GROUP ACTIONS AND RATIONAL IDEALS

MARTIN LORENZ

ABSTRACT. We develop the theory of rational ideals for arbitrary asative algebrask
without assuming the standard finiteness conditions, eoetfness or the Goldie property.
The Amitsur-Martindale ring of quotients replaces the silee ring of quotients which under-
lies the previous definition of rational ideals but is notitakzle in a general setting.

Our main result concerns rational actions of an affine aljelgroupG on R. Working
over an algebraically closed base field, we prove an existand uniqueness result for generic
rational ideals in the sense of Dixmier: for eveFyrational ideall of R, the closed subset of
the rational spectrurRat R that is defined by is the closure of a uniqué'-orbit in Rat R.
Under additional Goldie hypotheses, this was establisheite by Mceglin and Rentschler
(in characteristid)) and by Vonessen (in arbitrary characteristic), answeanguestion of
Dixmier.

INTRODUCTION

0.1. Rational ideals have been rather thoroughly explored iouarsettings. In the simplest
case, that of an affine commutative algeBraver an algebraically closed base fikldational
ideals ofR are the same as maximal ideals. More generally, this hotdafpaffinek-algebra
satisfying a polynomial identity [34]. For other classesiohcommutative algebrag, ratio-
nal ideals are identical with primitive ideals, that is, #nilators of irreducibleR-modules.
Examples of such algebras include group algebras of pdigeyg-finite groups over an al-
gebraically closed base field containing a non-root of unity [19] and enveloping algebras
of finite-dimensional Lie algebras over an algebraicallysed fieldk of characteristi® [24],
[15]. Rational ideals of enveloping algebras have been ljecbof intense investigation by
Dixmier, Joseph and many others from the late 1960s throbgt8®s; se€0.6 below. The
fundamental results concerning algebraic group actionsatanal ideal spectra, originally
developed in the context of enveloping algebras, were tegnded to general noetherian
(or Goldie) algebras by Maeglin and Rentschler [25], [26B]{427] (for characteristid))
and by Vonessen [39], [40] (for arbitrary characteristiCurrently, the description of rational
ideal spectra in algebraic quantum groups is a thrivingaresetopic; see the monograph [6]
by Brown and Goodearl for an introduction. Again, ratiordgals turn out to coincide with
primitive ideals for numerous examples of quantum group$l J8.5].

0.2. The aim of the present article is to liberate the theory abretl ideals of the standard
finiteness conditions, noetherianness or the Goldie ptgpbat are traditionally assumed in
the literature. Thus, rational ideals are defined and eggdlbere for an arbitrary associative
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algebraR (with 1) over some base fielkl The Amitsur-Martindale ring of quotients will play
the role of the classical ring of quotients which underltes aisual definition of rational ideals
but need not exist in general.

Specifically, for any prime ideaP of R, the center of the Amitsur-Martindale ring of quo-
tients of R/ P, denoted by’ (R/P) and called thextended centroidf R/ P, is an extension
field of k. The primeP will be calledrational if

C(R/P) =K.

In the special case wherB/P is right Goldie,C(R/P) coincides with the center of the
classical ring of quotients aR/P; so our notion of rationality reduces to the familiar one in
this case. Following common practise, we will denote théectibn of all rational ideals oR
by Rat R; so

Rat R C Spec R,

whereSpec R is the collection of all prime ideals at, as usual.

0.3. Besides always being available, the extended centroid turhto lend itself rather nicely
to our investigations. In fact, some of our arguments apfiebe more straightforward than
earlier proofs in more restrictive settings which were s@maally encumbered by the frac-
tional calculus in classical rings of quotients and by theassity to ensure the transfer of the
Goldie property under various constructions. Section Iré@iminary in nature and serves
to deploy the definition and basic properties of extendedroiels in a form suitable for our
purposes. In particular, we show that all primitive ideals eational under fairly general
circumstances; see Proposition 6.

After sending out the first version of this article, we leatribat much of the material in
this section was previously known, partly even for nonaisgive rings. For the convenience
of the reader, we have opted to leave our proofs intact whileiadicating, to the best of our
knowledge, the original source of each result.

0.4. In Section 2, we consider actions of a grady k-algebra automorphisms dd Such
an action induceg;-actions on the extended centra@dd?) and on the set of ideals ag.
Recall that a propefr-stable ideal of R is said to be&7-primeif AB C I for GG-stable ideals
AandB of Rimplies thatd C I or B C I. Inthis case, the subrir(g(R/I)G of G-invariants
in C(R/I) is an extension field dt. TheG-prime I is calledG-rational if

C(R/NY =k.
We will denote the collections of alF-prime and allG-rational ideals of? by G-Spec R and
G-Rat R, respectively; so
G-Rat R C G-Spec R .
The action ofG on the set of ideals oR preserves botBpec R andRat R. Writing the

corresponding sets @f-orbits asG'\ Spec R andG\ Rat R, the assignmenP — ﬂgeG g.P
always yields a map

G\ Spec R — G-Spec R . (1)

Under fairly mild hypotheses, (1) is surjective: this caraholds whenever everg-orbit in
R generates a finitely generated idealRyfsee Proposition 8(b). In Proposition 11 we show
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that (1) always restricts to a map
G\Rat R — G-Rat R . 2

More stringent conditions are required for (2) to be suiyectlf the groupG is finite then (1)
is easily seen to be a bijection, and it follows from Lemmatidi {2) is bijective as well.

0.5. Section 3 focuses on rational actions of an affine algelirajcoup G on R; the basic
definitions will be recalled at the beginning of the sectidWorking over an algebraically
closed base fiellt, we show that (2) is then a bijection:

Theorem 1. Let R be an associative algebra over the algebraically closed fiehnd letG
be an affine algebraic group ovéracting rationally byk-algebra automorphisms oR. Then
the mapP — ﬂgeG g.P yields a surjectioRat R — G-Rat R whose fibres are th€-orbits
in Rat R.

The theorem quickly reduces to the situation wh@rés connected. Theorem 20 gives a
description of the fibre of the mdpat R — G-Rat R over any givenG-rational ideal ofR
for connected~. This description allows us to prove transitivity of theaction on the fibres
by simply invoking an earlier result of Vonessen [40, Theore 7] on subfields of the rational
function fieldk(G) that are stable under the regu@raction. Under suitable Goldie hypothe-
ses, Theorem 1 is due to Mceglin and Rentschler [27, Thé®&rm characteristi©® and to
Vonessen [40, Theorem 2.10] in arbitrary characteristiee Basic outline of our proof of The-
orem 1 via the description of the fibres as in Theorem 20 istadapom the groundbreaking
work of Maeglin, Rentschler and Vonessen. However, the gdibyeof our setting necessitates
a complete reworking of the material and our presentatioriadies numerous simplifications
over the original arguments.

0.6. The systematics investigation of rational ideals in theetoping algebrd/(g) of a finite-
dimensional Lie algebrg over an algebraically closed fieldof characteristi® was initiated
by Gabriel [31], [14]. As mentioned if0.1, it was eventually established that “rational” is
tantamount to “primitive” for ideals of/(g); over an uncountable base fidtdthis is due to
Dixmier [9]. The reader is referred to the standard refeedtid] for a detailed account of the
theory of primitive ideals in enveloping algebras; for adated survey, see [37]. Here we just
mention that the original motivation behind Theorem 1 aaghiedecessors was a question of
Dixmier [10] (see also [11, Problem 11]) concerning prik@tideals ofU (g). Specifically, if

G is the adjoint algebraic group @fthen, for any ideat of g and any primitive ideat) of
U(g), the ideall = Q NU(¥) of U(¢) is G-rational [9]. Dixmier asked if the following are
true for I:

@ I =yeq9-P fo_r some primitive idealP of U (¥), and_
(b) any two such primitive ideals belong to the saf@rbit.

