N-HOMOGENEOUS SUPERALGEBRAS
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ABSTRACT. We develop the theory adff-homogeneous algebras in a super setting, with par-
ticular emphasis on the Koszul property. To any Hecke operdton a vector superspace,
we associate certain superalgeb$as x andA#, N generalizing the ordinary symmetric and
Grassmann algebra, respectively. We prove that theseralgabe/V-Koszul. For the special
case whereZ is the ordinary supersymmetry, we derive Angeneralized super-version of
MacMahon'’s classical “master theorem”.
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INTRODUCTION

0.1. The theory of N-homogeneous algebras owes its existence primarily todheerns of
noncommutative geometry. In fact, as has been expoundeddnynMn his landmark pub-
lications [36], [37], quadratic algebras (the caSe= 2) provide a convenient framework
for the investigation of quantum group actions on nonconaiivé spaces. Moreover, certain
Artin-Schelter regular algebras [1], natural noncomniuaanalogs of ordinary polynomial
algebras, can be presented as associative algebras definethib relations V = 3). The
latter algebras, as well as many of the quadratic algebuakest by Manin, enjoy the addi-
tional “Koszul property” which will be of central importaadn the present article; it will be
reviewed in detail in 0.6 below.

Motivated by these examples and others, Berger [5] indidit® systematic investigation
of N-homogeneous algebras for &l > 2, introducing in particular a natural extension of
the notion of Koszul algebra from the familiar quadraticisgtto generalV-homogeneous
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algebras. Article [5] gives examples df-Koszul algebras for allvV > 2; these are the
so-calledV-symmetric algebras, the special c@ée= 2 being the ordinary symmetric (poly-
nomial) algebra. Following the general outline of Maniréstlure notes [37] on the case of
quadratic algebras, Berger, Dubois-Violette and Wambgtldped the categorical aspects of
N-homogeneous algebras in [7].

0.2. Current interest inV-homogeneous algebras is fueled in part by the fact that dioey
occur naturally in mathematical physics and in combinasorindeed, Connes and Dubois-
Violette [10], [11] introduced a class 8thomogeneous algebras, called Yang-Mills algebras,
which are in facB-Koszul. There are two versions of Yang-Mills algebras:hia language of
linear superalgebra, the first kind has even (pajtslgebra generators while the second kind
is generated by odd (parify) elements.

Combinatorics enters the picture via MacMahon'’s celebrateaster theorem” [35], specif-
ically the recent quantum generalization of the masterrfracdue to Garoufalidis, L& and
Zeilberger [20]. As has been pointed out by two of the presetiiors in [28], the yoga of
(quadratic) Koszul algebras leads to a rather effortlesiscanceptual proof of the quantum
master theorem based on the fact that a certain quadragbralgknown as quantum affine
space, is Koszul. Further quantum generalizations and sigpsions of the master theorem
have been obtained by several authors using a variety obapipes; see Foata and Han [17],
[18], [19], Konvalinka and Pak [33], Etingof and Pak [16].

0.3. From an algebraic point of view, MacMahon’s master theorstn)(in its various incar-
nations finds its most natural explanation by the phenomehtioszul duality”. Indeed, all
versions of MT can be expressed in the form that, for somébeddg, an equatiort; - ¥, =1
holds for suitable power seri€s;, ¥y € B[t]. Here is a brief outline how one can arrive at
such an equation starting with a givéftKoszul algebrad. Associated withA4, there is a
graded complexK(.A), which is exact in positive degrees, and a certain endonsphial-
gebra,end A4, which coacts on all components l§f.4). These components therefore define
elements of the representation rifyy,q 4 of end A, and exactness df(.A) in positive de-
grees yields an equation in the power series fiagh 4[t]. Due to the specific form df(A),
which is constructed fromi together with its so-called dual algeh#g, the equation in ques-
tion does indeed state that - p» = 1 holds for suitablep, p2 € Rend 4[t]. The last step
in deriving a MT for A consists in using (super-)characters to transport theabduality
equationp; - p2 = 1 from R.pq 4[¢] to the power series ring over the algebral A, where it
takes a more explicit and useable form. Here then is the fl@a&t cf our approach:

N-Koszul algebra exact Koszul complex duality equation
A 9 K(A) T N Reaalt] - MTforA

The actual labor involved in this process consists in thdi@kpvaluation of (super-)characters
atthe last arrow above. This step is often facilitated bgmsbzing the bialgebrand .4, which

is highly noncommutative, to a more familiar algel#avia a homomorphisnend A — B.
For example:

e MacMahon'’s original MT [35] follows in the manner describaltiove by starting with
A = O(k?%) = k[xy,...,z4], the ordinary polynomial algebra or “affine space”, and
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restricting the resulting MT ovemd O(Kk¢) to the coordinate ring of x d-matrices,
O(Maty(k)) = Kz} [ 1 < i,5 < d].

e As was explained in [28], taking “quantum affine spa@;l’(lkd) as the point of de-
parture one arrives at the quantum MT of Garoufalidis, L& Zgilberger [20] (and
Konvalinka and Pak [33] in the multi-parameter case). Thdoerorphism bialgebra
of (’)q(lkd) is exactly the algebra of right-quantum matrices as defingad].

e Berger'sN-symmetric algebra [5] leads to tlié-generalization of the MT proved by
Etingof and Pak [16] using the above approach, again afstticeéng toO(Mat,(k)).

0.4. The present article aims to set forth an extension of theiegitheory of NV-homogeneous
algebras to the categokect; of vector superspaces over some base field/hile this does
not give rise to principal obstacles given that [37] and fé]a hand as guiding references, the
setting of superalgebra requires careful consideratichebrder of terms and the so-called
“rule of signs” will be ubiquitous in our formulee. In view ofi¢ potential interdisciplinary
interest of this material, we have opted to keep our preenteeasonably self-contained and
complete.

Therefore, in Sections 1 and 2, we deploy the requisite trackgl material from superal-
gebra in some detail before turningAd-homogeneous superalgebras in Section 3. The latter
section, while following the general outline of [37] and father closely, also offers explicit
discussions of a number of important examples. We intetpdlee pure even and pure odd
Yang-Mills algebras defined by Connes and Dubois-Violett®,[[11] by a family of super-
algebrasMP!? and give a unified treatment of these algebras. (It turnshouiever, that the
mixed algebrag/MP!¢, with p andq both nonzero, are less well-behaved than the pure cases.)
Moreover, we discuss a superized version ofihgymmetric algebras of Berger [5]. Finally,
in Example 3.4, we introduce neW-homogeneous superversions of the symmetric algebra
and the Grassmann algebra of a vector superspadbese are associated with any Hecke
operatorZ: V®? — V®2 and will be denoted b$., n andA» x, respectively.

Sections 4 and 5 contain our main results: Theorem 4.5 shwt#ite superalgebrés; y
andAg y are in factV-Koszul, and Theorem 5.4 is superized version of the afontioreed
N-generalized MT of Etingof and Pak [16, Theorem 2]. The sglezaseN = 2 of The-
orem 5.4 is a superization of the original master theorem atMahon [35]. The present
article was motivated in part by a comment in Konvalinka aa#t (83, 13.4] asking for a
“real” super-analog of the classical MT.

0.5. A considerable amount of research has been done by matlahptysicists on various
quantum matrix identities. Some of these investigationg lteeen carried out in a super set-
ting; see, e.g., Gurevich, Pyatov and Saponov [23], [24]taedeferences therein. However,
the techniques employed in these articles appear to bedjtigeent from ours.

After submitting this article, we also learned of recent kvof Konvalinka [31], [32] which
not only concerns MacMahon’s MT but also other matrix idgggi such as the determinantal
identity of Sylvester. These identities are proved in [BR] by combinatorial means in
various noncommutative settings including the right-quammatrix algebrand (’)q([kd).

0.6. We conclude this Introduction by reviewing the precise diédins of N-homogeneous
and N-Koszul algebras. Our basic reference is Berger [5]; see[als[7], [21].



4 PHUNG HO HAI, BENOIT KRIEGK, AND MARTIN LORENZ

Let A be a connected > (-graded algebra over a field soA = P, -, A, for k-subspaces
A, with Ay = kand A, A,, C A,.,». Choose a minimal generating set for the algedra
consisting of homogeneous elements of positive degreg;atiiounts to choosing a graded
basis for a graded subspateC A, = @, ., A, such thatd, = Ai @ V. The grading
of V imparts a grading to the tensor algefir&l”) of the spacé/, and we have a graded
presentation

T(V)/I = A
for some graded idedl of T(V), the ideal ofrelationsof A.

Recall that a graded vector spate= @,,., M, is said to live in degrees ny if M, =0
for all n < ngy. Note that the relation idedllives in degrees> 2, becausd (V)& T(V)1 C
k & V andk @ V injects into.A. Fix an integerV. > 2 and define the jump function

IN if 7 is even
N — J 2 0.1

v (i) {%]\H—l if i is odd (1)
The following proposition is identical with [8, Propositi®.1] except for the fact that we do
not a priori assumed to be generated in degréeA proof is given in the Appendix.

Proposition 0.1. The ideall of relations ofA lives in degrees> N if and only ifTorg“([k, k)
lives in degrees> vy (i) for all i > 0.

Following Berger [5], the graded algebréis said to beN-Koszulif Torg“([k, k) is con-
centrated in degreey (i) for all ¢ > 0. This implies that the space of algebra generators
is concentrated in degreey (1) = 1; so the algebrad is 1-generated Moreover, choosing a
minimal set of homogeneous ideal generators for the reladieal / amounts to choosing a
graded basis for a graded subsp#&te I such that

[=Re(VRI+I®V) (0.2)

Then Tors'(k,k) = R and soR must be concentrated in degreg(2) = N when A is
N-Koszul. To summarize, alN-Koszul algebras are necessarihgenerated and they have
defining relations in degred’; so there is a graded isomorphism

A=T(V)/(R) with RCV®N

Such algebras are calléd-homogeneous

We remark that Green et al. [21] have studi€eKoszul algebras in the more general con-
text where the gradingl = @,,~, A, is not necessarily connectedd = k). In [21, The-
orem 4.1], it is shown that av-homogeneous algebrd with A, split semisimple ovek is
N-Koszul if and only if the Yoned&xt-algebral(A) = @,,~, Ext’y (Ao, Ao) is generated
in degrees< 2.

