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ON THE COHEN-MACAULAY PROPERTY OF
MULTIPLICATIVE INVARIANTS

MARTIN LORENZ

ABSTRACT. We investigate the Cohen-Macaulay property for rings of
invariants under multiplicative actions of a finite gratipBy definition,

these arg-actions on Laurent polynomial algebigs", . . ., z:!] that
stabilize the multiplicative group consisting of all moniafs in the vari-
ablesx;. For the most part, we concentrate on the case where the base
ring k is Z. Our main result states thatgfacts non-trivially and the in-
variant ringZ[z:", ..., 219 is Cohen-Macaulay then the abelianized

rYn

isotropy groups72° of all monomialsm are generated by the bireflec-
tions inG,, and at least ong2® is non-trivial. As an application, we
prove the multiplicative version of Kempeiscopies conjecture.

INTRODUCTION

This article is a sequel to [LPk]. Unlike in [LPk], howeveyrdocus will
be specifically on multiplicative invariants. In detailt Ie = Z™ denote a
lattice on which a finite groug acts by automorphisms. Tlgaction on
L extends uniquely to an action liyalgebra automorphisms on the group
algebrak[L] = k[z7, ...,z '] over any commutative base rifig We are
interested in the question when the subalgédiid? consisting of allG-
invariant elements ok[L] has the Cohen-Macaulay property. The reader
is assumed to have some familiarity with Cohen-Macaulaystirsggood
reference on this subject is [BH].

It is a standard fact thdt[L] is Cohen-Macaulay precisely if is. On
the other hand, whil&[L]¢ can only be Cohen-Macaulay wheris so, the
latter condition is far from sufficient and rather stringedditional condi-
tions on the action of on L are required to ensure tHatZ.]¢ is Cohen-Ma-
caulay. Remarkably, the question whether orlié{ is Cohen-Macaulay,
for any given base rin§f, depends only on the rational isomorphism class
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of the latticeL, that is, the isomorphism class bf@; Q asQ[G]-module;
see Proposition 3.4 below. This is in striking contrast witbst other ring
theoretic properties dt[L]¢ (e.g., regularity, structure of the class group)
which tend to be sensitive to tl#type of L. For an overview, see [[.

We will largely concentrate on the case where the basekriad.. This is
justified in part by the fact that i£.[L]9 is Cohen-Macaulay then likewise is
k[L])¢ for any Cohen-Macaulay base rifxgLemma 3.2). Assuming,[L]¢
to be Cohen-Macaulay, we aim to derive group theoretical epmsnces
for the isotropy groupg,, = {g € G | g(m) = m} with m € L. An
elementy € G will be called ak-reflectionon L if the sublatticelg, L] =
{g(m) —m | m € L} of L has rank at most or, equivalently, if they-
fixed points of theQ-spacel ®; Q have codimension at mokt As usual,
k-reflections witht = 1 andk = 2 will be referred to aseflectionsand
bireflections For any subgroufit < G, we letH® denote the subgroup
generated by the elements ‘Af that act as bireflections oh. Our main
result now reads as follows.

Theorem. Assume thaZ[L]¢ is Cohen-Macaulay. The@m/gfﬁ) is a per-
fect group (i.e., equal to its commutator subgroup) forralke L. If G acts
non-trivially on L then som&j,,, is non-perfect.

It would be interesting to determine if the conclusion of theorem can
be strengthened to the effect that all isotropy grodpsare in fact gener-
ated by bireflections o.. | do not know if, for the latter to occur, it is
sufficient thatG is generated by bireflections. The corresponding fact for
reflection groups is known to be true:gfis generated by reflections dn
(or, equivalently, onl @7 QQ) then so are all isotropy grougs,; see [St,
Theorem 1.5] or [Boy Exercise 8(a) on p. 139].

There is essentially a complete classification of finitedmgroups gen-
erated by bireflections. In arbitrary characteristic, thidue to Guralnick
and Saxl [GuS]; for the case of characteristic zero, seerkfuffand Wales
[Huw]. Bireflection groups have been of interest in connectioth the
problem of determining all finite linear groups whose algetirpolynomial
invariants is a complete intersection. Specifically, sggphalg < GL(V)
for some finite-dimensional vector spakeand letO(V) = S(V*) denote
the algebra of polynomial functions dn It was shown by Kac and Watan-
abe [KW] and independently by Gordeev,[|Ghat if the algebraO (V)9
of all G-invariant polynomial functions is a complete intersectibeng is
generated by bireflections dn. The classification of all group8 so that
O(V)¢ is a complete intersection has been achieved by Gordegvaj@l
by Nakajima [N].