The earlier version of Theorem 1, due to Mceglin and Rentsagétled both (a) and (b) in the
affirmative. LettingPrim U (¢) denote the collection of all primitive ideals 6f(¢) endowed
with the Jacobson-Zariski topology, (a) says that the{deE PrimU(¢) | J D I} is the
closure of the orbitG. P in Prim U (¢). Following Dixmier [10] suchP are calledgenericfor
1. The uniqueness of generic orbits as in (b) was proved faabtd g in [4] and generally
(over uncountablék) in [36]; this fact was instrumental for the proof that thexBier and
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Duflo maps are injective in the solvable and algebraic casspectively (Rentschler [35],
Duflo [12]).

0.7. In future work, we hope to address some topological aspédsioR endowed with the
Jacobson-Zariski topology froSpec R. Finally, it remains to bring the machinery developed
herein to bear on new classes of algebras that lack theitraaitiiniteness conditions.

1. THE EXTENDED CENTROID

Throughout this section® will denote an associative ring. It is understood that alysi
have al which is inherited by subrings and preserved under homohisnms.

1.1. The Amitsur-Martindale ring of quotients. Let& = &(R) denote the filter consisting
of all (two-sided) ideald of R such that

Lanmpl ={re R|rI=0}=0.

The right Amitsur-Martindale ring of quotients, introducéor prime ringsk by Martidale
[22] and in general by Amitsur [1], is defined by

Qr(R) = li_r)nHom(IR, RR) .
Ie&

Explicitly, the elements o), (R) are equivalence classes of rigRtmodule maps: I —
Rpr with I € &; the mapf is defined to be equivalent t§: I, — R (I’ € &) if fandf’
agree on some idedl C INI’, J € &. In this casef and f’ actually agree od N I’; see
[1, Lemma 1]. The sum of two elemenisq’ € Q,(R), represented by: Ir — R (I € &)
andf’: I, — Rg (I' € &), respectively, is defined to be the classfof f: INI' — R.
Similarly, the productq’ € Q,(R) is the class of the composifeo f': I'T — R. This makes
Q,(R) into a ring; the identity element is the class of the identitgpIdz on R. Sending an
element € R to the equivalence class of the map R — R, z — rz, yields an embedding
of R as a subring 0€),(R). Suppose the elemeqgte Q,(R) is represented by: Ir — Rp
(I € &). Then the equality o A\, = Ay, (r € I) shows thay! C R.

We summarize the foregoing and some easy consequencesftimeitee following propo-
sition. Complete details can be found in [1] and in [32, Psstian 10.2], for example.

Proposition 2. The ringQ,(R) has the following properties:
i. There is a ring embedding — Q,(R);
ii. for eachq € Q,(R), there exitd € & with ¢l C R;
jii. if gI =0forq e Q,(R)andI € & theng = 0;
iv. givenf: Ir — Rp with I € &, there existg € Q,(R) withgr = f(r) forall r € I.
Furthermore,Q,(R) is characterized by these properties: any other ring sgitisf (i) — (iv)
is R-isomorphic toQ,(R).

1.2. The extended centroid.The extended centroid @t is defined to be the center f(R);
it will be denoted byC(R):

C(R) = Z(Q(R)) -
It is easy to see from Proposition 2 thiitR) coincides with the centralizer @t in Q,(R):

C(R) = Cq,r)(R) ={q € Q(R) | gr =rqV¥r € R} .
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In particular, the centeE(R) of R is contained irC(R). Moreover, an element € Q,(R)
belongs taC(R) if and only if ¢ is represented by afRR, R)-bimodulemap f: I — R with
I € &;inthis case, every representatife I, — R (I' € &) of ¢ is an(R, R)-bimodule
map; see [1, Theorem 3].

1.2.1. By reversing sides, one can define the left ring of quotigRt§R) and its center
Ci(R) = Z(Q(R)) as above. However, we will mainly be concerned with semipriings,
that is, ringsk having no nonzero ideals of squdreln that casel. anng I = r. anng I holds

for every ideall of R; so the definition of’(R) is symmetric. Moreover, any € C(R) is

represented by afR, R)-bimodule mapf: I — R with I € &. The class off in Q,(R) is

an element/ € C,(R), and the mag +— ¢’ yields an isomorphisn@(R) — Cy(R). In the

following, we shall always work witt6), (R) andC(R).

1.2.2. Let R be semiprime. Then one knows tlg4tR) is a von Neumann regular ring. More-
over, R is prime if and only ifC(R) is a field; see [1, Theorem 5].

1.3. Central closure. Rings R such thaC(R) C R are calledcentrally closed In this case,
C(R) = Z(R). For every semiprime rindz, the subringRC(R) of Q,(R) is a semiprime
centrally closed ring called theentral closureof R; see [2, Theorem 3.2]. IR is prime then
so is the central closurBC(R) by Proposition 2(ii).

The following lemma goes back to Martindale [22].

Lemma 3. Let R be a prime centrally closed ring and &t be an algebra over the field
C =C(R). Then:
(a) Every nonzero ideal of R ®¢ S contains an elemeift £ r ® s withr € R, s € S.
(b) If S'is simple then every nonzero iddabf R ®¢ S intersectsR nontrivially. Conse-
quently,R ®¢ S is prime.
(c) If I'is aprime ideal ofR @ S suchthat’/ N R = 0thenl = R®¢ (INS).

Proof. (a) Fix aC-basis{s;} of S. Consider an elemerit # ¢t = > .r; ® s; € I with a
minimal number of nonzer®&-coefficientsr; among all nonzero elements band choosé
with r = r;, # 0. Then the elementzt — tar = 3, ,; (rar; — riar) @ s; must be zero for
all x € R. Hencerxr; = r;xr holds for alli, and by [22, Theorem 1], there atec C such
thatr; = rc;. Thereforef =r @ swiths =3 ¢;s;, € S.

(b) If S is simple then we can make= 1 in (a), and sd # r € I N R. SinceR is prime,
it follows that R ®¢ S is prime as well.

(c) Suppose for a contradiction thAaD R ®¢ (I N.S). ReplacingS by S/(INS), we may
assume thaf # 0 but/ N R =0and/ NS = 0. Choosingr ® s € I asin (a), we obtain that
I D S(r®s)R=rR®cSs. Sincel is prime, we must have € I or s € I, whence the
desired contradiction. O

1.4. Examples.

1.4.1. If Ris a simple ring, or a finite product of simple rings, th&R) = { R}, and hence
Q,(R) = R by Proposition 2(i)(ii). ThusR is certainly centrally closed in this case. Less
trivial examples of centrally closed rings include crospeatluctsR « F' with R a simple ring
and F' a free semigroup on at least two generators ([32, Theored])l&hd Laurent power
series ringsk((z)) over centrally closed ring® ([20]).
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1.4.2. If Ris semiprime right Goldie thefi( R) = Z(Qg(R)), the center of the classical ring
of quotients ofR. Indeed,Q(R) coincides with the maximal ring of quotient,a(R) in
this case; see, e.g., Lambek [17, Prop. 4.6.2]. FurthernibeeAmitsur-Martindale ring of
quotientsQ,(R) is R-isomorphic to the subring . (R) consisting of ally € Qqax(R)
such thatg/ C R for somel € &(R); see, e.g., [33, Chap. 24] or [29, Chap. 3]. This
isomorphism yields an isomorphisfi{R) = Z(Qmax(R))-

1.4.3. Let R be a semiprime homomorphic image of the enveloping algéljtg of a finite-
dimensional Lie algebrg over some base field. Answering a question of Rentschler, we
show here that

Q,(R) consists of alhd g-finite elements df)(R).
Here,ad: U(g) — Endi Qg (R) is the standard adjoint action, given & z(q) = zq — qx
for z € g andg € Qq(R), andq is calledad g-finite if the k-subspaced U(g)(g) of Q¢ (R)
is a finite dimensional. To prove the claim, recall fr¢h4.2 thatQ,(R) = {q € Qu(R) |
¢l C Rforsomel € &(R)}. Firstconsidery € Q,(R). LettingR,, andI,, = INR,, (n > 0)
denote the filtrations o and I, respectively, that are induced by the canonical filtrabbn
U(g) ([11, 2.3.1]), we havd = I;R andql, C R, for suitables,¢ > 0. Since both/;
and R; aread(g)-stable, it follows thatd U(g)(q)Is € R;. Furthermore].annqg (g Is =
L.anng g) I = 0; soad U(g)(q) embeds intdHomy (s, ;) proving thatg is ad g-finite.
Conversely, suppose thate Qg (R) is ad g-finite and let{¢; }1* be ak-basis ofad U(g)(q).
EachD; = {r € R | ¢;r € R} is an essential right ideal @t, and hencd = (|" D; = {r €
R | adU(g)(q)r € R} is an essential right ideal d® which is alsoad(g)-stable, since this
holds forad U(g)(q) andR. Therefore,l € &(R) which shows thag € Q,(R).