Any N-homogeneous algebrdwhose generating spatécarries aZ,-grading and whose
defining relationsk areZ,-graded is naturally &-superalgebra, that is4 has aZ,-grading
(“parity”) besides the basiZ >o-grading (“degree”). As will be reviewed below, this extra
structure provides us with additional functions on Grotlieok rings, namely superdimension
and supercharacters, which lead to natural formulationh@fMT in a superized context.
Note, however, that the defining property 8#Koszul algebras makes no reference to the
Zy-grading of A. Thus, anN-homogeneous superalgebra is Koszul precisely if it is Kbsz
as an ordinaryV-homogeneous algebra (forgetting the-grading).
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0.7. Throughoutk is a commutative field ang stands for®y. Scalar multiplication irk-
vector spaces will often, but not always, be written on thatrivhile linear maps will act from
the left. We tacitly assume throughout thlabr k ## 2; further restrictions on the characteristic
of k will be stated when required.

1. REVIEW OF LINEAR SUPERALGEBRA

1.1. Vector superspacesA vector superspace oviris ak-vector spacé” equipped with a
grading by the groufZ, = 7/27 = {0,1}. Thus, we have a decompositiéh = V5 & V;
with k-subspace$j andV; whose elements are callestenandodd respectively. In general,
theZ,-degree of a homogeneous elemert V' is also called itparity; it will be denoted by
a € Z,. Vector superspaces oviefform a category/ect; whose morphisms are given by the
linear maps preserving thd,-grading; such maps are also calladknlinear maps.

The dimensionof an objectl” of Vect, is the usuak-linear dimension. We shall use the
notation

d=dim V, p=dim V5 and ¢ = dimy V7
Sod = p + ¢. Thesuperdimensiowf a vector superspadé with d < ~o is defined by
sdimV =p—qe”Z

When working with a fixed basiéz; } of a givenV in Vect; we shall assume that eachis
Domogeneous; the parity of will be denoted byi. The basiscy, x5 ... is calledstandardif
i=0(i<p)andi=1 (i > p).

1.2. Tensors.The tensor produdy ® V' of vector superspacds andV in Vect;, is the usual
tensor product ovek of the underlying vector spaces equipped with the natésajrading:
if a,b are homogeneous elements then the parity ®fb isa +bhe Z4. Instead of the usual
symmetry isomorphisn/ ® V — V ® U for interchanging terms in a tensor product we
shall use theule of signs that is, the following functoriakupersymmetrysomorphism in
Vect;:

cov: UV =SVeU, u@v— ()" ®u (1.1)
for u,v homogeneous. (All formulas stated for homogeneous elemamy are to be ex-
tended to arbitrary elements by linearity.) The supersytmymisomorphismscyy, satisfy
cvy o cyy = ldygy, and they are compatible with the usual associativity isgimions
apyvw: (UeV)eW =2U e (V& W) in Vecty, that is, they satisfy the “Hexagon Axiom”;
see [29, Def. XIlI.1.1]. Therefore/ect; is a symmetric tensor category; the unit object is the
field k, with parity 0. See [29, Chap. XIII] or [12] for background on tensor catéggm

1.3. Homomorphisms. The spacédomy(V,U) of all k-linear maps between vector super-
spaced/ andU is again an object d¥ecty, with gradingHomy (V, U)g = Homy (V5, Uy) &
Homy (V7,U7) andHomy (V, U)1 = Homy (V5, U7) @ Homy (V;, Up); SO

Homy (V,U) = HomVecti(Va U)

In particular, the linear dudl™ = Homy (V, k) belongs tovect;. Given homogeneous bases
{z;} of V and{y;} of U we can describe any € Homy(V,U) by its matrix " = (Fy}):

flay) = ZyiF;‘ (1.2)
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When f is an even map theﬁ;’ =0 unless?+3 =0.
For finite-dimensional vector superspaces, we have thevioilg functorial isomorphisms
in Vect] (see, e.g., [43, 1.8]):
U®V* = Homy(V,U) (1.3)

via (u ® f)(v) = u(f,v), and

Vig...eVi2(V,®...0 V1) (1.4)
via (fi ®...Q® fm,vm ®...®@v1) = [[;(fi,vi). Here, we use the notatigtf, v) = f(v) for
the evaluation pairing

evy = (.,.): V'@V —k

in Vect;,. Similarly, we have a pairing

CV,V*

VeV XY vre v Kk

which yields an isomorphism
V= (1.5)

in Vect;.

The isomorphism (1.3) (which is valid as long as ond/afr V' is finite-dimensional) has
the following explicit description. Fix homogeneous bages} of VV and{y;} of U and let
F = (F}) be the matrix of a giverf € Homy (V, U) with respect to these bases, as in (1.2).
Let {2’} be the dual basis df*, defined by(z7, z;) = 5g (Kronecker delta). Then the image
of finU ® V*is givenby)", ;y; ® 2/ F}. Note also thak; andz* have the same parity.

Finally, if U, V andWW are vector superspaces, withfinite-dimensional, then the isomor-
phismld @cw,p+: V@ W @ U*——V @ U* @ W together with (1.3) yields an isomorphism

Homy (U, V @ W) == Homy (U, V) @ W (1.6)
in Vect; which is explicitly given by(f @ w)(u) = (—1)%f(u) ® w. Similarly, for vector
superspacel, U’, V, V' with U, U’ finite-dimensional, there is an isomorphism

Homy (U@ U,V @ V') == Homy (U, V) @ Homy (U, V") (1.7)
in Vect; given by(f © g)(u ®v) = (~1)7% f(u) ® g(v).
1.4. Supertrace.Let V be a finite-dimensional object dect;. Thesupertraceis the map

str: Endy (V) —= V@ V* — k (1.8)
(1.3) (1.3)
in Vect;. In order to describe the supertrace in terms of matricesa foasis{z;} of V/
consisting of homogeneous elements and‘let () be the matrix off € Endy(V) as in
(1.2). Then

st(f) = > (—1)'F]

wherei is the parity ofz; (and of the dual basis vectet € V*) as in§1.1. Thus,
Stl’(Idv) = sdim V.1
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1.5. Action of the symmetric group. Given vector superspaces, . . ., V,,, we can consider
the morphism

V@ 0VigVin®- @V, -V eVineVie -V,

in Vect, which interchanges the factovs andV; via cy, v, , and is the identity on all other
factors. More generally, for any € &,,, the symmetric group consisting of all permutations
of {1,2,...,n}, one can define a morphism

V1@ @Vy — Vo) @+ @ Vo

in Vectj, as follows. Recall tha®,, is generated by the transpositions . . . , 0,,—1 Whereo;
interchanges andi + 1 and leaves all other elements fff, 2, ... ,n} fixed. The minimal
length of a product in the;’s which expresses a given element S, is called the length of
o and denoted(o); it is given by

(o) = #inv(o) with inv(o) ={(i,7) | ¢ < jbuto(i) > o(j)}

Writing o € &,, as a product of certain;, the analogous product of the magsyields a
morphisme, as above. This morphism is independent of the wis/expressed in terms of the
transpositionsr;; see [43, 1.4.13] or [29, Theorem XIII.1.3]. If ali; € V; are homogeneous
then

Co(01 ® - @ 0y) = (1) Z D@ Wy @ © vyt (1.9)

For example, if ally; are even then th&-sign on the right ist, and if allv; are odd then it is
sgn (o), the signature of.

Taking allV; = V we obtain a representation &,, — Autyec (V") whereVe" =
V®---@V (nfactors). Lettingk[&,,] denote the group algebra of the symmetric group, this
extends uniquely to an algebra map

¢: K[6,] — Endyec; (V") (1.10)

We will write ¢, := c(a) for a € k|G y].
For the dual superspad€’, besides the above representatiork[&,,] — Endyec (V**"),
we also have theontragredient representation

kG, — EndVectli(V*(gn)
for the pairing(.,.): V*¢" @ V®" — kin (1.4). Explicitly,

<C:;($), y> = <1’, Ca* (y)>

forall a € k[&,], z € V**" andy € V®". Here,.*: k[&,] — Kk[&,] is the involution
sendings € &, to o~!. These two representations are related by

Ch = Crar (1.11)

wherer = (1,n)(2,n—1)--- € G, is the order reversal involution. One only needs to check
(1.11) for the transpositions = ¢;, which is straightforward.
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1.6. Hecke algebras.We recall some standard facts concerning Hecke algebrase thre
suitable deformations of the group algeli@,,] considered above. For details, see [13],
[14].
Fix0 # ¢ € k. The Hecke algebra7;, , is generated ds-algebra by elements,, ..., 7,
subject to the relations
(Ti + 1)(T; —q) =0
LT =TT (1.12)
TTy = TyT; if |i - j| > 2
Wheng = 1, one has an isomorphissf;, | = k[&,], T; — o; whereo; is the transposition
(i,9+ 1) as in§1.5. The algebra?;, , has ak-basis{T; | 0 € &,,} so that
() Twa = 1 andT;, = T;;
Too, if {(co;) = (o) + 1;
¢Tys, + (¢ —1)T, otherwise
By k-linear extension of the rule

15 =T, (0 €6,)

(i) 7,7y, =

one obtains an involution *: J#, , — %, ,. Moreover, the elements] := —qT, ' =
q — 1 — T; also satisfy relations (1.12). Therefore,
aTy) = —qT;! (1.13)

defines an algebra automorphism /7, , — ¢, , of order2.
The Hecke algebraz;, , is always a symmetric algebra, aod;, , is a split semisimple
k-algebra iff the following condition is satisfied:
[n)g! ==l #0 wherefil, :=1+q+---+¢"" (1.14)
i=1
More precisely, if (1.14) holds then

