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Abstract

We have calculated the lowest energy quantized breather excitations
of both the 8 and the a Fermi-Pasta-Ulam monoatomic lattices and also
the diatomic S-lattice within the ladder approximation. While the classi-
cal breather excitations form continua, the quantized breather excitations
form a discrete hierarchy labeled by a quantum number n. Although
the number of phonons is not conserved, the breather excitations corre-
spond to multiple bound states of phonons. The n = 2 breather spectra
are composed of resonances in the two-phonon continuum and of discrete
branches of infinitely long-lived excitations. The non-linear attributes of
these excitations become more pronounced at elevated temperatures. The
calculated n = 2 breather and the resonance of the monoatomic S-lattice
hybridize and exchange identity at the zone boundary, and are in reason-
able agreement with the results of previous calculations using the number
conserving approximation. However, by contrast, the breather spectrum
the a monoatomic lattice couples resonantly with the single-phonon spec-
trum and cannot be calculated within a number conserving approxima-
tion. Furthermore, we show that for sufficiently strong non-linearity, the
a-lattice breathers can be observed directly through the single-phonon in-
elastic neutron scattering spectrum. As the temperature is increased, the
single-phonon dispersion relation for the a-lattice becomes progressively
softer as the lattice instability is approached. For the diatomic S-lattice, it
is found that there are three distinct branches of n = 2 breather dispersion
relations which are associated with three distinct two-phonon continua.
The two-phonon excitations form three distinct continua: One continuum
corresponds to the motion of two independent acoustic phonons, another
to the motion of two independent optic phonons and the last continuum
is formed by propagation of two phonons that are one of each character.
Each breather dispersion relation is split off the top from of its associated
continuum and remain within the forbidden gaps between the continua.
The energy splittings from the top of the continua rapidly increase and
the dispersions rapidly decrease with the decreasing energy widths of the
associated continua. This finding is in agreement with recent observations
of sharp branches of non-linear vibrational modes in Nal through inelastic
neutron scattering measurements. Furthermore, since the band widths of



the various continua successively narrow as the magnitude of their char-
acteristic excitation energies increase, the finding is also in agreement the
theoretical prediction that breather excitations in discrete lattices should
be localized in the classical limit.
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1 Introduction

The properties of soliton excitations have long been the subject of inten-
sive studies dating back to the first report of their existence as shallow
water waves of finite spatial extent and persistent form by J. Scott Rus-
sell in 1844 [1] and the explanation of their stability by Korteweg and de
Vries (KdV) in 1895 [2]. In the Korteweg and de Vries theory, the stabil-
ity of the wave form is produced by the balance between the dispersion
and the non-linearity. A fuller discussion of the early history of solitons
is given in reference [3]. The investigation of solitons received a boost in
1965 when N. Zabusky and M. Kruskal [4], while investigating the Fermi-
Pasta-Ulam phenomenon, mapped it on to the KdV system. They showed
numerically that when two solitons scatter, they emerge from scattering
with their forms and velocities intact. Their discovery spurred an intense
period of investigation in which the properties of the solutions of the KdV
equation and related exactly integrable systems were found analytically
using the inverse scattering method [5, 6]. The use of the inverse scattering
technique led to the discovery of breather excitations which are stable os-
cillatory excitations of homogeneous media that have finite spatial extents
and are stabilized by the non-linear interactions. The breather excitations
can be considered as being bound states of a soliton/anti-solition pair in
which the oscillations result from their relative state of motion. Soliton
excitations are not only known to be stable in continuous systems but are
also stable in discrete integrable systems [7]. Similar stable soliton-like
excitations have been predicted [8, 9, 10, 11] and observed in many phys-
ical (but non-integrable) systems in which the discreteness of the lattice
can be considered as a perturbation [12].

The properties of breather excitations are not as well-known as the
properties of solitons. In 1988, Sievers and Takeno hypothesized that
breather excitations may also exist in discrete and higher-dimensional
lattice systems [13]. Subsequently, MacKay and Aubry [14] rigorously es-
tablished the existence of breather excitations in lattices which possess a
local limit. In these classical systems such as the sine-Gordon system, a
classical breather excitation can be considered as a bound state of a soliton
and an anti-soliton pair. Due to the continuous nature of the relative mo-
tion of the soliton/anti-soliton pair, the classical spectrum forms a contin-
uum. However, when the internal motion of the breathers were quantized



semi-classically using the Bohr-Sommerfeld quantization procedure [15], it
became evident that the breathers form a hierarchy of discrete excitations
that can be considered as the bound states of multiples of small ampli-
tude wave excitations. An alternate method of semiclassical quantization
scheme for breathers has recently been analyzed by Schulman [16] which
has led to similar conclusions. The interpretation of breathers as multi-
phonon bound states was confirmed by the solutions of exactly integrable
quantum systems [17, 18]. This realization led to investigations of the
lowest members of the hierarchy of quantized breathers in non-integrable
lattices by means of standard many-body methods [19, 20, 21]. Extensive
reviews of the properties of classical and quantum breathers are given in
references [22, 23, 24]. The existence and stability of quantum breathers in
models [25] such as the discrete non-linear Schrédinger equation [26], the
#* lattice [27, 28] and related systems [29] are well-established. However,
the existence of quantum breathers in the Fermi-Pasta-Ulam lattice [30]
has not been proved since the interaction in the Fermi-Pasta-Ulam model
is non-local and is not of the type considered by MacKay and Aubry [14]
(although breather excitations have been shown to exist in the classical
Fermi-Pasta-Ulam model by Flach and Gorbach [31]). Furthermore, as
the anharmonic interaction in the Fermi-Pasta-Ulam model does not pre-
serve the number of elementary excitations, the results found [32, 33, 34]
by truncating the Hamiltonian to only include number conserving pro-
cesses [35] should not be considered conclusive unless confirmed by other
methods.

Breather excitations have recently been reported [36] to exist in the
high-temperature regime of the three-dimensional ionic crystal Nal. In-
stead of the continuous excitation spectrum expected for classical breathers,
the observed spectrum consisted of a sharp discrete peak. This observation
indicates that the breather excitations ought to be described in the quan-
tum limit where quantization of the internal oscillatory degrees of freedom
is expected to result in a hierarchy of discrete excitations. Furthermore,
the momentum dependence of the scattering cross-section indicates that
the breathers show up in the single-phonon contribution instead of the
continua of multi-phonon excitations [37, 38, 39]. In a previous paper
[40], we have investigated n = 2 quantized breathers of the 8-lattice using
another method, valid at low temperatures. The method is based on the
realization that the ground state has the form of a linear superposition
of states containing even numbers of phonons. An approximate n = 2
excited state is obtained from the ground state by the action of an opera-
tor with a two-phonon creation and two-phonon annihilation component.
Inspection of the spatial dependence of the various components of the
n = 2 excitation operator revealed the localized nature of the excitation
[40]. Proville has addressed the spatial and temporal correspondence be-
tween the classical and quantum breathers of the non-linear Klein-Gordon
lattice [41], by forming a Wannier wavepacket as a linear superposition
of energy eigenstates which exhibited both the localized and oscillatory
nature of the quantum excitations. In this paper, we shall investigate the
lowest members of the hierarchy of quantized breathers in the o and
Fermi-Pasta-Ulam problem within the ladder approximation. Unlike our



previous method, the present method should be valid at finite temper-
atures. For the [-lattice we shall neglect the single-phonon self-energy,
however, the inclusion of the single-phonon self-energy will turn out to be
crucial for the a-lattice. We find that the cubic anharmonic interaction
of the a-lattice couples the spectrum of single-phonon excitations to the
continuum of two-phonon excitations in accordance with both the earlier
theoretical results of Leath and Watson [42] and the experimental results
of Manley et al. [36].