1.5. Centralizing homomorphisms. A ring homomorphismp: R — S is calledcentraliz-
ing if the ring S is generated by(R) and the centralize€s(o(R)) = {s € S | sp(r) =
o(r)s Yr € R}. Surjective ring homomorphisms are clearly centraliziagd composites
of centralizing homomorphisms are again centralizing. eNaiso that any centralizing ho-
momorphismy: R — S sends the centeE(R) of R to Z(S). Finally, ¢ induces a map
Spec S — Spec R, P +— o 1(P).

For anyq € Q,(R), we define the ideaD, of R by

Dy={reR|qRr CR}. (3)
By Proposition 2(ii),D, € &(R). If ¢ € C(R) then the description of the ideal, simplifies
toD, ={r e R|qr C R}.
Lemma4. Lety: R — S be a centralizing homomorphism of rings. Put
Co, ={qe€C(R) |l anngp(D,) =0} .
ThenRC, is a subring ofQ,(R) containing R. The mapp extends uniquely to a centralizing
ring homomorphisng: RC, — SC(S). In particular, (C,) € C(S).

Proof. Put

Ry ={q € Q(R) | l.anng ¢(Dg) = 0} .
SinceR = {q € Q,(R) | 1 € Dy}, we certainly have? C R,,. Forgq,q' € Q,(R), one easily
checks thaD, D, C D,NDy C Dy andDy D, C D, . Moreover, ifo(D,) andp(Dy)
both have zero left annihilator ii then so doeg(D, D,) = ¢(Dy)p(Dy). This shows that
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¢+ € R,andqq € R, forq,q' € R,; sOR, is a subring ofQ, (R) containingR. Since
C, = Z(R,), it follows that RC,, is also a subring of),(R) containingR.
Now letq € C, be given. Therp(D,)S = ¢(D,)Cs(p(R)) € &(S). Defineg: ¢(Dy)S —

S by
G(Z p(zi)e;) = Z o(qri)c

for z; € Dy, ¢; € Cs(p(R)). To see thag is well-defined, note that, for eache D,, we

have
Zsﬁ (zi)cip(qd) = Zw (i) p(qd)c; —Z«p (zigd)ci
—Zs@qmdcz—ch (qzi)g
=Zs@ qzi)cip(d
7

Thus, if ), o(zi)e; = 32, p(y;)e; with z;,y; € Dy ande;, e; € Cs(p(R)) then the above
computation gives

(Z«pwzz Zsﬁyg ) (Zsﬁqwzz Z«pqyg ) Dy),

and so) =}, p(qzi)ei — >, ¢(qy;)e;. Thereforeq is well-defined.

It is straightforward to check thatis an (S, S)-bimodule map. Hence, the classpin
Q(R) is an elemeni(q) € C(S). The mapg — ¢(q) is a ring homomorphisrg, — C(S)
which yields the desired extensigh: RC, — SC(S): ¢(>_;mq:) = >_; p(ri)p(q;) for
ri € R, q; € C,. Well-definedness and uniquenessydbllow easily from the fact that, given
finitely manyz; € R, there is an ideaD of R with 1. anng ¢(D) = 0 andz; D C R for all
1. U

In the special case where bofand .S are commutative domains in Lemma 4 above,
we haveQ,(R) = C(R) = Fract R, the classical field of fractions a®, and similarly for
S. Moreover, RC, = Rp is the localization ofR at the primeP = Ker ¢ and the map
RC, — SC(S) is the usual ma@p — Fract S.

1.6. Extended centroids and primitive ideals.By Schur’'s Lemma, the endomorphism ring
Endg V of any simpleR-moduleVy, is a division ring. The following lemma is well-known
in the special case of noetherian (or Goldie) rings (see, Bigmier [11, 4.1.6]); for general
rings, the lemma was apparently first observed by Martinfile Theorem 12]. Since the
latter result is stated in terms of the so-called compleig of quotients, we include the proof
for the reader’s convenience.

Lemma 5. Let Vi be a simpleR-module, and lef? = anng V' be its annihilator. Then the
canonical embedding (R/P) — Z (Endg V) extends to an embedding of fields

C(R/P) — Z (Endp V) .
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Proof. We may assume thd® = 0. For a giveng € C(R), we wish to define an endomor-
phismd, € Z (Endg V). To this end, note that every € V' can be written ag = vd for
suitabled € Dy, v € V. Define

dg(x) =v(dg) € V.

To see that this is well-defined, assume that= +'d’ holds forv,v' € V andd,d’ € D,.
Then (v(dg) —v'(d'q)) Dy = (vd —v'd") (¢Dq) = 0 and sov(dg) — v'(d'q) = 0. ltis
straightforward to check thal, € Endg V. Moreover, for anyy € Endgr V andvd € V, one
computes

604 (vd) = 6(v(dq)) = 6(v)(dg) = 04(8(v)d) = 646(vd) .

Thus,é, € Z(EndgV). The mapC(R) — Z (EndgrV), ¢ — &, is easily seen to be
additive. Furthermore, fay, ¢’ € C(R),d € Dy, d’ € Dy andv € V, one has

o (v d) = v(d'dqq’) = v(d'q)(dq) = 5,(5, (vd')d) = 6,(5, (vd'd) .

Thus, the map is a ring homomorphism; it is injective becal(ge) is a field. g

1.7. Rational algebras and ideals An algebraR over some fieldk will be calledrational

(or k-rational) if R is prime andC(R) = k. A prime ideal P of R will be called rational if

R/ P is arationak-algebra. In view 0§1.2.1, the notion of rationality is left-right symmetric.
We remark that rationdt-algebras are calletlosed oveik in [13] where such algebras are

investigated in a non-associative context. Alternativehe could define a prinle-algebraR

to be rational if the field extensiof(R)/k is algebraic; for noetherian (or Goldie) algebras,

this version of rationality is adopted in many places in itexdture (e.g., [6]). However, we

will work with the above definition throughout.

1.7.1. By §1.3 the central closur&C(R) of any prime ringR is C(R)-rational.

1.7.2. The Schur division ring&ndr V' considered ir§1.6 are division algebras ovir and
their centers are extension fields lef We will say that the algebrd& satisfies thewveak
Nullstellensatif Z (Endg V') is algebraic ovek for every simpleR-moduleVy.

Proposition 6. If R is ak-algebra satisfying the weak Nullstellensatz dnig agebraically
closed then all primitive ideals a® are rational.

Proof. By hypothesis,Z (Endr V) = k holds for every simple?-module V. It follows
from Lemma 5 thai® = annp V satisfie<C(R/P) = k. O

For an affine commutativ&-algebraR, the Schur division algebras in question are just
the quotientsk/ P, whereP is a maximal ideal of?. The classical weak Nullstellensatz is
equivalent to the statement th&f P is always algebraic ovéy; see, e.g., Lang [18, Theorem
IX.1.4]. Thus affine commutative algebras do satisfy thekag¢allstellensatz.

