
ON EULER CLASSES OF ABELIAN-BY-FINITE GROUPS

MARTIN LORENZ

ABSTRACT. Let� be a finitely generated abelian-by-finite group andk a field of charac-
teristic p � 0. We show that the Euler class of� overk has finite order if and only if
everyp-regular element of� has infinite centralizer in�. We also give a lower bound for
the order of the Euler class in terms of suitable finite subgroups of�. This lower bound is
derived from a more general result on finite-dimensional representations of smash products
of Hopf algebras.

INTRODUCTION

The Euler class of a group� over a commutative ringk is defined, under suitable hy-
potheses, as the class of the trivialk�-modulek� in the Grothendieck groupG0(k�). Here,
k� denotes the group ring of� overk andk� equalsk, with every element of� acting as
the identity. The Grothendieck groupG0(k�) isK0 of the category ofk�-modules of type
FP1, which have finite projective dimension as ak-module. Recall that a module is said
to be of typeFP1 if it has a resolution, possibly of infinite length, by finitely generated
projective modules. If the trivialk�-modulek� has such a resolution, one can define the
Euler class[k�] 2 G0(k�).

Euler classes are traditionally considered under the stronger hypothesis thatk� be of
typeFP , that is, it admits a resolution offinite lengthby finitely generated projectives over
k�. This entails thatG0(k�) ' K0(k�), the Grothendieck group of the category of finitely
generated projectivek�-modules; so one can view[k�] 2 K0(k�). For our purposes,
however, this setting is too restrictive. Indeed, we study Euler classes in order to learn more
aboutG0(k�), especially its torsion, for certain groups�. In this note, we concentrate
on finitely generated abelian-by-finite groups and we shall work over a base fieldk. In
particular, the group algebrak� will be noetherian, and hencek�-modules of typeFP1
coincide with finitely generatedk�-modules. Our main result on Euler characteristics is
the following

Theorem. Let� be a finitely generated abelian-by-finite group andk a field of character-
istic p � 0. Then:
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(a) The Euler class[k�] has finite order if and only if everyp-regular element of� has
infinite centralizer in�.

(b) Assume thatp > 0 and letG be a finitep-subgroup of�. If every1 6= g 2 G has
finite centralizer in� then the order ofG divides the order of[k�].

Recall thatp-regular elementsare elements of finite order not divisible byp; so0-regular
just means torsion. In (b), it is understood that every integer divides1. The restriction
to positive characteristicsp andp-groupsG is justified by the fact that otherwise the order
of [k�] would be infinite forG 6= f1g, by (a). Fork = Q , assertion (a) follows from
results of Brown [Br1] and Moody [M], even for polycyclic-by-finite groups�; this has
been observed by Kropholler and Moselle [KM]. Arbitrary base fieldsk appear to require
a different approach.

The proof of (a), given in Section 1, depends on techniques from [BL], specifically a base
change mapG0(k�)! G0(k�) into a carefully selected finite quotient� of �. Part (b), on
the other hand, is an immediate application of a more general result on finite-dimensional
representations of smash products of Hopf algebras. This result, Corollary 3.3, is proved
using a construction from [LP]. We have recast this construction, calledstable restriction
here, in the language of stable module categories.

As is obvious from the foregoing, our approach to Euler classes is resolutely algebraic,
due in part to our ulterior interest in the structure ofG0(k�). For a recent article on Euler
classes from a more topological perspective providing some background from homological
group theory and topology, I recommend [Le]. Finally, much of the material presented here
can presumably be pushed to polycyclic-by-finite groups at least. A more pressing issue,
however, is a sharpening of part (b) of the Theorem. To this end, it might be helpful to look
at relative versions of the stable restriction maps considered in this note.

Notations and Conventions.Throughout,� will denote a finitely generated abelian-by-
finite group andk will be a commutative field of characteristicp � 0. Our notation con-
cerning the Grothendieck groupG0 follows [Ba].