The last assertion of the above Theorem implies in parti¢hét if Z[L]9
is Cohen-Macaulay ang acts non-trivially onL then some element of
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G acts as a non-trivial bireflection oh. Hence we obtain the following
multiplicative version of Kemper’8-copies conjecture:

Corollary. If G acts non-trivially onL andr > 3 thenZ[L%"]9 is not
Cohen-Macaulay.

The3-copies conjecture was formulated by Kemper,[Wermutung 3.12]
in the context of polynomial invariants. Using the aboveation, the orig-
inal conjecture states thatif# G < GL(V') and the characteristic of the
base field ofl” divides the order o€/ (“modular case”) then the invariant
algebraO (V)9 will not be Cohen-Macaulay for any > 3. This is still
open. The main factors contributing to our success in theiphichtive case
are the following:

e Multiplicative actions are permutation action§: permutes thek-
basis ofk[L] consisting of all “monomials”, corresponding to the el-
ements of the latticé. Consequently, the cohomolod¥* (G, k[L])
is simply the direct sum of the varioug*(g,,, k) with m running
over a transversal for thg-orbits in L.

e Up to conjugacy, there are only finitely many finite subgroops
GL,(Z) and these groups are explicitly known for smallA crucial
observation for our purposes is the following: dfis a nontrivial
finite perfect subgroup oL, (Z) such that nol # ¢ € G has
eigenvaluel theng is isomorphic to the binary icosahedral group
andn > 8; see Lemma 2.3 below.

A brief outline of the contents of the this article is as felkd The short
preliminary Section 1 is devoted to general actions of adigitoupG on
a commutative ringk. This material relies rather heavily on [LPk]. We
liberate a technical result from [LPKk] from any a priori hypeses on the
characteristic; the new version (Proposition 1.4) stdtasif R and R are
both Cohen-Macaulay and‘(G, R) = 0 for 0 < i < k then H*(G, R)
is detected byt + 1-reflections. Section 2 then specializes to the case of
multiplicative actions. We assemble the main tools reglfioe the proof of
the Theorem, which is presented in Section 3. The articlelodes with
a brief discussion of possible avenues for further invasiign and some
examples.

1. FINITE GROUPACTIONS ONRINGS

1.1. Inthis sectionR will be a commutative ring on which a finite group
G acts by ring automorphisms+— g(r) (r € R,g € G). The subring of
G-invariant elements oR will be denoted byRY.
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1.2. Generalized reflections. Following [GK], we will say an element €
G acts as a&-reflectionon R if g belongs to the inertia group

IgPB)={9€G|g(r)—rePVrekR}
of some prime idead € Spec R with height 3 < k. The caseg = 1
andk = 2 will be referred to aseflectionsandbireflections respectively.
Define the ideal z(g) of R by

In(g) =) (9(r) = )R

reR
Evidently,’3 D Ir(g) is equivalent tgy € I5(). Thus:

g is ak-reflection onR if and only if height Ix(g) < k.
For each subgroupl < G, we put

Ir(H) = Z Ir(g) -

geEH
It suffices to lety run over a set of generators of the gradpn this sum.

1.3. A height estimate. The cohomology?*(G, R) = &,>0H" (G, R) has
a canonicalRY-module structure: for each € RY, the mapp: R —
R, s — rs, is G-equivariant and hence it induces a map on cohomology
p« : H*(G,R) — H*(G, R). The element acts onH*(G, R) via p.. Let
resy,: H*(G, R) — H*(H, R) denote the restriction map.

The following lemma extends [LPk, Proposition 1.4].

Lemma. Foranyxz € H*(G, R),
height ann zg () > inf{height Iz(H) | H < G,res§,(z) # 0} .

Proof. PutX = {H < G | res,(x) = 0}. For eacl{ < G, let Y, denote
the image of the relative trace ma&}* — RY, r — >, 9(r), whereg runs
over a transversal for the cosetd of H in G. By [LPk, Lemma 1.3],

RY, C annge(z) forall’H € X.

