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Qua ntum Fluctua tio ns in Insula ting Ferro e le c tric s

Peter S. R isebo ro ug h∗

Phy sics D ept., T emple Univ ersity , Phila delphia , Pa 1 9 1 2 2

F ebrua ry 2 7 , 2 0 1 0

Ab stra ct

It has been proposed that in a ferroelec tric insulator, an applied m ag-

netic field m ay couple the transv erse phonon m odes and produce left and

right c ircularly polarized phonon m odes w hich are no longer degenerate.

W e q uantize the theory and ex am ine the eff ec ts of q uantal fluctuations.

In particular, w e show that the zero point fluctuations result in a large

diam agnetic contribution to the m agnetic susceptibility .

1 Intro ductio n

Motiv ate d b y th e d iscov e ry of a m onotonic inc rease in th e sp e c ifi c h eat w ith ap -
p lie d m agnetic fi e ld [1] in insu lating fe rroe le c tric T ri-G ly c ine S u lp h ate [2] (T G S ),
Dzy alosh ink ii and Mills p ointe d ou t[3] th at th e d egene rac y of th e (d ip ole ) p h onon
m od e s in a fe rroe le c tric m ate rial m ay b e lifte d w h en a m agnetic fi e ld is ap p lie d .
T h e fi e ld -d e p end enc e of th e fre e -ene rgy th at ensu e s is q u alitativ e ly consistent
w ith th e e x p e rim ental re su lts. T h e sp litting originate s from a p h enom enological
inte raction te rm w h ich is re late d to th e stand ard p aram agnetic inte raction,

Ĥint = −
q

2 m c

(

−→p .
−→
A +

−→
A . −→p

)

(1)

w h e re th e p aram agnetic c u rrent

−→
j =

q

m
−→p (2)

is re p lac e d b y th e d isp lac e m ent c u rrent in ac cord ance w ith Max w e ll’s e q u ations.
T h e analy sis w as b ase d on a c lassical fi e ld th eory w h e re th e Lagrangian d ensity
h ad a form sim ilar to th at giv en b e low

L =
1

2

[ (

∂
−→
φ

∂t

)2

− c2

(
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φ

)2

−

(

m c2

h̄
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]
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where the last term represents the phenomenological coupling term. The mag-
netic field is assumed to be applied in the direction parallel to the static polar-
ization. The value of αh̄/2 is unknown but, when non-zero, plays the role of a
magnetic moment. The gradient term has the form of a double scalar product,
which is explicitly given by

(

−→∇ −→
φ

)2

=
3

∑

γ=1

−→∇ φγ .
−→∇ φγ (4)

where the sum over the index γ runs over all the components of the real vector
field. In this note, we shall re-derive the results of Dzyaloshinskii and Mills[3]
by quantizing the classical field theory and we shall examine the polarization
of the normal modes. F urthermore, we shall see that, within this model, the
magnetic susceptibility is dominated by the field-dependence of the zero-point
fl uctuations.

2 The Quantized E x citation Sp ectrum

The process of C anonical Q uantization[4] proceeds by re-writing the Lagrangian
in terms of the F ourier transformed coordinate defined via

−→
φ k =

1√
V

∫

d3r exp

[

− i k . r

]

−→
φ (r) (5)

The Lagrangian is expressed as the sum of the F ourier components

L =
∑

k

1

2

[ (

∂
−→
φ k

∂t

)

.

(

∂
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φ −k

∂t

)

−
(

c2 k2 +

(
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h̄

)2 )

−→
φ k .

−→
φ −k

]

+
∑

k

α

2
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B .

(

−→
φ k ∧

∂
−→
φ −k

∂t

)

(6)

where it should be noted that, since the field is real

−→
φ

†

k =
−→
φ −k (7)

Next the volume of k-space is partitioned into two disjoint regions, one region
contains a set of k points which does not contain any pair of points which are
related by inversion symmetry and the second region contains the inversion
symmetry partners of the points in the first region. O n treating the F ourier

components
−→
φ k and

−→
φ

†

k as independent variables, one finds that the Lagrangian
has the form

L =
∑

k

′

[ (

∂
−→
φ k

∂t

)

.