Many noncommutative algebras satisfying the weak Nultstehtz are known; see [23,
Chapter 9] for an overview. In fact, as long as the cardipaiit the base fieldk is larger
thandimy R, the weak Nullstellensatz is guaranteed to hold; see [28lfaoy 9.1.8] or [6,
I1.7.16]. This applies, for example, to any countably geated algebra over an uncountable
field k.
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1.8. Scalar extensionsWe continue to lefR denote an algebra over some fiégldFor any
givenk-algebraA, we have an embedding

Qr(R) ®r A — QiR @y A)

which extends the canonical embeddiRgzy, A — Q,(R ®x A). For, letg € Q,(R) be
represented by the mgp Ir — RrwithI € &(R). ThenI®y A € &£(R®KA). Sending; to
the class of the map®1d 4 we obtain a ring homomorphisf, (R) — Q,(R®x A) extending
the canonical embedding — R @ A — Q,(R ® A). By Proposition 2(ii),(iii), the image
of Q,(R) in Q,(R®y A) commutes with4 and the resulting ma@,(R) @1 A — Q,(R®y A)
is injective. Moreover, sincg ®Id 4 is an(R ®y A, R®y A)-bimodule map iff is an(R, R)-
bimodule map, the embedding @f(R) into Q,(R @y A) send(R) toC(R ®x A). Thus, if
A is commutative, this yields an embedding

C(R)@rA—C(R®yA). 4
The following lemma is the associative case of [13, Theoresh 3

Lemma 7. Assume thaR is rational. Then, for every field extensidf/k, the K-algebra
R = R Qy K is rational.

Proof. By Lemma 3(b), we know thaRx is prime. Moreover, for any givein € C(Rg ), we
may choose an elemedt# x € D, N R. Fix ak-basis{k;} for K. The map

¢ proj ~
gi: I =RzxtR— Rx -» R®k; — R

is an(R, R)-bimodule map. Henceg; is multiplication with some:; € k, by hypothesis on

R, and all but finitely many; are zero. Therefore, the mdp—— Ry is multiplication with
k=>",cik; € K. Consequentlyy = k € K. O

2. GROUP ACTIONS

In this section, we assume that a grasi@cts by automorphisms on the rig the action
will be written asG x R — R, (g,r) — g.r.

2.1. Let M be a set with a lefG-actionG x M — M, (g,m) — g.m. For any subseX of
M,

Gx =stabg X ={ge€ G| g X =X}
will denote the isotropy group oX. Furthermore, we put
(X:G)=()gX;
geCG

this is the largestr-stable subset a¥/ that is contained iX. We will be primarily concerned
with the situation wherd/ = R and X is an ideal ofR in which casg X : G) is also an ideal
of R.
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2.2. G-primes. TheringR is said to b&~-primeif R # 0 and the product of any two nonzero
G-stable ideals of? is again nonzero. A7-stable ideall of R is calledG-prime if R/I is a
G-prime ring for theGG-action onR /I coming from the given action @¥ on R. In the special
case where thé/-action onR is trivial, G-primes of R are just the prime ideals a® in the
usual sense. Recall that the collection of @Hprime ideals ofR is denoted byG-Spec R
while Spec R is the collection of all ordinary primes ag.

Proposition 8. (a) There is a well-defined map
Spec R — G-Spec R, P~ (P:G).

(b) Assume that, for each € R, the G-orbit G.r generates a finitely generated ideal of
R. Then the map in (a) is surjective. In particular, &tprimes ofR are semiprime
in this case.

Proof. It is straightforward to check that” : G) is G-prime for any prime ideaP of R; so
(a) is clear.

For (b), consider &-prime ideall of R. We will show that there is an ide&t of R which
is maximal subject to the conditiai : G) = I; the idealP is then easily seen to be prime.
In order to prove the existence Bf we use Zorn’s Lemma. So I¢f;} be a chain of ideals of
R such tha(Z; : G) = I holds for allj. We need to show that the idell = |, I; satisfies
(I. : G) = I. For this, letr € (I, : G) be given. Then the idedl5.r) that is generated by
G.r is contained inI, : G) and(G.r) is a finitely generated:-stable ideal ofR. Therefore,
(G.r) C (I; : G) for somej and sor € I, as desired. O

For brevity, we will callG-actions satisfying the finiteness hypothesis in (b) abdogally
ideal finite Clearly, all actions of finite groups as well as all groupga@tt on noetherian rings
are locally ideal finite. Another important class of exanspdee thdocally finite actions in
the usual sense: by definition, these @ractions on somé&-algebraR such that the&>-orbit
of eachr € R generates a finite-dimensiongisubspace ofk. This includes the rational
actions of algebraic groups to be considered in Section &ll these cases, Proposition 8 is a
standard result; the argument given above is merely a ‘asfaarlier proofs.

2.3. G-primes and the extended centroid. The G-action onR extends uniquely to an action
of GonQ,(R): if g € Q(R) is represented by: Ir — Rr (I € &) theng.q € Q,(R) is
defined to be the class of the magf: g.I — R that is given by(g.f)(g.z) = g.f(x) for

x € I. Therefore,G also acts on the extended centrdifiR) of R. As usual, the ring of
G-invariants inC(R) will denoted byC(R)€.

Proposition 9. If R is G-prime thenC(R)® is a field. Conversely, iR is semiprime and
C(R)¢ is afield thenR is G-prime.

Proof. We follow the outline of the proof of [1, Theorem 5].

First assume thak is G-prime and le0 # ¢ € C(R)“ be given. ThenyD, is a nonzero
G-stable ideal of?, and hencé. anng(¢D,) = 0 becauseR is G-prime. SogD, € &(R).
Moreover,anng(q) = {r € R | rq = 0} C l.anng(¢D,) and soanng(q) = 0. There-
fore, the mapD, — ¢D,, v — qr = rq, is an(R, R)-bimodule isomorphism which is
G-equivariant. The class of the inverse map belongs(#)~ and is the desired inverse for
q.
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Next, assume thak is semiprime but nofz-prime. Then there exists a nonzekbstable
ideal I of R such that/ = 1.anng(I) # 0. SinceR is semiprime, the sum+ .J is direct and
I+ J e &R). Definemaps, f': I +J — Rby f(i+j) =iandf'(i + j) = j. Letting
q and¢’ denote the classes gfand f’, respectively, inQ,(R) we havef, f' € C(R)“ and
ff' = 0. ThereforeC(R)“ is not a field. O

The following technical lemma will be crucial. Recall th@} denotes the isotropy group
of I.

Lemma 10. Let P be a prime ideal ofR.
(a) For every subgroup off < G, the canonical mag/(P : G) - R/(P : H) induces
an embedding of fields
C(R/(P: @))% < C(R/(P : H))%rm)
The degree of the field extension is at m{6st G (p. )]
(b) If P has a finiteG-orbit then we obtain an isomorphism of fields
C(R/(P: @)% = C(R/P)CF .

Proof. (a) After factoring out the idea|P : G) we may assume thd” : G) = 0, R is
G-prime, andC(R)¢ is a field; see Propositions 8 and 9. Consider the canonical ma

p:R—S:=R/(P:H).