A diatomic lattice is expected to have a much richer lattice vibra-
tion spectrum than a lattice with a monoatomic basis. The existence of
breathers for the classical diatomic Fermi-Pasta-Ulam lattice were first
predicted by Livi et al. [43] in the limit of vanishingly small mass ratios,
and were more thoroughly investigated by Maniadis [44], and by James
and Noble [45] for arbitrary mass ratios. Recently, Yoshimura [46] has
provided an alternate formulation of the proof of existence and stabil-
ity of the breathers. The breather excitations consist of ‘optic breathers’
which have frequencies above the optic phonons and as ‘acoustic breathers’
which have frequencies that lie within the gap between the acoustic and
the optic phonons. Therefore, in this manuscript, we shall also investigate
the dispersion relations for the n = 1 and n = 2 breather excitations of
the Quantal Diatomic Fermi-Pasta-Ulam lattice.

The manuscript is structured as follows: In section 2, we describe the
Hamiltonian for the 8 Fermi-Pasta-Ulam lattice and, in section 3, we shall
present the calculation of the two-phonon propagators for the n-lattice. In
section 4, we shall display the hamiltonian of the a-lattice and calculate
its two-phonon propagator. In section 5, the results for the monoatomic
lattices will be discussed. The diatomic Fermi-Pasta-Ulam lattice will be
introduced in section 6, the ladder approximation will be discussed in
section 7, the components of the two-phon propagator will be discusses in
section 8 and the results will be presented in section 9. The conclusions
will be presented in section 10.

2 The S Fermi-Pasta-Ulam Hamiltonian

The Hamiltonian for the discrete Quartic Fermi-Pasta-Ulam chain can be
written as
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in which 4, is the operator for the atom at the i-th lattice site which rep-
resents its displacement from its equilibrium position and P; is the mo-
mentum operator for the same atom. The first two terms in the Hamilto-
nian represent the approximate harmonic Hamiltonian and the third term,



proportional to Ky, represents the anharmonic interaction. It should be
noted that the Hamiltonian is invariant under the continuous transforma-
tion u; — w; + 0. The assumed spontaneously broken symmetry of the
ground state is responsible for the occurrence of Goldstone modes.

The spatial Fourier Transforms of the coordinates and momenta oper-
ators of the atoms are defined as
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where R; represents the mean equilibrium position of the i-th atom. The
Hamiltonian can be re-written in terms of operators in the harmonic nor-
mal mode basis as
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Since the anharmonic interaction has a separable form, the ladder approx-
imation for the two-particle excitations can be solved exactly.

The harmonic part of the Hamiltonian can be second quantized and
diagonalized by the substitutions
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where, respectively, ajz and a4 are the boson creation and annihilation
operators and where the phonon dispersion relation is given by

w§—2wg<1—cosq> :4w§sin2% (5)

Thus, the Hamiltonian of the 8 Fermi-Pasta-Ulam Lattice has the second
quantized form
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where the interaction Hamiltonian has the form
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where the repulsive interaction strength I, (with units of energy) is defined

as 5
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and where the complex form factors F, are given by
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3 The p-Lattice Two-Phonon Propaga-
tors

The two-phonon propagator has the form of a four by four matrix Déak) ,553) (t),
which involves the expectation value of the product of two two-phonon
operators Af:‘,z (t), one evaluated at time ¢ and the other at time zero. The
components of the two-phonon propagator are expressed as
a),(8 i oAy A8
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where 7' is Wick’s time-ordering operator. The two-phonon operators are
defined as
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where the pair of indices (ab), in which a and b are taken from the set
{+, -}, are denoted by a single index («) that takes on four values. It
should be noted that, due to the bosonic character of the creation and
annihilation operators, the propagator with index (ab) and momentum
k is identical to the propagator with indices (ba) and momentum —k.
Hence, to avoid ambiguity, the value of k is restricted to be positive. The
components of the propagator are to be evaluated from the equations of
motion
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which involve equal time commutators. The equations of motion are to
be truncated according to the ladder approximation, depicted diagramat-
ically in figure(1), in which the non-trivial single-phonon self-energies are
neglected. After representing the interaction as a product of four identical
factors as in equation (7), the expectation value involving the commutator

[ Ak, Hine | (13)
in the last term of equation (12) can be approximated by setting
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In the above expression, the factor of 6 comes from the invariance of
the commutator in expression (13) under permutation of the summa-
tion indices k;. The last term in equation (14) represents a frequency-
independent contribution to the phonon self-energy which can be absorbed
as the lowest-order temperature-dependent renormalization of the har-
monic phonon frequencies [47]
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where the summation over k1 runs over both positive and negative values
of k. The anomalous one-phonon propagators are also eliminated if one
substitutes this renormalization into equations (4). This shift will not
be considered any further. After truncation of the equations of motion,
it is seen that the components of the two-phonon propagators satisfy a
closed set of inhomogeneous first-order linear differential equations. On
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Figure 1: (Color online) The Ladder Approximation to the two-particle Dyson
equation for the g Fermi-Pasta-Ulam lattice. The interacting two-particle prop-
agators are denoted by the shaded bubbles and the non-interacting two-particle
propagators are denoted by open bubbles. The interaction I, is represented by
the vertex connecting two bubbles.

Fourier transforming the set of differential equations where the Fourier
(a),(B) ;
transformed propagator components Dq L (w) are defined via
oo
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one finds that the differential equations reduce to a set of coupled algebraic
equations. The components of the unperturbed two-phonon propagators
are diagonal in the indices @ and S and in the crystal momenta k& and
k’. The non-zero parts of the non-interacting propagator are denoted by
D;‘flg”éo) (w). The components of the unperturbed two-phonon propagators
are evaluated as
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where the 4+ and F signs are to be chosen independently. When expressed
in terms of the non-interacting propagators, the closed set of algebraic
equations take the form
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It is seen that the phase factors originating from the interaction term
cancel. On multiplying the above equation for D(a)’(ﬁ)(w) by the factor

q,k,k’
Fg+k F%—k (19)

and summing over k, one finds
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in which the summation over ki runs over positive and negative val-
ues. The functions H((ﬁ) (w) can be regarded, apart from the product of
form factors, as being equivalent to the various components of the “bare”
or non-interacting two-phonon propagator. The imaginary parts of the
Fourier transformed non-interacting propagator are non-zero at frequen-
cies corresponding to the sum and difference of the frequencies for two
harmonic phonons with total momentum ¢. The frequencies of the non-
interacting two-phonon creation and the creation/annihilation excitations
form continua in the (w, ¢) phase space, as is shown in figure(2). The com-
mon boundary separating the two-phonon sum and difference continua is
marked by the red line decorated with triangles.