Hrq = @D Mat g, xa, (K) (1.15)
A-n
where\ runs over all partitions ofi andd, denotes the number of standardableaux. The
only partitionsA with dy = 1 areA = (n) andX = (1"). The central primitive idempotents
of /7, , for these partitions are given by

1
X, = —— T, (1.16)
[n]q! ogén
and )
— N —L(o)
Yu = g Y (—9~T, (1.17)
cedS

These idempotents are usually called theymmetrizerand theg-antisymmetrizerrespec-
tively. One has

X T, =T,X, =¢"9X, and Y, T, =1,Y, = (-1)"y, (1.18)
for o € G,,. Furthermoreq(X,,) =Y.
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For later use, we note the following well-known consequenfod..18). If M is any.77], ,-
module, with corresponding representatjon./#;, , — Endy (M), then

n—1
= () m(u(T) +1) (1.19)

Indeed, (1.18) implies thak,, = [2];(T; + 1)X,, which yields the inclusiorC. On the
other hand, anyn € NI='Tm(u(T;) + 1) satisfies(u(T;) — ¢)(m) = 0 for all i, by
(1.12). Thereforeu(T,)(m) = ¢“““m holds for alloc € &, and henceu(X,)(m) =
ﬁ > es, @19'm = m. This provesD.
1.7. Hecke operators.Again, let0 # g € k. A Hecke operator (associated¢pon a vector
superspac#’ is a morphismZ: V®2 — V92 in Vect! satisfying the Hecke equation
(Z+1)(Z—q) =0
and the Yang-Baxter equation
T\ Too K\ = Ko T T
where#; := Z @ Idy : V®3 — V®3 and similarly%, := Idy @%.
The Hecke equation implies tha? is invertible. Moreover, ifZ is a Hecke operator
associated tqg then so isfq%‘l. '
Definingp(7;) := 14! ©% ® 1d$" "', one obtains a representation
P=PnZ: %L,q B EndVeCti(V@m) (120)
The representations,, » andp,, _,,-1 are related by,, _,»-1 = pp % o o, wherea is the
automorphism of7;, , defined in (1.13).

Example 1.1. The supersymmetry operatoy : V2 — V®2in (1.1) is a Hecke operator
associated tq = 1, as is its negative;-cy,y. The representatiop..,,, of 7,1 = k[&,] in
(1.20) is identical with (1.10).

Example 1.2(superized Drinfel'd-Jimbo [38], [27])Let x4, ..., x4 be a standard basis bf
as in§1.1. The super analogz = %" of the standard Drinfel'd-Jimbo Hecke operator is
defined as follows. Writing

R(z; ® xj) = Zm@wl

the matrix component@f}l € k are given by

2 _ 265 0,7 (2 1
ki 477 sk (_qu (" + )5l,k

ij = m i,j 1+q2az,j ij
Here,e; ; = sgn(i — j). Thus,
R = ¢* if7=0
R = —1 if7=1

- 1.21
%U-:q2—1 ifi<j ( )

= (-1)7q Wi ]
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andZ, = 0in all other cases. One checks thdtis a Hecke operator that is associated to
¢
2. THE SUPERCHARACTER

2.1. Superalgebras, supercoalgebras etén algebraA in Vect; is called asuperalgebra
overk; this is just an ordinark-algebra such that the unit m&p— A and the multiplication

pr A A— A
are morphisms invect;. In other words,A is a Z,-gradedk-algebra in the usual sense:
A = Ay © Az with k-subspacesi and.A; such thatd;A; C A, ;. Homomorphisms of
superalgebras, by definition, are algebra mapégeict;, that is, they preserve thg,-grading.
If V' is a vector superspace Wect;, then the tensor algebra(V) = @, ., V®" is a
superalgebra via th#,-grading of eaci/®™ as in§1.2. In general, if4 is any superalgebra,

then by selecting @,-graded subspacgé C A which generates the algehrg we obtain a
canonical isomorphism of superalgebras

TV)/(R) = A (2.1)
where (R) is the two-sided ideal of (V') that is generated by @,-graded linear subspace
RCT(V).

Given superalgebrad and B, the tensor produc ® B is the superalgebra with the usual
additive structure and grading and with multiplications; defined by using the supersym-
metry map (1.1)paes = (14 @ ug) o (Ida ®cp 4 ® Idg) or, explicitly,

(@®b)(@ @) = (~1)%ad’ @ bl

for homogeneous’ € A andb € B. In other words, the canonical images.4fand B in
A ® B supercommuten the sense that the supercommutator

la,b] = ab — (—1)%ba (2.2)

vanishes for any pair of homogeneous elemeants.A andb € B.

Supercoalgebras, superbialgebras etc. are defined $jnakrsuitable objects o¥ect;
such that all structure maps are map¥ect;. The compatibility between the comultiplica-
tion A and the multiplication of a superbialgelfsamounts to the following rule:

A(ab) = Z (—l)a(Q)b(l)a(l)b(l) & a(g)b(g)
(a),(b)
for homogeneous elementsb € 3. Here we use the Sweedler notatiia) = Z(a) ag) ®
a2y andayy, a(zy are chosen homogeneous Witfy) + a o) = a.
Example 2.1(Symmetric superalgebra [40, 3.2.5])he symmetric superalgebra of a given
V in Vectj, is defined by
S(V)=TV)/([v,w]g [ v,w e V)

where[v, w]g is the supercommutator (2.2) TW(V'). Ignoring parity,S(V') is isomorphic to
S(V)®@NA(V;), whereS( . ) andA( . ) denote the ordinary symmetric and exterior (Grassmann)
algebras, respectively. The symmetric superalgebra ispd $igeralgebra: comultiplication
A:S(V)—=S(V)®S(V)isgiven byA(v) =v® 1+ 1® v forv € V and extension to all
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of S(V') by multiplicativity. Similarly, the counit: S(V') — k is given bys(v) = 0 and the
antipodeS: S(V) — S(V) by S(v) = —vforv e V.

2.2. Comodules.We refer to [29, Chap. lll] for background on comodules, cdmle alge-
bras etc.

Given a superbialgebrB, we letComodj; denote the category of all riglf-comodules
and B-comodule maps iVect;. Thus, for any object’ in Comody;, we have a “coaction”
morphism

(5\/: V-oV® B
in Vecty. If x1,...,24 is a fixed basis ol consisting of homogeneous elements, with
denoting the parity of; as before, then we will write
dv(w;) =z @b with b€ B; - (2.3)

The tensor product of vector superspaces mé&a@sody; into a tensor category: i and
V are inComody then8 coacts or/ ® V' by

Suev: UV UeBeVeBZlUeVveBeB Y UaveB (24)

If B is supercommutative as a superalgebra then the supersyyneagt is a B-comodule
morphism, i.e.dygu o cuy = (cuy ®1dg) o dygyv. ThereforeComody is a symmetric
tensor category in this case .

2.3. The supercharacter map.Let 3 denote a superbialgebra and 1étbe a finite dimen-
sional object inComody;. The coactiondy is an even map iflomy (V, V ® B). Consider the
following morphism inVect;:

) strld

x°: Endp (V) fvel; Homy (V,V ® B) (1;6) Endy(V) @B — k@B =28 (2.5)

where str is the supertrace as in (1.8). This map will be dale supercharactermap of
V. Forgetting parity and viewing all elements as even, theedtgce becomes the ordinary
trace and the supercharacter becomes the usual charauoése Will be denoted by tr angd
respectively.

In particular, we have the element

xv = x"(Idv) € By
To obtain explicit formulas, fix a basisy, . .., z, of V' consisting of homogeneous elements
and let(F}) and(b;) be the matrices of € Endy (V') and oféy with respect to this basis as
in (1.2), (2.3). Then
() =D (~)7hE (2.6)
0.
Lete: B — k denote the counit oB. Thenz; = ), ;Uz-z—:(bé-) holds in (2.3). Hence
e(b%) = 85.1; and (2.6) gives

e(x*(f)) = str(f) (2.7)
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When f is even formula (2.6) becomeg(f) = >, ;(—1)’ b;Fj, becauseF] = 0 unless
i+ = 0. In particular,

Xv = (=1 (2.8)

In the following, we letcomodj; denote the full subcategory @omodj; consisting of all

objects that are finite-dimensional ovler The supercharacter has the following properties
analogous to standard properties of the ordinary character

Lemma 2.2. Let B denote a superbialgebra and €t V and W be objects oEomodj;.
@ Iff: V—-Uandg: U— V are B-comodule maps (not necessarily even) then

(fog)=(-1)I0x*(go f)
(b) For f € Endy(V), g € Endy(U) view f ® g € Endy(V @ U) as in(1.7). Then
X (f®@g)=x*(f)x*(9)

(c) Given an exact sequenée— U - V - W — 0in comod3, let f € Endy (V)
be such thatf (u(U)) C p(U), and letg € Endy(U), h € Endy, (W) be the maps
induced byf. Then

X*(f) =x°(g9) + x*(n)
In particular, xi, = x{; + xjy. Moreover, iff € Endcomod%(V) is a projection (i.e.,
f? = ) thenx*(f) = X ;-
Proof. (a) LetTy denote the maplomy (V,V @ B) — Bin (2.5); sox*(f) = Ty (dv o f).
Since f andg are comodule maps, we havg o f = (f ® Idg) o dy and similarly forg.
Puttingh = dy o f € Homy (V,U & B) we obtainx®(f o g) = Ty (dy o fog) = Ty(hog)
andx®(go f) =Tv(dv ogo f) = Ty((g ® Idg) o h). Therefore, we must show that