Using the notation of Lemma 4, we hagéR)“ C C,. Indeed, for each < C(R)“, the ideal
D, is nonzero and-stable, and henc®, ¢ P. Thereforep(D,) is a nonzeraH -stable
ideal of theH-prime ring S, and sop(D,) € &(S). The mapC, — C(S) constructed in
Lemma 4 yields an embedding embeddi@?)“ — C(S): the image ofy € C(R)“ is the

class of the mayf: ¢(D,) — S that is defined by (p(x)) = ¢(qz) for x € D,. Sincey is

G p.m-equivariant, one computes, fore D, andg € G(p.x),

(9-F)(g-o(x)) = g.f(p(x)) = g-plqx) = ¢(g.(qx))
= p(a(gx)) = fle(g.x)) = flg-0(x)) ;
sog.f = f. Therefore the image @f(R)“ is contained irC(S)“ @,

It remains to show that’ (S)“ ™ : C(R)“] < [G : G(p.gp)] if the latter number is finite.
To this end, putV = ﬂgec g_lG(p:H)g; this is a normal subgroup af which has finite
index inG and is contained i (p.z). Since(P : H) = (P : G(p.x)), the foregoing yields
embeddings of fields

C(R)? < C(8)9t) = C(R/(P : G(p))) ) — C(R/(P: N)N',
where N' := G p.zy N G(p.n)- The image ofC(R)“ under the composite embedding is
contained irC(R/(P : N))%®:) and, by Galois theory,

[C(R/(P: N)N - C(R/(P : )¢ < [G(puny : N'| < (G : G -

It suffices to show that the image 6fR)“ is actually equal t@(R/(P : N))“@™. There-
fore, replacingH by N, it suffices to show:

If H <G and[G : G(p.ip)] < oo thenC(R)“ maps onta(S) 7). (5)
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To this end, we will prove the following

Claim. Lett € C(S)“@: be given. There exists @-stable ideall of R such that) #
©(I) C D, and such that, for every € I, there exists an’ € R satisfying

o(g.a') =tp(g.x) forallge . (6)

Note thatG-stability of I and the conditiorp(I) C D, ensure thaty(g.x) € S holds for
all g € G, z € I. Moreover, anyG-stable ideall satisfying0 # ¢(I) belongs to&’(R).
For,l.anng ¢(I) = 0 sincesS is H-prime, and hencé annpg, I is contained inP : G) = 0.
Finally, the element’ is uniquely determined by (6) for any given Indeed, ifz” € R also
satisfies (6) therp(g.z’) = (g.2”) holds for allg € G and soz’ — 2" € (P : G) = 0.
Therefore, assuming the claim for now, we can define a map

f:I—R, xw—2a.
It is easy to check that is G-equivariant. Furthermore, fot, ry € R,

¢(g-(r12'r2)) = p(g.r1) (g2 )p(g.r2) = p(g.11)te(g.2)p(g.72)
= tp(g.r1)p(g.2)p(g.12) = to(g.(r1ar2)) -
This shows thaff is (R, R)-bilinear. Hence, defining to be the class of, we obtain the
desired element € C(R)“ mapping to our given € C(S)“ ), thereby proving (5).
It remains to construdt as in the claim. Put
[G:G(p.m)]—1
D:( N x.(P:H)—iry.(P:H)) :
z,yeG
z y¢Gp. )
ThenD is aG-stable ideal of? satisfying0 # ¢ (D). For the latter note that the finitely many
idealsz.(P : H)+y.(P : H) are H-stable, sincé{ is normal, and none of them is contained
in (P : H). By the Chinese remainder theorem [7, 1.3], the image of thp m

w: R — H R/g.(P: H) - H S
9€G /G (p.m) 9€G /G (p.m)
w W W
r = (T—I_g(P : H))gEG/G(p:H) = (So(g_l'r))QEG/G(p:H)

contains the ideal] e/ .., #(D). Now putl = (o~Y(Dy) : G)D. This is certainly a
G-stable ideal ofR satisfyingy(I) C D, . Suppose thap(I) = 0. Sincep(D) is a nonzero
H-stable ideal of thé{-prime ring.S, we must have

(D) : G =[] g¢ (D) C(P:H)
9€G/G(p.m)
and sog.¢ (D) C (P : H) for someg € G. Buttheng.o~*(D;) S ¢ '(D;) which is
impossible becausg=!(Dy) is G (p.p)-stable and(p.p) has finite index in. Therefore,
o(I) # 0. Finally, if z € I theny(g.z) € Dyp(D) for all g € G, and hencey(g.z) €
(D). Therefore,(tp(g~".x))gec/cpy, = nla') for somez’ € R, thatis,p(g~".a’) =
(tp(g~t.2)) holds for allg € G/Gp.m)- Sincep andt are G p.g)-invariant, it follows
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thaty((gh)~*.2') = (te((gh)~'.x)) holds for allg € G/G(p.iy, h € G(p.p). Therefore,
o(g.x") = ty(g.x) forall g € G, as desired.
(b) This is just (5) withH = 1. a

2.4. G-rational ideals. Assume now thakR is an algebra over some fidkgas in Section 1.7,
and thatG acts onR by k-algebra automorphisms. &-prime ideall of R will be calledG-
rational if C(R/I)® = k. One can check as ifl.2.1 that the notion of:-rationality is
left-right symmetric.

Lemma 10(a) withH = 1 immediately implies the following

Proposition 11. The mapSpec R — G-Spec R, P — (P : G), in Proposition 8 restricts to
a mapRat R — G-Rat R.

Unfortunately, the marat R — G-Rat R above need not be surjective, even when the
G-action onR is locally ideal finite in the sense of Proposition 8(b):

Example 12. Let F' O k be any non-algebraic field extension satisfyifif = k for some
subgroupG of Gal(F/k). For exampleF' could be chosen to be the rational function field
k(t) over an infinite fieldk andG = Kk* acting via\.f(t) = f(A~1t) for A € k*. TheG-
action onF is clearly locally ideal finite and),(F) = C(F') = F'. Therefore, the zero ideal
of F'is G-rational, butF' has no rational ideals.

2.5. Algebras over a large algebraically closed base field/e continue to assume thatis
an algebra over some fieldand that acts onR by k-algebra automorphisms. The following
lemma is a version of [25, Lemme 3.3].

Lemma 13. LetI € Spec R be given. PuC = C(R/I) and consider the natural map of
C-algebras
Y: Ro=R®xC — (R/I) @, C — (R/I)C

where(R/I)C C Q,(R/I) is the central closure oR/I. Then:

(@) I = Ker1 is aC-rational ideal of R¢.

(b) If I € G-Rat R then, lettingG act on R by C-linear extension of the action oR,

we have
(I:G)=I®,C.

Proof. Part (a) is clear, sinc&¢/I = (R/I)C is C-rational; se€1.7.1.
For (b), note that the mapis G-equivariant for the diagona¥-action onZc = Ry C and
the usualG-action on(R/I)C C Q,(R/I). Therefore,l is stable under all automorphisms

g ® g with g € G, and hence we havg ® 1)(I) = (1 ® g~')(I). We conclude that

(I:6)=1egl)=IaC,
geG

where the last equality uses the fact that R = I and our hypothesi€’ ¢ = k; see [5, Cor.
to Prop. V.10.6]. O

As an application of the lemma, we offer the following “quiakd dirty” existence result
for generic rational ideals.
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Proposition 14. Let R be a countably generated algebra over an algebraically etbbase
field k of infinite transcendence degree over its prime subfield asdime that the grou@®
is countably generated. Then every prime idea G-Rat R has the form/ = (P : G) for
someP € Rat R.

Proof. Let a primel € G-Rat R be given and lek, denote the prime subfield &f. By
hypothesis ok, we havedimy R < Ny. Choosing &-basis5 of R which contains &-basis
for I and adjoining the structure constantsfotith respect tas to kg, we obtain a countable
field K with kg € K C k. PuttingRy = ZbeB Kb we obtain ai-subalgebra ofR such
that R = Ry ®x kandI = Iy @k k, wherely, = I N Ry. At the cost of adjoining at most
countably many further elements 10, we can also make sure tha&}, is stable under the
action of G. Thus, Ry/I, is a G-stable K-subalgebra o/l and R/I = (Ry/I) @k k.
PutC = C(Ro/Io) and note that (4) implies tha&t“ = K, becaus&(R/I)¢ = k. Thus,
Iy € G-Rat Ry and Lemma 13 yields an ide&} € Rat(R, ®x C) such that(ly : G) =
Iy ®k C. Furthermore, sinc&, /I, is countable, the field' is countable as well; this follows
from Proposition 2. By hypothesis dy there is &g-embedding of” into k; see [5, Cor. 1
to Théoreme V.14.5]. Finally, Lemma 7 implies that = Iy ®¢ k is a rational ideal of
(Ry ®k C) ®@c k = R satisfying(P : G) = (Ip @ C) ®c k = I, as desired. O

3. RATIONAL ACTIONS OF ALGEBRAIC GROUPS

In this section, we work over an algebraically closed badd e Throughout, the group
G will be an affine algebraic group ovérand R will be a k-algebra on whiclz acts byk-
algebra automorphisms. The Hopf algebra of regular funstanG will be denoted byk|[G].
The notations introduced in Section 2 remain in effect. lditah, @ will stand for ®y..