1. PROOF OF THETHEOREM, PART (a)

Let A be any torsion-free abelian normal subgroup of� having finite index in� and
let C �(A) denote the centralizer ofA in �. Consider the canonical map: � ! � =
�=C �(A). We claim:

Everyp-regular element of� has infinite centralizer in� if and only if every
p-regular element of� has a fixed-point6= 1 in A.

To see this, first note that the centralizerC �(g) of anyg 2 � is infinite if and only ifg has a
fixed-point6= 1 in A. Since sendsp-regular elements of� to p-regular elements of�, the
condition on� is certainly sufficient. For the converse, letx 2 � be ap-regular element.
Fix g 2 � so thatg = x. If g has infinite order thenC �(g) is certainly infinite and sox has
a nontrivial fixed-point inA. If, on the other hand,g has finite order then we may write
g = gpgp0 with gp a p-element (= 1 if p = 0), gp0 p-regular, andgpgp0 = gp0gp. Inasmuch



EULER CLASSES 3

asx = gp gp0 is p-regular, we must havegp = 1. Thusx = gp0 and sincegp0 has infinite
centralizer,x has a nontrivial fixed-point.

We may chooseA above at our convenience. In particular, by [BL, Lemma 1.7 and proof
of Proposition 1.8], we may assume that the base change map

G0(k�)! G0(k[�=A]); [V ] 7!
X
i�0

(�1)i[Hi(A; V )]

has kernel the torsion subgroup ofG0(k�). Thus [k�] has finite order if and only ifP
i�0(�1)

i[Hi(A; k)] = 0 holds inG0(k[�=A]). SinceC �(A) acts trivially on each
Hi(A; k), the element[Hi(A; k)] 2 G0(k[�=A]) actually belongs to the image of the infla-
tion monomorphismG0(k�) ,! G0(k[�=A]). Hence:

[k�] has finite order() �k :=
P

i�0(�1)
i[Hi(A; k)] = 0 in G0(k�).

Now, ask[�]-modules,

Hi(A; k) '

 
î

A

!

Zk ;

where
ViA denote thei-th exterior power ofA; see [Br2, Theorem V(6.4)]. Put�Q =P

i�0(�1)
i[
ViA
 Q ] 2 G0(Q�). Then�k = d(�Q), whered : G0(Q�)! G0(k�) is the

scalar extension map( : )
Q k if p = 0, and the decomposition mapG0(Q�)! G0(Fp�)
followed by scalar extension( : )
Fp k if p > 0. Moreover,�Q has character

��Q(x) = det(1� xA) (x 2 �) ;

wherexA 2 GL(A) denotes the action ofx onA. Indeed, the characteristic polynomial
of anyf 2 End(A) is given bydet(X IdA�f) =

P
i(�1)

i trace(^if)Xn�i. Identifying
elements ofG0(k�) with (certain) complex-valued functions on the set�p0 of p-regular
elements of� by means of (Brauer) characters, the element�k 2 G0(k�) is simply the
restriction of��Q from � to �p0; cf. [Se1, Section 18.3]. Thus,�k = 0 if and only if
det(1 � xA) = 0 holds for everyp-regular elementx 2 �. Since the latter condition is
equivalent withx having a nontrivial fixed-point inA, the proof of part (a) of the Theorem
is complete.

2. STABLY FINITELY GENERATED MODULES

Throughout this section,S will denote a QF-ring, that is, a ring whose projective and
injective modules coincide; cf.[AF, Theorem 31.9].

2.1. Stable module categories.We briefly review some pertinent facts concerning stable
module categories; see [H] for details.

Let Mod(S) denote the category of all leftS-modules,mod(S) the full subcategory of
finitely generated modules, and letStMod(S) andStmod(S) denote the corresponding
stable module categories: the objects ofStMod(S) andStmod(S) are the same as those
of Mod(S) andmod(S), respectively, but morphisms are equivalence classes ofS-module
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homomorphisms, where two homomorphisms�; � : M ! N are called equivalent if���
factors through a projective module. Thus, the set of morphisms fromM toN in StMod(S)
is the abelian group