Ty (hog) = (=1)/9Ty ((g ©1dg) o h)
Using the identificatiodom, (V, U @ B) = Hom[k(V, )®B asin (1.6), writh = 3, fi®b;

with f; € Homy(V,U), b; € B, and f; + b; F. Thenh o g € Homy(U,U ® B)

becomes the elemeifd_, f; ® b;) o g = >, (— ) 9(fi0g) ® bj € Endi(U) ® B, and
(9 ®1dg) o hHomy (V,V ® B) becomesy (g o f;) ® b;. The standard identity sif; o g) =

(—1)fidstr(g o f;) (cf., e.g., [40, p. 1683(b)]) now yields
Tyy(hog) = Z(— 1)’9str( f; o g) © by

<) ||

_Z 19+flgstl’gof)®bi

= (—1)ngv((9 ® 1dg) o h)

as desired.
(b) Fix homogeneoug- bases{z;} and{y,} of V andU, respectively, and write; = i,
i = ¢ as usual. Moreover, IQTF’) and(G",) be the matrices of andg for these bases, as



N-HOMOGENEOUS SUPERALGEBRAS 13
in (1.2). Then{z; ® y,} is a basis oV @ U, with z; ® y, having parityi + 7. Moreover,
(f b2y g)(l'j ® ym) = (_l)gjf(wj) ® g(ym)

= ()Y wF oY ydh,
i 1

=Y moyey,  with@j = () IEG,

becauser)" = 0 unless + i = §. Similarly, writing ov(z) =>4 ® b;'» with bl €B;
anddy (ym) = Y., ye ® cb, with ¢, € B;. 5, one obtains using (2.4)

Sveu (T ® ym) sz Dy with U = (—1)0 il

Therefore, formula (2.6) becomes

Y (f®g) = Z (_1)(@+€)(J+m)\11;fnq>zzn
i4,5,m
= Y ()T E, Gy
i0,5,m
=x*(f)x*(9)
(c) Choose a basigr; } of V' consisting of homogeneous elements so that 1(y;) for
i < dimU and let(F}) be the matrix off for this basis. Therf; = 0 for i > dimU,

j < dimU. Moreover, they; form a basis ofU and thez; = w(:cz) form a basis ofil/,
and the matrices of andh for these bases al(eF )iji<dimu and(F ), j>dimU, respectively.

Similarly, if (b’) is the matrix ofdy, with respect to the basis baétlsl} asin (2.3) therib; =0
fori > dim U, j < dim U, and the matrices @, anddyy for the given bases a(éj.)i,jgdimU
and(b )i.j>dim U, respectively. Therefore,

() =3 (~1)ib R
,J

= Y (CDIBE + Y (C1)bE

1,7 <dim U 2,j>dim U
=Xx"(9) +x°(h)
The remaining assertions are clear. O

2.4. The Grothendieck ring. Let B be a superbialgebra and let
Rp = Ky(comody)

denote the Grothendieck group of the categmugnody;. Thus, for each” in comodj, there
is an elemenfV] € R and each short exact sequefice> U — V' — W — 0 in comody
gives rise to an equatiofi’] = [U] + [W] in Rg. The groupRp is in fact a ring with
multiplication given by the tensor product #Fcomodules. If53 is supercommutative as a
superalgebra then the ringz is commutative; seg2.2.
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Both the ordinary dimension and the superdimension ardiagldin short exact sequences
and multiplicative on tensor products. Hence they yield iomomorphisms

dim,sdim: Rg — Z
Parts (b) and (c) of Lemma 2.2 and formula (2.7) have thedtg immediate consequence:

Corollary 2.3. The magV] — 3, yields a well-defined ring homomorphisgi: Rz — Bj.
Furthermore, the following diagram commutes

R —=B;
sdiml \LE
7 k

can.

Forgetting theZ,-grading, the corollary also gives the more familiar vemsiaith y and
dim in place ofy® andsdim, respectively.

2.5. General linear supergroup and Berezinian.Let V' in Vect;, be finite-dimensional and
fix a standard basis;, ..., zqwithi =0 (i < p)andi =1 (i > p).

2.5.1. For each supercommutatidesuperalgebraR we denote byE(V)(R) the set of all
R-linear mapsV’ ® R — V ® R in Vectj. Using the identificatiorEndz (V ® R) =
Homy (V,V @ R) = Endi (V) @ R (see (1.6)), we may viel(1')(R) as the even subspace
of Endy (V) ® R:

E(V)(R) = (Endi(V) @ R)g
This defines a functoE(V') from the category of supercommutatikesuperalgebras to the
category of semigroups.

2.5.2. Tensoring the supertrace stEnd, (V') — k of (1.8) withIdz, we obtain arR-linear
supertrace map strEndy (V) ® R — R in Vect;, which restricts to a mag(V)(R) — Rj.
The given standard basis, ..., z4 of V is anR-basis ofV ® R. In terms of this basis, an
elementp € E(V)(R) is given by

d
o(zj) =D z® with @) € R; - (2.9)
i=1

Thus¢ is described by aupermatrix® = (@;) in standard formoverR:

A B
b= <C D> (2.10)

whereA = (<I>§> . andD = (@3) ~are square matrices with entriesiy while C, D
,JSP ©,J>p
are matrices oveR ;. The supertrace af is given by

st(¢) = > _(—1)'®} = tr(A) — tr(D) =: str(®)

%
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2.5.3. The functore (V) is represented by a supercommutativeuperbialgebra which coacts
onV; this algebra will be denoted by

B =O(E(V))

Thus, there is a natural isomorphismegfl”) with the functorHom (5, ?) of parity preserving
algebra homorphisms. In particular, the identity mapbnorresponds to an elemefite
E(V)(B). Let X = (2)axa be the matrix of¢, as in (2.9). The elements; have parity

7+ j and they form a set of supercommuting algebraically indépengenerators d. In
fact, B is isomorphic to the symmetric superalgeBi@ ™ @ V'), with zi — x' ® z;, where

{x%} C V* is the dual basis for the given basislof
We can think ofX as thegeneric supermatrixvith respect to the given basis of: any

supermatrixd = <<I>;> as in (2.9) comes from an algebra mép— R via 2 — ®}. The
canonical coaction: V' — V ® B, the comultiplicationA and the counit of B are given by

d(zj) = Zmz ® x;
A(:L';) = Zazz ® azf (2.11)
k

E(x;) = 5;-

These formulas can also be written®$1,...,z4) = (z1,...,24) @ X, A(X) = X @ X
ande(X) = 1.

2.5.4. Similarly, GL(V')(R) is defined, for any supercommutatikesuperalgebr&, as the
set of allinvertible R-linear endomorphism df ® R in Vect;. The condition for a superma-
trix @ in standard form (as in (2.10)) to be invertible is thiaand.D are invertible as ordinary
matrices ovefRj. In this case, the inverse dfis given by

o1 (A—-BD™10)! ~A7'B(D-cA'B)!
~\-D7'Cc(A-BD71C)! (D—-CA™'B)~!

See Berezin [3, Theorem 3.1 and Lemma 3.2]. The element
ber(®) := det(A)det(D — CA™'B)™" = det(D) ' det(A — BD™'C) (2.12)

is called thesuperdeterminantdr Berezinianof @; it is an invertible element oR.

The functorGL (V) is represented by a supercommutative Hopf superalg&iy@L (1))
which is generated oveB = O(E(V)) by det(X11)~! and det(Xa2)~!, where X1; =
(x;> _andXy = %) are the even blocks of the generic supermalfix By [3,

1,7<p 1,]>p
Theorem 3.3], the Berezinidser(X) is a group-like element id(GL(V)).

2.6. Supersymmetric functions and exterior powers.Throughout this sectiorl; will de-
note a finite-dimensional vector superspace dveiWe assume that the characteristickas
zero.
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2.6.1. Let
Y, =4 Z sgn(o)o € k[G,)]
0’6677,
be theantisymmetrizeidempotent of the group algebk&S,,] and define
A"V :=Imey, C VO (2.13)

wherec: k[&,,] — EndVectli(V@’") is as in (1.10). Thush™V is the space of antisymmetric
n-tensors,
ANV ={y € V" | c,(y) = sgn(o)y forallo € &,,}

For later use, we describe an explicit basisAdfl”. To this end, fix a standard basis
T1,...,zq of V, withi = O fori < pandi = 1fori > p. Then the products; =
Ty, ® Xy @ -+ - @z, for sequences= (i1, 2,...,i,) € {1,2,...,d}" form a graded basis
of V®" that is permuted up to @-sign by the action 0&,, on V®"; see formula (1.9):

co (1) = sgn;(0)z4(;) (2.14)
with
sgni(a) — (_1)Z(p,q)einv(o) ipiq and 0'(1) = (1'071(1)7 2‘071(2), e ,Z'Ufl(n))

Therefore, by elementary properties of monomial groupesgmtations, &-basis of A"V
is given by the nonzero elements, (x;) wherei ranges over a transversal for tk,-

action on{1,2,...,d}". Such a transversal is provided by the weakly increasingesemes
i€ {1,2,...,d}". Moreover, for a weakly increasing it is easily seen from (2.14) that
¢y, (x;) = 0 holds precisely ifiy = i,11 < p for somel. Therefore, a basis df"V is given
by the elementsy, (z;) withi = (i1 <z < -+ <'ip < img1 < -+ <ip) € {1,2,...,d}"
andi,, < p < imt1-

In particular,

dim AV = 3 (;) (q + :;i - 1> (2.15)

m+m/=n
wherep = dimy V5 andg = dimy V3. Equivalently, the generating power serie<Zift] for
the sequencdimy A"V is given by
(L+1¢)P

Zdim[k/\ Vit = =0

n>0
Wheng > 0 then allA™V are nonzero. For additional details on exterior powers, sgg,
[43, Sections I.5 and 1.7].