The solution of the coupled set of equations for the components of the
interacting two-phonon propagator can be expressed as

D(a),(ﬁ)(w) — D((fk):lgo)(w) 5(a)’(ﬁ)Ak—k/

q,k,k’
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In addition to having a dense set of poles which correspond to the two-
phonon continua, the above expression may have poles at the frequencies
at which the denominator vanishes

1 - LYy HIPw) =0 (23)
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Therefore, in addition to having poles within the two-phonon continua,
the components of the two-phonon propagator (with fixed ¢q) may also
have poles at isolated frequencies that form a set of discrete dispersion
relations. When the dispersion relations are located outside the continua,
they describe long-lived collective breather excitations, since in this case
the lifetime is determined by the imaginary parts of HS{Y) (w + 4n) which
vanish

> Im 0 (w+in) = 0 (24)
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when 7 is a positive infinitesimal quantity. If the dispersion relations are
located within the continua, the imaginary parts of H((ﬁ) (w 4+ in) are non-
zero so the collective excitations have finite lifetimes and only exist as res-
onances. Due to singularities in ZW IT7 (w) (discussed in the appendix),
both these collective modes are guaranteed to exist no matter how small
the repulsive interaction I4 is. The divergences in the two-phonon cre-
ation component are a consequence of the one-dimensional nature of the
lattice. In three-dimensions, one expects that the corresponding van Hove
singularities would be washed out and that the collective modes would
only occur for values of the anharmonicity exceeding a critical value. The
T = 0 values of the dispersion relations for the collective modes agree
with those previously found by another method [40] which allowed for the
direct construction of the many-body wave function and demonstrated
the localized nature of the excitations. Since the total number of phonons
is not conserved, the collective mode is composed of a superposition of
components from every channel. One sees that, at T = 0, each of the
branches of collectives modes has a total weight of unity. Thus, the oc-
currence of breather excitations must be accompanied by a modification of
the spectral weight in all the two-phonon continua. Since the total spec-
tral weight is conserved at T" = 0, one sees that Levinson’s theorem [48]
applies. Thus, we see that the determination of the n = 2 breather dis-
persion relation and spectral density for the 8 Fermi-Pasta-Ulam lattice
requires the calculation of the non-interacting two-phonon propagators
Hga)(w). This is discussed in appendix A.
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Figure 2: (Color online) The (w, ¢) phase space showing the extent of the contin-
uum of two-phonon creation (shaded area). The continuum of Raman scattering
excitations is located at frequencies immediately below the two-phonon creation
continuum. The two continua are separated by the one-phonon dispersion rela-

tion which is shown by the red line decorated with triangles.

4 The a Fermi-Pasta-Ulam Lattice

The Hamiltonian of the v Fermi-Pasta-Ulam Lattice can be written in the
second quantized form of

- hw
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The interaction Hamiltonian has a separable form which has obvious simi-
larities to the interaction Hamiltonian of the S-lattice. However, it should
be noted that the classical harmonic approximation to the ground state is
metastable, and is expected to become unstable when either the thermal
and zero-point fluctuations are sufficiently large. This yields an upper
limit to the strength of the anharmonic interaction for the approximate
ground state to be long-lived at 7" = 0, which is given by

.[3 ~ th (26)

where the interaction energy Is has been defined as
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Below this threshold, the approximate ground state is expected to decay
with an exponentially small quantum tunneling rate.

The two-phonon spectra can be evaluated in a manner analogous to
the method we used for the p-lattice. The equations of motion for the two-
phonon propagator can be truncated by approximating the time-ordered
expectation value involving the equal-time commutators of the form

[Agy, Hint ] (28)

The truncation can be performed by setting
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in which the factor of 3 comes from the invariance of the commutator in
expression (28) under the permutation of the indices of summation k;.

The truncated equations of motion for the components of the two-phonon
propagator have the forms
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where we have introduced the anomalous propagators defined by
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The anomalous propagators involve only three phonon creation and an-
nihilation operators, in contrast to the (-lattice where the correspond-
ing propagator involved four operators. The equations of motion for the
anomalous propagators Gi}ﬁ (w) are of the form
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On Fourier transforming the equations of motion for qu}c(,’g )(
some manipulation, one finds that
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The above equation, together with the Fourier transformed equations of
motion

DWW = DY) 6O a
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x Fq Wovi Ei: G (@) (34)

forms a closed set of algebraic equations. This set of equations is rec-
ognized as describing the ladder approximation shown in figure(3). On

q/4+K'2 q/4+k/2

o AAHK"T2 o a2

QK2
q

q/4-k/2 q/4-k'2

q/4-K"/2 q/4-k'/2
q/4-K'/2 q/4-k2

Figure 3: (Color online) The Ladder Approximation to the two-particle Dyson
equation for the a Fermi-Pasta-Ulam lattice. The interacting two-particle prop-
agator is denoted by the shaded bubbles, and the non-interacting two-particle
propagator is denoted by the open bubble. The interaction I3 is represented by
the vertex of a bubble connecting to the single-phonon propagator. The non-
interacting single-phonon propagator with wave vector ¢, D,(JO) (w), is denoted
by the red wavy line. The product of 2 |sin Z| I3 D,(JO) (w) I5 acts as an effective
wavevector and frequency-dependent interaction, Uy(w, q).

eliminating 3 G;E}jlﬁ)(w)7 one finds
a a)(0 ),
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which maps onto equation (18) for the S-lattice in which I4 has been
replaced by an effective frequency and wave vector dependent interaction
Ui(w, q) defined by

2 hwq

g
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q

4 Is (36)

which is a repulsive interaction for frequencies above the bare phonon
frequency wgy and is attractive for wy > w. Hence, the solution for the
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components of the two-phonon propagator are found to be given by

DR w) = DR (w) 6P Ay
0 2 U R 8)(0
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(37)

We note that, because of the frequency dependence of the effective inter-
action, the total (w integrated) weight in the two-phonon spectral density
is not conserved since weight is mixed into the single-phonon spectrum as
can be seen from the single-phonon Dyson equation depicted in figure(4).
The Fourier Transform of the single-phonon propagator Dq(t) defined by

q/2+k

q q
MWWV = W +
q/2-k

Figure 4: (Color online) The single-particle Dyson equation for the o Fermi-
Pasta-Ulam lattice. The interacting single-phonon propagators are denoted by
the double red wavy lines, and the non-interacting single-phonon propagator is
denoted by a single red wavy line. The non-interacting two-phonon propagator
is denoted by the open bubble. The interaction I3 is represented by the vertex
of a bubble connecting to a single-phonon propagator.

Dy(t) = — 5 < T (al(t) + a—g(t)) (al,(0) + ag(0)) > (38

St =

is calculated as
2 hwq

2
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This expression is in agreement with the general expressions deduced by
Maradudin and Fein [37] and by Cowley [38]. The polarization part of the
single-phonon propagator renormalizes the single-phonon quasi-particle
spectral density downwards, introduces a broadened resonance just above
the “bare” single-phonon frequency and also describes the isolated pole
at the frequency of the n = 2 breather.

Dy(w) = (39)

Like the (-lattice, the two-phonon spectral density for the a-lattice
depends on the components of the non-interacting two-phonon propagator
HC(IW) (w). However, for the a-lattice, the renormalization of the single-
phonon excitation energy and its decay rate is also determined by IL({Y) (w),
which is given in appendix A.
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5 Monoatomic Lattices: Results and Dis-
cussion

The o-lattice

The dispersion relation of the n = 2 breather and resonance can be ob-
tained directly from the single-phonon propagator. This type of coupling
between the single and two-phonon continua was anticipated by Leath and
Watson [42] over 40 years ago, although these authors were neither con-
cerned with the Fermi-Pasta-Ulam model nor with breather excitations.
The excitation energies are given by the solutions of the equation

hw® — B = 4 hwg Is | sin% |13 > RelV(w)  (40)
Y

The equation can be solved graphically by the intersection of the parabolic
line with the polarization part as shown in figure(5). The decay rate of
the excitations is given by the imaginary part of the polarization part at
the intersection of the dashed parabola with the solid blue curve. It is
seen that for a fixed ¢, there are three physically significant solutions. The
lowest energy solution describes the renormalized phonon frequency. The
phonon frequencies are softened but due to the explicit factor of |sin Z],
the dispersion relation retains the linear form for low g values. At T' =0,
both the n = 2 breather and the single-phonon excitations are described

by delta functions with intensities given by
9 -1
4 2
1 — 2sing| I3 E :8—wnfj>(w)] (41)
¥

evaluated at their respective excitation energies. Since the slope of the
real polarization part is negative at the intersections, the w-integrated
spectral weight associated with each delta function is less than unity. The
single-phonon spectral density is shown in figure(6). The delta functions
at the renormalized phonon frequency and at the n = 2 breather energy
are marked by vertical lines. The lower threshold for the two-phonon con-
tinuum is given by the bare phonon frequency. The dispersion relation
for the renormalized phonons, the n = 2 breather and the resonance, are
shown in figure(7). It is expected that the renormalized phonon dispersion
relation will become increasingly soft as the temperature or the interac-
tion strength is increased, eventually reaching zero when the fluctuations
become sufficiently large to drive the system unstable. For T' = 0, our
analysis suggests that the critical value of I3 and the wavevector for the
instability is given by the generalized Stoner criterion

