
4.1: Functions 
The concept of "function" is one of the most important in mathematics. 
Definition: A function is a correspondence between a set of input values (independent 
variable) and a set of output values (dependent variable) in such a way that for each input 
value, there is exactly on corresponding output value. 
  
In other words, a function is an equation where if an x value is plugged into the equation 
will yield exactly one y value out of the equation. 
 
Functions are denoted by f(x). The notation f(x) means that we have a function named f 
and the variable in that function is x. (i.e " f(x)" emphasizes that the value of y depends 
on the value of x).  
 
Example 1: Determine which of the following equations are functions and which are not 
functions. 

a)      15 += xy

b)      12 += xy

c)   12 += xy
Solution 
The definition of function is saying that if we take all possible values of x and plug them 
into the equation and solve for y we will get exactly one value for each value of x.   
 (a)  15 += xy
We need to show that no matter what x value we plug into the equation and solve for y, 
we will only get a single value of y.  Note that the value of y will probably be different 
for each value of x, although it does not have to be. 
 Start by plugging in some values of x and see what happens. 
 

:4−=x   ( ) 19120145 −=+−=+−=y  
:0=x    ( ) 110105 =+=+=y  
:10=x   ( ) 511501105 =+=+=y  

 
So, for each of these value of x we got a single value of y out of the equation.  Now, this 
is not sufficient to claim that this is a function.  In order to officially prove that this is a 
function we need to show that this will work no matter which value of x we plug into the 
equation. 
Of course we cannot plug all possible value of x into the equation.  That just is not 
physically possible.  However, let us go back and look at the ones that we did plug in.  
For each x, upon plugging in, we first multiplied the x by 5 and then added 1 to it.  Now, 
if we multiply a number by 5 we will get a single value from the multiplication.  
Likewise, we will only get a single value if we add 1 to a number.  Therefore, based on 
the operations involved when plugging x into the equation we will only get a single value 
of y out of the equation. 
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So, this equation is a function. 
b)  (Please see class notes). 12 += xy

c)  12 += xy
As we have done with the previous two equations let us plug in a couple of value of x, 
solve for y and see what we get. 

:3=x        4132 =+=y ⇒ 2±=y  
:1−=x                 0112 =+−=y ⇒ 0=y  
:10=x      111102 =+=y ⇒ 11±=y  

 
Now, remember that we are solving for y and so that means that in the first and last case 
above we will actually get two different y values out of the x and so this equation is NOT 
a function. 
  
Note that we can have values of x that will yield a single y as we have seen above, but 
that does not matter.  If even one value of x yields more than one value of y upon solving 
the equation will not be a function. 
  
** Vertical line test:- is used to determine whether the graph is that of a function or not. 
    

- Any vertical line can intersect the graph of a function ONLY 
once. 

Example 2: Use the vertical line test to determine which of the graphs are graphs of 
functions. 
a)  

                                     
b) 

              
c) 

               
d) 

     

 2



** Domain of functions:  
The domain of a function is the set of all input values (x-values) for which the function 
will produce a real number.  
Remember that we have restrictions on denominators and square roots. 
 
 
Example 3:  Determine the domain of each of the following functions. 

(a) ( )
103

3
2 −+

+
=

xx
xxg      

(b) ( ) xxf 35−=     

(c) ( )
4
87

2 +
+

=
x

xxh    

    
Solution: 
The domains for these functions are all the values of x for which we do not have division 
by zero or the square root of a negative number.  If we remember these two ideas 
finding the domains will be easy. 
  

(a) ( )
103

3
2 −+

+
=

xx
xxg  

 In this case there are no square roots so we do not need to worry about the square root of 
a negative number.  There is however a possibility that we will have a division by zero.  
To determine the values of x that will yield a zero denominator, we will need to set the 
denominator equal to zero and solve. 