2.6.2. Consider the super bialgebth= O(E(V)) as defined ir§2.5.3 and recall that’ is
in comodj. The representatioa: k[S,,] — EndVectli(V@’") of (1.10) actually has image in
Endcomod%(V@m), sinceB is supercommutative. Therefor&?V also belongs t@omodj
and we can define thé" elementary supersymmetric function

(2.16)

en = Xpny = X°(cv,,) € Bg
Here, the equality .\, = x°(cy;,) holds by Lemma 2.2(c).
Similarly, one defines the super power surhy

pn =X (c12,..m)) € By
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where(1,2,...,n) € &, the cyclic permutation mapping+— 2 — 3 — ... —n— 1. In
terms of the generic supermatok from §2.5.3, one has
pn = Str(X™)

Modulo the space spanned by the Lie commutafars- ¢ f with f, g € k[&,,], the follow-
ing relation is easily seen to hold K&, ]:

n
nY,=> (17112, ,0) Y
i=1

(with Yy = 1). Applying the functionx® o ¢: k[&,,] — Bj to this relation and using
Lemma 2.2(a),(b), one obtains tNewton relations

ne, = Z(—l)i_lpien—i
i=1
Let ¢ be a formal parameter (of parity) and consider the generating functiof§t) =
Zn21pnt"—1 and E(t) = >, spent™ in By[t]. The Newton relations can be written in
the formP(—t) = % log E(t); see, e.g., [34, p. 23]. Combining this with the identity
ber(exp(tX)) = exp(str(tX))

due to Berezin ([3, Chapter 3] or [40, p. 167]), one obtairesftillowing expansion for the
characteristic functiober(1 + ¢.X') of generic supermatrix:

Proposition 2.4. ber(1 +tX) = > -, ent"
This proposition is known; see, e.g., Khudaverdian and Movd30, Prop. 1].

3. HOMOGENEOUS SUPERALGEBRAS

3.1. N-homogeneous superalgebrasLet N be an integer withV > 2. A homogeneous
superalgebra of degre®& or N-homogeneous superalgeligaan algebrad of the form (2.1)
with V finite-dimensional andk C V&

A=A(V,R)=T(V)/(R)
The assumptiol C VY implies that, besides the usuaj-grading (“parity”), A also has a
connected’ , -grading (“degree”),
A=P A,

n>0
The algebraA is generated byd; = V and all homogeneous componems are finite-
dimensional objects ofect;. In fact,

A 2 VR, with R,:=R)NV = > V¥@ReV® (3.1)
i+j+N=n
Note thatR,, = 0forn < N;soA, = V®"if n < N.

Morphisms of N-homogeneous superalgebras A = A(V,R) — A" = A(V',R’) are
morphism of superalgebras which also respecZthegrading. Equivalently, by restricting to
degreel, we have amorphisnfy : A3 =V — A} = V’in Vect; whoseN™ tensor power sat-
isfiesff@N(R) C R'. Thus, one has a categdry Alg; of N-homogeneouk-superalgebras.
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Finally, N-homogeneous superalgebras wih= 2 are calledquadratic superalgebras; for
N = 3, they are callea¢ubig etc..

3.2. Some examplesln order to explicitly describe a certaii-homogeneous superalgebra
A = A(V, R), we will usually fix aZ,-gradedk-basiszy, . ..,z4 of V = A; and denote the
the parity ofx; by?, as in§1.1. Thex; form a set of algebra generators far Following
Manin [38],[39], thed-tuplef = (T, . ,E) € 74 is called theformatof the basis{z; }.

Example 3.1(Quantum superspace [39]for a fixed familyq of scalarsd # ¢;; € k (1 <

~

i < j < d)and a given formaf = (1,...,d) € 7 of the basisty, ..., z4, the quadratic
superalgebrad = Sf1 is defined as the factor ofF (V') modulo the ideal generated by the
elements

ri=r0r e (VO (i=1) (3.2)
Tij (= T5 QXT; — q”(—l)zw, P S (V®2)€+E (Z < ]) (33)
Thus, the algebrsf1 is generated by, . .., x4 subject to the defining relations

Ty = 0 (/’L\: i)
and =
TjT; = q,-j(—l)”xixj (Z < ])
In the special case where gl = 1, the algebrefjsf1 is the symmetric superalgeb$aV’) of V'
as in Example 2.1.
The ordered monomials of the fora{" 25" ... 2}, with 3. m; = n, m; > 0 for all ;

andm; < 1if i = 1, form ak-basis of the:™" homogeneous component&f{. Therefore,

dimy(S5), = 3 (r ;f | 1> (‘i) (3.4)

r+s=n
wheredim V5 = p anddim V; = ¢ as usual.Thus, the generating series of the dimensions is

. a1 e
Z dlm[k(S(fl)nt = El —i__gp

n>0

Example 3.2(Yang-Mills algebras [11],[10]) Fix a collection of elements;,...,z4 (d >
2), numbered so as to have parity- 0fori < pandi = 1fori > p. LetG = (gi;) € GLy(k)
be an invertible symmetrid x d-matrix satisfyingg;; = 0 if 0 #* ; and consider the cubic
superalgebrad that is generated by elements, . . . , z4 subject to the relations

> gijlzi w26l =0 (k=1,...,d) (3.5)

2¥}
Here[.,.] is the supercommutator (2.2). The algelravill be denoted byMP!? (¢ = d—p).
In particular, the pure even algebya 140 is the ordinary Yang-Mills algebra introduced in
[10] while XMl is the super Yang-Mills algebra as in [11].

As usual, putt” = >, kz; and let[., .|y denote the supercommutatorTi{V’). Further-

more, putry, = >, ; gij[%i, [, 2k]ele @and R = 3, kry C V3 soyMPle = T(V)/(R).
Using the symmetry of7, we may replace the;, by simpler relations as follows. Choose an
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invertible d x d-matrix C' = (c;;) with ¢;; = 0if 7 # j and such thaC'""GC is diagonal,
sayzm. cirgijcis = gs0y. Replace the basgse;} of V and{r;} of R by the new bases

Yyi =, ¢Ia;andsy, = 3, *r, whereC~! = (¢'7). Note thaty; has parityi ands; has
parity k, the parity ofr;. A simple calculation shows thaj, = >izk 9ilYis [Wis Ykle]e- Thus
we obtain the following defining relations for the generatgr, . . . y, of JMPI4:

> gl vl =0 (k=1,....d) (3.6)

itk
The resulting algebras fat = 2 are as follows. Putting = ¢, andy = y, we have two
defining relations:[z, [z,y]] = 0 and [y, [y,z]] = 0. In the pure even casé& (= y = 0),

the supercommutators are the ordinary Lie commutator$/@d° is the enveloping algebra
of the Heisenberg Lie algebra; see [1, (0.4)]. In the pure cakk § = 7 = 1), the two
relations can be written agy = yz? andyz? = z2y. The resulting algebraM°? is a cubic
Artin-Schelter algebra of typ#; [1, (8.6)]. Thus, both unmixed algebras are Artin-Schelter
regular of global dimensiof. In the mixed case, howevet & 0, 7 = 1), the relations say
that commutes with the Lie commutatdr, y] while y anticommutesy[x,y] = —[z, y]y.
Thus, [z, ] is a normal element g@M'! and )M /([z, y]) is a polynomial algebra in two
variables ovek. Moreover, the calculation

[I’,y]2 = [x7 [way]y] = —[m,y[w,y]] = —[$,y

shows thafz, y]? = 0. Thus, the algebraM ! is noetherian with Gelfand-Kirillov dimen-
sion2 and infinite global dimension.

Returning to the case of general> 2, we now concentrate on the unmixed algebras intro-
duced by Connes and Dubois-Violette. We will denote thegelabs byM+ = M40 and
IM~ = IM, In all formulas below;+ applies to)M™ and— to YM~. The generators
S = Z#k 9ilyi, Vi, Yk o) e Of the space of relationB can be written as, = >, ye@my;, =
+ ZZ My @ ye With

mk:{gz(yg®yk—(li1)yk®yg) for € # k
+ Zi;ﬁk 9iYi @ Yi for¢ =k
Thus, puttingY” = (y1,...,yq) and lettingM denote thel x d-matrix over)M* whose
(¢, k)-entry is the image ofn, the defining relations (3.6) can be written as
YM =0 or MY™ =0 (3.7)

The defining relations (3.6) fad = M~ amount to the even elemeht, g;y? € A, being
central inA.

]2

Example 3.3(/NV-symmetric superalgebra; cf. [5]Let N > 2 be given and leV” be a vector
superspac®” over a fieldk with char k = 0 or char k > N. Define

Sn(V)=A(V,R) with R=A"V =cy, (V) VeV

whereYy is the antisymmetrizer idempotent of the group algek@y|; see (2.13). This
defines a functo$ x (. ): Vecty — HyAlg;.. Since2cy, is the supercommutator iK(V), the
algebraS, (V) is just the symmetric superalget8)) of ; see Example 3.1. The algebra
Sn(V), for a pure even spadé = Vj; and generalV > 2, has been introduced in [5].
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If 2 < M < N then, viewingk[S /] as a subalgebra &{& ] as usual, the antisymmetriz-
ers ofk[S n] andk[S /] satisfyYy = Yira for somea € k[Sy]. Therefore,

R= Cyy (V®N) C ey, (V®N) = ¢y, (V®J\/[) ® V®(N—M)

This shows that the identity map éhextends to an epimorphism of superalgel&agV’) —

Sm(V).
Now assume thalimy V' = d and fix a standard basis, ..., z4 of V, with 7 = 0 for
i < pandi = 1fori > p. From the basis foAV V' exhibited in§2.6.1 we obtain that the
algebraSy (V') is generated by, ..., x4 subject to the relations
o ipi
Z (_I)Z(p,q)env(c) + qwiofl(l)xiafl(g) "“,Eiofl(N) =0
ceGn

withl <ij <ig < -+ <ip, < p= dim[kV() < my1 < - <y < d = dim, V; see
formula (2.14).
Example 3.4. The following construction generalizes Example 3.3. Fix> 2 and0 # ¢ € k
and assume that condition (1.14) is satisfied. Given a HepkeatorZ: V92 — V®2 on a
vector superspace we define theV-homogeneous superalgebra
Aan = A(V,R) with R=Tmpy(Xy)C VN (3.8)

whereXy € Jy , is theg-symmetrizer (1.16) angdy is the representation (1.20) gf% ,.
We also put

San =N g1 n=AV,R) with R=Impgy(Yy)C VN (3.9)
whereYy € J#y, is the antisymmetrizer (1.17). The algel&a (V') in Example 3.3 is
identical withS,, . x (¢ = 1).