2
_ Is (v)
0=1+ 2huw (h—m) > 1) (42)

5
At T = 0, this reduces to

1= 13 5 COSZ% ) 1—sin% N sin2% In 1—cosq
- huwo +2 sin 4 n 14sin g 2 cosd 1+cosq

(43)
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Figure 5: (Color online) The graphical solution for the excitation energies for
the renormalized single-phonon, the n = 2 resonance and the n = 2 breather
of the a-lattice. The excitation energies are given by the intersection of the
dashed parabolic curve h?(w? — w7) with 27w, times the real part of the po-

larization part, 2 |sin 2| I3 > HZ(I’Y)(w), shown by the solid blue line. The
decay rate of each excitation is determined from the imaginary part (dotted red

line) evaluated at the excitation energy. The interaction strength Is was set at

I
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q=3n/4
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Figure 6: (Color online) The T' = 0 single-phonon spectral density, —% Dy(w+
in) in units of (hwg) !, showing delta function peaks at the renormalized phonon
frequency, the n = 2 breather and a sharp resonance in the n = 2 continuum.
The interaction I3 has the same value as in fig.(5).

The righthand-side is a mildly varying function of ¢ which has a broad
maximum at ¢ = 0, and suggests that the critical value of I3 is given by

1 : T
(hi()) T2 (44)
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For I3 close to this critical value, it is expected that the timescale for
the decay of the approximate metastable state via large amplitude tun-
neling fluctuations will be comparable to the decay rate produced via the

(harmonic) zero-point fluctuations. Furthermore, for (EIT'*D) = 0.707, one
5
4 ¢
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Figure 7: (Color online) The dispersion relation for the renormalized phonons
and the n = 2 breather of the a-lattice are indicated by the filled blue circles.
The position of the resonance is indicated by the filled red triangles. At ¢ =,
the position of the n = 2 breather and the resonance become indistinguishable
from the neighboring van Hove singularities in the non-interacting two-phonon
continuum. The interaction I3 has the same value as in fig.(5).

finds that as much as 10 % of the T" = 0 single-phonon spectral weight
can be identified with the coupling to the two-phonon spectral density
and this percentage increases as I3 increases. This is qualitatively consis-
tent with the observation of Manley et al., that the breather excitation
in Nal as measured in inelastic neutron scattering experiments [36] is as-
sociated with an intensity proportional to Q?, where @ is the neutron
momentum transfer. This is consistent since the single-phonon spectral
density S(Q,w) measured in inelastic neutron scattering experiments [39]
is related to the imaginary part of the single-phonon propagator via

S (Qw) = — 2;2 exp [—W(Q)} (g.eq) (thq) TmDy(win) [ 1+ N(w)]

where W(Q) is the anharmonic analogue of the Debye-Waller factor, ¢
is the phonon wavevector, and €, is the phonon polarization vector. Al-
though there is no general non-perturbative theory of the Debye-Waller
factor in the presence of anharmonic interactions [49], we note that for
large values of I3, the Debye-Waller factor is not simply given by the stan-
dard harmonic expression involving the renormalized phonon frequencies.
This is due to the presence of the large admixture of the two-phonon
spectra which should also contribute to W(Q). The appearance of the
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coupling proportional to Q? is in direct contrast to the results on the
[B-lattice in which the only manifestation of the n = 2 breather in the
single-phonon spectrum is expected to be a weak broad peak. However,
for the (B-lattice, the n = 2 breather should show up directly as a sharp
peak in the neutron scattering with a coupling strength proportional to

Q.
The p-lattice

The n = 2 breather is expected to show up directly in the two-phonon
spectrum as a sharp peak above the two-phonon continuum. The dis-
persion relation for the n = 2 breather is shown in figure(8) at various
temperatures. The breather spectrum for the S-lattice has a finite sepa-
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Figure 8: (Color online) The dispersion relation for the n = 2 resonance and the
n = 2 breather of the §-lattice at the temperatures (X2L) = 0.0 (blue circles),

ﬁwo

1.0 (blue squares), 1.5 (blue triangles) and 2.0 (blue diamonds) with (EI—:O) =1.

ration for the two-phonon continuum for all ¢ values. The n = 2 breather
and the n = 2 resonance become strongly mixed at ¢ = w. It is also seen
that as the temperature increases, the energy separation of the breather
excitation from the top of the two-phonon continuum also increases, in
accordance with the findings of Texeira Rabelo et al. [50]. The disper-
sion relation becomes flatter as the temperature increases consistent with
the group velocity of the breather tending to zero in the classical limit.
This finding is in accordance with the comments by Aubry [22], by Flach
and Willis [23], and by Fleurov [51]. In contrast with the breather, the
temperature-dependent shift of the excitation energy of the n = 2 reso-
nance has a much smaller magnitude.

Unlike the a-lattice, the n = 2 breather is not expected to show up in
the single-phonon propagator. For the §-lattice, the phonon polarization
part is related to the three-phonon propagators, as depicted in figure(9).
The single-phonon polarization part II;(w) is calculated to second-order

17



q q
WWy = W+
q-k;-k,

Figure 9: (Color online) The Dyson equation for the single-phonon propagator
for the -lattice. The dressed propagator is depicted by the double wavy lines,
and the non-interacting propagator by the single wavy line. The lowest-order
contribution to the single-phonon polarization part describes a coupling to three
co-propagating phonons.

in I4 as
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2
w2

k1,k2

sin 4 sin(w) sin k sin ke
2 2 2 2

X

( 2 h(_wqfklsz + Wi,y +wk2) >
hPw? — h2(_wqfk1*k2 + Wy +wk2)2

X <qu1k2 |:1+Nk1:| |:1+Nk2:| — [1+qu1k2] Nklng)
(46)

When calculated to infinite order in I4, the n = 2 breather may be ex-
pected to appear in the polarization part in a convolution with a non-
interacting single-phonon propagator and would at most give rise to a
broad peak. However, from inspection of the polarization part given in
equation(46), one is led to expect that for the S-lattice, the single-phonon
propagator will couple directly with the n = 3 breather. a The three-
phonon creation continuum has van Hove singularities whose positions
in the (k1,k2) plane are determined by the solutions of the simultaneous
equations

8_(wqfk1*k2 + Wiy wkz) =0
k1
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Figure 10: (Color online) The positions of the van Hove singularities of the
three-phonon creation continuum, in (w, q) space, are marked by the black and
blue solid lines. The continuum is bounded from above by the black solid
line decorated with squares, and is bounded from below by the single-phonon
dispersion relation (red line with triangles).