3.1. G-modules. A k-vector spacé/ is called aG-moduleif there is a linear representation
pr: G — GL(M)
satisfying
(a) local finiteness: all7-orbits in M generate finite-dimensional subspaced/fand

(b) for every finite-dimensionak-stable subspacE C M, the induced group homomor-
phismG — GL(V') is a homomorphism of algebraic groups.

As is well-known, these requirements are equivalent to Xistence of d-linear map
Apy: M — M @ K[G] @)

which makesV/ into ank|[G]-comodule; see Jantzen [16, 2.7-2.8] or Waterhouse [413.2]1
for details. We will use the Sweedler notation

Ap(m) =) me@my  (me M)
as in Montgomery [30]. Writinga;(g)(m) = g.m, we have
g.m = Zmoml(g) (geG,meM). (8)

Linear representationg,; as above are often calledtional. Tensor products of ratio-
nal representations @k are again rational, and similarly for sums, subrepresenistand
homomorphic images of rational representations.
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Example 15. If the groupG is finite thenG-modules are the same as (left) modulésover
the group algebr&G and all linear representations 6f are rational. Indeed, in this case,
k[G] is the linear dual okG, that is, thek-vector space of all functions — k with pointwise
addition and multiplication. The mafyy;: M — M ® k[G] is given by

zeG

wherep, € k[G] = (kG)* is defined byp, (y) = 0., (Kronecker delta) for,y € G.

3.2. Some properties ofG-modules. Let M be aG-module. The coactiod\ ;; in (7) is
injective. In fact, extending\ 5, to a map

Ay M @K[G] — M @ K[G] 9)

by k[G]-linearity, we obtain amutomorphisnof M ® k[G]: the inverse ofA,, is thek[G]-
linear extension of the madd,; ®S) o Ayr: M — M ® k[G], whereS': k|G| — k[G] is
the antipode ok[G]: (Sf)(g) = f(g~!) forg € G.

Furthermore(=-stable cores can be computed wilh,; as follows.

Lemma 16. For anyk-subspacé’ of M, we haveV : G) = A} (V @ K[G])

Proof. Fix ak-basis{v;} of V" and let{w,} be ak-basis for a complement df in M. For
m € M, wehaveA(m) = >, v;® f;i+3_; w;®h; with uniquely determinedi;, h; € k[G].
Moreover,

Ap(m) e VRG] <= allhj =0 < VgeG:gm=> vfilg) €V.

2

This proves the lemma. O

3.3. Regular representations and intertwining formulas. The right and leftegular repre-
sentationof G are defined by

pr: G — GL(Ik[G])? (pr(w)f) (y) = f(yw) )
pe: G — GLK[G]),  (pe(2)f) (y) = fla™"y) .

for x,y € G. Both regular representations are rational. The right leegiepresentation
comes from the comultiplicationh : k[G] — k[G] ® k[G] of the Hopf algebrd[G]; in the
usual Sweedler notation, it is given Byf = > f1 ® fa, wheref(zy) = >_ fi(x) fa(y) for
x,y € G. Similarly, the left regular representation comes fr@ﬁ‘@ Id[k[G}) oAoS: k|G] —
k[G] ® k[G].

Now let M be aG-module. Then the rational representations2p,: G — GL(M®Kk[G])
andpys ® pe: G — GL(M ® k[G]) are intertwined by the automorphisty,, of (9): for all
g € G, we have

(10)

Apro(Im @ pe) (9) = (pm @ pe) (9) © A - (11)
Similarly,

Ao (pM ® pr) (g) = (1M ® pr) (g) oAps . (12)
To prove (12), for example, one checks that both sides ofdhateon sendn® f € M @k[G]
to the functionG — M, x — zg.mf(zg).
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3.4. Rational group actions. The action ofG on thek-algebraR is said to beational if it
makesR a G-module in the above sense. The map
Ar: R — R®K[G]
is then a map ok-algebras; equivalenthy? is a rightk[G]-comodule algebra. Since rational
actions are locally finite, they are certainly locally idéalte in the sense of Proposition 8(b).
Therefore, theG-primes of R are exactly the ideals aR of the form (P : G) for P ¢
Spec R. In particular,G-prime ideals ofR are semiprime; for a more precise statement, see
Corollary 19 below. Moreover, the[G]-linear extension oA i is an automorphism df[G]-
algebras
Ag: R®KG] — ReK[G]. (13)

We now consider the extendé#action on the Amitsur-Martindale ring of quotieri@s(R);
see§2.3. This action is usually not rational, evenGifacts rationally onk. Part (b) of the
following lemma, for classical quotient rings of semipri@eldie rings, is due to Maeglin and
Rentschler [28, 1.22].

Lemma 17. Assume thaf; acts rationally onR. Then:

(@) The centralizelC;(T) = {g € G | g.q = qVq € T} of every subset’ C Q,(R) is a
closed subgroup af.

(b) LetV C Q,(R) be aG-stablek-subspace of),(R). TheG-action onV is rational if
and only if it is locally finite.

Proof. (a) In view of Proposition 2(iii), the condition for an elentey € G to belong to
C¢(T) can be stated as

VgeT,re€Dy:(q—g.9)9r =0,
whereD, is as in (3). Using the notation of (8), we have

(a—9-9)9r = qlg-r) — g-(ar) = Y _arori(g) — Y _(ar)o(ar)(g) -

Thus, puttingf,, = > gro®@r1 —>_(gr)o ® (¢gr)1 € Q;(R) ® k[G], we see thay € C(T)
if and only if f, ,(¢g) = 0 holds for allg € T"and allr € D,. Since each equatiof) ;,(g) =0
defines a closed subset@f part (a) follows.

(b) Necessity is clear. So assume that@haction onV is locally finite. PutS = R® k|G|
and consider thé&[G]-algebra automorphismhyp € Aut(S) as in (13) and its extension
A € Aut(Q,(S)). We must show that, under the canonical embeddip@?) — Q,(S) as in
1.8, we have

A(V) CVKG]. (14)
Since the action of> on V' is locally finite, we may assume th&t is finite-dimensional.
Therefore, the ideaDy = () D, belongs to&'(R) and Dy is G-stable, sincel is.
Lemma 16 implies thal\ (Dy ® k[G]) = Dy ® k|G], and hence

AWV)(Dv @ K[G]) = A(V(Dy @ K[G])) € 5.

This shows that the subspadgV’) C Q,(.S) actually is contained iQ,(R) ® k[G], and (14)
follows from Lemma 16, sinc& = (V : G). O

From now on, th&7-action onR is understood to be rational.
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3.5. Connected groups.The groupG is connectedf and only if the algebré[G] is a do-
main. In this case,
k(G) = Fract k[G]

will denote the field of rational functions ofi. The groupG acts onk(G) by the natural
extensions of the right and left regular actignsandp, on k[G]; see§3.3.

Part (a) of the following result is due to Chin [8, CorollanBlt the proof given below has
been extracted from [40, 3.6]. The proof of part (c) follows butline of the arguments in
[28, 1.29,2¢ étape].

Proposition 18. Assume thafs is connected. Then:

(@) (P : G) is prime for everyP € Spec R. Therefore, the>-primes ofR are exactly the
G-stable primes oRz.

(b) Assume thaR is prime and every nonzero ide&lof R satisfies( : G) # 0. ThenG
acts trivially onC(R).

(c) If Ris G-rational then the field extensia®( R)/k is finitely generated. In fact, there
is a G-equivariantk-embedding of field§(R) — k(G), with G acting onk(G) via
the right regular representatiop,..

Proof. (a) It suffices to show thdtP : ) is prime for each primé’; the last assertion is then
a consequence of Proposition 8.