(

∂
−→
φ

†

k
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)

−
(
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+
∑
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′ α
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where the summation is now restricted to half the volume of k-space. The
canonically conjugate momenta are defined by

−→
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(

∂L

∂
(∂
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φ

k

∂t

)

)
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The Hamiltonian is evaluated as the Legendre Transform of the Lagrangian
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∑
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which leads to the expression
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(12)

It is seen that the components of the fields parallel to the applied magnetic field−→
B are decoupled and unaff ected by the field. Following Dirac[4], the Hamil-
tonian is quantized by replacing the canonically conjugate coordinate and mo-
menta fields with operators, and their P oisson B rackets are replaced by the
commutation relations

[

Π̂α
k , φ̂β

k′

]

= − i h̄ δk,k′ δα,β

[

Π̂α
k , Π̂β

k′

]

= 0

[

φ̂α
k , φ̂β

k′

]

= 0 (13)
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The above canonical commutation relations are satisfied if the operators are
expressed in terms of bosonic creation and annihilation operators as

Π̂β
k = i

√

h̄ Ωβ,k

2

(

a†
β,−k − aβ,k

)

φ̂β
k =

√

h̄

2 Ωβ,k

(

a†
β,k + aβ,−k

)

(14)

where the frequencies Ωβ,k are to be determined. Substitution of the above two
expressions into the Hamiltonian along with the choices of

h̄2 Ω2
z ,k = c2 h̄2 k2 + m2 c4

h̄2 Ω2
x,k = h̄2 Ω2

y ,k = c2 h̄2 k2 + m2 c4 +

(

α h̄

2

)2 −→
B .

−→
B (15)

yields the form

Ĥ =
∑

k

h̄ Ωz ,k

2

(

a†
z ,k az ,k + az ,k a†

z ,k

)

+
∑

x,y ;k

h̄ Ωx,k

2

(

a†
x,y :k ax,y :k + ax,y :k a†

x,y :k

)

− i
∑

k

α h̄ B

2

(

a†
y ,k ax,k − a†

x,k ay ,k

)

(16)

which is Hermitean and conserves the number of elementary excitations. In
the above expression, the range of the summation has been restored to run
throughout all of k-space. It is seen that the modes longitudinal w.r.t. B
are plane-polarized, but the modes transverse wr.t. B are mixed due to the
presence of the last term. It should also be noted that, since the creation and
annihilation operators for different polarizations commute, the last term has
no effect on the zero-point energy. The Hamiltonian can be diagonalized by
performing a unitary transformation

ˆ̃H = Û† Ĥ Û (17)

where

Û = exp

[

− i
∑

k

Θk

(

a†
x,k ay ,k + a†

y ,k ax,k

) ]

(18)

and Θk is a yet to be determined real function. The effect of the transformation
on the boson creation operators is given by

Û† a†
x,k Û = cos Θk a†

x,k + i sin Θk a†
y ,k

Û† a†
y ,k Û = i sin Θk a†

x,k + cos Θk a†
y ,k (19)
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and the transformed annihilation operators are given by the Hermitean con-
jugate expressions. Substituting the expressions for the transformed operators
into the Hamiltonian yields terms diagonal and off-diagonal in the polariza-
tion indices. The off-diagonal terms are required to vanish, which occurs when
Θk = π

4 . This choice yields the simple result

ˆ̃H =
∑

k

(

h̄ Ωz,k

2
+ h̄ Ωx,k

)

+
∑

k

h̄ Ωz,k a†
z,k az,k

+
∑

k

h̄

(

Ωx,k +
α B

2

)

a†
x,k ax,k

+
∑

k

h̄

(

Ωx,k − α B

2

)

a†
y,k ay,k (20)

which is in complete agreement with the findings of Dzyaloshinskii and Mills[3].
The phenomenological interaction has caused the degeneracy of the transverse
modes to be lifted by the applied field, and the terms linear in B exactly cancel
in the sum of the zero-point energies.