HomS(M;N) := HomS(M;N)=PHomS(M;N) ;

whereHomS(M;N) are theS-module homomorphisms fromM toN andPHomS(M;N)
is the subgroup of homomorphisms that factor through a projective module. We will write
� for the equivalence class of a homomorphism�, andM when explicitly viewing the
moduleM in the stable category. Thus,M ' N in StMod(S) if and only if M � P '
N �Q holds inMod(S) with suitable projectivesP andQ. The categoriesStMod(S) and
Stmod(S), while no longer abelian, are at least triangulated. In particular, one can define
the Grothendieck group

G0(S) := K0(Stmod(S))

as in [H, p. 95]: each triangleU
u
! V

v
! W

w
! in Stmod(S) yields an equation[V ] =

[U ] + [W ] in G0(S). It is not hard to show that

G0(S) ' G0(S)=c(K0(S)) ;

wherec : K0(S)! G0(S) is the Cartan homomorphism; see [TW, Proposition 1].

2.2. Stably finitely generated modules.We will call anS-moduleM stably finitely gen-
erated if M is isomorphic inStMod(S) to a finitely generated module, sayM 0. In this
case, we put

�(M) := [M 0] 2 G0(S) :

We remark that stably finitely generated modules were called almost injective in [LP].
The following lemma is identical with [LP, Theorem 1.2]; we give a new proof in the
framework of triangulated categories following [H, Chapter 1] for notation, terminology
and axioms.

Lemma. Let 0 ! U ! V ! W ! 0 be an exact sequence inMod(S). If two of
fU; V;Wg are stably finitely generated then all three are. In this case,

�(V ) = �(U) + �(W )

holds inG0(S).

Proof. The given exact sequence yields a triangle

U
u
! V

v
!W

w
!

in StMod(S). Therefore, in order to prove the first assertion it suffices to prove: given a tri-

angle� =
�
U

u
! V

v
!W

w
!
�

in StMod(S) such that two offU; V ;Wg are isomorphic

to objects ofStmod(S) then all three are. Moreover, by the rotation axiom (TR2), it suf-
fices to consider the case where the two modules in question areU andV , sayf : U

'
! U 0

andg : V
'
! V 0 are isomorphisms inStMod(S) with U 0 andV 0 finitely generated. By ax-

iom (TR1) forStmod(S), the morphismu0 = g Æ u Æ f�1 : U 0 ! V 0 in Stmod(S) embeds
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into a triangle�0 =
�
U 0 u0

! V 0 v0

!W 0 w
0

!
�

in Stmod(S) (and hence inStMod(S)). SoW 0

is finitely generated. By axiom (TR3) forStMod(S), there is a morphismh : W ! W 0 so
that (f; g; h) : � ! �0 is a morphism of triangles inStMod(S). Finally, the 5-Lemma
[H, Proposition 1.2(c)] implies thath is an isomorphism, proving thatW is stably finitely
generated.

Finally, start with the given exact sequence and its associated triangle� in StMod(S),
and assume that there are isomorphismsf : U

'
! U 0, g : V

'
! V 0, h : W

'
! W 0 in

StMod(S) with U 0, V 0, W 0 finitely generated. Then�0 = (U 0; V 0;W 0; g Æ u Æ f�1; h Æ
u Æ g�1; T f Æ u Æ h�1) is a sextuple inStMod(S) that is isomorphic to� via (f; g; h). By
(Tr1),�0 is a triangle inStMod(S), and hence inStmod(S). From this triangle, we obtain
the desired equation[V 0] = [U 0] + [W 0] in G0(S). �

2.3. QF-algebras. Assume now that the QF-ringS is a finite-dimensional algebra over
a field k. Then we have the following characterization of stably finitely generatedS-
modules.

Lemma. The following are equivalent for anS-moduleM :

(i) M is stably finitely generated;
(ii) for all finitely generatedS-modulesV , HomS(V;M) is finite-dimensional overk;

(iii) for all simpleS-modulesV , HomS(V;M) is finite-dimensional overk.