To prove the lemma, we may assume that ¢ () is a proper ideal of2¥;
for, otherwiseheight ann e (z) = co. Choose a prime ideal of RY with
p O annge(z) andheight p = height anngs(x). If B is a prime of R that
lies overp then

R CP forallH e X
andheight P8 = height p. By [LPk, Lemma 1.1], the above inclusion im-
plies that

[Ig(P) : Ix(P)] € P forall H € X.
Putp = char R/ and letP < I5(B) be a Sylowp-subgroup ofl; (‘B)
(soP = 1if p = 0). ThenIg(P) C P and[Iz(P) : P] ¢ B. Hence,
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P ¢ X andheight Iz(P) < height 38 = height annys (). This proves the
lemma. O

We remark that the lemma and its proof carry over verbatinméomore
general situation wheré/*(G, R) is replaced byH*(G, M), where M is
some module over the skew group ring®bver R; cf. [LPk]. However,
we will not be concerned with this generalization here.

1.4. A necessary condition. In this section, we assume thatis noether-
ian asRY-module. This assumption is satisfied whenelkeis an affine
algebra over some noetherian subring RY; see [Boy, Theo®me 2 on
p. 33]. Put

Xp ={H < G | height Irp(H) < k} . (1.1)

Note that eact{ € X, consists ok-reflections onk. The following propo-
sition is a characteristic-free version of [LPk, Propagitd.1].

Proposition. Assume thak and R¢ are Cohen-Macaulay. If*(G, R) = 0
(0 < i < k) then the restriction map

res «HYG,R)— [[ H'M.R)
HE%}C+1
is injective.
Proof. We may assume thdf*(G, R) # 0. Letz € H*(G, R) be nonzero
and puta = anngg (). By [LPk, Proposition 3.3]deptha < k + 1. Since
RY is Cohen-Macaulayjepth a = height a. Thus, Lemma 1.3 implies that

k + 1 > height I(H) for someH < G with resf,(x) # 0. The proposition
follows. O

Note that the vanishing hypothesis &f (G, R) is vacuous fork = 1.
Thus, H(G, R) is detected by bireflections whenevgrand RY are both
Cohen-Macaulay.

2. MULTIPLICATIVE ACTIONS

2.1. For the remainder of this article,will denote a lattice on which the
finite groupG acts by automorphisms. — g(m) (m € L,g € G). The
group algebra ofl. over some commutative base rifigwill be denoted
by k[L]. We will use additive notation i.. Thek-basis element ok[L]
corresponding to the lattice element< L will be written as

x™;
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sox’ = 1, x™" = x™x™ andx™" = (x™)~!. The action ofG on L
extends uniquely to an action fxyalgebra automorphisms dn.|:

g(z kmx™) = Z Fopx9(m)
meL meL
The invariant algebr&[L]¢ is a freek-module: ak-basis is given by the
G-orbit sumso (m) = 3 g X", WhereG(m) denotes the-orbit of
m € L. Since all orbit sums are defined ov&rwe have

k[L]® =k ®z Z[L] . (2.1)

2.2. Let’H be a subgroup offj. We compute the height of the ideal
Iy (H) from §1.2. Let

L"={me L|g(m)=mforallg € H}

denote the lattice df{-invariants inL and define the sublattide{, L] of L
by
M, L] = Z l9, L],
geEH

where[g, L] = {g(m) —m | m € L}. It suffices to lety run over a set of
generators of the grouf in the above formulas.

Lemma. With the above notatiork[L]/ Iy (H) = k[L/[H, L]] and
height Iy (r)(H) = rank[H, L] = rank L — rank L' .

Proof. Since the idealy;;(H) is generated by the element&™ ™ — 1
with m € L andg € H, the isomorphisnik[L]/ Iy (H) = k[L/[H, L]] is
clear.

To prove the equalityank[H, L] = rank L — rank L™, note that the

rational group algebr&®][*] is the direct sum of the ideal® <deu g)

andy_ .,, Q(g—1). ThisimpliesL ®; Q = (L™ ®z Q) & ([H, L] ®z Q).
Hencerank L = rank L™ + rank[H, L.
To complete the proof, it suffices to show that

height P = rank[H, L]

holds for any minimal covering prim§8 of I (H). PutA = L/[H, L]
and = P/ Iy (H), a minimal prime ok[L]/ Iy (H) = k[A]. Further,
putp = PNk =P Nk. Since the extensick — k[A] = K[L] /Iy (H) is
free,p is a minimal prime of; see [Boy, Cor. on p. AC VIII.15]. Hence,
descending chains of primeslinl| starting with3 correspond in d-to-1
fashion to descending chains of primegfk /p)[ L] starting with the prime
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that is generated b3. Thus, replacind by Q(k/p), we may assume that
k is a field. But then

height B = dimk[L] — dimk[L]/B = rank L — dimk[L]/B .

