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ABSTRACT. Let GG be a finite group acting by automorphism on a lattiteand hence

on the group algebr& = k[A]. The algebra of7-invariants inS is called an algebra of
multiplicative invariants. We present an explicit version of a result of Farkas stating that
multiplicative invariants of finite reflection groups are semigroup algebras.

INTRODUCTION

This article continues our investigaton of multiplicative invariants in [12, 13, 14] and is
motivated by Farkas’ work in [3, 4, 5].

Our specific focus here is a suitable permanence theorem for multiplicative actions of
finite groups analogous to the classical Shephard-Todd-Chevalley Theorem for “linear”
actions of finite groups (of good order) on polynomial algebras; this theorem states pre-
cisely when the corresponding algebra of invariants is again a polynomial algebra (e.g., [1,
p. 115]).

Multiplicative actions, also called exponential actions [1], are certain group actions on
Laurent polynomial rings or, equivalently, group algebras of lattices. Specifically, let
denote a lattice, i.e., a free abelian group of finite rank, and-lbe a group acting by
automorphisms onl. This action extends uniquely to an actiontébn the group algebra
S = k[A] of A. Actions of this type are referred to asultiplicative actions and the
resulting algebra of invariant® = S is called an algebra ahultiplicative invariants It
is easy to see thdt is again a group algebra onlydt acts trivially onA; see (1.3). Thus
the permanence theorem we have in mind is a characterization of all multiplicative actions
yielding invariants that are semigroup algebras.

Here is the state of affairs and our contribution. It is implicit in [4, proof of Theorem
10] that multiplicative invariants of finite reflection groups are indeed semigroup algebras;
this has been pointed out by Farkas himself in [5, p. 72]. Related work appears in [16].
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After deploying the requisite background material and some technicalities in Section 1,
we present in Section 2 an explicit proof of Farkas’ theorem, working over an arbitrary
commutative base ring, along with an analysis of the structure of the corresponding
semigroup and of the class group of the invariant algebra. The result, Theorem (2.4), is
derived from a classical fact [1, €bieme 1 on p. 188] concerning multiplicative invariants
of Weyl group actions on weight lattices of root systems. The method employed leads
directly to an explicit fundamental system of invariants.

| don’t know if the converse of Theorem (2.4) holds: Do all multiplicative invariants that
are semigroup algebras come from reflection group&?deéts fixed point freely ont /A%
and A/A% has rank at least 2, the invariant algel&avill never be a semigroup algebra.
In particular, this holds for all multiplicative actions of finite groups of odd prime order.
The proof of this result, based on an investigation of the singularities of multiplicative
invariants, is not included in the present article, as doubtless a good deal more can be said.
| hope to return to this question in a future publication.

Notations and Conventiong.hroughout this note; will denote a commutative ring (with

1 # 0) unless explicitly noted otherwise. All monoids considered in this article are un-
derstood to be commutative. We uBe to denote the set of nonnegative integers. Further
notation will be introduced below, in particular in (1.3).

1. PRELIMINARIES

1.1. Commutative semigroup algebras.Let M denote a monoid, with operation written
as multiplication and identity elemeint and letk[A] denote the semigroup (or monoid)
algebra ofM over k. Thus every element € k[M] can be uniquely written as a finite
linear combination
a= Y kym withk, €k,
meM
The setSupp(a) = {m € M | k,, # 0} is called thesupportof «.. Multiplication in k[ M|
is defined byk-linear extension of the multiplication @i .
A good reference for general ring theoretic properties of commutative semigroup alge-
bras is [6]. We note in particular the following facts:

e Thek-algebrak[M] is finitely generatedd(fing if and only if M is a finitely gener-
ated monoid. This is trivial.

e k[M] is a domain iffk is a domain and\/ is cancellative(ax = ay = = = y for
a,r,y € M) andtorsion-free(z” = y".n > 0 = = = y for x,y € M); see [6,
Theorem 8.1].

e Assumek[M] is a domain. Therk[M] is integrally closed iffk is integrally closed
and M isnormat z* = y"z for x,y,z € M impliesz = 27 for somez, € M, see
[6, Corollary 12.11].