Proof. Only (iii) ) (i) needs a proof. For this, writeM = Mpf � P , whereP is projective
andMpf, theprojective-free partof M , has no non-zero projective submodules; cf. [LP,
Lemma 1.1] or [Ri, Lemma 3.1]. Note thatPHomS(V;Mpf) = 0 holds for every simple
S-moduleV . Thus,HomS(V;M) ' HomS(V;Mpf) ' HomS(V;Mpf). Now (iii) entails
thatMpf has a finite-dimensional socle, and henceMpf is finite-dimensional itself. Since
M 'Mpf in StMod(S), we conclude thatM is stably finitely generated. �

Remark.For QF-algebras, another proof of the first assertion of Lemma 2.2 can be based
on the above characterization and the fact thatHomS(V; : ) is a “cohomological functor”;
see [H, Proposition 1.2].

2.4. Stable restriction. Let S ! T be a ring homomorphism. Assume that the following
hypothesis is satisfied:

All finitely generatedT -modules are stably finitely generated asS-modules. (*)

Then Lemma 2.2 allows us to define a homomorphism

resT;S : G0(T )! G0(S); [M ] 7! �(MS) ;

which we will call stable restrictionfrom T to S. Of course, ifM is actually finitely
generated overS then�(MS) is just the image of the ordinary restricted moduleMS in
G0(S) = G0(S)=c(K0(S)).
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3. STABLE RESTRICTION FORHOPF ALGEBRAS

Throughout this section,H will denote a finite-dimensional Hopf algebra over the field
k, with counit", antipodeS, and comultiplication�. The latter will be written�(h) =P

h1 
 h2 for h 2 H. Finally,� 2 H denotes a fixed nonzero left integral forH.

3.1. Homomorphisms. Let M andN be leftH-modules. ThenHomk(N;M) can be
made into anH-module by defining

(hf)(n) =
X

h1f(S(h2)m) (h 2 H; n 2 N; f 2 Homk(N;M)):

TheH-invariantsHomk(N;M)H = ff 2 Homk(N;M) j hf = "(h)f 8h 2 Hg coincide
with theH-module mapsHomH(N;M); cf. [Z, Lemma 1]. TakingN = k", the trivial
H-module, evaluation at1 2 k yields anH-module isomorphismHomk(k";M) 'M .

Recall thatH is a Frobenius algebra; cf. [Mo, Theorem 2.1.3]. SoH can play the role
of S in Section 2.

Lemma. Let V andM beH-modules withV finitely generated. ThenHomH(V;M) '
HomH(V;M)=�Homk(V;M). In particular,HomH(k";M) 'MH=�M .

Proof. We must show that�Homk(V;M) coincides with the spacePHomH(V;M) of H-
module mapsV ! M that factor through some projective. But all these maps factor
through the freeH-moduleindHk (M) = H 
M jk via the epimorphism� : indHk (M) �
M , h
m 7! hm. SoPHomH(V;M) consists of allH-module maps of the form� Æ' for
some' 2 HomH(V; ind

H
k (M)).

Givenf 2 Homk(V;M), define~f : V ! indHk (M) by ~f(v) =
P

�1
f(S(�2)v). Note
that ~f = �(� Æ f), where� : M ! indHk (M)) is thek-linear map given bym 7! 1
m.
Hence,~f 2 HomH(V; ind

H
k (M)). We claim:

Homk(V;M) ' HomH(V; ind
H
k (M)) via f 7! ~f .

Indeed, asH-modules,X := Homk(V; ind
H
k (M)) ' indHk (M)
 V � (e.g., [L,x2.1]) and,

by the Fundamental Theorem of Hopf Modules (cf. [Mo, Theorem 1.9.4]),indHk (M) 

V � ' H 
 Homk(V;M) is a freeH-module. Thus,XH = �X, which implies our claim.
Since� Æ ~f = �f , we conclude thatPHomH(V;M) = �Homk(V;M), as desired. �

3.2. Smash products. LetR be a leftH-module algebra, andT = R#H the associated
smash product; see [Mo, 4.1.1, 4.1.3]:R is ak-algebra that also is a leftH-module subject
to certain conditions, andT = R
H, made into ak-algebra by means of the multiplication

(r#h)(r0#h0) =
X

r(h1r
0)#h2h

0 :

Here, as is usual,r#h stands for the elementr 
 h of T . BothR andH are subalgebras
of T via the natural identificationsr = r#1 andh = 1#h.