            ( )( ) 0251032 =−+=−+ xxxx ,5−=x  2=x           
So, we will get division by zero if we plug in ,5−=x or 2=x .  That means that we need 
to avoid those two numbers.  However, all the other values of x will work since they do 
not give division by zero.  Then the domain is, 
 
  Domain : All real numbers except ,5−=x or 2=x  
 

 (b) ( ) xxf 35−=     
In this case we have a square root in the problem and we will need to worry about taking 
the square root of a negative numbers. 
  
This one is going to work a little differently from the previous part.  In that part we 
determined the value(s) of x to avoid.  In this case it will be easier to directly get the 
domain.  To avoid square roots of negative numbers all that we need to do is set  
                                          035 ≥− x
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This is a fairly simple linear inequality that we should be able to solve at this point. 

                 x35 ≥ ⇒
3
5

≤x                            

Then the domain of this function is, 

Domain :  
3
5

≤x   

 
 

 (c) ( )
4+
87

2

+
=

x
xxh  

In this case we have a fraction, but notice that the denominator will never be zero for any 
real number since x2 is guaranteed to be positive or zero and adding 4 onto this will mean 
that the denominator is always at least 4.  In other words, the denominator will not ever 
be zero.  So, all we need to do then is worry about the square root in the numerator. 
  
To do this we will set, 

    

7
8
87

087

−≥

−≥
≥+

x

x
x

                                    

  
Now, we can actually plug in any value of x into the denominator, however, since we 
have got the square root in the numerator we have to make sure that all x’s satisfy the 
inequality above to avoid problems.  Therefore, the domain of this function is  

                                      Domain : 
7
8

−≥x  

 
** The Algebra of Functions: Given two functions f and g, the sum, difference, 
product, and quotient of f and g are defined as follows. 
 

  

( )( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( ) ( )

( ) ( )
( ) ( ) 0, ≠=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

⋅=
−=−
+=+

xg
xg
xfx

g
f

xgxfxfg
xgxfxgf
xgxfxgf

 

 

Example 4:  Given   and ( ) 232 ++−= xxxf ( ) 12 −= xxg , find the following: 
 a) ( )  (xgf + )
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 b) ( )  (xgf − )
 c) ( )  ( )xfg

 d) ( )x
g
f
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

   Solution:  
a) From the definition of the sum of two functions, 
 ( ; this means add the 
two functions by combining like terms. 

)( ) ( ) ( ) =+=+ xgxfxgf 151223 22 ++−=−+++− xxxxx

b) ( )( ) =− xgf ( ) =−−++− 12232 xxx =+−++− 12232 xxx 32 ++− xx  

      c)   ( )( ) ( ) ( ) ( )( )
272

243621223.
23

2232

−++−=

−+−++−=−++−==

xxx
xxxxxxxxxgxfxfg  

       

      d)  ( ) ( )
( ) 12

232

−
++−

==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
x

xx
xg
xfx

g
f  

 
** Evaluating Functions:  
Evaluate: an algebraic substitution of numbers for variables in an expression. Once the 
substitutions are completed, follow the operation expression symbols to find the 
numerical value of the expression. 
 
Example: Evaluate 3x when x = 4: 
                           3(4) = 12 
 
Example:   

     a) If , find .  ( ) 42 += xxf ( )2f

The notation means that everywhere we see ( )2f x in the function, we are going to 
replace it with 2. This gives :  
( ) ( ) 8444222 ==+=f  +

 
So,   ( ) 82 =f

b) If  . Find ( ) 143 2 −−= xxxf ( )1−f and ( )3f .  

To find we will substitute -1 into the ( 1−f ) function everywhere there is an x. This 
will give us : 
( ) ( ) ( ) ( ) 61413114131 2 =−+=−−−−=−f  

So,  ( ) 61 =−f
 
We use a similar process to find ( )3f to find  
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( ) ( ) ( ) ( ) 1411293134333 2 =−−=−−=f  
So,  ( ) 143 =f
When evaluating functions, we may not always be asked to evaluate the function at a 
particular numerical value.  

c) If . Find ( ) xxxf 22 −= ( )bf and ( )5−af .  