LetB, = P Nk[Ay], whereA, denotes the torsion subgroup4f Since’d
is minimal, we havel = B k[A] and sok[L]/B = k¢[4/Ay], where
ko = k[Ag]/P, is a field. Thusdimk[L]/P = rank A/A4,. Finally,
rank A/A, = rank A = rank L — rank[H, L], which completes the proof.
U

Specializing the lemma to the case wheéfe= (g) for someg € G, we
see thay acts as &-reflection ork[L] if and only if g acts as &-reflection
on L, that s,

rank[g, L] < k.

Moreover, the collection of subgroufs in equation (1.1) can now be writ-
ten as

Xp={H <G |rank L/L"" < k} . (2.2)

2.3. Fixed-point-free lattices for perfect groups. The G-action onL is
calledfixed-point-freéf g(m) # m holds forall0 # m € Landl # g € G.
Recall also that the group is said to beperfectif G2 = G/[G,G] = 1.

Lemma. Assume thagj is a nontrivial perfect group acting fixed-point-
freely on the nonzero lattice. Theng is isomorphic to the binary icosahe-
dral group2.A45 = SLy(FF5) andrank L is a multiple ofS.

Proof. PutV = L®;C, a nonzero fixed-point-fre€[G]-module. By a well-
known theorem of Zassenhaus (see [Wo, Theorem 6.2;1$)jsomorphic
to the binary icosahedral gro@pA; and the irreducible constituents Bf
are2-dimensional. The binary icosahedral group has two irrddecom-
plex representations of degregthey are Galois conjugates of each other
and both have Frobenius-Schur indicatet. We denote the correspond-
ing C[G]-modules byl; andV;. Both V; occur with the same multiplicity
in V, sinceV is defined oveQ. Thus,V = (V; & 13)™ for somem and
rank L = 4m. We have to show that: is even. Since botly; have indi-
cator—1, it follows thatV; @ V; is not defined oveR, whereas each? is
defined ovelR; see [l, (9.21)]. Thus}); & V; represents an elementof
order2 in the cokernel of the scalar extension NnGR[G]) — Go(C[G]),
andmax = 0. Thereforeyn must be even, as desired. O

We remark that the binary icosahedral graugls is isomorphic to the
subgroup of the nonzero quaternidfisthat is generated by: + i + ja*) /2
and(a + j + ka*)/2, wherea = (1 + +/5)/2 anda* = (1 — +/5)/2 and
{1,1, 7, k} is the standar@-basis ofH. Thus, letting2..45 act onH via left
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multiplication,H becomes &-dimensional fixed-point-free complex repre-
sentation oR2.45. It is easy to see that this representation can be realized
over K = Q(i,v/5); SOH = V @ C with dimg V' = 2[K : Q] = 8. Any

2. As-lattice forV will be fixed-point-free and have rargk

2.4. Isotropy groups. The isotropy group of an element € L in G will
be denoted by,,; so

Gn={9€G|g(m)=m}.
TheG-lattice L is calledfaithful if Kerg(L) = (,,c;, Gm = 1. The follow-

ing lemma, at least part (a), is well-known. We include theopifor the
reader’s convenience.

Lemma. (&) The set of isotropy group&’,, | m € L} is closed under
conjugation and under taking intersections.
(b) Assume that th¢-lattice L is faithful. If G,, (m € L) is a mini-
mal non-identity isotropy group the@,, acts fixed-point-freely on
L/L9m # 0.

Proof. Consider th&)[G]-moduleV = L @7 Q. The collection of isotropy
groupsg,, remains unchanged when allowing € V. Moreover, for any
subgroupH < G, L/L™ is anH-lattice with L/ L™ @, Q = V/V™,

(a) The first assertion is clear, sirtg,, = G,(») holdsforallg € G, m €
V. For the second assertion, [&f be a non-empty subset &f and put
Gv = mer Gm- We must show thag,, = G, for somem € V. Put
W =V9%_ If ge G\ GythenW9 = {w € W | g(w) = w} is a proper
subspace ofl/, since some element dff does not belong té19. Any
m € W\ U,eg\g,, W* satisfies,, = Gus.

(b) Let’H = G,,, be a minimal non-identity member ¢f,, | m € V}.
As Q[H]-modules, we may identify” andV* o V/VH  If0#£ v e V/VT
thenH, = HN G, C H. Inview of (a), our minimality assumption cH
forcesH, = 1. Thus,H acts fixed-point-freely oiV/V*, and hence on
L/LM. O

Proposition. Assume that_ is a faithful G-lattice such that all minimal
isotropy groupsl # G,, (m € L) are perfect. Themank L/L* > 8 holds
for every nonidentity subgrouf < G.