G (@t + 0 ) = 0 (47)
The critical points are located at k1 = (%) and ko = (%) for
n =0, 1 and 2 cause the van Hove singularities in the non-interacting
three-phonon creation spectral density to have the form of discontinuities.
The Kramers-Kronig relation relates the discontinuities in the imaginary
part to logarithmic singularities in the real part. The divergences form
bands in (w,q) space, as seen in figure(10). In figure(11), it is seen that
the second-order single-phonon polarization part exhibits a strong van
Hove singularity at the top of the three-phonon creation continuum, which
produces an isolated pole in the one-phonon spectrum. Due to the diver-
gence at the van Hove singularities, the effect of multiple interactions
between the three co-propagating phonons will produce a bound state
above the three-phonon continuum, no matter how small the interaction
strength I, is. This is a consequence of the one-dimensional nature of the
model. Thus, the inclusion of multiple interactions is expected to produce
a coupling of the single-phonon spectral density to the n = 3 breather.
However, due to the large energy separation between the single-phonon
energy and the top edge of the three-phonon continuum, the intensity of
the n = 3 breather contribution to S1(Q,w) is expected to be relatively
small. From this analysis, and the form of the van Hove singularities
seen in figure(10), it should be clear that the resonances are analytic con-
tinuations of the breather excitations into the neighboring Brillouin zones.
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Figure 11: (Color online) The real (blue) and imaginary (red) parts of 2hw,
times the T' = 0 phonon polarization part II;(w) for the S-lattice (in units of
h?w3) evaluated at g/7 = 3/4 with (hl—u‘;)) = 1. The polarization part exhibits a
strong van Hove singularity at the top of the three-phonon creation continuum.
The real part of the polarization part is expected to diverge logarithmically at
the singularities, however, the results shown here do not diverge due to numerical
rounding. The dashed blue parabola represents i*(w? — wg). The energy of the
n = 3 breather is expected to be found at the intersection of the blue curves at
frequencies above the three-phonon continuum.

6 The Hamiltonian of the Diatomic Fermi-
Pasta-Ulam Lattice

The diatomic Fermi-Pasta-Ulam lattice consists of an alternating periodic
array of atoms with masses M4 and Mg, as shown in figure (12), which
are coupled by harmonic and anharmonic nearest-neighbor interactions.
The anharmonic Hamiltonian for the lattice is given by

i-1B iA iB i+t1A

Figure 12: (Color online) A cartoon of a four atom segment of the Diatomic
Fermi-Pasta-Ulam lattice, in which atoms of masses M4 and Mp are arranged
periodically on alternating sites.

o= 3% PEA+J35B +&Z (@ia — @ip) + (Gip — Gipra)
2 MA 3 MB 2 i, A i,B i,B i+1,A

i 7
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1

where the index i labels the unit cell. The first line represents the har-
monic part of the Hamiltonian and the second line (proportional to K4)
represents the anharmonic interaction. It should be noted that the Hamil-
tonian is symmetric under the continuous transformation u; 4 — uia + 6
and u;, B — u;,B +0, thus we have assumed that the continuous symmetry
of the ground state has been spontaneously broken. The spontaneously
broken symmetry of the ground state is responsible for the occurrence of
a branch of Goldstone modes.

In appendix B, the harmonic part of the Hamiltonian Hy is written
in terms of the Fourier Transformed phonon creation and annihilation
operators, 7}7 o, and 7,4 respectively, for the optic and acoustic phonon
(j=1,2) bands as

~ leL
Ho = Z Tq (’yi,q%,qu%,wiq)

q
Tiws,q 1 i
+ Z D) V2,472,a + V2,4V2,q (49)
q

where the dispersion relations are given by

2 _ 1.1 _ 4 Ma Mp 24
wi, = Ko (MA+MB) [1:t\/1 (Ma + Mp )? sin 2 (50)

in which the optical branch (j = 1) corresponds to the positive sign and
the acoustic branch (j = 2) corresponds to the negative sign. The disper-
sion relations for the acoustic and optic branches of the phonon excitations
are shown in figure (13).

The anharmonic interaction I;Im can be written in the form of a sum
of two separable momentum conserving interactions. In appendix B, the
interaction is put into the second quantized form

2
Hine = <i(§;f> Z [ Z Ak kot ka+ka H { Z F(m) %k + Yi,—k )}]

m=1 k1,k2,k3,kg J=1 i=1
(51)
where the form factors for each separable interaction Fi(zl) are complex
numbers that are given in appendix B.

7 Diatomic Lattice: The Ladder Approx-
imation

The two-phonon propagator can be evaluated in the Ladder approxima-
tion depicted in figure (1). By Fourier Transforming the equations of
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Figure 13: (Color online) The acoustic and optic branches of the dispersion
relation for the diatomic harmonic lattice with Mg = 2M 4. A characteristic

frequency wp has been defined in terms of the harmonic force constant Ko via
Kz = MA w%.

motion and using a generalization of the notation of reference [40], the
two-particle Dyson equation can be expressed as

D) = D) (87 s+ 5 s )
1 2
(2)(0) (m) ye (m)  p(B)(a")
D D) (0" I 3 BT D)

m=1 B,k
(52)

where the index («) denotes the pairs of indices (&£, 4; %+, 7) that describe
the two phonon operators so that the 4+ denotes either the creation or
annihilation operator and the latin index ¢ denotes either the optic (i =
1) or the acoustic (¢ = 2) phonon mode. The index (&) represents the
transpose of the pair of excitations denoted by the index («). The non-
interacting two-phonon propagators D((I?‘k)’(]? ) (w) are diagonal in the pair of
indices k, k' and (), (') and are given by

+ (% +Ni,%+k) + (% + Nj,%fk)

D(Oé)(o)( ) =
h(WZFWi,ngk :ij,%fk)

q,k,k

(53)

The factor + multiplying the factor (% + Ni,%+k) should be associated

with the phonon mode with index j and momentum 4 — k, and the sign

in front of ( + N, g _,k) corresponds to the mode labeled by the index

and the momentum £ + k. The factors Hé’j;)’k are dimensionless complex
numbers which represent the product of the form factors for the pair of
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excitations

m  _ (K2 L) pm)
Ha,q,k - (w_o) Fi,%Jrk Fj,%—k (54)

involved in the m-th component of the interaction. The interaction strength
Ja has units of energy and is given by

[ K4 BPwj
5= (—4 . (55)

The set of algebraic equations represented by (52) form a closed set. On
introducing the set of functions denoted by

271(4) q+k+wg )(1—|—N q+k+N k)

Hmm _ ™ ) .
Nkzm 5,0,k h2w2 — hz( w;, +k+w337 ) ( l,],q,k)
Z e 2@ g — i) Nygok — Nigi) (HO) )
N = 1,5,4,k h2w2 — hz(wi,%Jrk _ % ) i,5,q,k
(56)
one finds that the two-phonon propagators can be expressed as
fozf(;ff)( ) = D;?IQ’(IS)(W) (5(0‘)(‘1) Mg + s@@) Ak+k/>
H(l) )* J [1 _ J H22( )] H
a)(0 ( a,q,k 4 a1l o 0k 00
+2 D ) g . DO ()

[T — I )] (1~ Jall2(@)] — TR ()T (@) o

(1) 2 112 (2)
(Hy )™ J3 Uy (w) Hyy g ple’ )(0)( )

? Dalek ) [T i) T — TG — A ) e

q,k.k

o D0y Poiga)” i1 I3 @) Ho @)0) ()
Bk (1= JuITg" (w)] [1 = JaTT3* (w)] — J3TI (w)IIg" (w) o F

+2 DD (w) (H2) )" T3 TG (@) HY DO ()
Bk (1= JuITg" (w)] [1 = JaTT3? (w)] — J3TI (w)IIg" (w) o F

(57)

The factor of two comes from the degeneracy of the bosonic two-particle
propagator due to the permutation of the operators.

8 Diatomic Lattice: The Two-Phonon Po-
larization Parts

The two-phonon polarization parts satisfy
' (w) = T3%(w) (58)

and
M (w) = T3 (W) (59)

q
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for complex frequencies w. The diagonal components are found to be given
by

2h(w; g twjg ) L+ N; g, +Nja )

1 kw - ]—7 )
1—[11 _ R '3
Nkzw ( 4 w? hPw? — R2(w; gkt wigg)?