By §3.4, we know that the homomorphisfxiz: R — R ® k[G] is centralizing. Therefore,
there is a magpec(R ® k[G]) — Spec R, Q — AR (Q). In view of Lemma 186, it therefore
suffices to show thaP ® k[G] is prime whenevelP is. But the algebr|G] is contained
in some finitely generated purely transcendental field extenF’ of k; see Borel [3, 18.2].
Thus, we have a centralizing extension of algebras

(R/P) ®K[G] C (R/P)® F .

Since(R/P) @ F'is clearly prime(R/P) @ k[G] is prime as well as desired.
(b) We first prove the following special case of (b) which idivkmown; see [38, Prop. A.1].

Claim. If Ris afield then acts trivially onR.

Sinced is the union of its Borel subgroups ([3, 11.10]), we may asstimatG is solvable.
Arguing by induction on a composition series®f([3, 15.1]), we may further assume tgGit
is the additive grouis, or the multiplicative grougy,. Therefore,R ® k[G] is a polynomial
algebra or a Laurent polynomial algebra o¥#rin either caseR is the unique largest subfield
of Rek[G], becaus&k®k[G] has only “trivial” units: the nonzero elementsBff Rok|G]| =
R][t], and the elements of the form™ with 0 # r € Randm € Z if R ® k[G] = R[t*!].
Consequently, the mafiz: R — R ® k[G] has image inkR ® 1 which in turn says tha
acts trivially onR. This proves the Claim.

Now let R be a primek-algebra such thdtl : G) is nonzero for every nonzero idehlof
R. By the Claim, it suffices to show that tiié-action onC(R) is rational, and by Lemma 17
this amounts to showing thét-action onC(R) is locally finite. So ley € C(R) be given and
consider the ideaD, of R as in (3). By hypothesis, we may pick a nonzero elerdeat(D, :
G). TheG-orbit G.d generates a finite-dimensiondsubspacd” C D,. Moreover,qV is
contained in a finite-dimension&¥-stable subspacl” C R. Therefore, for allg, h € G,
we have(g.q)(h.d) = g.(q(¢g~ h.d)) € W, and henc&V C W, whereQ C C(R) denotes
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the k-subspace that is generated by the ofbig. Thus, multiplication gives a linear map
@ — Homy (V, W) which is injective, becaust& # 0 and nonzero elements 6{R) have
zero annihilator inR. This shows thaf) is finite-dimensional as desired.

(c) PutC = C(R) andK = k(G), the field of rational functions o&, that is, the field of
fractions of the algebri[G]. The algebraRx = R ® K is prime by (a) and its proof, and by
(4) there is a tower of fields

C — Fract(C ® K) — C(Rk) .

We will first show thatC' is a finitely generated field extension f Since K/k is finitely
generated, the fielBract(C @ K) is certainly finitely generated ovér. Thus, it will suffice
to construct aC-algebra embedding' ® C — Fract(C ® K).

To construct such an embedding, consider the natural ephieon of C(Rx )-algebras
RC ®¢ C(Rkg) - RxC(Rk). By Lemma 3(b), this map is injective, because it is clearly
injective onRC'. Thus,

RC ®c C(Rk) - RiC(Rk) . (15)
Let 4 be the K-algebra automorphism dRy that is defined byK-linear extension of the
G-coactionAg: R ® k[G] —— R® Kk[G]in (13):

0 =Apg ®[k[G] Idg: RK;RK. (16)

Let & be the unique extension éfto an automorphism of the central closukeC(R) of
R . Clearly,d sends th€(Rx) = Z(RxC(Rk)) to itself. We claim that

§(C) C Fract(C @ K) ; (17)
s00 also sends thEract(C ® K) to itself. In order to see this, piake C andd € D,. Then

3(9)Ar(d) = 8(9)5(d) = d(gd) = Ag(qd)
holds in RxC(Rk). Here, bothAr(¢d) and Ar(d) belong toRx C RC ®¢ (C ® K).
Fixing aC-basisB for RC and writingAg(gd) = > ,c g bxy andAg(d) = 3, g byy with
xp, Yp € C ® K, the above equation becomes

> b(q)ye = Y bay -

beB beB

Now (15) yieldsg(q)yb = g, for all b, which proves (17). Now, for the desired embedding,
consider the”-algebra map

p: CoC — Fract(Co K), c@d s cd(c). (18)
We wish to show thaj: is injective. To this end, note that thi&-action pr on R extends
uniquely to an actioprc on the central closurC, and thez-action1 gz ® p, on Rx extends
uniguely to the central c[gsurEKC(RK). Denoting this latter action by,, the intertwining
formula (12) implies thab o prc(g) = pr(g) 0 6: RC — RiC(Ryg) forall g € G. This
yields
po (Ide ®@pc(g)) = pr(g) o p (19)
forall g € G. Thus, the ideaKer ., of C @ C is stable undeflc ® po)(G). Finally, since
C% = k, we may invoke [5, Cor. to Prop. V.10.6] to conclude thatr 11 is generated by
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its intersection withC' ® 1, which is zero. This shows thatis injective, and hence the field
extensionC'/k is finitely generated.

It remains to construct &-equivariant embedding’ — K, with G acting onk(G) via
the right regular representatign as above. For this, we specialize (18) as follows. Write
C = Fract A for some affinék-subalgebrad C C. ThenFract(C ® K) = Fract(4A @ k[G]),
and hence

pA®A) C (A KG])[s™)
for some0 # s € A ® k|G]. By generic flatness (e.g., Dixmier [11, 2.6.3]), there Hert
exists0 # f € A® A sothat(A ® k[G])[u(f)~'s71] is free over(A @ A)[f~1] via pu.
Now choose some maximal ideal of A with f ¢ m ® A. Let f denote the image of in
(A® A)/(m® A) = A, and lets denote the image of in (A ® k[G])/(m ® k[G]) = k[G].
Sincepu(m ® A) = mu(A ® A), the mapu| a4 passes down to a map

7 A — B = KGR 5

making B a free A[f 1]—module. Consequently extends uniquely to an embedding of the

fields of fractions,Fract A[f 1] = C < Fract B = K. Finally, (19) implies that this
embedding i€7-equivariant, which completes the proof of (c). O

Returning to the case of a general affine algebraic gt@wwe have the following

Corollary 19. EveryI € G-Spec R has the form/ = (Q : G) for some() € Spec R with
[G : Gg] < oo. MoreoverC(I)¢ = C(Q)%<.

Proof. We know thatl = (P : G) for someP € SpecR; see§3.4. LetG" denote the
connected component of the identityGh this is a connected normal subgroup of finite index
in G (e.g., Borel [3, 1.2]). Pu) = (P : G°). Then Proposition 18(a) tells us th@tis
prime. Furthermore] = (Q : G) andG® C Gg; so[G : Gg] < oo. The isomorphism
C(I)% = C(Q)% follows from Lemma 10(b). O

3.6. The fibres of the map(2). Assume that’ is connected. Our next goal is to give a
description of the fibres of the mdpat R — G-Rat R, P — (P : G) in Proposition 11.
Following [6] we denote the fibre over a givéne G-Rat R by Rat; R:

Rat; R={P cRatR|(P:G)=1}.

The groupG acts onRat; R via the given actiomg on R.
Recall that the grougr acts on the rational function field G) by the natural extensions of
the regular representatiops andp,. We let

Homg(C(R/T),k(G))

denote the collection of allr-equivariantk-algebra homomorphism@& R/I) — k(G) with
G acting onk(G) via the right regular actiop,. The left regular actiop, of G on k(G)
yields aG-action on the selomq(C(R/I), k(G)).

Theorem 20. Let I € G-Rat R be given. There is &-equivariant bijection
Rat; R — Homg(C(R/I),k(Q)) .
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Proof. ReplacingR by R/I, we may assume thdt= 0. In particular,R is prime by Propo-
sition 18. We will also puC' = C(R) and K = k(G) for brevity. For everyP € Rat R with
(P : G) = 0, we will construct an embedding of fields

¢p:0‘—>K

such that the following hold:

(@) Up(g.c) = pr(9)(Wp(c)) anddy.p = py(g) o ¥p holds forallg € G, ¢ € C;

(b) if P,@Q € Rat R are such thatQ : G) = (P : G) = 0 butQ # P thenyg # ¢p;

(c) given aG-equivariant embedding: C — K, with G acting onK via p,., we have

Y = ¢p for someP € Rat R with (P : G) = 0.

