
Solid StateCommunications,Vol. 22, PP.379—382,1977. PergamonPress. Printedin GreatBritain

AN EXACT LIMIT OFA LOCAL MIXED VALENCE MODEL

A.C. Hewson

MathematicsDept.,hnperialCollege,London SW7 2BZ, England

and

P.S. Riseborough

PhysicsDept.,Imperial College,LondonSW7 2BZ, England

(Received22 December1976byR.A.Cowley)

Recently,Khomskii andKocharjanhaveconsidereda local mixed valence
modeland,in a generalizedlinearHartree—Fockapproximation,found
solutionswhich,whengeneralizedto themanysiteproblem,displayed
continuousanddiscontinuoustransitionsfrom groundstatesof integral
tointermediatevalence.Thetransitionsweredueto an energydependence
of the virtual boundstatewidth andpersistedin the limit of zero hybrid-
ization.We examinethemodelof Khomskii andKocharjananddemon-
stratethat in the limit of zerohybridizationanexactsolutionmaybe
foundfor thevalencebehaviour.The generalizationof this resultto the
caseof asmallbut fmite concentrationof localizedlevel sites,exhibits
intermediatevalenceonly asa consequenceof thepinningof the Fermi
level to thenarrow localizedlevels andthetransitionsbetweentheground
statesof integralandintermediatevalenceare continuous.

KHOMSKII AND KOCHARJAN [1] haveconsidereda ~ ( 2

local mixedvalencemodelin which thereis a single F = ~ ~,Vrd(k)+ Ufd ~ (d~’f)j
highly correlatedlocalizedlevelof 4fcharacterand k k’

itinerantbandstates.Theseare coupledby ahybrid- where(dk’f 1) hasto be determinedselfconsistentlyand
izationmatrix elementVfd andarepulsiveon sitelocal- W is the itinerantbandwidth.
izedelectron—itinerantelectronrepulsionUfd. The They analyzethe casein which thehybridization
Hamiltonian for the systemis givenby: matrix elementsarezero Vfd(k) = 0. Thenumberof

localizedelectrons(f~f),itinerantelectrons~k(.dZdk)

H = ~ E~ff0+ ~ U~~ffaf~f_a+ ~ C~(k)d~odIL~andthe width of the localizedlevelare found selfcon-
a 1w sistently.Dependingon thevalueof the itinerant

,~ �+~ + electron—localizedelectronrepulsionUfd, they find con-+ L~ufdfafadk’a’dko’ +L Vfd(k) . .

kk’aa ka tinuousanddiscontmuoustransitionsto mtennediate
valencestates.Their resultsaredepicteddiagrammati-

X {fc~dka+ d~afa} (1) cally in Fig. 1. Fora certainrangeof Ufd, they fmd
two discontinuousjumpsin thenumberof the valence

wheretheoperatorf17 createsan electronof spin ain electronsandsuggestthat the approximatesolutionin
the localizedlevel andd~0createsanelectronof spin this regimemay be usedto explain theintermediate
ain thed bandin thekth Blochstate.Khomskii and valencebehaviourof ceriumunderpressure[2].
Kocharjanneglectedthe spindependenceof theprob- Their analysisdoesnot providea clear description
lem andtreatedin ameanfield mannerby taking the of themechanismthatcanproducetwo discontinuous
mostgenerallinearizationof thescreenedrepulsion valencetransitions,nor is it clearunderwhat circum-
terms,i.e. stancestheir approximationis reliable.The zerohybrid-

ization limit of their modelcanbe solvedexactlyfor the

~ U,~{d~d~’(f
4f)+ (4dk’)f11+ d~~f(dk’f~ behaviourof the valence,and this canbeusedto test

kk + <fd1)f~d~ both theconclusionsof Khomskii andKocharjanand
k k,~ thenatureof the approximationsinvolved.

The correlationterms ~‘ Ufd(dk’f~)addto the From theequationsof motiononemayobtain the
hybridizationelementsgiving anincreasedwidth to exactGreensfunctionfor the itinerantbandof electrons
the quasiparticlestates,F,which is givenby dueto the closureof theequationsof motionfor the
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whereed(k)are theenergylevelsin theunperturbed 1 21W for 0 < w < W
itinerantelectronbandandEd(l) arethe energylevels Po(W)
in the itinerantbandwhenthe localized4f level is = 0 otherwise
occupiedby a singleelectron~a(f~fa>= 1 anded(m) we notethatone statewill besplit off thetop of the band
aretheenergylevelswhen~~(Jf~) = 2. Theseenergy wheneverthelocalizedlevel isoccupiedi.e. ~a(ffa)~O,
levels areobtainedfrom the polesof theGreensFunc- whateverthestrengthof Ufd. This is due to the discon-
tion for the itinerant electrons(5). We mayre-express tinuitiesof the bandedges.The changein the itinerant
(7) as