1.2. Affine normal semigroups. Finitely generated cancellative torsion-free normal monoids
are often simply referred to @adfine normal semigroup®8y (1.1), we have for any monoid
M:
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Thek-algebrak[M] is an affine integrally closed domain iffis an integrally
closed domain and/ is an affine normal semigroup.

As a reference for affine semigroup algebras in particular, | recommend [2]. By [2, Propo-
sition 6.1.3], affine normal semigroup$ have the following structure:

M = U(M) x My, whereU(M) , the group of units ofi/, is a free abelian
group of finite rank and\/, is an affine normal semigroup thatp®sitive that
is, UMy) ={1}.
If M is affine normal and a domain, the group of units éf M| is given by:
U(K[M]) = U(k) x U(M) ; 1)

see [6, Theorem 11.1]. Thealgebra map: : k[M] — k that is given byu(m) = 1 for
m € U(M) andp(m) = 0if 1 # m € M, is called thedistinguished augmentatiasf
k[M].

1.3. Multiplicative Invariants. The followingnotationswill be kept throughout this ar-
ticle:

A will be a free abelian group of finite rank;

S = k[A] will denote the group algebra of overk;

G will be a finite group acting be automorphisms én
and hence o' as well; the action will be written
exponentiallyg — a?;

R =S¢ is the subalgebra af-invariants inS.

In this situation,A is often called a=-lattice. As our main concern i#, the algebra of
multiplicative G-invariants, we may assume that thidattice A is faithful, that is, the map
' — GL(A) that defines thé/-action is injective. FinallyA will be calledeffectivef the
subgroupA® of G-invariant elements ofl is trivial.

Theorbit sumof an element € A is the element of that is defined by

O'(CL)ZZJ? €s.
r€aC

wherea® = {a? | g € G} C A denotes the7-orbit of «. Orbit sums are clearly-
invariant, and hence they actually belongioln fact, they provide &-basis fork :

R = @ ko(a),
a€A/G
where A/ denotes a transversal for tlieorbits in A. The structure constants for this
basis belong to the subring of i that is generated by. Thus, as &-algebra,R is
defined overi: R = k @k, Bo With By = B, 4/ koo(a) = ko[A]%. In particular,R is
an affinek-algebra, becausg, is affine overk, by Noether’'s theorem. Moreover,#fis a
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domain or integrally closed theh is likewise, since both properties pass fréno 5 (A
is an affine normal semigroup) and frosito the invariant subalgebria.

Remark. Substantiating a remark made in the introduction, we claim thatig a group
algebra ovek then acts trivially onA. Indeed, we may assunieto be a field by fixing
a mapk — K into a field K and noting thatx’ @, R = K[A]“. Since group algebras
are generated, dsalgebras, by units anti(R2) = U(5)Y = k* x A%, by (1.2)(1), we
conclude that? = k[A“]. Now S is integral overk = S“ and, on the other hand/A“

is torsion-free. Thus we must have= A“, as desired.

1.4. Passage to an effective latticeLet — denote the canonical map » A/A“ and its
extension ta>; so

—: S =k[A] » S = k[AJA®], ar aA® (a € A).

Note thatd = A/A% is aG-lattice and the map is GG-equivariant. Moreover, letting.
denote the isotropy (stabilizer) subgroup’obf an element: in A or in A, we have

G, =Gz foralla e A, (2

Here, the inclusiort?, C G5 is clear. The reverse inclusion follows from the fact that the
mapGz — A%, g — a?a™", is a group homomorphism, and hence it must be triviad;as

is finite while A9 is torsion free. We deduce from the above equality of isotropy groups
that

Ais an effective’-lattice.
Further,” : S — S sends the orbit sum(a) to the orbit sums (@), ando(a) = o(b) is
equivalent tor(a) = o(b)c for somec € A“. Consequently,

The map~ mapsR ontothe G-invariants inS, thatis, E = 5 . The kernel of

this epimorphism is the idedl — 1 | « € A“) of R.
Finally, every(-equivariant homomorphism from to some effective-lattice clearly
factors through : A — A.