3.3. The dual of a homogeneous superalgebrd.et A = A(V, R) be anN-homogeneous
superalgebra. The dual' of A is defined by
A= A(V*, RY)

where,R+ C V*®V s the (homogeneous) subspace consisting of all elemeattsahish on
R C V®N using (1.4) in order to evaluate element§/of® on VeV, Thus, (3.1) takes the
form

A, =V*®" /Ry with Ry:= > V*®@RrRtoy® (3.10)

i+j+N=n

Identifying V*®" with the linear dual oft’®" via (1.4), we haved/*® @ R+ @ V*®i =
(V& © R V)", Hence,

L
R, = ( N v ®R®v®"> (3.11)

i+j+N=n

The canonical isomorphisf —- V** in (1.5) leads to an isomorphisii®V
V**®N which mapsR onto R++. Hence,

A=A (3.12)



N-HOMOGENEOUS SUPERALGEBRAS 21

Moreover, if f: A = A(V,R) — A" = A(V’,R') is any morphism irHyAlg;, then the
transpose of;: V' — V' induces a morphisnf': (A’)" — A'in HyAlg;. Thus, we have a
contravariant quasi-involutiveualization functord — A', f — f' onHyAIgS.

Example 3.5. The dual ofA(V,0) = T(V) is A(V*, V*®N): so
T(V) =T(V*)/ (V)

In particular, lettingl” = k be the unit object o¥ect;, we haveA(k,0) = k[t] (polynomial
algebra) andi(k, 0)"' = k[d]/(d"), with t andd both having degre& and parity0.

Example 3.6(Dual of quantum superspace)Ve will describe the duald' of quantum su-
perspaced = Sg; see Example 3.1. Fix a homogenedubasiszy, ..., xq with format f

for V, and letz!, . .., 2¢ denote the dual basis &f*; this basis also has formét Evaluat-
ing an arbitrary elemenf = Zz,m femxt @ ™ € V*92 on one of the generating relations

T, Tij € Rin (3.2), (3.3) we obtairéf, T’Z‘> = fu and(f, Tij> = fij - qij(—l)ijfji. Therefore,
the spaceR' C V*%?2 has a basis consisting of the elemesits= 2‘ ® 2 (¢ = 0) and
sPF = 2t @ 2P + quo(—1)F 2 @ 2 (k < £). In summary,A' is generated by, ... z?
subject to the defining relations
zat =0 (Z: 0)

and N

atah = —qro(—1)*akat (k<.
Tfhus, 4‘ is isomorphic to quantum superspa‘ﬁg’ with qgj = (—1)“7%- andf’ = f +
(1,...,1) the format obtained frorfi by parity reversal in all components.

Example 3.7 (Duals of the Yang-Mills algebras)Continuing with the notation of Exam-
ple 3.2, we now desribe the algeb#for A = JMPl9. We assume thahar k = 0 and work
with generatorg, . . ., y4 of A satisfying (3.6).

Lety',...,y? denote the basis df* given by(y’, y;) = & and puty = 225 3. g7 'y ©
y' € V*©2. Then, for the generators, = >, gi[vi, [vi, yrls]e Of R as in Example 3.2,
one computes

(Y* @ y® @y, s1) = geO50 + (—1)°gpdl0s — (—1)7F(1 + (=1)%)ga 026,
(y' @7, sg) =0,

Therefore, the map — © — ", (0, s)y* © is an epimorphisnV*®* — RL C V*®3, We
obtain that the algebrd' is generated by!, . .., 3¢ subject to the relations

'y = (ge05y™ + (—1)°ge0hy® — (=)™ (1 + (=1)")ga02y")g (3.14)
whereg = - 3", g7 'y'y is the image ofy in A.

Since A' is 3-homogeneous, we clearly havl) = k, A} = @, ky’ = V* and A, =
@, ky'y’ = V*€2 By (3.13), the elementg’g form ak-basis ofd} = V'3 /Rt = R*
Using the defining relations (3.14) it is not hard to see thiat= kg? and A}, = 0 for n > 5.
If A= YMPlis of mixed type (i.e.p # 0 andg # 0) theng? = 0.

(3.13)
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Example 3.8(Dual of theN-symmetric superalgebraRecall from Example 3.3 th&ty (V') =
A(V, R) with R = ¢y, (V®V). SinceYy is central ink[& ] and stable under the inversion
involution * of k[& ], it follows from (1.11) that

(@, cvy (y)) = (evy (%), y)
holds for allz € V*®N andy € V®V. Therefore,

RJ_ = Kerv*@)N (CYN) = (1 - CYN) (V*®N)

and so
SN(V)' = A (V" (1= ey ) (V7))
Note that
[l VI¥@RaVY =cy, (VE) (3.15)
i+j+N=n

holds for alln > N. This follows from (1.19). Alternatively, as has been notedxam-
ple 3.3, we havey, (V") C R® V®"=N) |n the same way, one sees thaf (V") C
Ve © R ® V® wheneveri + j + N = n. For the reverse inclusion, note that each
z € V¥ @ R® V® satisfiesc,, (x) = —z for all transpositionsr, = (¢, + 1) € &,
with i < ¢ < i+ N. Hence, the left hand side of (3.15) is contained in the spheatisym-
metric n-tensors A"V = cy, (V®"), thereby proving (3.15). We deduce from (3.10), (3.11)
and (2.15) that

dilnu< SN(V) (316)

" e O (@Y i N
whered = dimy V', p = dimy V5 andg = dimy V7.

3.4. The operationso and e on HyAlg;. Let A = A(V,R) and A’ = A(V',R’) be N-
homogeneous superalgebras. Following [37] and [7] we ddfi@evhite and black products
Ao A" andA e A by

Ao A=AV @V coy (ROVEN + VN @ R)))
Ae A =A(VaV e, (RoR))
whereny € Gy is the inverse of the permutation
(1,2,...,2N) — (L,N+1,2,N+2,...,k,N +k,...,N,2N)
Explicitly, cry: VEN @ V'OV — (V @ V')®V is the morphism iVect; that is given by

\ {d” ifn<N

Cry (1@ ...oN ®@V] @ ... V) = (—1)Zi 25> %% (v @ v}) @ ... (vy @ vy)  (B.17)

Hencecr, (R® R')ander, (R® V'®N + V®N g R') are homogeneous subspacegloh
V')®N and sad o A’ and A e A’ belong toH yAlg; .

~

Under the isomorphisrtV/*@V*)®N = (Vo V’)*©N which comes from (1.4), the rela-
tions e,y (R © RL) of A" e A' map onto the relationge,, (R® V'®N + VN @ R'))*
of (Ao A')". Infact, by (1.11) we have; = c,,, becausery7 = 7y, and so(z,y) =
(cry (T),cny (y)) holds for allz € V*N @ V*@N andy € VN @ V'@V, Therefore,
canonically,

(Ao AV 2 A"e A and (AeA) = Ao A (3.18)
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the two identities being equivalent by (3.12).

By definition ofo, the canonical isomorphisnis® V' = V = V & k in Vectj, give isomor-
phismsA(k,0) o A = A= Ao A(k,0) in HyAlg;, and (3.18) yields similar isomorphisms
for e, with A(k,0)" = Kk[d]/(d") replacingA(k, 0) = k[t]; see Example 3.5.

The supersymmetry isomorphistiry: V @ V' — V' ® V in Vectj, (see (1.1)) yields
isomorphisms

Ao A =2Ao0A and Ae A=A e A (3.19)

in HyAlg;.. To see this, note that the following diagram of isomorplsismvect; commutes:

VON g y/ON ﬂ) Ve V/)®N
CV®N’V,®Nl lcgz\i,

V/®N ® V®N W (V/ ® V)®N

With v ®. .. oy @V ®. .. vy — (—1)2i 250 Vil (v} ®1)®. .. (Vy®@vy) in both composites.
Therefore, putting? 404’ = ¢z (R ® V'®N + VEN ® R') and similarly forR 4. 4 etc., we
have

C?;"A/f, (R-AO-A’) = (Cﬂ'N o CV®N7V/®N) (R X V’®N + V®N Q R/)
= Cry (R/® V®N + V/@N ®R)
= R.A’O_A

In the same way, one sees th@@, (Raea’) = Raren. This proves (3.19).
Similarly, the associativity isomorphism, v/ v»: (V@ V)@ V"2V & (V' @ V") in
Vect;, leads to isomorphisms

(Ao A)o A" 2 A0 (A o0A”) and (AeA)e A" = Ae (A e A" (3.20)

in HyAlgp. This is a consequence of the following commutative diagoAreomorphisms in
Vect;:

(VEN @ V) @ VN —= (Vo V)N @ VN — (Vo V') @ V)*N
T™N

G‘V®N,V’®N,V”®N l \La%’]‘\;/’vﬂ

Ve e (VEN @ VIEN) s VEN @ (V! @ V)N o (V@ (V! @ V7)Y

Finally, the compatibility between the isomorphisms;» anday,y- v~ (see§l.2) is inher-
ited by the isomorphisms (3.19) and (3.20HRr Alg;.. To summarize:

Proposition 3.9. The operations ande both make the categofyyAlg; of N-homogeneous
k-superalgebras into a symmetric tensor category, with abjectsA(k, 0) = k[t] for o and
A(k,0)" = Kk[d]/(dN) for e.
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3.5. The superalgebramap: Ao A’ — A®A'. Let A= A(V,R)andA’ = A(V', R’) be
objects ofHyAlg; . The superalgebra @ A’ is generated by & V'’ subject to the relations