:

~ ~fa~fa> = 2{exp [— 13(e~— ~)] D~(13) + exp [—13(2ev+ — 2k)] D2 (13)} I
1 + 2 exp [— [3(e~— p)} D1 (j3) + exp [— (3(2ev+ U1f — 2j.~)]D2(J3)

where
banddensityof stateswhich occurswhen Ea <fa~fa~= 1

DJfl) = exp [_J~a(~)loge {l + exp [— 13(w — p)] }dw] ~Sgivenby

(8) 1 [ 1 ~
L~Pi(W) = j~-b(E—EB)———tan~

s~
and thechangein theitinerantbanddensityof states
L~p~(w)is givenby:

7rU,~/W
~p~(w) = Im ~ {G~k(w)— G~k(w)} (I — (Ufd/W)log(w/~— W)) I

Nir whereER is theenergyof theboundstate,andis given{ ~J~(fa~fa) = a } {>.<.t~f~>= o) (9) by
EB =

We shall generalizedthis model from the casein which exp [W/Ufd] — 1
insteadof only having one localized4f level in the An alternativechoice for theunperturbeditinerantband
samplethereareN1 localized4f level sites,whichmeans is theeffiptical densityof states.
that thechemicalpotentialj~tmust be foundselfcon-
sistently.Forsmall,but finite concentrationsN1/Nof Po-’) = / ~ 2

such localizedlevels,the selfconsistencyequationfor ~W ~ ~
the chemicalpotentialji is givenby: The changein thed banddensityof statesis givenby

N~0~= NJf(~)po(w)dw + ~ NNi{(~fo)~(f~faf~fa)} ~Pi(W) = 1 1
a irW-...,/(1—4(w/W~

2)

xJf(w)z~Pi(o) dw + NN
1 ~(ff~f-~f-0) I (~~2 —1

x~1+ ___ I
1 + (~~\2 — l

6Ufdw

xJf(w)~P
2(w) dw + N1 ~ (10) L W) W

2 ]
where~ is thetotalnumberof electronsin the sample. A boundstatespiltsoff thetop of the itinerantband,
Forrare earthmaterialsthe Coulombinteractionbe- only if

W
tweentwo electronsin a 4f level Uff, is extremelylarge. Ufd ~
Thishas the effect of reducingtheprobability that a4f
level is doubly occupiedto a negligiblevalue,asseen Equation(11) is solved graphicallyfor T= 0 by plotting
from equation(6). Thuswe shallset the left handside (a) and theright handside (b) of the

= 0. equation,asa function of~.t,asis shownin Fig. 2.
Thevaluesof ~2

0
1(f~f

0)andji are calculatedfrom the
In this limit theself-consistencyconditionmay then pointof intersectionof thesecurvesfor given valuesof

be rewritten as �1,Ufd and W. Thereare threephasesaccordingto which

<fa~fa) — 1 N~0~— Nf~f(w)po(w) dw portionof thecurve (a) is intersectedby the curve (b):(11)
— N1 1 + N f~f(w)~pj(w)dw = 0, ~a(ffa) = 1 or somevalueintermediate

between0 and 1. Theintermediatevalenceregimeis
In choosinga flat bandfor theunperturbeddensityof

smallbut increasesasthenumberof 4f sitesincreases,states
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0 ~ ~ ~E3 C

Fig. 1. Thevariationof the totaloccupationnumber(ftf) of the localizedlevels with the energydifferencebetween
the4f level andthebottom of the band(Eg)as obtainedby Khomskii andKocharjan.Figures(a),(b), (c) indicate
thedifferenttypesof behaviourfound as thestrengthof theelectron—electronrepulsionUfd is increased.

threeparticlecorrelationfunctions. relation functionH~”,k(w)completetheset of equa-
TheGreensfunction definedby: tions:

di’ — Cd(k)]H~’k’((J~))= ~k”k’<fa’fa’~tZ7’f-á’) +
2U,d

G~’(w)= J <<d~(t); ~
7T x ~ H~”k’(~o). (4)

satisfiestheequation:
Thepropertythat closestheequationsof motionis

[w — ed(k)] G~’(w)= 6~+ ~ UfdFk~k’(~) (2) the idempotencyof thenumberof electronsin the
localizedlevel

f+f ~‘+~ =
JaJaJaJo— JoJo~where

On solvingthesethreecoupledequations,for the

dt singleparticleGreensFunctionG~’(w)we have:
F~°’~’(4O)= J <<dk~~O(t)fGt(t)fO.(t);d~’