The above analysis shows that, in the transformed system, the boson creation
and annihilation operators create and destroy elementary excitations of the
system. The excitations in the untransformed system are given by the inverse
transformation

α†
−,k = Û a†

x,k Û† =
1√
2

(

a†
x,k − i a†

y,k

)

α†
+,k = Û a†

y,k Û† =
1√
2

(

a†
y,k − i a†

x,k

)

(21)

Since the polarization is represented by a vector field, the modes are expected
to carry one unit of intrinsic angular momentum[5]. On recalling that the form
of the infinitesimal generator for rotations of the vector field about the z-axis is
given in the Cartesian coordinate representation by

S(z) = h̄





0 −i 0
i 0 0
0 0 0



 (22)

one finds that the quantized operator corresponding to the z-component of the
intrinsic angular momentum is given by

Ŝ(z) = i h̄
∑

k

(

a†
y,k ax,k − a†

x,k ay,k

)

(23)
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Therefore, the commutation relations between Ŝ(z) and α†
±,k are found as

[ Ŝ(z) , α†
±,k ] = ± h̄ α†

±,k (24)

Hence, the excitations correspond to left and right circularly polarized phonons
with S(z) = ± h̄. Although non-planar polarized phonon modes are expected
whenever the crystal has no inversion symmetry, the “creation” of circularly po-
larized phonon modes (w.r.t. B) by an applied magnetic field is highly unusual.

3 Results and D iscussion
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Figure 1: The field-dependence of the anomalous diamagnetic susceptibility (in
dimensionless units), for various values of mc/h̄kD.

Dzyaloshinskii and Mills made several predictions for the thermodynamic
behavior, based on the temperature dependence of the free-energy. Since the
optic modes are expected to exhibit softening and broadening, their thermody-
namic predictions are not easy to verify. By contrast, the zero-point fluctuations
are expected to yield a large diamagnetic contribution to the magnetic suscep-
tibility. Although the zero-point energy is formally divergent in the continuum
model, much the same way as in an electromagnetic cavity[6], the zero-point
energy will remain finite when the periodicity of the solid is re-introduced. The
zero-temperature limit of the diamagnetic susceptibility is given by the expres-
sion

χ = −
(

α h̄

2

)2
∑

k

(

m2 c4 + h̄2 c2 k2

)

[

m2 c4 + h̄2 c2 k2 +

(

α h̄ B
2

)2 ]
3

2

(25)
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which estim ated as b eing of the ord er of

χ ∼ −

(

α h̄

2

)2
N

m c2
(26)

for sm all fi eld s, where m c2 is the energy of the soft op tic p honon and N is
the nu m b er of atom s in the solid . F or system s where the op tic p honon m od es
show signifi cant softening[7, 8], the su scep tib ility is not ex p ected to d iv erge b u t
instead is ex p ected to b e lim ited b y the v alu e of

χ ∼ −

(

α h̄

2

)2
3 N

2 h̄ c kD

(27)

where kD is a wav e v ector with a size characteristic of the rad iu s of a sp herical
ap p rox im ation to the B rillou in zone. Diam agnetic su scep tib ilities in insu lating
m aterials m ight b e d u e to other m echanism s. Nev ertheless, it m ight b e ex p ected
that the fi eld -d ep end ence cou ld b e u sed to id entify anom alou s contrib u tions d u e
to ou r m echanism , if the m om ents are not too sm all (αh̄/2 ∼ µB). T his cou ld b e
ex p ected since the d iam agnetism of electronic origin shou ld only show signifi cant
v ariation when the fi eld strength is of the ord er of the relev ant electronic energy
scale, whereas the anom alou s contrib u tion is ex p ected to show a variation which
occu rs at the m u ch lower scale (∼ 9.4 m eV for T G S [9]) set b y the p honon
energies. T he fi eld -d ep end ence of χ is sk etched in fi gu re(1). Howev er, the m ost
d irect v erifi cation of the the theory wou ld b e the ob serv ation the freq u ency and
fi eld -d ep end ence of the ab sorp tion of light consistent with the selection ru les for
ab sorp tion of circu larly p olarized light.
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