ON EULER CLASSES OF ABELIAN-BY-FINITE GROUPS
MARTIN LORENZ

ABSTRACT. LetT be a finitely generated abelian-by-finite group @nal field of charac-
teristicp > 0. We show that the Euler class bfover k has finite order if and only if
everyp-regular element oF has infinite centralizer ilv. We also give a lower bound for

the order of the Euler class in terms of suitable finite subgroups @his lower bound is
derived from a more general result on finite-dimensional representations of smash products
of Hopf algebras.

INTRODUCTION

The Euler class of a group over a commutative ring is defined, under suitable hy-
potheses, as the class of the trividlmodulekr in the Grothendieck grou@, (kT"). Here,
kI' denotes the group ring a@f overk andkr equalsk, with every element of acting as
the identity. The Grothendieck groug, (kT') is K, of the category okI'-modules of type
F P, which have finite projective dimension ag-anodule. Recall that a module is said
to be oftype F P, if it has a resolution, possibly of infinite length, by finitely generated
projective modules. If the triviatI'-modulekr has such a resolution, one can define the
Euler classkr] € Go(kT).

Euler classes are traditionally considered under the stronger hypothesis thatof
typeF P, that s, it admits a resolution @ihite lengthby finitely generated projectives over
kT. This entails thato(kT") ~ K,(kT'), the Grothendieck group of the category of finitely
generated projectivél’-modules; so one can viefk| € Ky(kI'). For our purposes,
however, this setting is too restrictive. Indeed, we study Euler classes in order to learn more
aboutG,(kT'), especially its torsion, for certain groups In this note, we concentrate
on finitely generated abelian-by-finite groups and we shall work over a basé fidid
particular, the group algebrd™ will be noetherian, and hendd’-modules of typeF' P,
coincide with finitely generatedl’-modules. Our main result on Euler characteristics is
the following

Theorem. LetI" be a finitely generated abelian-by-finite group a@nd field of character-
isticp > 0. Then:
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(a) The Euler clas$kr| has finite order if and only if eveny-regular element of has
infinite centralizer inl".

(b) Assume thap > 0 and letG be a finitep-subgroup ofl". If everyl # g € G has
finite centralizer inl" then the order of7 divides the order offr|.

Recall thap-regular elementare elements of finite order not divisible pyso0-regular
just means torsion. In (b), it is understood that every integer divideslhe restriction
to positive characteristigsandp-groupsG is justified by the fact that otherwise the order
of [kr] would be infinite forG # {1}, by (a). Fork = Q, assertion (a) follows from
results of Brown [Br] and Moody [M], even for polycyclic-by-finite groups; this has
been observed by Kropholler and Moselle [KM]. Arbitrary base fi¢ldgppear to require
a different approach.

The proof of (a), given in Section 1, depends on techniques from [BL], specifically a base
change mag, (k') — G, (kL) into a carefully selected finite quotiehtof I'. Part (b), on
the other hand, is an immediate application of a more general result on finite-dimensional
representations of smash products of Hopf algebras. This result, Corollary 3.3, is proved
using a construction from [LP]. We have recast this construction, catbdale restriction
here, in the language of stable module categories.

As is obvious from the foregoing, our approach to Euler classes is resolutely algebraic,
due in part to our ulterior interest in the structure®f(kT"). For a recent article on Euler
classes from a more topological perspective providing some background from homological
group theory and topology, | recommend [Le]. Finally, much of the material presented here
can presumably be pushed to polycyclic-by-finite groups at least. A more pressing issue,
however, is a sharpening of part (b) of the Theorem. To this end, it might be helpful to look
at relative versions of the stable restriction maps considered in this note.

Notations and Conventiong hroughout,I" will denote a finitely generated abelian-by-
finite group and: will be a commutative field of characterisgic> 0. Our notation con-
cerning the Grothendieck group, follows [Ba].