2. REFLECTION GROUPS

2.1. Reflections. An endomorphismp of a vector space is called @seudoreflectiorif
Id —¢ has rank 1j is areflectionif, in addition, ¢? = Id.

Keeping the notation of (1.3), we will assume in this section that a(;-lattice which,
without essential loss, will be assumed faithful. We will further assumethata reflec-
tion group onA; so:

(¢ is a finite subgroup ofi1.( A) that is generated by reflections.

Here, an element €  is called aeflectionif ¢ is a reflection oM @7 Q. We remark that,
sincedet ¢ = 1 holds for allg € G, pseudoreflections i&" are automatically reflections.
They can also be characterized by the condition that the subgtSup- Ker 4 (g — Id) of
g-fixed points inA have rank equal teank(A) — 1 or, alternativelyg® = Id and

Kera(g+ Id) = {a € A | «? = ™'} is infinite cyclic.
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Asin (1.4), we let” denote the canonical map—» A = A/A%. Note that (1.4)(2) implies

thatA@ — A% holds for allg € GG. Therefore, ifg acts as a reflection oa then it does
so onA as well, and conversely.

2.2. Root systems.Embed A into theR-vector spacéd” = A @z R and view( as a
subgroup ofGL(V'). As is customary, we will use additive notationdnandV'. Define

) =G Y0 (wev).

Thus, p is an idempotenR [¢]-endomorphism of” with p(V) = V¢, the subspace of
G-fixed points inV'. Puttingr = 1 — p € Endg[5(V), we obtain

ACpA)drn(A) Cp(V)aen(V)=V.

For each reflectiop € @, let the two possible generatorslgér4(g + Id) be denoted
+a,. Define

¢ =044 ={ta,|gareflectioninG} .
The crucial properties cb are listed in the following lemma; see Farkas [4, Lemmas 1-3].

Lemma. ¢ = ¢, is a reduced crystallographic root systemzifl) and the restriction
of G tox (V) is the Weyl groupV(®) of . Furthermore,

Z®C AC 7 (A

whereZ ®, theZ-span of® in V, is theroot latticeandA = Ay g = {v e n(V) |v—v? €
Za, for all reflectionsg € ('} is theweight latticeof ®.

Y

For background on root systems, we refer to [1] or [10].

2.3. Areduction lemma. In this section, we will prove a technical lemma stating that an
algebra of multiplicative invariants is a semigroup algebra provided a closely related one
is. Let

M(A)

denote the submonoid @f:, -) that is generated by the orbit sum&a) for « € A, and
similarly for otherG-lattices.

Lemma. LetA C B beG-lattices such thaf3/A is G-trivial. Suppose that[B]“ = kC,
thek-linear span of some subsétC M(B). Thenk[A]“ = kD with D = C' N k[A].

Proof. Note thatD is a subset of[A]“; so clearlykD C k[A]“. For the other inclusion,
let o € k[A]° be given. Themy = Y~ _. k.c with k. € k almost all zero. We show
by induction on the minimum numbe#(«), of nonzero terms in such an expression that
a € kD. The casei(a) = 0 (i.e.,« = 0) being obvious, assume+# 0. Then somel €
with &, # 0 must satisfySupp(d) N A # 0. Sayd = o(by) - ... - o(b;) with b; € B. Then

Supp(d) C{b{" -...-b]" | g; € G} .
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So some produdf’ -. . .-b* belongs tad. Inasmuch ad3/ A is G-trivial, all these products
are congruent to each other modulpand hence they all belong tb Thus,Supp(d) C A
and sod € D. Sincea — kqd belongs tak D, by induction, we conclude that € £D as
well. This proves the lemma. O

