + (ρ − η)δi j

)
=

f (x)
g(T (x))

;

where∇=covariant derivative, η =
|∇ρ|2 + ρ2

2ρ
, and δi j is the Kroeneker

delta.

Very complicated fully nonlinear pde of Monge-Ampère type.
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• Equation received attention from the engineering and numerical
points of view. Useful in several applications.

• A weak formulation of solution was introduced by Xu-Jia Wang
(1996) and also by L. Caffarelli and V. Oliker (1996). They proved
existence of weak solutions.

• In the smooth case, Pengfei Guan and Xu-Jia Wang (1998) proved
apriori estimates and existence of smooth solutions using the method
of continuity.

• A connection with mass transportation in the sphere was found by
Xu-Jia Wang (2003), the cost function is c(x, y) = − log(1 − x · y).
Also a connection with mass transportation was found in the case of
two reflectors by T. Glimm and V. Oliker (2002).



V.A
NOTION OF WEAK SOLUTION
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• Let m ∈ S n−1, and b > 0. P(m, b) denotes the paraboloid in Rn with
focus at 0, axis m, and directrix plane m · x + 2b = 0.

• Given ρ(x) ∈ C(S n−1), ρ > 0, the radial antenna associated with ρ is

A = {xρ(x) : x ∈ S n−1}.

• P(m, b) is a supporting paraboloid for the antennaA at the point z0 =

x0ρ(x0) if z0 ∈ P(m, b) andA is contained in the interior region limited
by the surface described by P(m, b).



• The antenna A is an admissible surface if it has a supporting
paraboloid at each point.
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NORMAL MAPPING

• Given an admissible antenna A and x0 ∈ S n−1, the normal mapping
associated withA is

NA(x0) = {m ∈ S n−1 : P(m, b) is a supportsA at x0ρ(x0)}.

If E ⊂ S n−1, then NA(E) = ∪x0∈ENA(x0).

• The class of sets E ⊂ S n−1 for which NA(E) is Lebesgue measurable
is a Borel σ-algebra.
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∫
NA(E)
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WEAK SOLUTIONS

• Given g ∈ L1(S n−1) we define the Borel measure

µg,A(E) =
∫
NA(E)

g(x) dx.

• The surfaceA is a weak solution of the antenna equation if

µg,A(E) =
∫

E
f (x) dx,

for each Borel set E ⊂ S n−1.

• Smooth solutions to Lρ = f /g are weak solutions.



PROGRAM

How regular are weak solutions?

are they ”strictly convex”?

C1,α?

C2,α?
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Theorem. [Caffarelli, Gutiérrez and Q. Huang, Ann. of Math. to appear]
SupposeA is an antenna given byA = {xρ(x) : x ∈ S n−1}, and satisfying

1. ∃ constants r1, r2 such that 0 < r1 ≤ ρ(x) ≤ r2 for all x ∈ S n−1.

2. There exist positive constants C1,C2 such that

C1 ≤
|NA(E)|
|E|

≤ C2, for each Borel set E ⊂ S n−1.

If P(m, a) is a supporting paraboloid to A, then P(m, a) ∩ A is a single
point set. In addition,A is a C1 surface.



V.C
IDEA OF THE PROOF



• m ∈ S n−1, b > 0, P(m, b) is the paraboloid in Rn with focus at 0, axis
m, and directrix hyperplaneΠ(m, b) of equation m ·y+2b = 0. P(m, b)
has equation

P(m, b) ≡ {y : |y| = m · y + 2b}.



• m ∈ S n−1, b > 0, P(m, b) is the paraboloid in Rn with focus at 0, axis
m, and directrix hyperplaneΠ(m, b) of equation m ·y+2b = 0. P(m, b)
has equation

P(m, b) ≡ {y : |y| = m · y + 2b}.

• IMPORTANT SIMPLE FACT: if P(m′, b′) is another paraboloid, then
P(m, b)∩P(m′, b′) is contained in the bisector of the directrices of both
paraboloids, denoted by Π[(m, b), (m′, b′)] and whose equation is

Π[(m, b), (m′, b′)] ≡ {y : (m − m′) · y + 2(b − b′) = 0}.





Figure 1:



UPPER ESTIMATE

Consider the portion R of the antenna A between the paraboloids
P(en, a) and P(en, a + h) with h > 0 which is a supporting paraboloid
toA, and where en is the nth-coordinate vector in Rn.