1. PROOF OF THETHEOREM, PART (@)

Let A be any torsion-free abelian normal subgrouddfaving finite index inl' and
let Cr-(A) denote the centralizer of in I'. Consider the canonical map I' — T’ =
I'/Cr(A). We claim:

Everyp-regular element of has infinite centralizer i if and only if every
p-regular element of has a fixed-poing 1 in A.

To see this, first note that the centralifg(g) of anyg € T is infinite if and only ifg has a
fixed-point#£ 1 in A. Since™ sendg-regular elements df to p-regular elements df, the
condition onl is certainly sufficient. For the converse, let T be ap-regular element.
Fix g € T' so thaty = z. If g has infinite order the@r (g) is certainly infinite and sa has
a nontrivial fixed-point inA. If, on the other handg has finite order then we may write
g = gpgy With g, ap-element & 1if p = 0), g, p-regular, andy,g,, = g,7¢g,. Inasmuch
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asxr = g, g, Is p-regular, we must havg, = 1. Thusz = g, and sincey, has infinite
centralizer,z has a nontrivial fixed-point.

We may choosel above at our convenience. In particular, by [BL, Lemma 1.7 and proof
of Proposition 1.8], we may assume that the base change map

Go(kD) = Go(k[L/A],  [V]m Y (1) [Hi(A, V)]
>0
has kernel the torsion subgroup 6% (kI"). Thus [kr] has finite order if and only if
S iso(—1)[H;(A, k)] = 0 holds in Go(k[l'/A]). SinceCr(A) acts trivially on each
H;(A, k), the elementH; (A, k)] € Go(k[l'/A]) actually belongs to the image of the infla-
tion monomorphisnd, (kL) — Go(k[['/A]). Hence:
[kr] has finite order<= ay := Y, ,(—=1)'[H;(A, k)] = 0in Go(kT).

Now, ask[I']-modules,

Where/\iA denote the-th exterior power of4; see [Bs, Theorem V(6.4)]. Putyg =
oo (1A' A® Q] € Go(QT). Thenay, = d(ag), whered: Go(QT) — Go(kT) is the
scalar extension mafn ) ®q k if p = 0, and the decomposition maipy (QL') — Gy (F,T)
followed by scalar extension ) ®g, & if p > 0. Moreover,aq has character

Xag () = det(1 —x4) (xel),
wherez, € GL(A) denotes the action af on A. Indeed, the characteristic polynomial
of any f € End(A) is given bydet(X Id4 —f) = _,(—1)" trace(A’ f) X"~ Identifying
elements ofGy(kT') with (certain) complex-valued functions on the $gt of p-regular
elements of" by means of (Brauer) characters, the elementc G, (k) is simply the
restriction of y,, from [ to[,; cf. [Se, Section 18.3]. Thusg, = 0 if and only if
det(1 — z4) = 0 holds for everyp-regular element € T. Since the latter condition is

equivalent withz having a nontrivial fixed-point i, the proof of part (a) of the Theorem
Is complete.

2. STABLY FINITELY GENERATED MODULES

Throughout this section$ will denote a QF-ring, that is, a ring whose projective and
injective modules coincide; dAF, Theorem 31.9].

2.1. Stable module categoriesWe briefly review some pertinent facts concerning stable
module categories; see [H] for details.

Let Mod(S) denote the category of all left-modules mod(.S) the full subcategory of
finitely generated modules, and ®tMod(S) and Stmod(S) denote the corresponding
stable module categories: the objectsSdflod(S) andStmod(S) are the same as those
of Mod(S) andmod(S), respectively, but morphisms are equivalence class8smbdule
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homomorphisms, where two homomorphismg: M — N are called equivalent i — (3
factors through a projective module. Thus, the set of morphismsifoim N in StMod(S)
is the abelian group