R+RC(VeV)® and [V\V']g C (Vo V)*

where][.,.]g is the supercommutator (2.2) in the tensor algebra, as.u3bais, A @ A’ is

not N-homogeneous whefy > 3. Nonetheless, there always is an injective superalgebra
homomorphismi: Ao A" — A ® A’ which is defined as follows. The linear embedding
VeV — T(V)® T(V') extends uniquely to a superalgebra map

ETVeV)—-TV)eT(V) (3.21)

which doubles degrees: the restrictiorcdd degreen is the embedding

1
TVeV),=VeV)®on %y g Ve C(T(V)® T(V))a,
in Vect}, wherec,, is as in (3.17). Thus, identifies the superalgeb®&(V @ V') with the
(super)Segre producgd, -, V=" @ V'@ of T(V) andT(V").
The map sendsRaour = ¢ry (RO VN + VN @ R) C (Ve V)®Nto Re V'OV +
VeN ® R, the kernel of the canonical epimorphidgri¥™ @ V'@V — Ay ® A Thus:

Proposition 3.10. The algebra map in (3.21) passes down to yield an injective homomor-
phismk-superalgebrag: Ao A" — A ® A’ which doubles degree. The imageia$ the
super Segre produ,, ., A, ® A;, of Aand A",

3.6. Internal Hom. The isomorphisms (1.3) and (1.4) together with assoctgtieiad to a
functorial isomorphism

Homy (U ® V, W*) = Homy (U, (V @ W)¥)

in Vect;. Explicitly, if ¢ € Homy (U ® V, W*) andg’ € Homy (U, (V ® W)*) correspond to
each other under the above isomorphism then

(g(u ®@v),w) = (¢ (u),v @ w) (3.22)

holds for allu € U,v € V andw € W.
In particular, by restricting t6-components, we havelalinear isomorphism

HomVecti(U ®V,W*) = HomVecti(U> (Veow)) (3.23)
This isomorphism leads to
Proposition 3.11. There is a functorial isomorphism
Homyy aig; (A @ B,C) = Homy yaig: (A4,C 0 B')

Proof. We follow Manin [37, 4.2]. Letd = A(U,R), B = A(V,S) andC = A(W,T) be
N-homogeneous superalgebras. We will prove the propaositicghe following equivalent
form; see (3.12) and (3.18):

Homy aig: (A @ B,C') = Homy aig: (A, (B e C)")

Recall thaC' = A(W*,T+) and(BeC)' = A(V@W)*, (cry(S®T))*). Letg: URV —
W* be a morphism itVect] and letg’: U — (V ® W)* be the morphism in/ect;, that
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corresponds tg under (3.23). We must show that, for homogeneous subsgaced/®Y,
S CVON andT C WeN,

PV ey (R S) ST & gV (R)(eny (S@T))"

Identifying 7--+ with T" as in§3.3, the first inclusion is equivalent to

(N (cry(R®8)),T) =0 (3.24)
while the second inclusion states that
(N (R), cry (S®T)) =0 (3.25)

But (3.22) shows that (3.24) and (3.25) are equivalent, wproves the proposition. a

Proposition 3.11 says that the tensor catedbty;Alg;, e) has an internaHom which is
given by
Hom(A, B) = Bo A’
Explicitly, Hom(.A4, B) is an object oH yAlg;, which represents the functoH yAlg; )°P —
Sets, X' — Hompyags (X @ A, B); so there is an isomorphism of functors
Homp aigs (7 @ A, B) = Homyy aigs (7, Hom(A, B))

By general properties dfiom (see [12, Def. 1.6]), the morphisfdy,m (4 5) corresponds to
a morphism

w: Hom(A,B)e A — B (3.26)
in HyAlg;, satisfying the following universal property: for any moigh f: X ¢ A — Bin
HyAlg; there exists a unique morphigm X — Hom(.A, B) such that the following diagram
commutes:

XeA
goIdA\L

Hom(A,B)e A —B

f

In degreel, the mapu is simplyldy ®evy: VU * U — Ve k=V.
Idep

FromHom(B,C)  Hom(A, B) ¢ A =% Hom(,C) e B - C one obtains in this way a
composition morphism
m: Hom(B,C) e Hom(A, B) — Hom(A,C) (3.27)

in HyAlg;. The morphismg: andm satisfy the obvious associativity properties.

3.7. The superbialgebraend .A. Following Manin [37, 4.2] we define
hom(A, B) = Hom(A', B') = A' e B

for A, B in HyAlg;. Applying the dualization functor to (3.26), (3.27) andakiog (3.18),
we obtain morphisms

do: A — Bohom(B, A)
Ao: hom(A,C) — hom(A, B) o hom(B,C)
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in HyAlg;. The associativity properties pfandm translate into corresponding coassociativ-
ity properties foré, andA,. Followingd, andA, by the algebra mapof Proposition 3.10,
we obtain superalgebra maps

§: A— B® hom(B, A) (3.28)
A: hom(A,C) — hom(A, B) ® hom(B,C) (3.29)

Now take A = B = C = A(V, R) and putend A = hom(.A, A); SO
end A= A'e A= A(V*®V,cry (R ® R)) (3.30)
Then (3.29) yields a coassociative superalgebra map

A: end A — end A ® end A

Moreover, by Proposition 3.11, the morphis#h EUN\ k[t] o A' corresponds to a mor-
phismend A = A' e A — K[t] in HyAlg:. Following this morphism by the map— 1 we
obtain a superalgebra map

e: end A — k

which in degred is the usual evaluation pairingev V* ® V' — k in Vect;. Finally, (3.28)
provides us with a superalgebra map

og: A— A®end A (3.31)

Note thats 4 maps the degree-component of4 according to

An 2% (Ao end A), - A, @ (end A),, — A, @ end A (3.32)
Fixing a gradedck-basisz, ..., x4 of V and denoting the dual basis Bf by z',... 2% as

before,end A has algebra generators

z;- =2'® Zj (3.33)

of degreet and parityi + ;. In terms of these generators, the map&, andA are given by
e(zf) = 5? or e(Z)=1

da(z;) = ZZ:% ®z; of a(1,...,2q) = (T1,...,7q) ® Z (3.34)

A(Z)=> sz or INAE A
k
whereZ = (zj-)dxd.
Proposition 3.12. Let. A = A(V, R) be anN-homogeneoug-superalgebra.

(a) With A as comultiplication and as counit, the superalgebkaxd .4 becomes a super-
bialgebra. Moreoverj 4 makesA into a graded rightend .4-comodule superalgebra.
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(b) Given anyk-superalgebra3 and a morphism of superalgebras A — A ® B satis-
fying (V) C V ® B, there is a uniqgue morphism of superalgebras end A — B
such that the following diagram commutes:

A 0

AR B
TIdA®g0

A®end A

dA

The proposition is proved as in [3¥5] or [7, Theorem 3].

Example 3.13.WhenA = A(V,0) = T(V),we haveend A = A(V*®@V,0) = T(V*®@ V),
SO

end T(V)=T(V'®V)
the free superalgebra generated by the elemagfrits(3.33).

Example 3.14. By Examples 3.3 and 3.8, we have
end Sy (V) = A (V'@ Vieny (1= vy ) (V) @ ey (VE)))

For example, the algebrawd Sy(V) is generated by the elementswith parity + j subject
to the relations
[ 23]+ (FL)REF O ) = 0
where|[ ., .] is the supercommutator (2.2). This algebra is highly normootative, even for a
pure even spack.
Let O(E(V)) = S(V* ® V) be the supercommutative superbialgebra ag2i5.3, with
generator:ac;ﬂ. There is a map of superbialgebras

¢: endSy(V) — O(E(V)),  zj—a) (3.35)

Indeed, writeB = O(E(V)) for brevity and recall the coactiot: V' — V ® B, z; —
> xi © ' from (2.11). Sincery, € Endeomoas (V) (se€§2.6.2), the map extends to a
map of superalgebras

0:Sy(V)—=Sny(V)® B

Therefore, Proposition 3.12(b) yields the desiged\ote that the coaction @hd Sy (V') on
V', when restricted along, becomes the canonical coaction®fE(1")) onV; see (2.11) and
(3.34).

4. N-KOSzUL SUPERALGEBRAS

Throughout this section, we fix al-homogeneous superalgebda= A(V, R).
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4.1. The graded dual4™. The graded dual
A* =P A

of A' has a natural structure of a graded rightl A-comodule. Indeed, the linear dudl, *
of the degree:-component ofd' embeds intd’®" as follows. Recall from (3.11) that

" Migjunen V@RV ifn >N '

This identification makes the graded dudll into a graded rightnd .A-comodule. For, by
(3.32) the coaction 4 restricts in degregéto a mapl” — V ®end .4 which makesT (V) into a
graded rightnd .4-comodule superalgebra. The structure mép) — T(V) ® end .4 sends
R — R ® end A. Therefore, eaclv® @ R ® V7 is aend A-subcomodule of/ ®(i+i+N)
and henced * is aend .A-subcomodule o ™. Finally, for alln > 0,

A cVveAy and Ay CVN @A NRRVE" =R A (4.2)

4.2. The Koszul complex.The map
A® V®(i+l) S A® V®z’
ARV ® - Quiy1) — avy ® (V2 ® -+ @ Vit1)

is a morphism in the catego@omodendA of right end .A-comodules, because tked .4-
coactiond 4 in (3.31) is a superalgebra map. Furthermore, this map ift adlenodule map
which preserves total degree, and it restricts to a map®fA-subcomodules

d: AR AL — AV A — A AL

which is theA-linear extension of the embedding (4.2). The ndéfpsendsA;jN to AR ®
AL* = 0;s0d" = 0. In other words, we have aN-complex

KA): ... L AgAn L AacArL L a—0 (4.3)

in Comodg,, 4 consisting of graded-free lefl-modules and4-module maps which pre-
serve total degree. Therefor&](.4) splits into a direct sum ofV-complexesK (A)" =
D jon Ai @ Aj* in comods, g 4-