We will need the following facts aboutT -modules. First,R is a left T -module via
(r#h) � r0 = r(hr0). Next, given a leftT -moduleM and a leftH-moduleV , the space
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Homk(V;M) becomes a leftT -module by the rule

(r#h)f(v) =
X

(r#h1)f(S(h2)v) :

When restricted toH, this action is the one considered in 3.1. If bothM andV are finitely
generated then so isHomk(V;M). Indeed,M is finitely generated overR andV is finite-
dimensional in this case, and asR-modules,Homk(V;M) 'M (dimk V ).

The following proposition gives a criterion for hypothesis (*) in 2.4 to be satisfied in our
present setting. The result is [LP, Theorem 1.7], transplanted into a Hopf algebra setting.

Proposition. Assume thatR is noetherian as left module over the subalgebraRH of H-
invariants. Then: all finitely generatedT -modules are stably finitely generated asH-
modules if and only ifRH=�R is finite-dimensional overk.

Proof. In view of Lemmas 2.3 and 3.1, the condition onRH=�R is surely necessary, even
for just theT -moduleR to be stably finitely generated overH.

Conversely, assume the condition is satisfied and letM be a finitely generatedT -module.
We will show thatM is stably finitely generated overH by checking condition (ii) in
Lemma 2.3. To this end, letV be any finitely generatedH-module. Then, as we have ob-
served above,Homk(V;M) is a finitely generatedT -module, and hence it is finitely gen-
erated overR as well. Our noetherian hypothesis allows us to conclude thatHomk(V;M)
is noetherian overRH . Hence, theRH-submoduleHomH(V;M) is also finitely gener-
ated. Our condition onRH=�R further entails thatHomH(V;M)=�Homk(V;M) is finite-
dimensional overk. Condition (ii) in Lemma 2.3 now follows by invoking Lemma 3.1.�

Remark.The question as to when exactly the noetherian hypothesis in the above propo-
sition holds is largely unresolved at present. By a result of Ferrer-Santos ([F-S], cf. [Mo,
x4.2]), one knows however that the hypothesis is satisfied wheneverR is affine commuta-
tive andH is cocommutative. This will be sufficient for our purposes.

3.3. Orders of finite-dimensional classes.We continue with the notations and hypothe-
ses of 3.2; in particular,R will be assumed left noetherian overRH , and soT is left
noetherian. The following result gives a lower bound for the orders of finite-dimensional
classes[M ] 2 G0(T ).

Corollary. Assume thatR is left noetherian overRH and thatRH=�R is finite-dimensional
overk. Let Æ denote the greatest common divisor of the dimensions of all finitely gener-
ated projectiveH-modules. Then, for everyT -moduleM with dimkM <1, the order of
[M ] 2 G0(T ) is divisible byÆ=(Æ; dimkM).

Proof. By virtue of Proposition 3.2, we may define stable restriction fromT toH,

resT;H : G0(T )! G0(H) ;

as in 2.4. We further have a homomorphism

G0(H) = G0(H)=cK0(H)! Z=ÆZ
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sending[V ] to the residue class ofdimk V . The composite mapG0(T ) ! Z=ÆZ sends
the class[M ] 2 G0(T ) to the residue class ofdimkM , an element ofZ=ÆZ having order
Æ=(Æ; dimkM). The corollary follows. �

Remark.The numberÆ in the above corollary is divisible by

� the dimension of any local Hopf subalgebra ofH, and
� p = char k, if H is involutory (that is,S2 = Id) and not semisimple.

This follows from [L, Lemma 2.4 and Theorem 2.3(b)], respectively.

4. PROOF OF THETHEOREM, PART (b)

Let � be a finitely generated abelian-by-finite group and assume thatp = char k > 0.
Let G a finitep-subgroup of� such that every1 6= g 2 G has finite centralizer in�. We
wish to show thatjGj divides the order of[k�] 2 G0(k�).