Note that if the subset’ in the Lemma is:-independent or multiplicatively closed then
soisD = C N k[A]. Hence, ifk[ B] = kC is a semigroup algebra, with semigroup basis
C, thenk[A]“ = kD is a semigroup algebra with semigroup basis

We also remark for future use that the argument in the proof of the Lemma shows that,

ford = [I'_, o(b;) € M(B),

[ o(b;) € k[A] < Supp(d)n A # 0 < JJb; € 4. (3)

i=1

2.4. Multiplicative invariants of reflection groups. Our goal here is to prove the follow-
ing result implicit in the work of Farkas [4, 5]. We will use the notation of (2.2).

Theorem. Let A be a free abelian group of finite rank, and Btbe a finite subgroup
of GL(A) that is generated by reflections. Then the invariant algeBra= k[A]“ is a
semigroup algebra; in factz = k[M] with M = A% x (7(A) N A,), whereA, is the
semigroup of dominant weights for some base of the root sybtam

Proof. Fix a baseA = {oq,...,0,} for ® = &,, i.e.,, A is a subset of® that is an
R-basis ofr (V') and such tha® C Z AU —ZA. So«a; = +a,, for certain reflections
g; € G, often calledsimple reflectionsThefundamental dominant weights, ... , A\, are
determined by, — A"’ = §; ;a; (Kronecker delta); they formZ-basis of the weight lattice
A. The semigroup\ ;. of dominant weights foA is

Ay = @is ZyAi

It is a classical result [1, T@oEme 1 on p. 188] that[A]“ is a polynomial algebra, with
the orbit sums of the fundamental dominant weights as independent generators. In other
words,

E[A]Y = kE,with E = (a(\),... ,0()\.)) = Ay ak-independent submonoid

of M(A).
Now put B = p(A) & A, aG-lattice inV with A C B and B/A G-trivial. To see the
latter, note thatd containsA® & Z®, and B/(AY & Z®) = (p(A)/A%) & (A/ZD) is
G-trivial, sincep(A) C V& and the Weyl groug: of ® acts trivially on the fundamental
groupA/Z® of ®; cf. [1, p. 167]. Inasmuch dg B] = k[p(A)] @y k[A], with p(A) = BY,
the G-invariants ink[B] are given byk[B]“ = k[B“] @, k[A]“. Thus, using the above
description oft[A]“,

k[B)Y = k[B®] @, kE = kC with C = B x E .

Note thatC' is a k-independent submonoid d#(( B). Lemma (2.3) therefore implies that
k[A]® = kD is a semigroup algebra, with semigroup babis= C N k[A]. It remains
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to verify the description of the monoid given in the theorem. To this end, note that, by
(2.3)(3), the isomorphisnB® & A, — BY x I = ( restricts to an isomorphisi/ :=
(B“®Ay)Nn A =, D. Furthermore, writing: € A asa = pla) + m(a), we see that

a € Mifandonlyifr(a) € A;. SinceKera(7) = A“ andA = A/A“ is free, we have
A= A%@ A’ with A’ = 7(A) viar. This decomposition induces a corresponding one for
M, becaused” C M;soM = A @ (M nA)andM N A" = 7(A)N Ay viar. This
completes the proof of the theorem. O

2.5. Generators. We now describe how the foregoing leads to an explicit sétinfla-
mental invariantsthat is, algebra generators fBr Inasmuch ag: = k[ M|, this amounts

to finding generators fod/ and tracing them through the isomorphism. As this isomor-
phism is the identity oit/( M) = A“, we will concentrate o/, .

2.5.1. Generators forM, = w(A) N A4. Since the semigroup/, is positive, it has a
unigue minimal generating set, the so-callddbert basisof M,. Here, in outline, is
how to find this Hilbert basis; for complete details and an algorithmic treatment, see [17,
Chapter 13].