In the notation of equation (2.2), the conclusion of the pifion can be
stated as follows:
X, = {1} forall k& < 8.

Proof of the PropositionPut ™ = (,,.;» Gm. ThenH O H and L =
L™, Lemma 2.4(a) further implies that = G,, for somem. Replac-
ing H by H, we may assume tha{ is a nonidentity isotropy group. If
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‘H is not minimal then replacgl by a smaller nonidentity isotropy group;
this does not increase the valuerafik L /L™. Thus, we may assume that
‘H is a minimal nonidentity isotropy group, and herigeis perfect. By
Lemma 2.4(b),H acts fixed-point-freely o,/ # 0 and Lemma 2.3
implies thatrank L /L™ > 8, proving the proposition. O

2.5. Cohomology. Let X denote any collection of subgroups @fthat is
closed under conjugation and under taking subgroups. Wenwéstigate
injectivity of the restriction map

1res36 Hkgk HH’“Hk
HeX
This map was considered in Proposition 1.4%0& X, .

Lemma. The mapes§: H*(G,k[L]) — [[,cx H*(H.Kk[L]) is injective if
and only if the restriction maps

HY G k) — ] H*(H.K)
HeX
H<Gm

are injective for allm € L.

Proof. As k[G]-module k[L] is a permutation module:
k(L] = €D KIG/Gul,
meG\L

wherek[G /G| = k[G] ®yg,,) k andG\ L is a transversal for thé-orbits in
L. For each subgroup < G,

KG/Gull,, = D KMH/IG.NH];
9EH\G/Gm
see [CR, 10.13]. Thereforees% is the direct sum of the restriction maps
H"G K[G/Gn]) = H*(H,K[G/Gu])) = €  H'(H,k[H/'G.NH]).
9EH\G/Grm

By the Eckmann-Shapiro Lemma [Br, 111(5.2),(6.2/"(G,k[G/G,.]) =
H*(G,,,k) and H*(H,k[H /G, N 'H]) = H*(9G,, N 'H,k). In terms of
these isomorphisms, the above restriction map becomes

PH,m - Hk(gmak) — @ Hk(ggm OHJK)
QEH\g/g'm

/] = ([ =g~ hg)))g
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where|.] denotes the cohomology class ok-aocycle andh stands for a
k-tuple of elements ofG,, N H. Therefore,

Ker pym = ﬂ Ker (resg” o1 H (G, k) — H*(G,n N HYK))

Thus,Ker resf. is isomorphic to the direct sum of the kernels of the restric-
tion maps
H (G, k) = ] H* (G N HO k)
HeX
with m € G\ L. Finally, by hypothesis of, the groupsj,, N H? with H €
X are exactly the groupd € X with H < G,,,. The lemma follows. [

Corollary. Letk = Z/(|G|) andk = 1. Thenres%. injective if and only if
all G2 (m € L) are generated by the images of the subgrotps< G,,
with’H € X.

Proof. By the lemma witht = 1, the hypothesis on the restriction map says
that all restrictions

H'(Gn k) — ] H'(H.k)

HeX
H<Gm

are injective. Now, for eac{ < G, H'(H,k) = Hom(H?® k) = H3,
where the last isomorphism holds by our choic& ot herefore, injectivity
of the above map is equivalent @3° being generated by the images of all
H < G,, With H € X. O

3. THE COHEN-MACAULAY PROPERTY

3.1. Continuing with the notation df2.1, we now turn to the question
when the invariant algebria[L]¢ is Cohen-Macaulay. Our principal tool
will be Proposition 1.4. We remark that the Cohen-Macaulgyotiyesis of
Proposition 1.4 simplifies slightly in the setting of muligative actions: it
suffices to assume thfL]¢ is Cohen-Macaulay. Indeed, in this case the
base ringk is also Cohen-Macaulay, becaugé | is free overk, and then
k[L] is Cohen-Macaulay as well; see [BH, Exercise 2.1.23 and Theore
2.1.9, 2.1.3(b)].

3.2. Base rings. Our main interest is in the case whéte= Z. As the
following lemma shows, iZ[L]¢ is Cohen-Macaulay then solk$L]¢ for
any Cohen-Macaulay base rifkg

Lemma. The following are equivalent:
(@) Z[L]¢ is Cohen-Macaulay;
(b) k[L]Y is Cohen-Macaulay wheneveiis;
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(c) k[L]¢ is Cohen-Macaulay fok = Z/(|G|);
(d) F,[L]¢ is Cohen-Macaulay for all primesdividing |G|.