As in Section 1, we fix a torsion-free abelian normal subgroupA of � having finite
index in�. Then the subgroup�1 = hA;Gi of � has finite index in�, and so (ordinary)
restriction of modules from� to�1 defines a homomorphismG0(k�)! G0(k�1) sending
the Euler class of� to the one of�1. Thus we may assume that� = �1 = AoG. Hence,
k� is a smash productR#H with R = kA andH = kG. Moreover, our centralizer
hypothesis says thatC G(a) = h1i holds for every1 6= a 2 A, which in turn translates
into dimkR=�R = 1. Here,� =

P
g2G g is the integral ofH = kG. Thus, Corollary 3.3

applies. Since every projectivekG-module is free, we conclude thatjGj divides the order
of [k�]. This proves part (b) of the Theorem.

5. SOME COMMENTS AND EXAMPLES

5.1. Fix a torsion-free abelian normal subgroupA of � having finite index in� and put
A� = A \ center(�). Then, by an easy argument involving the transfer map,

A� 6= f1g if and only if there is an epimorphism�� Z.

In this case, we may consider the inflation homomorphismG0(kZ)! G0(k�). This map
sends[kZ] = 0 to k�; so[k�] = 0.

5.2. Reference [BL] contains some results on the general nature of torsion inG0(k�)
which in particular limit the possibilities for the order of[k�]; see [BL, Theorem 3.1]:

� If k is a splitting field for all finite subgroups of� thenG0(k�) can have non-trivial
q-torsion only for primesq so that� has non-trivialq-torsion.

� If p = char k > 0 then the orders of thep-elements ofG0(k�) are bounded by the
largest order of ap-subgroup of�.

5.3. Split crystallographic groups. By definition, these are semidirect products of the
form � = A o G, whereA ' Zn is a free abelian group of finite rankn andG is a finite
subgroup ofGL(A) ' GLn(Z). Fixing this notation, and assumingG 6= f1g throughout,
we consider the following special cases.
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5.3.1. Fixed-point-free actions.Assume thatG acts fixed-point-freely onA, that is,[a; g] 6=
1 holds for all non-identity elementsa 2 A andg 2 G. Then part (a) of the Theorem im-
plies:

[k�] has finite order() G is ap-group (p = char k).

In this case, from part (b) of the Theorem, we further obtain thatjGj divides the order of
[k�]. On the other hand, by 5.2, all torsion inG0(k�) is annihilated byjGj. Hence:

If G is ap-group then[k�] has orderjGj.

We remark thatp-groups that act fixed-point-freely are either cyclic or a generalized quater-
nion2-group; see [Wo, Theorems 5.3.1, 5.3.2].

5.3.2. GroupsG of prime order. If G has prime order then eitherA� 6= f1g or G acts
fixed-point-freely. Thus, in view of 5.1 and 5.3.1, we conclude: the Euler class[k�] is trivial
iff A� 6= f1g; in caseA� = f1g the order of the Euler class equalsjGj if jGj = char k,
and1 otherwise.

5.3.3. The casen = 2. A non-identity matrixg 2 GL(A) = GL2(Z) has determinant1
if and only if g has no non-trivial fixed-point inA. SoG1 = G \ SL(A) acts fixed-point-
freely onA. Therefore, by part (a) of the Theorem, if[k�] has finite order thenG1 must be
ap-group (p = char k). Conversely, ifG1 is ap-group then all non-identityp0-elements of
G have determinant6= 1, and hence they have a non-trivial fixed-point inA. Thus, by part
(a) of the Theorem again,[k�] has finite order. So:

[k�] has finite order() G1 = G \ SL(A) is ap-group (p = char k).

If G1 = f1g thenA� 6= f1g, and so[k�] is trivial, by 5.1. On the other hand, ifG1 is a
non-trivialp-group thenjG1j divides the order of[k�], by part (b) of the Theorem. Thus:

[k�] = 0 () G1 = G \ SL(A) = f1g.

If G � SL(A) is ap-group (p = char k), then by the foregoing and 5.2, the order of[k�]
equalsjGj.