This will prove the theorem.

In order to construct)p, consider thes-algebra(R/P)x = (R/P) ® K. This algebra is
rational by Lemma 7. We have a centralizikgalgebra homomorphism

op: R25 ROKG] S (R/P)k | (20)

where the canonical maR ® k|G| — (R/P)x comes from the embeddiidG| — K and
the epimorphismkR — R/P. Since(P : G) = 0, Lemma 16 implies thapp is injective.
Since (R/P)k is prime, it follows thatC,, = C holds in Lemma 4. Hencep extends
uniquely to a centralizinfc-algebra monomorphism

pp: RC — (R/P)kC((R/P)k) = (R/P)k (21)
sendingC to C((R/P)k) = K. Thus we may defin@p := ¢p|c: C — K. It remains to
verify properties (a) - (c).

Part (a) is a consequence of the intertwining formulas (btl)(@2). Indeed, (12) implies
thatyp(g.7) = pr(9)(¢p(r)) holds for allg € G andr € R. In view of Proposition 2(ii), this
identity is in fact valid forpp and allr € RC', which proves the first of the asserted formulas
for ¢)p in (a). For the second formula, consider the niap ) x that is defined by -linear
extension of (20) tdRx = R ® K this is the composite

can.
(pp)i: Rk == Ric = (R/P)x , (22)
whered is as in (16). The magpr @ p¢)(g) gives ring isomorphismstx — Ry and
(R/P)x — (R/g.P)g such that the following diagram commutes:

~

can i i can.

(R/P)x — (R/9.P)K
The intertwining formula (11) implies that, for ajle G,

(g.P)K o (1r @ pe)(g) = (PR ® pe)(g) © (¥P)K -

Restricting toR we obtainy, p = (pr ® p¢)(9) o ¢p, and this becomes, p = p;(g) o ¥p
onC. This finishes the proof of (a).
For (b), let
(@p)K(RC)K:RCQQK—»(R/P)K (23)
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be defined by -linear extension of (21) and plﬁ = Ker(¢p)k. Let@ € Rat R be given
such that(@ : G) = 0 and letQ = Ker(3g)x be defined analogously. & # P thenQ
and P and are distinct primes ¢fRC)x; in fact, Q N Rx # P N Ry, because the restriction
of (3p)x to R is given by (22). Since botfy) and P are disjoint fromRC, Lemma 3(c)
givesP N Cx # Q N Ck. This shows thatyp)x and(yg)x have distinct kernels, and so

Yp # g proving (b).
Finally, for (c), lety): C' — K be some(G-equivariant embedding. Definefga-algebra

map
U: Rgk — S=RC®c K
by K-linear extension of the canonical embeddiRg— RC'. Note that, forc € C,

c®1=1®19(c) (24)

holds inS. Put
P=§Ker¥)NR,

with ¢ as in (16). We will show thaP is the desired rational ideal.

The algebraS is K-rational, by Lemma 7, an@ acts onS via prc ®c¢ pr, Wherepre
is the unique extension of th@-action pr from R to the central closurd&2C. The map¥
is G-equivariant for this action and the diagor@action pr ® p, on Rg. Furthermore,
by (12), the automorphismi~!: Rx — R is equivariant with respect to th@-actions
1r ® pr on the first copy ofRx andpr ® p, on the second®y. Therefore, the composite
Vos~!: Rxg — Sis equivariant for thez-actionsl z ® p, on Ry andprc ®@c pr onS. Now
consider the centralizing monomorphismieélgebras

p: R/P — Ri /d(Ker W) 6—:> Ry /Ker ¥ 5 S.

By the foregoing, we have(R/P) C S¢, thek-subalgebra of-invariants inS. SinceS is
prime, we have’, = C(R/P) in Lemma 4. Hencey extends uniquely to a monomorphism
p: R/PC(R/P) — SC(S) = S sendingC(R/P) toC(S) = K. Thereforeu(C(R/P)) C
K& = Kk, which proves thaP is rational. Furthermore, by Lemma 16, we have: G) =
ARHP @ K[G]) € 071(6(Ker ¥)) = Ker V. Since¥ is mono onR, we conclude that
(P : G) = 0. It remains to show that = p. For this, consider the mapp of (21); so
Yp = ¢p|c. Forq € C,d € D, we have

d(qd) mod P ® K = ¢p(qd) = op(q)pr(d) = 0(¢p(q)d) mod P ® K

because)p(q) € K andd is K-linear. It follows thatyp(q)d — qd € Ker¥; so0 =
Yp(q)¥(d) — ¥(gd) = qd ®c 1 = ¥(q)¥(d), where the last equality holds by (24). This
shows that)p(q) = 1(q), thereby completing the proof of the theorem. O

3.7. Proof of Theorem 1. We have to prove:

(1) givenI € G-Rat R, there is aP € Rat R such thatl = (P : G);
(2) if P,P' € Rat R satisfy(P : G) = (P' : G) thenP’ = g.P for someg € G.
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3.7.1. We first show that it suffices to deal with the case of connegtedps. LetG° denote
the connected component of the identitydnas before, and assume that both (1) and (2) hold
for G°.

In order to prove (1) for, let I € G-Rat R be given. By Corollary 19, there exists
Q € SpecRwith I = (Q : G), G° C Gg andC(R/Q)%@ = k. SinceGq/GY is finite, it
follows that( is in fact G0-rational. Inasmuch as (1) holds f6°, there exists? € Rat R
with @ = (P : G°). Itfollows that(P : G) = (Q : G) = I, proving (1).

Now suppose thatP : G) = (P’ : G) for P, P’ € Rat R. PuttingP" = (P : G°) we
have(P : G) = N,eq/qo ©-P’ = Nyegyoo(@-P = G°), a finite intersection o&°-prime
ideals of R. Similarly for P = (P’ : G°). The equality(P : G) = (P’ : G) implies that
(P': GY) = (x.P : GY) for somez € G. (Note that ifV C ¢.V holds for somek-subspace
V C R and somgy € G then we must hav® = ¢.V/, because thé&/-action onR is locally
finite.) Invoking (2) forG?, we see thaP’ = yx.P for somey € G°, which proves (2) fol.

3.7.2. Now assume tha€F is connected. In view of Theorem 20, proving (1) amounts to
showing that there is &-equivariantk-algebra homomorphisrG(R/I) — k(G) with G
acting onk(G) via the right regular actiop,.. But this has been done in Proposition 18(c).
For part (2), it suffices to invoke Theorem 20 in conjunctioithvthe following result which

is the special case of Vonessen [40, Theorem 4.7] for coadé&t

Proposition 21. LetG act onk(G) via p, and letF' be aG-stable subfield dk(G) containing
k. LetHom¢ (F, k(G)) denote the collection of ai-equivariantk-algebra homomorphisms
¢: F — k(G). Then theG-action onHomg(F, k(G)) that is given byg.o = ps(g) o ¢ IS
transitive.

This completes the proof of Theorem 1. a

3.7.3. It is tempting to try and prove (1) above in the following malieect fashion. Assume
that R is G-prime and choose an ide& of R that is maximal subject to the conditigi® :
G) = 0. This is possible by the proof of Proposition 8(b) and we halée seen thaP is
prime. | don’t know if the ideal is actually rational. This would follow if the field extensio
C(R)Y — C(R/P)“P in Lemma 10 were algebraic in the present situation. Indeeery
ideal I of R with I D P satisfies(I : G) # 0, and hencgI : H) 2 P. Therefore,
Proposition 18(b) tells us that the connected componeiteidentity of G p acts trivially on
C(R/P) and scC(R/P) is finite overC(R/P)%r.
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