Proof. (a) = (b): PutS = k[L]¢ and consider the extension of rings—
S. This extension is free; séR.1. By [BH, Exercise 2.1.23]5 is Cohen-
Macaulay if (and only if)k is Cohen-Macaulay and, for élf € Spec.S,
the fibreSy/pSy is Cohen-Macaulay, whege= P Nk. But Sy/pSy is a
localization of(S/p.S),0 = Q(k/p)[L]Y; see equation (2.1). Therefore, by
[BH, Theorem 2.1.3(b)], it suffices to show th@tk/p)[L]¢ is Cohen-Ma-
caulay. In other words, we may assume thé a field. By [BH, Theorem
2.1.10], we may further assume tliat= Q or k = F,. But equation (2.1)
implies thatQ[L]9 = Z[L],, andF,[L]% = Z[L]9/(p). SinceZ[L) is
assumed Cohen-Macaulay, [BH, Theorem 2.1.3] implies @id]° and
F,[L]¢ are Cohen-Macaulay, as desired.

(b) = (c) is clear.

() = (d): Write |G| = [[,p™. Thenk[L] = [[,Z/(p")[L]° and
Z/(p")[L)9 is a localization ofk[L]9. ThereforeZ/(p"»)[L] is Cohen-
Macaulay, by [BH, Theorem 2.1.3(b)]. 4, # 0 then it follows from [BH,
Theorem 2.1.3(a)] th&k,)[L]¢ andF,[L]9 = Z,)[L]°/(p) are Cohen-Ma-
caulay.

(d) = (a): First, (d) implies thaf,[L]¢ is Cohen-Macaulay for all primes
p. For, if p does not divideg| thenF,[L]¢ is always Cohen-Macaulay; see
[BH, Corollary 6.4.6]. Now let]3 be a maximal ideal oZ[L]. Thend N
Z = (p) for some primep andZ[L]%/(p) is a localization ofZ[L)9 /(p) =
F,[L])9. Thus,Z[L]%/(p) is Cohen-Macaulay and [BH, Theorem 2.1.3(a)]

further implies tha@[L]g3 is Cohen-Macaulay. Sinc&} was arbitrary, (a)
is proved. O

Since normal rings of (Krull) dimension at masare Cohen-Macaulay,
the implication (d)= (b) of the lemma shows th&fL]¢ is certainly Cohen-
Macaulay whenevek is Cohen-Macaulay anf has rank at mosi.

3.3. Proof of the Theorem. We are now ready to prove the Theorem stated
in the Introduction. Recall that, for any subgrotip < G, H® denotes
the subgroup generated by the element${othat act as bireflections on
L or, equivalently, by the subgroups &f that belong toX,; see (2.2).
Throughout, we assume tHa{L]¢ is Cohen-Macaulay.

We first show thaGm/gﬁf) is a perfect group for alin € L. Putk =
7/(|G|). Thenk[L]¢ is Cohen-Macaulay, by Lemma 3.2. Therefore, the
restriction H'(G,k[L]) — [lcx, H'(H,k[L]) is injective, by Proposi-
tion 1.4; see the remark §8.1. Corollary 2.5 yields that aff2° are gener-
ated by the images of the subgroups< G,, with H € X,. In other words,
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eachG® is generated by the images of the bireflectiong,in Therefore,

ab
(gm/g,(ﬁ)) =1, as desired.

Now assume tha@ acts non-trivially onL. Our goal is to show that
some isotropy groug,, is non-perfect. Suppose otherwise. Replagihg
by G/ Kerg(L) we may assume thdt # G acts faithfully onZ. Then
X, = {1} for all k < 8, by Proposition 2.4. It follows that

k=inf{i >0| H(G,k[L]) #0} > 7.

Indeed, ifk < 7 then Proposition 1.4 implies that# H*(G, k[L]) em-
beds into] [;cx,,, 7" (M, k[L]) which is trivial, becausé}, = {1}. By
Lemma 2.5 withX = {1}, we conclude that

H (G, k) =0forallm e Landallo <i < 7.