Homg (M, N) := Homg(M, N)/ PHomg(M, N) ,

whereHomg (M, N) are theS-module homomorphisms frod¥ to N andPHomg (M, N)
is the subgroup of homomorphisms that factor through a projective module. We will write
« for the equivalence class of a homomorphismand A/ when explicitly viewing the
module M in the stable category. Thug/ ~ N in StMod(S) if and only if M & P ~
N @ @ holds inMod(S) with suitable projective® and(@. The categorieStMod(S) and
Stmod(S), while no longer abelian, are at least triangulated. In particular, one can define
the Grothendieck group

Go(S) := Ko(Stmod(S5))
as in [H, p. 95]: each trianglg = V. % W % in Stmod(S) yields an equatiofl’] =
(U] + [W]in Go(S). Itis not hard to show that

Go(5) = Go(5)/c(Ko(5))

wherec: Ky(S) — Go(S) is the Cartan homomorphism; see [TW, Proposition 1].
2.2. Stably finitely generated modules.We will call anS-module) stably finitely gen-
eratedif M is isomorphic inStMod(.S) to a finitely generated module, say’. In this
case, we put

O(M) := [M'] € Go(S) .
We remark that stably finitely generated modules were called almost injective in [LP].
The following lemma is identical with [LP, Theorem 1.2]; we give a new proof in the

framework of triangulated categories following [H, Chapter 1] for notation, terminology
and axioms.

Lemma. Let0 — U — V — W — 0 be an exact sequence Mod(S). If two of
{U, V, W} are stably finitely generated then all three are. In this case,
O(V)=0(U)+ o)

holds inGy(S).
Proof. The given exact sequence yields a triangle

uUsvasws
in StMod(S). Therefore, in order to prove the first assertion it suffices to prove: given a tri-
angleA = (Q SV3SW ﬂ>> in StMod(.S) such that two of U, V., W} are isomorphic
to objects ofStmod(S) then all three are. Moreover, by the rotation axiom (TR2), it suf-
fices to consider the case where the two modules in questidin anelV, sayf: U = U’

andg: V. = V' are isomorphisms i6tMod(S) with U" andV” finitely generated. By ax-
iom (TR1) forStmod(S), the morphismi’ = gouo f~!: U’ — V' in Stmod(S) embeds
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into a triangleA’ = (Q’ myr S oW %) in Stmod(S) (and hence i5tMod(S)). SoW’
is finitely generated. By axiom (TR3) f&tMod(S), there is a morphisth: W — W' so
that(f,g,h) : A — A’ is a morphism of triangles i6tMod(S). Finally, the 5-Lemma
[H, Proposition 1.2(c)] implies thdt is an isomorphism, proving th&t’ is stably finitely
generated.

Finally, start with the given exact sequence and its associated trianigléStMod(S),
and assume that there are isomorphismd/ = U’, ¢: V. = V, h: W = W'in
StMod(S) with U’, V', W finitely generated. Thed' = (U, V', W' gouo f~ 1 ho
wog 1, Tfouoh ') isasextuple irstMod(S) that is isomorphic ta\ via (f, g, h). By
(Trl), A’ is a triangle ifStMod(.S), and hence iSstmod(S). From this triangle, we obtain
the desired equatiof’] = [U’] + '] in Go(S). O

2.3. QF-algebras. Assume now that the QF-rin§ is a finite-dimensional algebra over
a field k. Then we have the following characterization of stably finitely generated
modules.

Lemma. The following are equivalent for afi-module)/:

(i) M is stably finitely generated;
(i) for all finitely generateds-modulesl’, Hom¢(V, M) is finite-dimensional ovek;
(iii) for all simpleS-modules’, Homg(V, M) is finite-dimensional ovek.