Suppose that P(m, b) is a supporting paraboloid to A at some point
y0 in the portion R.
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GOAL: estimate the size of the axis m.
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Consider the portion R of the antenna A between the paraboloids
P(en, a) and P(en, a + h) with h > 0 which is a supporting paraboloid
toA, and where en is the nth-coordinate vector in Rn.

Suppose that P(m, b) is a supporting paraboloid to A at some point
y0 in the portion R.

GOAL: estimate the size of the axis m.

Precisely:



Proposition 1. Let E be the ellipsoid of minimum volume containing
the projection over Rn−1 of R.
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Proposition 1. Let E be the ellipsoid of minimum volume containing
the projection over Rn−1 of R.

Suppose E has principal axes λ1, · · · , λn−1 in the coordinate
directions e1, · · · , en−1. Assume d1 ≤ diam(E) ≤ d2.

If R1/2 is the portion of R whose projection on Rn−1 is the contracted
ellipsoid (1/2(n − 1))E,then

NA(R1/2) ⊂

{m ∈ S n−1; |mi| ≤ C h/λi, i = 1, · · · , n − 1,

and |m′| ≤
√

2(1 − mn) ≤ C
√

h/diam(E)}.



LOWER ESTIMATE: ALEKSANDROV TYPE

Proposition 2. E is the ellipsoid of minimum volume containing the
projection over Rn−1 of R.
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K − δzλ1 ≤ z1 ≤ K, where K = supx′∈R′ x1, i.e., z′ is close to ∂R′.



LOWER ESTIMATE: ALEKSANDROV TYPE

Proposition 2. E is the ellipsoid of minimum volume containing the
projection over Rn−1 of R. Suppose E has principal axes λ1, · · · , λn−1

in the coordinate directions e1, · · · , en−1, and d1 ≤ diam(E) ≤ d2. Let
z′ = (z1, · · · , zn−1) ∈ R′ such that z = (z′, zn) ∈ R ∩ P(en, a + h) with
K − δzλ1 ≤ z1 ≤ K, where K = supx′∈R′ x1, i.e., z′ is close to ∂R′. Then
∃ ε0 such that

{m ∈ S n−1 :
√

1 − mn ≤ ε0

√
h

diam(E)
,

0 ≤ −m1 ≤ ε0
h
δz λ1
, |mi| ≤ ε0

h
λi

for i = 2, · · · , n − 1}

⊂ NA(R).



PROOF OF THE THEOREM

∆ = projection of P(en, a1) ∩A on Rn−1

If ∆ contains at least two points, then diam(∆) = C.

Rh = portion ofA cut by P(en, a1 − h)

R′h = projection of Rh on Rn−1

Eh = John’s ellipsoid for R′h

(Rh)1/2 = lower portion of Rh over
1

2(n − 1)
Eh

Dh = preimage of Rh in S n−1

(Dh)1/2 = preimage of (Rh)1/2 in S n−1



We have that Rh → R0 in the Hausdorff metric and so R′h → ∆ in the
same metric.

Let λ1(h) be the longest axis of Eh, then λ1(h) ≈ diam(∆). There
exists zh ∈ ∆ such that K − δhλ1(h) ≤ (zh)1 ≤ K = supz∈R′h

z1, and
δh → 0.

We have

|Dh| ≈ |R
′
h|

|(Dh)1/2| ≈ |(Rh)1/2| ≈ |Eh|.



Then from Proposition 1,

C |Eh| ≤ |N((Rh)1/2)| ≤ min

C h
λ1
,

C
√

h
diam(Eh)


n−1∏
i=2

min

C h
λi
,

C
√

h
diam(Eh)

 ,



Then from Proposition 1,

C |Eh| ≤ |N((Rh)1/2)| ≤ min

C h
λ1
,

C
√

h
diam(Eh)


n−1∏
i=2

min

C h
λi
,

C
√

h
diam(Eh)

 ,
and from Proposition 2

|Eh| ≥ |R
′
h| ≥ C |NA(Dh)| ≥ C min

 ε0 h
δh λ1
,
ε0
√

h
diam(Eh)


n−1∏
i=2

min

ε0 h
λi
,
ε0
√

h
diam(Eh)

 .



Therefore,

εn−1
0 min

 h
δh λ1
,

√
h

diam(Eh)

 ≤ C min

 h
λ1
,

√
h

diam(Eh)

 .
Since λ1 ≈ diam(Eh) ≈ const, we obtain the following contradiction

εn−1
0 min

{
h
δh
,
√

h
}
≤ C h,

for any h > 0 sufficiently small.