On the other hand, choosigg, minimal with G,,, # 1, we know by Lem-
mas 2.3 and 2.4(b) th&t,, is isomorphic to the binary icosahedral group
2.A5. The cohomology oP.A5 is 4-periodic (see [Br, p. 155]). Hence,
H? (G, k) =2 H (G, k) = anng (35 g) = Z/(|Gm]) # 0. This contra-
diction completes the proof of the Theorem. O

3.4. Rational invariance. We now show that the Cohen-Macaulay prop-
erty ofk[L]¢ depends only on the rational isomorphism class oftattice

L. Recall thatG-lattices L and L' are said to beationally isomorphicif

L ®;Q = L' ®;, QasQ[G]-modules. In this sectiork denotes any com-
mutative base ring.

Proposition. If k[L]¢ is Cohen-Macaulay then soli$Z']¢ for anyG-lattice
L' that is rationally isomorphic td..

Proof. Assume that’ ®; Q = L' ®; Q. ReplacingL’ by an isomorphic
copy insideL ®7 Q, we may assume thdt O L' andL/L’ is finite. Then
k(L] is finite overk[L'] which in turn is integral ovek[L']. Therefore,
k[L] is integral oveik[L']9, and hence so i&[L]9.

We now invoke a ring-theoretic result of Hochster and Eadtif] [(or see
[BH, Theorem 6.4.5]): Le? O S be an integral extension of commutative
rings having a Reynolds operator, that is, gtinear mapR — S that
restricts to the identity of. If R is Cohen-Macaulay thefi is Cohen-Ma-
caulay as well.

To construct the requisite Reynolds operator, considertimeation map

7 k[L] — k[L], Z e X™ Z kmx™ .

meL meL’
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This is a Reynolds operator for the extensid,] O k[L'] that satisfies
m(g(f)) = g(n(f)) forall g € G, f € k[L]. Therefore,r restricts to a
Reynolds operatdk[L]9 — k[L']9 and the proposition follows. O

The proposition in particular allows to reduce the geneealecof the
Cohen-Macaulay problem for multiplicative invariants te tbase of ef-
fective G-lattices. Recall that thg-lattice L is effectiveif LY = 0. For
any G-lattice L, the quotientZ /LY is an effectiveG-lattice; this follows,
for example, from the fact that is rationally isomorphic to thg-lattice
LY® L/LS.

Corollary. k[L]9 is Cohen-Macaulay if and only if this holds fefL/L9]¢.

Proof. By the proposition, we may repladeby L' = LY & L/L¢. But
k[L']¢ > k[L/L9)9 2 k[L9], a Laurent polynomial algebra oveiL/L9]°.
Thus, by [BH, Theorems 2.1.3 and 2.1.R][/]¢ is Cohen-Macaulay if and
only if k[L/L¢]9 is Cohen-Macaulay. The corollary follows. O

3.5. Remarks and examples.

3.5.1. Abelian bireflection groupslt is not hard to show that if is a finite
abelian group acting as a bireflection group on the latficnen Z[L]9
is Cohen-Macaulay. Using Corollary 3.4 and an inductionarik L, the
proof reduces to the verification thatZ]¢ is Cohen-Macaulay fof. = Z"
andg = diag(+1,...,4+1) N SL,(Z). Direct computation shows that, for
n> 2,
Z[L]g = Z[Slv s 7§n] 57 nZKh B 7571]

where¢; = x% + x % Is the G-orbit sum of the standard basis element
e; € Z" andn is the orbitsum o, e; = (1,...,1).

It would be worthwhile to try and extend this result to larggsisses
of bireflection groups. The aforementioned classificatibriceflection
groups in [GuS] will presumably be helpful in this endeavor.

3.5.2. Subgroups of reflection groupsssume that; acts as a reflection
group on the latticd. and letH be a subgroup of with [G : H] = 2.
Then’H acts as a bireflection group. (More generallyGifacts as &:-
reflection group andg : H|] = m then’® acts as a&m-reflection group;
see [L].) PresumablyZ[L]" will always be Cohen-Macaulay, but | have
no proof. For an explicit example, €&t = S, be the symmetric group
on{l,...,n} and letL = U, be the standard permutation lattice ty;
soU, = @;_, Ze; with s(e;) = ey, for s € S,. Transpositions act as
reflections onl/,, and 3-cycles as bireflections. Led,, < S, denote the
alternating group. To computd[U,,]"", putz; = x% € Z[U,]. Then
Z[U,) = Zzy, ..., x,)[s;}], wheres, = xx1% = [[}a; is then™ el-
ementary symmetric function, an8l, acts vias(z;) = z,u (s € S,).
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Therefore, Z[U, " = Z[xy, ...,z )" [s;1]. The ringZzy, ..., ] of
polynomial A, -invariants has the following form; see [S, Theorem 1.3.5]:
Zlxy, ..., o) = Zsy, ..., 8,) © dZ[sy,...,s,], Wheres; is thei ele-
mentary symmetric function and

with Ay = [[,_;(zi + z;) andA = []
determinant. Thus,

i<j(xi — x;), the Vandermonde

Z[Un]A" =7Z[s1,-- 501, sfl] @ dZ[s1, .., Sn1, sil]

n

This is Cohen-Macaulay, being free ov&, . .., s,_1, s 1.