Although we are now asked to work with variables instead of numbers, the process is 
exactly the same. To find , everywhere we see an ( )bf x, we substitute the letter b. 
Likewise, to find , substitute ( 5−af ) 5−a the entire quantity everywhere there is an 
x.  
( ) ( ) ( ) bbbbbf 22 22 −=−=  
( ) ( ) ( ) ( ) 35125255 222 +−=++−−−=− aaaaaaaaf  1022510 −−=

 
 
**Composition of Functions:  

Given two functions  and  ( )xf ( )xg   we have the following two definitions. 

1. The composition of   and ( )xf ( )xg  (note the order here) is denoted by, 

          ( )( ) ( )[ ]xgfxfog =
  

(2. The composition of  and ( )xg )xf  (again, note the order) is denoted by, 

        ( )( ) ( )[ ]xfgxgof =   
  

We need to note a couple of things here about function composition.  First this is 
NOT multiplication, regardless of what the notation may suggest to you.  

  
Second, the order we have listed the two functions is very important since more 
often than not we will get different answers depending on the order we have listed 
them.   

  
Finally, function composition is really nothing more than function evaluation.  All 
we are really doing is plugging the second function listed into the first function 

listed.  In the definitions we used [ ]  for the function evaluation instead of the 

standard   to avoid confusion with too many sets of parenthesis, but the ( )
evaluation will work the same. 
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Example: Given   and ( ) 232 ++−= xxxf ( ) 12 −= xxg , find the following: 
a) (  )(xfog )
Solution: Now, for function composition all you need to remember is that we are 
going to plug the second function listed into the first function listed.  If you can 
remember that you should always be able to write down the basic formula for the 
composition. 
  
Here is this function composition. 
   (             )( ) ( )[ xgfxfog = ]

                                      [ 12 −= xf ]
 Now, notice that since we have got an expression for ( )xg  we went ahead and 
plugged that in first.  Also, we did this kind of function evaluation in the previous 
section. Let us finish this problem out 
( )( ) ( )[ ]xgfxfog =  
               [ ]12 −= xf

               

( ) ( )
( )

2104
236144

236144
212312

2

2

2

2

−+−=

+−+−+−=

+−++−−=

+−+−−=

xx
xxx

xxx
xx

  
Notice that this is very different from the multiplication!  Remember that function 
composition is NOT function multiplication. 
 
 
b) (  )( )xgof
Solution: Proceed as in the previous part. 
( )( ) ( )[ ]xfgxgof =  

              

[ ]
( )

362
1462

1232
23

2

2

2

2

++−=

−++−=

−++−=

++−=

xx
xx
xx
xxg

 

 

  
Notice that this is NOT the same answer as that from the second part.  In most cases 
the order in which we do the function composition will give different answers. 
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** Difference Quotient: Combining functions is a technique that is often used in 
calculus. For example, it is used in calculating the difference quotient of a function 

f, which is an expression in the form ( ) ( ) .0, ≠
−+ h

h
xfhxf  

Example: Compute ( ) ( ) 0, ≠
−+ h

h
xfhxf , for ( ) 12 2 += xxf  

Solution: First, compute each component by step: 
( ) ( ) 12 2 ++=+ hxhxf  

               
( )

1242
122

22

22

+++=

+++=

hxhx
hxhx

Next,  
( )( ) ( ) 121242 222 +−+++=−+ xhxhxxfhxf  

                                    224 hxh+=
Finally,  
( ) ( ) hx

h
hxh

h
xfhxf 2424 2

+=
+

=
−+  

 

Example: Compute ( ) ( ) 0, ≠
−+ h

h
xfhxf , for ( ) 42 +−= xxf  

 
 
 
 
Also try the assigned HW problems. 
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