Recall that\ = &7_,Z ), where), ... , ), are the fundamental dominant weights.
These belongta(A) @ Q C V. Hence, there are suitalileZ z; € Z, so thatz;\; € M,;
we will assume that; is chosen minimal and set; = z;\; for these choices. The subset

K=Y [0,m]={> tim |0<t; <1}
=1 =1
of V' is compact (a zonotope), and hence its intersedtion M, with the discretel/, is
finite. It is easy to see that N M, generated/, ; the Hilbert basis ofi/, can be found
by selecting the indecomposable element&of M, that is, the elements € K N M,

that cannot be written as = n 4+ n’ with 0 # n,n’ € K N M,. Note thatn,,... ,m, are
certainly indecomposable, by the minimal choice ofith®and linear independence of the
A;’s. The remaining indecomposablesinn M, (if any) will be denotedn, 1, ... ,ms;

S0s > r = rank(A).

2.5.2. Fundamental invariantsAs all m; € A, = @’_,Z,A;, they have a unique rep-
resentation of the form:; = > z; ;A; with z;; € Z,. Fori < r, this representation is
simply m; = z;A;, as above. Thus we obtain the following system of fundamental invari-
ants:

pe= Lo (i=1,....5)
=1

Here,uy = o(A1)™, ..., u, = o().)” are algebraically independent, as th@,)’s are,
andR is a finite module over the polynomial algebifia;, . .. , i, since each;, raised to
a suitable power, belongs {p., ... , x,). In fact, R is a free module ovek[uy, ... , u.],

at least ifk is a domain. To see this, we may assume thatk,, as in (1.3); sé iSZ or a
finite field. In either casel? = k£[M] is Cohen-Macaulay, by [9], and freeness follows.
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2.6. The class group.In this section, we assume that factorial domain, for simplic-
ity. The formula given in [12] for the class group &f can be rewritten in terms of the
above root system data. Indedd,= k[M] = k[A%] @ k[M,] is a Laurent polynomial
extension ofk[M,], and soCI(R) = Cl(k[M,]). Further, by (1.4)k[M,] = R, and

by [12], CI(R) = HI(G,ZD), where D denotes the subgroup 6f that is generated by
those reflections that adiagonalizableon A = A/A“, that is, with respect to a suitable
Z-basis of A, they have the formliag(—1,1,...,1). Now G acts as a reflection group

on A", and theG-lattice A" is effective, asA is. Thus, [11, Proposition 2.2.25] gives
HY(G, A7) Ao G/ZD. Hence,

CUR) = Ao (A"

It is perhaps worth noting that» G/ZD is always a direct summand of; /7 (A) =

Az o/ A. This follows from the fact thatl” is a direct summand of as aG-lattice; see
[12, Lemma 2.4].

In the special case whergis effective at the outset an@ contains no diagonalizable
reflections, the above formula simplifies to

CI(R) = AJA

with A = A4  as before.

Finally, we remark that it is a PID then the Picard group &fis trivial, as is in fact the
full projective class grougso(R)/([R]). This is a consequence of Gubeladze’s theorem
[7] stating that all projective modules ovér= k[M] are free.

2.7. Examples. We illustrate the foregoing with a couple of explicit examples. In each
case A will be effective; sor = [dandM = M, = AN A,. We will follow the notations

in the proof of Theorem (2.4) and in (2.5) quite closely. The input in both examples is a
finite groupG that is generated by a given collection of integer reflection matrices. The
examples may be interpreted as the Weyl groups of the root systerasd A; acting on

their root lattices, but this information is not needed for the practical calculation of the
invariant algebras.