Proof. Only (iii) = (i) needs a proof. For this, writé/ = My @ P, whereP is projective
and My, the projective-free parbf M, has no non-zero projective submodules; cf. [LP,
Lemma 1.1] or [Ri, Lemma 3.1]. Note th&Homs(V, My) = 0 holds for every simple
S-moduleV. Thus,Homg(V, M) ~ Homg(V, My) ~ Homg(V, My). Now (iii) entails
that M has a finite-dimensional socle, and hendg is finite-dimensional itself. Since
M =~ My in StMod(S), we conclude thad/ is stably finitely generated. O

Remark.For QF-algebras, another proof of the first assertion of Lemma 2.2 can be based
on the above characterization and the fact Hat (1, .) is a “cohomological functor”;
see [H, Proposition 1.2].

2.4. Stable restriction. Let.S — T be a ring homomorphism. Assume that the following
hypothesis is satisfied:

All finitely generated’-modules are stably finitely generated&snodules.  (*)
Then Lemma 2.2 allows us to define a homomorphism
resp g0 Go(T) = Go(S), [M]—0(Ms),

which we will call stable restrictionfrom 7" to S. Of course, ifM is actually finitely
generated ovef thenf(Ms) is just the image of the ordinary restricted modg in
Go(S) = Go(S)/e(Ko(9)).
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3. STABLE RESTRICTION FORHOPF ALGEBRAS

Throughout this sectiontZ will denote a finite-dimensional Hopf algebra over the field
k, with counite, antipodeS, and comultiplicationA. The latter will be writtenA(h) =
> h1 ® hy for h € H. Finally, A € H denotes a fixed nonzero left integral far

3.1. Homomorphisms. Let M and N be left H-modules. TherHom, (N, M) can be
made into an{-module by defining

(Rf)(n) = hif(S(ha)m) (h€ H,n € N, f € Hom,(N, M)).

The H-invariantsHomy, (N, M)" = {f € Homg(N, M) | hf = (h)f Yh € H} coincide
with the H-module mapdlomy (N, M); cf. [Z, Lemma 1]. TakingV = k., the trivial
H-module, evaluation at € k yields anH-module isomorphisrilomy (k., M) ~ M.

Recall thatH is a Frobenius algebra; cf. [Mo, Theorem 2.1.3]. Baan play the role
of S in Section 2.

Lemma. LetV and M be H-modules withV" finitely generated. TheHom, (V, M) ~
Homy (V, M) /A Homy(V, M). In particular, Hom; (k., M) ~ M*" /AM.

Proof. We must show that Hom,(V, A/) coincides with the spadeHom g (V, M) of H-
module maps” — M that factor through some projective. But all these maps factor
through the freg7-moduleind; (M) = H ® M|, via the epimorphism : ind; (M) —
M, h®m — hm. SOPHomy (V, M) consists of allf-module maps of the form o ¢ for
someyp € Homy(V,ind/ (M)).

Givenf € Hom,(V, M), definef: V — ind/T (M) by f(v) = 3_ A, @ f(S(As)v). Note
that f = A(po f), whereu: M — ind (M) is thek-linear map given byn — 1 ® m.
Hence,f € Homy (V,ind} (M)). We claim:

Homy,(V, M) ~ Hompg(V,ind/I (M)) via f — f.
Indeed, ag7-modules,X := Hom,(V,ind{ (M)) ~ ind/’ (M) ® V* (e.g., [L,§2.1]) and,
by the Fundamental Theorem of Hopf Modules (cf. [Mo, Theorem 1.9i4d); (M) ®
V* ~ H @ Hom,(V, M) is a freeH-module. Thus X" = AX, which implies our claim.
Sincer o f = Af, we conclude thaPHom (V, M) = A Hom,,(V, M), as desired. [

3.2. Smash products. Let R be a leftH-module algebra, and = R#H the associated
smash product; see [Mo, 4.1.1, 4.1.R]is ak-algebra that also is a leff-module subject
to certain conditions, anfl = R® H, made into &-algebra by means of the multiplication

(r#th) (r'#h) = " r(har')#hoh!

Here, as is usual#h stands for the element® h of 7. Both R and H are subalgebras
of 7" via the natural identifications= r#1 andh = 1#h.