3.5.3. S, -lattices. If L is a lattice for the symmetric grouf, such that
Z[L)°~ is Cohen-Macaulay then the Theorem implies thiatcts as a bire-
flection group onL, and hence on all simple constituentsiof; Q. The
simpleQ[S,,]-modules are the Specht modulgs for partitions\ of n. If

n > 7 then the only partitions so thatS,, acts as a bireflection group on
S* are(n), (1") and(n — 1, 1); this follows from the lists in [Hu] and [W].
The corresponding Specht modules are trivial modQlethe sign module
Q~, and the rational root modulg,,_; ®; Q, whereA,_; = {>_, zie; €
U, | Y,z = 0} andU, is as in§3.5.2. Thus, ifn > 7 andZ[L|°" is
Cohen-Macaulay then we must have

L2,02Q @ (Q)° @ (A1 ®2 Q)

with s +¢ < 2. In most case<[L]®" is easily seen to be Cohen-Macaulay.
Indeed, we may assume= 0 by Corollary 3.4. Ifs + ¢t < 1 thenS,, acts
as a reflection group oh and soZ[L]*" is Cohen-Macaulay by [i]. For
t = 0 we may quote the last remark§B.2. This leaves the cases=t =1
ands = 0, t = 2 to consider.

If s =¢ = 1then add a copy of) so thatL is rationally isomorphic to
U,®7Z~. Using the notation 0f3.5.2 and putting = x(°»Y) € Z[U, ®Z ]
the invariants are:

Z[U, ® 77" = R® Ry
With R = Z[s1, ..., sp-1, s t4+t 7 andp = $(AL+A) i+ (AL —A) L

If s = 0 andt = 2 then we may replacé by the latticelU? = U,, ® U,,.
By Lemma 3.2Z[U?2]°» is Cohen-Macaulay preciselylit,[U2]5 is Cohen-
Macaulay for all primeg < n. As in §3.5.2, one sees tha,[U2]°" is a
localization of the algebra “vector invariant8} [z, ..., Z., Y1, - - ., Yn)S".
By [K2, Corollary 3.5], this algebra is known to be Cohen-Macaulay fo

n/2 < p < n, but the primeg < n/2 apparently remain to be dealt with.
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3.5.4. Ranks< 4. As was pointed out i§3.2,Z[L]¢ is always Cohen-Ma-
caulay whemrank L < 2.

For L = Z3, there are32 Q-classes of finite subgrougs < GL3(Z).
All G are solvable; in fact, their orders dividé. The Sylow3-subgroup
H < G, if nontrivial, is generated by a bireflection of orderThus,Fs[L]"
is Cohen-Macaulay, and hence soFigL]°. Therefore, by Lemma 3.2,
Z[L)Y is Cohen-Macaulay if and only if,[L]¢ is Cohen-Macaulay, and
for this to occur,G must be generated by bireflections. It turns out that
3 of the 32 Q-classes consist of non-bireflection groups; these claases
represented by the cyclic groups

(o)) () ()

of orders2, 4 and6 (the latter two classes each split it@-classes). For
the Q-classes consisting of bireflection groups, Pathak [Pk]diecked
explicitly that[F,[L]¢ is indeed Cohen-Macaulay.

In rank4, there are27 Q-classes of finite subgrougs < GL4(Z). All
but 5 of them consist of solvable groups a#idf the non-solvable classes
are bireflection groups, the one exception being repredéntes; acting
on the signed root latticE~ ®; A4. Thus, if the groupgs /G® is perfect
then it is actually trivial, that isg is a bireflection group. It also turns out
that, in this case, all isotropy grougs, are bireflection groups. There are
exactly71 QQ-classes that do not consist of bireflection groups. By the-for
going, they lead to non-Cohen-Macaulay multiplicative naat algebras.
The Q-classes consisting of bireflection groups have not beetesysi-
cally investigated yet. The searches in rankere done with [GAP].
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