For another example, suppose thatG = h� Id; gi for some involutiong of determinant
�1. The Euler class[k�] has finite order only ifp = 2, and then the order is either2 = jG1j
or 4 = jGj. To resolve this ambiguity, note thatN = hAhgi;�gi is a normal subgroup of
� so that�=N ' D1, the infinite dihedral group. The Euler classkD1 has order2; see
5.3.1. An inflation argument as in 5.1 now shows that2[k�] = 0. Thus[k�] has order2.

Up to conjugacy, the above remarks leave three finite subgroupsG � GL(A) = GL2(Z)
where the order of the Euler class of� = A o G has not been completely determined. In
standard crystallographic notation, the corresponding groups� are the symmetry groups
of the wallpaper patterns of typesp4m, p3m1, andp31m. We consider these groups in turn
below, in each case expressing the Euler class[k�] by means of the cellular chain complex
of a corresponding wallpaper pattern.

Typep4m: Here,� ' Z2 o D4; soG1 is cyclic of order4. By the foregoing,[k�] has
finite order precisely forp = 2, and in this case, we know that the order is a multiple of4.



10 MARTIN LORENZ

FIGURE 1. typep4m

We will show that the order of[k�] is actually equal to4. To this end, we view thep4m-
wallpaper in Fig. 1 as a�-stableCW -structure onR2 , with 0-cells the points of intersection
of the lines in the pattern,1-cells the arcs between0-cells, and2-cells the enclosed regions.
There is one�-orbit of 0-cells; we denote the stabilizer of a representative0-cell byD(1)

4 , a
dihedral group of order8 inside�. Furthermore, there is one orbit of1-cells, with stabilizer
D1, and two orbits of2-cells with stabilizersD2 andD(2)

4 , respectively. We may assume
thatD1 � D2 and thatD2 \ D

(i)
4 has order2 for i = 1; 2. The augmented cellular chain

complex has the form

0! k"�
D
(2)
4

�k"�D2
! k"�D1

! k"�
D
(1)
4

! k� ! 0

where :"�D= k�
kD : denotes the inducedk�-module; see [Se2, p. 93/4]. (Note that the
orientation�-sign is irrelevant here, since we are working in characteristicp = 2.) This
gives the following formula for the Euler class of�:

[k�] = [k"�
D
(1)
4

]� [k"�D1
] + [k"�D2

] + [k"�
D
(2)
4

] :

Here, 2[k "�D2
] = [k "�D1

] and 2[k "�D2
] = 4[k "�

D
(i)
4

] for i = 1; 2. From this, we obtain

4[k�] = 0. Therefore, the Euler class[k�] has order4.

Typesp3m1 andp31m: In both cases,� ' Z2oD3 andG1 is cyclic of order3. So[k�]
has finite order precisely forp = 3, and then the order is a multiple of3. Again, it turns out
that the order of[k�] is equal to3 whenp = 3. We consider the casep3m1 in some detail,
leaving the verification in typep31m to the reader. Thep3m1-wallpaper in Fig. 2 has one
�-orbit of 0-cells, with isotropy groupD3, one orbit of1-cells, with isotropyD1, and two
orbits of2-cells (“black” and “white”), with isotropy groupsD(�)

3 , two further copies of
the dihedral group of order6 inside�. We may assume thatD1 is contained inD3 and in
bothD(�)

3 . Thus, the cellular chain complex gives the following equation for[k�]:

[k�] = [k�"�
D
(+)
3

] + [k�"�
D
(�)
3

]� [k�"�D1
] + [k"�D3

] :

Here,k� denotes the sign-representation of the dihedral group in question: reflections act
as�1 (orientation reversing), rotations as+1 (orientation preserving). In order to show that
3[k�] = 0, we note that3[k"�D3

] + 3[k�"�D3
] = [k�], and similarly forD(�)

3 . Using this, and
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FIGURE 2. typep3m1

the equation[k�"D3

D1
] = 2[k�D3

]+[kD3], one obtains the formula3[k�"�D3
] = 3[k�"�D1

]�[k�],

and similarly forD(�)
3 . These formulas together easily yield3[k�] = 0, as required.
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