We will need the following facts abouf-modules. First,R is a left T-module via
(r#h) - r" = r(hr"). Next, given a leftl'-module M/ and a leftH-moduleV, the space
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Homy (V, M) becomes a leff’-module by the rule

(r#h) f(v) =Y (r#h1) f(S(ha)v) .

When restricted td{, this action is the one considered in 3.1. If bdthandV” are finitely
generated then so 1$om,(V, M). Indeed,M is finitely generated oveR andV is finite-
dimensional in this case, and &smodulesHom (V, M) ~ M (dime V),

The following proposition gives a criterion for hypothesis (*) in 2.4 to be satisfied in our
present setting. The resultis [LP, Theorem 1.7], transplanted into a Hopf algebra setting.

Proposition. Assume thaR? is noetherian as left module over the subalge®a of H-
invariants. Then: all finitely generatefi-modules are stably finitely generated &s
modules if and only iR /AR is finite-dimensional ovek.

Proof. In view of Lemmas 2.3 and 3.1, the condition 84 /AR is surely necessary, even
for just theT-moduleR to be stably finitely generated ovAf.

Conversely, assume the condition is satisfied andl/l&e a finitely generatéfi-module.
We will show thatM is stably finitely generated ovedi by checking condition (ii) in
Lemma 2.3. To this end, l&t be any finitely generateff-module. Then, as we have ob-
served abovelomy(V, M) is a finitely generated’-module, and hence it is finitely gen-
erated over? as well. Our noetherian hypothesis allows us to concludeHbat, (V, M)
is noetherian oveR?”’. Hence, theR"-submoduleHom (V, M) is also finitely gener-
ated. Our condition o’ /A R further entails thatiom g (V, M) /A Hom(V, M) is finite-
dimensional ovek. Condition (ii) in Lemma 2.3 now follows by invoking Lemma 3.1

Remark.The question as to when exactly the noetherian hypothesis in the above propo-
sition holds is largely unresolved at present. By a result of Ferrer-Santos ([F-S], cf. [Mo,
64.2]), one knows however that the hypothesis is satisfied whergigaffine commuta-

tive andH is cocommutative. This will be sufficient for our purposes.

3.3. Orders of finite-dimensional classesWe continue with the notations and hypothe-
ses of 3.2; in particularR will be assumed left noetherian ov&’, and soT is left
noetherian. The following result gives a lower bound for the orders of finite-dimensional
classesM] € Gy(T).

Corollary. Assume thak is left noetherian oveR” and thatR” /A R is finite-dimensional
overk. Letd denote the greatest common divisor of the dimensions of all finitely gener-
ated projectivel/-modules. Then, for evefl-moduleM with dim; M < oo, the order of
[M] € Go(T) is divisible byd /(, dimy, M).
Proof. By virtue of Proposition 3.2, we may define stable restriction ffbno H,
IeSp g Go(T) — @(H) )

as in 2.4. We further have a homomorphism

Go(H) = Go(H)/cKo(H) — /67
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sending[V] to the residue class efim, V. The composite map/y(7) — Z/7Z sends
the clas§M| € G(T') to the residue class afim; A/, an element oZ/0Z having order
4§/ (6, dimy M). The corollary follows. O

Remark.The numbebp in the above corollary is divisible by

e the dimension of any local Hopf subalgebraibfand
e p = chark, if H is involutory (that is,5? = Id) and not semisimple.

This follows from [L, Lemma 2.4 and Theorem 2.3(b)], respectively.

4. PROOF OF THETHEOREM, PART (b)

Let I" be a finitely generated abelian-by-finite group and assumepthathar £ > 0.
Let G a finite p-subgroup ofl” such that every # ¢ € G has finite centralizer i. We
wish to show thaiG| divides the order ofkr] € G (k).