1 Z (wi,%+k wj,%k) 2 h(wi,g+k _wj,%fk) (Nj,%—k - Ni,%+k)

2 2 9 2 2
4w0 h“w? — h (wiy%+k _Wj’ﬂfk)

kyi,j 2

The real and imaginary parts of H}ll(w + in) where n — 0 are shown
in fig(14) for various g values. The imaginary parts are non-zero with
the two-phonon creation continua and vanish elsewhere. The extent of
the two-phonon creation continua are shown in fig(15). The real and
imaginary parts exhibit divergent van-Hove singularities at most of the
extrema of the two-phonon continua. The divergencies shown in the figure
are suppressed due to limited numerical accuracy. The notable exceptions
to the divergent behavior are found at the lower edges of the acoustic-
mode two-phonon continuum and the mixed-mode continuum since the
form factors vanish there. The off-diagonal polarization parts Héz (w) also
simplify, since the complex products of the form factors are given by the
expressions

Bl 1y gn kol
Ko poy pos L (-1) (%‘,k) |:COSQ(]WA + 1) —isin g (5

wo P J 2 wo ( 1oy )2 — 4 in?
Mi T Mg M4 Mg

)

vl §|H

(61)

so that the contributions to Héz (w) from the imaginary parts of the prod-
uct vanish. This follows since the contributions are antisymmetric under
the permutation (i, 2 4+ k) <+ (j, 4 — k) and, therefore, the imaginary part
vanishes when the summations over k and (4, j) are performed. Thus, one

has

% (w 1) R Wigrr @igor) 2PWigntwig i) U+ Nige+ Nigor)
Z @k 2,2 2
4w0 hw — h( Z +k—|—w a

ki g~k

k)?
1N (it gk Yigon) 2PWig e —wig k) Wj%f —Nig i)
P R( e ) @ 7

h2w? — K2 g
12

k,i,g
(62)

where the dimensionless factor Rg x is given by

1, 1 af 2
COSk<M§1 + M}23> +COS2<I\/1A MB>

VOt + ) — e st (U2 (i + 5 — syt sin? (52
(63)

The real and imaginary parts of H}Zl (w + in) where n — 0 are shown in

fig(16) for various g values. Due to the factor Rk, the imaginary part of
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Figure 14: (Color online) The w-dependence of the real (blue solid line) and
imaginary parts (red dotted line) of H;l(w + in) for various ¢ values. The
polarization parts are evaluated with Mp = 4M 4.

the function H}Zz (w+1n) changes sign for frequencies between the extrema
of the acoustic two-phonon continuum at & = 0 and the upper edge where
k = m. Since the k values of the extrema are reversed for the optic two-
phonon continuum, the pattern of signs is opposite for the acoustic and
optic continua. In the limit ¢ — 7, there is a confluence of the energies
of the k = 0 and k = 7 extrema, which results in cancelation so that the
function I1+%(w) vanishes.
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Figure 15: (Color online) The (w, ¢) phase-space map of the acoustic (lower band
- red shading), mixed mode (middle band - green shading) and optic (upper band
- blue shading) two-phonon creation continua for the diatomic harmonic lattice,
with Mp = 4M 4. For sufficiently large mass differences (Mp > 3Mj4), the
gap between the acoustic and mixed mode continua extends across the entire
Brillouin zone, while for smaller values of the mass differences (3M4 > Mp >
M3,), the mixed mode and acoustic continua merge and have some overlap for
small ¢ values. The dispersion relations for the n = 2 breather excitations
defined by the solutions of equations (64) and (65), are marked by the solid
lines decorated with the full circles. The dispersion relations for the harmonic
phonon are marked by the full lines and coincide with the lower edges of the
two lowest energy two-phonon continua.

9 Diatomic Lattice: Results and Discus-
sion

The n = 2 breather and resonance energies are given by the solutions of
the equation

Re[ (1= T I (w)) (1 — Ju 1122 (w) ) — J5 T2 (w) Hﬁl(w)} = 0 (64)

The dispersion relation for the long-lived breathers are given by the so-
lutions for which the corresponding imaginary parts are identically zero,
i.e.

Im[(l — LN W) (1= Ja T2 (w) ) — JF T2 (w) Hgl(w)] =0 (65)

Therefore, the breather excitations must have dispersion relations that
are located outside the regions of (w, q) phase-space occupied by the two-
phonon continua. At zero-temperatures, these regions are shown in figure
(15). The solutions of equations (64) and (65) are shown by the solid
lines marked by the filled circles. The dispersion relations lie above the
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Figure 16: (Color online) The w-dependence of the real and imaginary parts
of H}f (w + in) for various ¢ values. The polarization parts are evaluated with
Mp =4My4.

top edges of the various two-phonon continua, and the energy separation
between the branches of n = 2 breathers and the continua are seen to
increase as one moves to the successive higher energy branches. The in-
creasing energy separations are correlated with decreasing widths of the
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successive two-phonon continua. It is also seen that the dispersion re-
lation of the breathers become successively flatter for the higher-energy
branches which is in agreement with the findings of Wang et. al. [27]
for the quantum breathers of the ¢* lattice. This is supportive of the ar-
gument of Fleurov [51] which suggests that classical breathers should be
localized, however, quantum breathers may move by quantum mechanical
tunneling. Hence, the band widths should decrease for the higher-energy
branches as the classical limit is approached. The position of the lowest
energy breather is found at energies above the dispersion relation for the
acoustic phonon and below the optic phonon dispersion relation. This is
in agreement with the inelastic neutron scattering results of Manley et
al. [36] on three-dimensional Nal in which they found a sharp spectral
feature between the acoustic and optic phonon branches.

10 Conclusions

In summary, we have shown that the quantized Fermi-Pasta-Ulam lat-
tices have intrinsically non-linear excitations that exist as breathers or
resonances, no matter how weak the interaction strength is. Furthermore,
we have shown that the n = 2 and n = 3 breather excitations could be
expected to show up in inelastic neutron scattering experiments through
the single-phonon scattering cross-section, due to the presence of a cubic
component to the anharmonic interaction. This could also be expected
to be true for more general forms of the anharmonic interactions, and
is consistent with experimental observations [36]. In particular, the ex-
periments demonstrate the existence of a sharp feature with a fairly flat
dispersion relation that lies in the gap between the acoustic and optic
phonon branches, as found for the diatomic lattice. The intensity of the
sharp feature is proportional to @2, indicating that this component in-
volves coupling to the single-phonon spectrum. However, the coupling of
the non-linear excitations to the single-phonon spectra is not expected
to extend to larger values of n, if the anharmonic interactions are weak.
This expectation is based on the observation that the van Hove singu-
larities in the non-interacting n-phonon continua have the form of van
Hove singularities in the density of states of an (n — 1)-dimensional sys-
tem and, therefore, are only expected to give rise to either divergences
or discontinuities for n = 2 and n = 3. For larger values of n, one ex-
pects that the van Hove singularities will take the form of either extremal
points or points of inflection. It is the divergences in the real part of
the non-interacting n = 2 or n = 3 multi-phonon propagators which are
responsible for the formation of the breathers and the resonances at ar-
bitrarily small interaction strengths, and it is these divergences that also
give rise to the coupling with the single-phonon scattering cross-section.