2.7.1. An example in rank 2Let A be free abelian of rank 2, witf-basis{«,b}, and
let ¢ be the subgroup ofil.(A) = Gl.,(Z) that is generated by the matrices= (9})
ands = ($Z1). (These matrices act on the right o) viewed as integer row vectors
of length 2.) The generatorsand s are reflections, and’ = S;, the symmetric group
on 3 symbols. The only other reflection diis ¢ = (Z}7); all reflections are conju-
gate in(7, and none are diagonalizable. As a generatorlfers(g + Id), we choose
a, = (—1,1) = a~'b; similarly, we selects; = (0,1) = b for s anda; = (1,0) = «
fort. So® = {+a,,+a, *a;} (a root system of typed,;). As base ford, we fix
A =A{a = —a; = (—1,0),a2 = a, = (0,1)}; sog; = t andg, = s. This leads to
the fundamental dominant weights = (—2/3,1/3), A2 = (—1/3,2/3). The zonotope
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K =1[0,m4] + [0, m;] of (2.5.1) is given byn; = 3);, and we obtain the following gener-
ators fOI‘M: mi, Mo, andm3 = )\1 —|— )\2.

Therefore,o(\,)?, o(A2)?, anda(A)o(Xq), form a fundamental system of invariants
in k. Returning to multiplicative notation, the orbit sums for the fundamental dominant
weights are:

U()q) _ a_2/361/3—|—a1/36_2/3+a1/361/3 _ a1/3b1/3(a—1 _I_b—l + 1)
U(}\z) _ a_1/36_1/3+a_1/362/3—|—a2/36_1/3 _ a_l/?’b_l/?’(a—l—b—l— 1)‘
This leads to the following explicit system of fundamental invariants:
= 0'()\1)3 = ab(a_l +b6 4+ 1)3,
pa =c(X)’> =a b (a+b+1)°,
ps =o(A)o(re) = (a+ b+ 1)(@‘1 +b6 4+ 1).
The class group oR (over a factorial ring:) evaluates t&’1( R) = A/A = Z /3Z.
2.7.2. Exampleinrank 3.Let A be free abelian wit-basis{ a, b, ¢}, and let be the sub-
group of GL(A) = GLs(Z) that is generated by the matrices- <§ é §> s = <é g :i )
andt = <§ g é) This group is isomorphic to;. The generators are reflections; they
are all conjugate. The complete set reflections is thefutonjugacy class{r, s, ¢,w =

r',u = s',v = s“}; none are diagonalizable. The root systém= ¢, evaluates to
® = {4(1,0,0),4(1,0,—1), (1, —1,0),£(0,1,0),£(0,0,1), £(0,1,—1)}. A suitable
base of® is A = {oy = a; = (—1,0,1),02 = a, = (1,—1,0),a3 = a5, = (0,0,—1)};
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S0g; = t, g2 = r, g3 = s. This results in the following fundamental dominant weights:
A o= (=1/2,—1/2,1/2), Ay = (1/4,-3/4,1/4), and)s = (—1/4,—1/4,—1/4). The
zonotopehk is spanned byn; = 2A;, my = 4X,, andms = 4)3, and the generators of M
are:my, mqg, ms, My = )\2 + )\3, ms = )\1 + 2)\2, andm6 == )\1 + 2)\3 CalCUlat|ng the
orbits sums:

o(A) = a_l/zb_l/zc_l/z(a + b+ ¢+ ab+ ac+ be),
o(Ng) = a BV (T £ b 4 1),
o(A3) = a_1/4b_1/4c_1/4(a +b+c+1).
This leads to the following explicit system of fundamental invariants:
= 0'()\1)2 = a_lb_lc_l(a +b+c+ab+ac+ bc)Z,
= 0'()\2)4 = abc(a_l e 1)4,
ts = 0'()\3)4 = a_lb_lc_l(a +b+c+ 1)4,
pa =0o(X)o(As) =(a+b+c+ 1)(a_1 bttty 1),
s = 0'()\1)0'()\2)2 =(a+b+c+ab+ac+ bc)(a_l bttty 1)2,
= 0'()\1)0'()\3)2 = (a_l b et gt 1 b_lc_l)(a +b+c+ 1)2.

For the class group a&, we obtainCl(R) = A/A = Z /4Z.
The calculations for this example were performed B#P (version 3.4) [15]; the code
is available undenttp://www.math.temple.edu/ lorenz/semigroup.html
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