As in Section 1, we fix a torsion-free abelian normal subgrdupf I having finite
index inT". Then the subgroup; = (A, G) of T" has finite index il", and so (ordinary)
restriction of modules fror to I'; defines a homomorphistd, (k') — G (kI',) sending
the Euler class of to the one ofl’;. Thus we may assume thiat=T"; = A x G. Hence,
kT is a smash produck#H with R = kA and H = k(G. Moreover, our centralizer
hypothesis says thdl;(a«) = (1) holds for everyl # a € A, which in turn translates
into dimy /AR = 1. Here,A = }_ . g is the integral offf = kG. Thus, Corollary 3.3
applies. Since every projectives-module is free, we conclude thgit| divides the order
of [kr]. This proves part (b) of the Theorem.

5. SOME COMMENTS AND EXAMPLES

5.1. Fix atorsion-free abelian normal subgrotipf I' having finite index inl" and put
A" = AN center(T'). Then, by an easy argument involving the transfer map,

AT £ {1} if and only if there is an epimorphisin — Z.

In this case, we may consider the inflation homomorphigtkZ) — G, (kI'). This map
sendgkz| = 0to kr; solkr] = 0.

5.2. Reference [BL] contains some results on the general nature of tors@g i)
which in particular limit the possibilities for the order [gf-]; see [BL, Theorem 3.1]:

e If £ is a splitting field for all finite subgroups @fthenG,(kT") can have non-trivial
g-torsion only for primeg so thatl’ has non-trivialy-torsion.

e If p = chark > 0 then the orders of the-elements of7,(kI") are bounded by the
largest order of a-subgroup of".

5.3. Split crystallographic groups. By definition, these are semidirect products of the
formI' = A x G, whereA ~ Z" is a free abelian group of finite rankandG is a finite
subgroup ofGL(A) ~ GL,(Z). Fixing this notation, and assumiidg # {1} throughout,
we consider the following special cases.
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5.3.1. Fixed-point-free actionsAssume thaf- acts fixed-point-freely on, that is,[a, g] #
1 holds for all non-identity elementsc€ A andg € GG. Then part (a) of the Theorem im-
plies:

[kr] has finite order<= G is ap-group @ = char k).

In this case, from part (b) of the Theorem, we further obtain Fadivides the order of
[kr]. On the other hand, by 5.2, all torsiond#y (kI") is annihilated byG|. Hence:

If G'is ap-group thenkr| has ordellG|.

We remark thap-groups that act fixed-point-freely are either cyclic or a generalized quater-
nion 2-group; see [Wo, Theorems 5.3.1, 5.3.2].

5.3.2. GroupsG of prime order. If G has prime order then eithet” # {1} or G acts
fixed-point-freely. Thus, in view of 5.1 and 5.3.1, we conclude: the Euler ptasss trivial
iff AU #£ {1};in caseAl = {1} the order of the Euler class equ#g| if |G| = char k,
andoo otherwise.

5.3.3. The caser = 2. A non-identity matrixg € GL(A) = GL(Z) has determinant
if and only if ¢ has no non-trivial fixed-point isl. SoG; = G N SL(A) acts fixed-point-
freely onA. Therefore, by part (a) of the Theorem[/if:] has finite order thefr; must be
ap-group p = char k). Conversely, ifG; is ap-group then all non-identity’-elements of
G have determinang 1, and hence they have a non-trivial fixed-pointAnThus, by part
(a) of the Theorem agaif¥-| has finite order. So:

[kr] has finite order<—= G, = G N SL(A) is ap-group { = char k).

If G, = {1} thenA" # {1}, and solkr] is trivial, by 5.1. On the other hand, @, is a
non-trivial p-group then G, | divides the order ofkr|, by part (b) of the Theorem. Thus:
[kr] =0 < G; =GNSL(A) = {1}.

If G C SL(A) is ap-group @ = char k), then by the foregoing and 5.2, the ordef/qf]
equals/G|.