Since the van Hove singularities do not diverge in three spatial dimen-
sions, one expects that a critical value of the anharmonic interaction has
to be exceeded before the n = 2 breather is formed. The presence of the
Bose-Einstein distribution function n the polarization part multiplying

28



the anharmonicity has the effect of enhancing the effective interactions
at high temperatures and could be expected to lead to the appearance of
the n = 2 breather in Nal at temperatures above a critical temperature.
This expectation is consistent with experiment, since the sharp feature
was only observed at T' = 555 K and since the feature was not observed
in experiments carried out below T = 438 K.
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12 Appendix A

Analytic expressions for the real and imaginary parts of the T' = 0 two-
phonon creation components of the propagator for the monoatomic lattice
are discussed in this appendix.

The imaginary parts of the components of the two-phonon propagator
are given by

o . s " dk 1
ImHg Nwtin) = — — / — 6(w:|:w%+kiw%7k) | Fay Fa_y, |? [i <—

h J 27

(66)
where the sum over k has been replaced by an integral over k. The
integration can be performed by using the properties of the delta function,

yielding

« . 1 |F2+k Fq_y, |2 1
Im I (w +in) = —ﬁz 7 AR I + |5+ Ng
k ok k

+ w X w
gor T wg-

where the sum over k is restricted to the values which are the solutions of
w = iw%Jrk:ng,k (68)

For general values of ¢, the imaginary part of the components of the “bare”
two-phonon propagator are expected to be singular at the boundaries [52].
At the boundaries, the imaginary part may become infinite, since the
boundaries are defined by the k values for which + w 24k T Wgog is
extremal. For example, for 0 < ¢ < 7, the upper edges of two—pilonon
creation continuum is given by

4 wo cos % (69)
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and this maximal value corresponds to k = 7. In the region of (w, ¢) given
by
4 wo cosg > w > 4w sin% (70)

the imaginary part of the two-phonon creation continuum is non-zero and
is determined by the equivalent k values with a magnitude found from

k
w = 4 wo cos% sin§ (71)
which leads to a square root divergence at the upper boundary of the
continuum with the form

2

w? — 4 w? sin®

q
9 2
h \/16 wg cos? 4 —w? 16 wo? cos? 4

(72)
when 4 wo cos ¥ > w, and is zero otherwise. The Bose-Einstein distribu-
tion functions in the factor [ 1 + Nayy + Na g ] (not displayed) are
evaluated at the frequencies given by

Im Hfﬂ(w +in) x —

Wers = %[“itan%\/lﬁwé 6082% —w?] (73)

For values of (w, q) which satisfy the inequality
. q . q
4 wo sin o > w > 2wo sin (74)
the imaginary part of the two-phonon creation component of the prop-

agator is determined by the equivalent k values with magnitudes which
satisfy either of the equations

w = 4wy cos 4 sin E for k > 4
4 2 2
w = 4w sing cosg for k < % (75)

The corresponding phonon frequencies that enter the factor [1 + N 2k +
N%,k] containing the Bose-Einstein distribution functions are given by

wepk = %[w:l:tang\/wwg cosz% —w?] for k 2%
wepk = %[w:l:cot%\/lfiwg sinzg —w?2] for k& Sg
(76)

For simplicity, we shall consider the case 1" = 0, since the factors contain-
ing the Bose-Einstein distribution functions must be carried along with
each term and results in quite a cumbersome expression. At T' = 0, the
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imaginary part of the two-phonon creation component is given by

w? — 4 w? sin® 3
(++)( +in) 2
Im 11 w41 x - =
e K h 16 w2
o 1 1
cos? 4 (/16 w3 cos? § — w2 sin® 4 /16 w3 sin® 4 — w?
(77)
which is composed of the tail of the square root singularity from the up-
per edge (k = ) but also has a second square root singularity originating
from the extrema at k = 0.
The real part of the two-phonon creation component is related to the
imaginary part of the component by the Kramer’s-Kronig relation. At
T = 0, the real part can be expressed as an integral which can be reduced
to the sum of two elementary integrals
. " sin(4 + g) sin(4 — %)
Re Hg++)(w) 57 / — P R
wo Jo T (5%55)—|sin(f+ 3)|—[sin(§ - 3)I
1 %dk coszg — cosz%
T 47 hwo o (4“;0)—cos§ sin 4
1 " sin® 2 — sin? 4
—&—W/dszok“q (78)
™ h Wo 4 (4w—0)—SIH§ COos 7
This expression can be further reduced to
1 w 4 T — 4
R H(++) _ 2 T 9
ey 7 (w) 7 I wo 16 m h w? sin® ¢ * o2 4
n w? — 4w sinzg 1 1 %
87 h w? sinzz o w—4wo sind cosg
z dk
1 2 5
79
cos? 4 /% w—4wo cos? sin%] (79)

The last two integrals can be evaluated by standard means. The resulting
expression for the first integral takes on different forms for w > 4 wo cos §
and w < 4 wo cos %. It is evaluated as

dxr 2

tan

[

2 g

w — 4dwo sin € cosx g

q
1 |:tan 3
2

w? — 16w sin

w—4 wo sin 4

4

2 _ 324
w? — 16w? sin 4:|

. 2 2 .2
if w® > 16 wy sin 4
4
1 tan £ 16w sin? 4 —w? +w — 4dwosin 4
= In
16wg sin® 4 — w? tan ¢ /16w3 sin® 4 — w? — w + 4w sin 4
. 2 .2 2
if 16 wg sin 5
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and gives rise to a square root singularity above the extrema at w =
4 wo sin 4. Likewise, the result for the second integral has different forms
forw > 4wo sing and w < 4 wo sind. It is determined from the
indefinite integral

/ dx _ 2 - [wtan% — 4wy cos %}

T
w — 4w cos 4 sinx w? — 16w cos? 4 w? — 16w cos? 4
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2 2
> 16 =
wo cos”

if w

1 . {wtan%—4wocos%—w/16wgcoszg—w2}
= n

2

/16w cos? 4 — w?
q 2

if 16 wi 00521 > w

which gives rise to a singularity above the upper edge of the two-phonon
creation continuum at w = 4 wo cos{. Due to the singularity in the
imaginary part, the real part of the propagator also shows a singularity
at the upper edge of the continua. This divergence guarantees that the
equation for the bound state of the S-lattice, equation (23), has a solution
above the two-phonon continuum for any positive value of the interaction

14, no matter how small. The second square root divergence in the imag-

2

—Re 0.0
—1Im 0.0
Re 0.5
Im 0.5
- -Rel.0
---Im 1.0

—

ko, Z, TT,0(0)

'
—
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Figure 17: (Color online) The sum of the real and imaginary parts of the T' = 0
two-phonon propagators l_L({Y)(w +in) (in units of (fiwg) 1), for the values
of ¢/m of 0.0, 0.5 and 1.0 (as marked in the legend). The imaginary parts are
denoted by the fine red lines and either takes on negative values within the
continua or are zero otherwise. The real parts are denoted by the bold blue
lines.

inary part, due to the states near k = 0, is accompanied by a second
divergence in the real part. The divergence in the real part guarantees
that the equation

3 Re (W) = + (82)

n
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describing collective modes of the (-lattice has a second solution for
4 wo cos% > w > 4 wp sin %, no matter how weak the interaction
14 is (Is > 0). However, since the imaginary part is finite

Y Im I (w) # 0 (83)

for this value of w, one does not find a bound state but instead, one finds
a resonance located just above the extremum of the two-phonon creation
continuum at w = 4 wo sin 4. It is noted that the imaginary part of the
two-phonon creation component tends to zero smoothly at the lower edge
of the continuum since the form factor goes to zero there.

The two-phonon annihilation component and the two-phonon creation
component of the propagator are related via
++ ——
I (w) = M7 (-w) (84)
Hence, the real part of ZW Hfﬂ)(w) is an even function of w and the

imaginary part Z“{ HE{Y) (w+1in) is an odd function of w.