0(0)~”~ — 0 -1
—~ 2ir Gkk’(w) = [c.~— ed(k)]

is a two particle correlationfunction. Ufd ~ {(fa~’fo’)— (fo~’fa’.tZr’f—o’)}

The two particle correlationfunctionF~Ji~’(w) X ~kk’ + Urd ~d (k )]_i

satisfiesthe equation: 1 — — e (k”
d~

[w — Ed(k)]Fk”k’(W) =

6k”k’<f~fa’> + ~ ii ~‘ /4-I- ~~, va’fa’i-u’f—o’)

x ~ {F~°~P~~(w)+ H~°”k’(w)} (3) + — 2Ufd ~‘~‘ —ed(k)]’ . (5)
k’’ 1

where
The numberof 4felectronscanbe founddirectly from

H~’k’(W)= <<dk’
0”(t)f’(t)f0’(t)f~(t)f_0(t); the defmitionof the thermalaverageof anoperator.

~ Trace{exp [— 13(H— I.LN)]f7f0}

di’ ~ (ff0> = — - (6)
d~’0(0)>>eiL~t~ a Trace{exp [—13(H—~iN)]}

7r The traceis evaluatedusing the appropriateset of eigen-

The equationsof motionfor thethreeparticlecor- statesof theHamiltonian(I) with Vfd(k) 0.

~ (f~fa) = (7)

2lexp F— 13(e~.—~.i)Ifl exp (— P[~d(
1)— + exp [—~(2e~+ Uff—2M)] ri exp 1— i3[ed(m) — 1.L]} ~

flexp{—p[ed(k)—~]} +2exp[—13(e
1—,.&)J ilexp{—13[ed(1)—M]) +exp(—p(2e1+ U1~—2iz))flexp{—p[ed(m)—is)}
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transitionto an intermediatestatease1varies.
In the treatmentof the single4fsitecasewe have

takenthef—d correlationinto an accountexactlyand

theresultsarequitedifferent from the approximateones
2 of Khomskii and Kochaijan.This leadsone to question

\ the validity of their approximatesolutions.Our treat-

\ a ment,aswell as thatof Khomskii andKocharjan,can-
I not sensiblybeextrapolatedto themanysite or Falicov

Kimball model [4]. However,CPA [5] calculations
for the Falicov Kimball model at T = 0 alsogive con-

0 ‘ \ tinuousratherthandiscontinuoustransitionsandthe
\ intermediatevalencephaseonly asa consequenceof the
\ pinning of the Fermilevel to the4fstates.The CPA

allows the bandto changeshapeandoughtto takerea-Fig.2: The graphicalsolutionof equation(11) for the sonableaccountof thecorrelationeffectsin the many
chemicalpotentialju. Themtersectionof the curves
givesboth thevaluesof thechemicalpotentialand the sitecase.The intermediatevalencestateof Khomskii and
occupationnumberof the localizedlevel ~0(ff0). The Kocharjanmay be due to the fact that thenumberof
dotted linesindicatetheeffectof decreasingEg. 4f electronsis notconservedin their approximation

which is incorrectfor Vfd = 0.
Fornon-zerohybridizationVIa � 0 therecanbe sig-

becausethe curve (b) lowersandflattens.This is thepin- nificantenergy dependencesof thewidth of the4flevels
ningeffectof theFermilevel to the localized4fstates due to the k dependenceof Vfd(k), apartfrom many
[3]. The transitionsbetweenstatesof integralandinter- bodyeffects,ashasbeenshownby IglesiasSicardieta!.
mediatevalenceare continuous,andthereis only one [6].

REFERENCES

1. KHOMSKII D.I. & KOCHARJAN A.N., SolidStateCommun.17,985 (1975)

2. KLINGER F.H.& ZACHARIASEN W.H.,Phys.Rev.Lett. 32, 773 (1974).

3. MOTT N.F.,Phil. Mag. 30,403(1974);HIRST L.L.,Phys.Kond.Mat. 11,255(1970):MAPLE M.B. &
WOHLLEBEN D.,Phys.Rev.Lett. 27,511(1971).

4. RAMIEREZ R.,FALICOV L.M., KIMBALL J.C.,Phys.Rev.B2, 3383 (1970);AVIGNON M. & GHATAK S.K.,
SolidStateCommun.16, 1243 (1975).

5. GONCALVES DA SILVA C.E.T.& FALICOV L.M.,J. Phys.CS, 906 (1972);PLISHKE M.,Phys.Rev.Lett.
28, 361 (1972);GHOSHD.K., Solid State Commun.18, 1377 (1976).

6. IGLESIAS SICARDI J.R., BHATTACHARJEEA.K., JULLIEN R. & COQBLIN B., SolidStateCommun.16,
499 (1975).