For another example, suppose that= (—Id, ¢g) for some involutiory of determinant
—1. The Euler clas§r] has finite order only ip = 2, and then the order is eith2r= |G, |
or 4 = |G|. To resolve this ambiguity, note that = (A9, —g) is a normal subgroup of
' so thatl'/N ~ D, the infinite dihedral group. The Euler clakg_ has order; see
5.3.1. An inflation argument as in 5.1 now shows tjat| = 0. Thus|kr] has ordee.

Up to conjugacy, the above remarks leave three finite subgiGUPSGL(A) = GLy(Z)
where the order of the Euler classlot= A x G has not been completely determined. In
standard crystallographic notation, the corresponding groug® the symmetry groups
of the wallpaper patterns of typg$m, p3m1, andp31m. We consider these groups in turn
below, in each case expressing the Euler diagsby means of the cellular chain complex
of a corresponding wallpaper pattern.

Typepdm: Here,I' ~ Z? x D,; soG, is cyclic of order4. By the foregoing[kr] has
finite order precisely fop = 2, and in this case, we know that the order is a multiplé.of
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FIGURE 1. typepdm

We will show that the order oftr] is actually equal tal. To this end, we view thgdm-
wallpaper in Fig. 1 as B-stableC'TW-structure orR?, with 0-cells the points of intersection
of the lines in the patterri-cells the arcs betwedncells, and2-cells the enclosed regions.

There is ond -orbit of 0-cells; we denote the stabilizer of a representdireell byDS), a
dihedral group of ordes insidel’. Furthermore, there is one orbit bicells, with stabilizer

D, and two orbits oB-cells with stabilizersD, andef), respectively. We may assume

that D, C D, and thatD, N fo) has order for : = 1,2. The augmented cellular chain
complex has the form

0— mgf) Ok, — k', — le;£1>—> kr — 0

where . t1= kI’ ®,p . denotes the induced’-module; see [Sg p. 93/4]. (Note that the
orientationt-sign is irrelevant here, since we are working in characterjsti€ 2.) This
gives the following formula for the Euler class bf

[kr] = [kTIl;£1>] — [k, ]+ [k1h,] + [kﬁl(f)] :
Here,2[k 1}, = [k1h, ] and2[k1)] = 4[kT2@] for i = 1,2. From this, we obtain
4[kr] = 0. Therefore, the Euler cla$k;] has orded.

Typesp3m1 andp31m: In both cased ~ Z? x D3 and@, is cyclic of order3. Solkr|
has finite order precisely for= 3, and then the order is a multiple &f Again, it turns out
that the order ofkr| is equal to3 whenp = 3. We consider the caggm1 in some detail,
leaving the verification in typg31m to the reader. Thg3m1-wallpaper in Fig. 2 has one
['-orbit of 0-cells, with isotropy grou);, one orbit ofl-cells, with isotropyD,, and two
orbits of 2-cells (“black” and “white”), with isotropy groupsg)éi), two further copies of
the dihedral group of ordeyinsidel’. We may assume thd?, is contained inD; and in

both D{*). Thus, the cellular chain complex gives the following equatiori%g}:
[kr] = [k_ﬁ)gw] + [k_ﬁ;gﬂ] — [k71h,] + [k1D,] -

Here,k~ denotes the sign-representation of the dihedral group in question: reflections act
as—1 (orientation reversing), rotations ag (orientation preserving). In order to show that

3[kr] = 0, we note tha8[k1}, | + 3[k~1],] = [kT], and similarly forD{*). Using this, and
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FIGURE 2. typep3ml

the equatioik 17?] = 2[kp, |+ [kp,], one obtains the formubi{k 1%, | = 3[k 1%, ][k,
and similarly forDéi). These formulas together easily yidd| = 0, as required.

Acknowledgment. | wish to thank Peter Kropholler for a number of stimulating conver-
sations on the subject matter of this note over the years. Thanks also to Dave Benson for
providing me with pointers to the literature.
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