At T = 0, the component of the two-phonon propagator describing
the joint creation/annihilation processes is zero. However, at finite tem-
peratures, the imaginary part is found as

| Fap Fa_y |?
ImH((I+7)(w+i77) - ! 5 ath T3k Na_j — Nz,
h |m(wg+k - Wik )l 2 2
(85)
which is to be evaluated at the k values given by the solution of
w = w%+k—w%7k (86)
which reduces to the pair of equations
w = 4uwo cos%sing for k£ < %
w = 4w sing cosg for k > % (87)

At w = 0, the solutions reduce to k = 0 and k = 7, from which it is seen
that the Bose-Einstein terms cancel exactly. Hence, the imaginary part
vanishes at w = 0. The imaginary part initially varies linearly with w.
The imaginary part can be evaluated at arbitrary temperatures but, like
the corresponding expression for the two-phonon creation process, it is too
cumbersome to display. At sufficiently high temperatures (kT > hwo),
the expression simplifies to yield

kp T w
(+- ; B

y [ 1 N 1
/16 w2 cos? § —w? V/16 w2 sin? 4 — w2
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where 0 < w < 2wosing. As seen in figure(18) the difference compo-
nent of the two-phonon propagator does not introduce any radically new
structure to Za Héa)(w), but only extends the tails of the singularities
in the imaginary part of two-phonon creation component to a lower en-
ergy range. It is also seen that the effect of increasing temperature is to
increase the intensities of the singularities.

T 2
! 1
! t‘ﬁ‘ kgT/hay, } ‘! kg T/hao,
| v [
1 i { == | 4 -=00
! v —00 — 00
N | ---0s ---05
] | —os | —os
B L 10 0 10
— ‘»1 : F— —10 —10
1 -1
q=n/4 ]
2 -2

Figure 18: (Color online) The temperature-dependence of the sum of the two-
phonon propagators »__ H(V)(w +n) (in units of (Awg)™!), for the values of

g/m of 0.25 and 0.75, for different values of (kBT) shown in the legend. The
imaginary parts are denoted by the solid lines and the real parts are denoted
by the dashed lines.

13 Appendix B

In Appendix B, we shall present the calculation of the Hamiltonian for
the diatomic S=lattice.

The harmonic part of the Hamiltonian f[o can be written in terms of
the Fourier Transformed variables and is given by

. Pag Pi,  PsgPL,
Ho = Z[ 2 My + 2 Mp

q

+ K2 Z |: ( ﬁ‘qu ﬁL,q + ﬁB,q 7TL.I—B,q ) - COS% (ﬁB»q ﬁL,q + ﬁA»q ﬁ‘J}rB,q )

This can be diagonalized by two successive canonical transformations.
The first canonical transformation is given by

PA,q = cosfq Pa,q + sinf, ]5/3,(1

PB,q = — sinb, Payq + cos by 15/3,(1

Ua,q = €080 la,q + sinfy dg,q

Up,q = — sinfg Ga,q + cosfq ig,q (90)
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The Hamiltonian is then written in terms of bosonic creation and annihi-
lation operators

- . h
Payg = i 2 g ( al,q — Qa,—q )
N h «
Ua,g = 2 1 (‘ljm,q + @a,—q )
A h
Psy = i I~ as_
B,q t 2 B, (a’ﬂ,q ag,—q )
N hB
Ug,g = B) 1 (a;;‘,q + ag,—q) (91)

The values of ayg, B4 and 0, are chosen so that the terms which involve the
product of two creation operators and terms involving two annihilation
operators vanish. This leads to the expressions

1 1 1 1
w2~ et arg) + s (arp — )
4 4Ky (1 + cosi sin20, )
1 1 1 1
ﬂQ . (m+m) - COS29q (m—m)
K 4 K3 (1 — cosd sin20, )
4
. Ma Mgz cos? §
sin26, = B 2q+(1 1)2'2(1
W, Mz 0572 M. T M) S 3
(57— 78)" i §
_ A B
cos20, = \/ 1 o L + (=~ L) sm2d (92)
M, Mp 2 My~ Mg 2
The Hamiltonian is then subjected to a second unitary transform
o . t
Qa,q = COS5¢q "Yl,q S Pq 72,(1
ag’q = singq fyI’q + cos pq fy;q (93)
which diagonalizes the Hamiltonian if ¢4 is chosen as
2/ ag B, cos cos20
tan2p, = 1 2 ! (94)

Bg (1 — cosd sin20, ) — aq (1 + cos2 sin26, )

On substituting the expressions for sin 2¢, and cos 2¢4, the resulting har-
monic Hamiltonian reduces to
- h Ko

q . 9
Hy = 5 Z [aq (1—|—cos§sm29q)+ﬂq(1_00555”120‘1)

q

2
—\/<aq(1 + cos % sin 26,) + B4(1 — cos % sin 29q)> — 4 By sin® g ] <7;q71,q + ’y1,qﬂ,q>

h Ka

T

Z [aq (1—|—cosg sin 20, ) + B4 (1—005% sin 26, )

q
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2
—l—\/(aq(l + cos % sin 204) + B4(1 — cos % sin 29q)> — 4y By sin® g ] (’yg’q’yz,q —+ fyg,q’y;q>
(95)

The above form of the Hamiltonian describes the dispersion relations for
the acoustic and optic branches of the phonon excitations. Since direct
calculation shows that

q 1 4 . q
4 Qg /Bq Sln2 5 = E m Sin 5 (96)
and
(1+cos—51n20 )+Bq(1— 005—511120 — + — | + Lsing
a 2K2 Ma Mg 2

(97)
it is seen that the two branches of phonon dispersion relations are given
by the conventional expression

o= B2 SR / 4 SEIE T DY S
Wi,g = 2|:\/(MA+ ) sm :t\/ + ) MAMB51n2

(98)
where the optical branch (¢ = 1) corresponds to the positive sign and the
acoustic branch (i = 2) corresponds to the negative sign. In the above
derivation it has been implicitly assumed that sin £ has a positive value.

The anharmonic interaction H;,: can be written in the form of a sum
of two separable momentum conserving interactions

4
- K . N ; N
Hing = (12}1\7) h . ers— | | { exp[—ik; /4] dak; — exp[+ik;/4] ip,k, }

k1,k2,k3,kq j=1
K 4
4 . ~ . ~
+ <12 N> Z Ay hotkstha H { exp[+ik; /4] dak; — exp|—ik;/4] ip k; }
k1,k2,k3,ky j=1

(99)

For a set of fixed k; values, the pairs of interaction operators are mu-
tually Hermitean conjugate. The interaction can be put into the second
quantized form

2 4 2
. Ky h?
Hine = ( 48 N ) Z |: Z A1€1+1€2+1€3+1€4 H { Z Fi(,kj) (ryg,kj + ,yi’*kj ) }:|

m=1 b ky,ko,ks,kyg j=1 i=1
(100)
where the form factors for each separable interaction F (M) are complex
numbers. For the first separable interaction (m = 1), the form factors are
given by
v k : : .
Wi = cos 1 (ak cos ¢r (cosOr +sinfy) + Brsingy (sin O — cos Ok))
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— ising (ak cos i, (cosO —sinfy) + Bisin gy (sin Oy + cos 0k))

(101)

Fz(lk) = cos g ( — ay sin gy, (cosO; +sinfy) + Bi cos vk (sin Oy — cos 0k))

— ¢sin g ( — ag singy, (cosO —sinfy) + Bi cos vk (sin Oy + cos 0k))
(102)

For the second separable interaction (m = 2), the form factors Fi(i) are

given as the complex conjugates of the F ﬁ)

Fz(,i) = ( F’L(,}c) )* (103)
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