Following [7], theKoszul compleX(.4) defined by Berger in [5] can be described as the
following contraction ofK (A):

K(A):...—>A®AN+1—>A®A —>A®A 4 A—0 (4.4)
This is an ordinary complex ||G:omodendA which splits into a direct sum of complexes
K(A)™ in comodg,q 4- Thei™ components oK (.A) and ofK(.A)™ are given by

(A)Z =A® "41/(2 and K(‘A)zn = A ® "41/(2
with v(i7) = vy (i) as in (0.1). The differential oK (.A) is

d¥—1 forieven

ZK i K i— h i =
0i: K(A); — K(A);—1 where o {d for i odd
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Writing Ay = ,,-(An = AV as usual, we have
Kerd; C A K(A);
for all 7. Indeed, this is clear for odd sinced; = d is injective onA!Va.). For eveni, the
restriction ofg; = dN~! to A7 is given bydV Tl A = A o VENTD @
Ay~ A1 @ A ) = A®@ Af ) where the first embedding comes from (4.2).
SinceALa) =A==V andAL{z) = A% = R by (4.1), the start of the Koszul complex,
augmented by the canonical map

A—-k=A/AL
is as follows:
52 51:mult
AR —AQV — A—k—0 (4.5)

This piece is easily seen to be exact: writidg= T(V)/IwithI = (R) =I®V+T(V)®R

asin (0.2), the mag (V). = T(V)®V — A®V % A, has kernell. Thus Ker§, =
I/I ® V = Imdy. Hence (4.5) is the start of the minimal graded-free resmiudf the left
A-modulek.

4.3. N-homogeneous Koszul superalgebraskRecall from the Introduction that aM-homoge-
neous superalgebtd is called N-Koszulif Tor?(k, k) is concentrated in degresy (i) for

all i > 0. By [5, Proposition 2.12] or [8, Theorem 2.4], this happeraadly if the Koszul
complexK(.A) is exact in degrees > 0 and in view of (4.5), this amounts to exactness of
K(A) in degrees > 2. In this case,

K(A) — k — 0

is the minimal graded-free resolution of the trivial Ieftmodulek.
The Yonedatxt-algebral'(A) = P, Ext(k, k) of an N-Koszul superalgebral has

the following description in terms of the dual algebta
Extiy(k,k) = A, (i >0)
Moreover, identifyingExt’, (k, k) andAL(i), the Yoneda product - g and theA'-productfg

for f € Extly(k,k) = A!V(Z.) andg € Ext/,(k, k) = A,!/( are related byf - g = (—1)Y fg
whenN = 2, and

)

0 if ¢ andj are both odd
for N > 2; see [21, Theorem 9.1], [8, Proposition 3.1].

fg if 7 0orjiseven
fr9=

Example 4.1. Quadratic algebras having a PBW-basis 2d€oszul; see, e.g., [41, Chap. 4,
Theorem 3.1]. This applies in particular to quantum supespl = Af: see Example 3.1. A
PBW-basis in this case is given by the collection of orderetomialszy" 5" . .. )" with

m; > 0foralliandm; < 1ifi =1, asin Example 3.1. For a more general result, see [41,
Chap. 4, Theorem 8.1].
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Example 4.2. The unmixed Yang-Mills algebrad = JM® (see Example 3.2) were shown
to be 3-Koszul in [10], [11]. Indeed, lettingAd[¢] denotes the shift ofd that is defined by
A[l),, = A¢1n, the defining relations fad in the form (3.7) imply that the following complex
of graded-free leftA-modules is exact:

0 — Al-4] A3 Mo A 14 YA k0 (4.6)

The pieced[—3]¢ -2 A[—1]¢ Y A — k — 0is identical with (4.5). Therefore, (4.6)
is the minimal graded-free resolution lof The resolution shows that eadhr?* (k, k) is con-
centrated in degree; (i), and henced is 3-Koszul. It also follows that (4.6) is isomorphic to
K(A) — k — 0. In particular, (4.6) confirms the dimensions of the coroesfing compo-
nentsA!, in Example 3.7. As has been pointed out in [10], [11], it fal®from (4.6) that the
Hilbert seriesH 4(t) = 3, <, dimy A, " of A = YM™ has the form

1
o 1—dt+dt3 -t
1

(1—t2)(1 —dt +2)
If d > 2 then the series has a pole in the interi@ll), and hencelimy .4,, grows exponen-
tially with n. Therefore,A is not noetherian in this case; see Stephenson and Zhang [42]

The mixed Yang-Mills algebrast = JMPI? with p # 0 andgq # 0, on the other hand, are
never3-Koszul. ForM'!! this follows from the description given in Example 3.2: thlge-
bra has infinite global dimension. In general, one can cheakthe so-called extra condition
(see (4.10) below) fails fad, and saA cannot be Koszul, by [5, Prop. 2.7].

Ha(t)

Example 4.3. It has been shown in [5, Theorem 3.13] that flilesymmetric algebr& (V)
of a pure even spadé over a field of characteristi¢is N-Koszul. An extension of this result
will be offered in Theorem 4.5 below.

4.4. Confluence and Koszulity.For the convenience of the reader, we recall the notions of
reduction operators and confluence and their relation t&tiszul property. Complete details
can be found in Berger [4], [5].

Let V in Vect] be given along with a graded basi = {z1,...z4} that is ordered by
x1 > xp > -+ > x4. The tensors (‘monomials?y; = z;, ® x4, ® -+ ® x;, fori =
(i1, 42, ...,in) € {1,2,...,d}" form abasis of®" which will be given the lexicographical
ordering. AnX-reduction operatoron V&V is a projectionS € EndVecti(V@@N) such that
either S(z;) = z; or S(z;) < z; holds for eachi, where the latter inequality means that
S(z;) is a linear combination (possibly) of monomials< x;. The monomials:; satisfying
S(z;) = z; are calledS-reduced all other monomials aré-nonreduced We denote by
Red(S) andNRed(S)) the (super) subspaces B that are generated by thereduced
monomials and thé-nonreduced monomials, respectively; 168"V = Red(S) @ NRed(S)
andIm(S) = Red(95).

Let Lx (V®Y) denote the collection of alk-reduction operators oW ®". The proof of
[4, Theorem 2.3] shows that the applicatiSn— Ker(S) is a bijection betweerf y (VEV)
and the set of all super subspaced/6tY. Hencel x (V) inherits a lattice structure: for
S, 8" € Lx(V®N) one hasX-reduction operator$ A S’ and S v S’ on VEN which are
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defined by
Ker(SAS) = Ker(S) + Ker(S)
Ker(SVv S) = Ker(S)NKer(S)
A pair (S, S’) of X-reduction operators is said to benfluentif
Red(S Vv S’) = Red(S) + Red(S")
Since the inclusiom is always true, confluence ¢f, 5’) is equivalent to the inequality
dimy Im(S v S”) < dimy (Im(S) + Im(S")) (4.7)

Letn > N. Any X-reduction operatof on V®V gives rise taX -reduction operators,, ;
on V@™ which are defined by

Sn,i = IdV@i RS ® Idv@j (Z +j+N= n)

A monomialz; = z;, ® x4, ® --- ® x;, of lengthn > N is said to beS-reduced ifz; is
Syi-reduced for alt, that is, if every connected submonomiakgfof length NV is S-reduced.

Now let A = A(V, R) be anN-homogeneous superalgebra, andJdte the X -reduction
operator o/ ®" such thatKer(S) = R. The algebrad is said to beX-confluentf the pairs

(SN+iis Sn+ip0) of X-reduction operators oW ®N+¢ are confluent foi = 1,..., N — 1. By
(4.7) this amounts to the inequalities
dimy Im(SNH,i V SN+Z'7Q) < dimy (Im(SNH,i) + Im(SN_H‘,o)) (4.8)

being satisfied foi = 1,..., N — 1.
Following Berger [5], we denote by, the lattice of super subspacesiof™ that is gen-
erated by the subspaces

R,i=V¥@Re V% =Ker(S,;) (i+j+N=n) (4.9)
The superalgebral is said to balistributiveif the lattices.7;, are distributive for alh, that is,
CN(D+E)=(CND)+(CNE)holdsforallC,D,E € 7,.

The following proposition states the operative facts comog Koszulity for our purposes.
Part (a) is identical with [5, Thm. 3.11] while (b) is [5, Prcp4].

Proposition 4.4. Let. A = A(V, R) be anN-homogeneous superalgebra.

(a) If Ais X-confluent for some totally ordered graded baXi®f V then.A is distributive.
Moreover, lettingS denote theX -reduction operator oV © such thater(S) = R,
the classes itd of the S-reduced monomials;, ® x;, ® - - - ® z;, Withz;; € X form
a k-basis of4,, forall n > N.

(b) Assume tha# is distributive and the following “extra condition” is satiied

Rn—i—N,O N Rn—i—N,n - Rn—l—N,n—l (2 <n<N - 1) (410)
ThenA is N-Koszul.

After these preparations, we are now ready to prove theviollp result. The quadratic
caseN = 2 is due to Gurevich [22]; see also Wambst [44].

Theorem 4.5.Let N > 2 and0 # ¢ € k and assume that], # 0 for all » > 1. Then, for
every Hecke operata# associated witly, the N-homogeneous superalgebfg; y defined
in (3.8)is N-Koszul.
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Proof. PutA = A4 x and recall thatd = A(V, R) with

R=Impyuz(Xy) CVEN
The extra condition (4.10) is a consequence of equatio®)llddeed, (1.19) implies that the
spacesR,, ; in (4.9) have the form

i+N—1
Rni= ﬂ Im(pp%(Ts) +1) C V& (4.11)
s=i+1

Applying (4.11) withp = p,, v % We see that the left hand side of (4.10) is identical to

N-1 n+N—1 n+N-1
() Imp(T)+1)n () Im(p(T)+1)= () Im(p(T:) +1)
i=1 1=n+1 =1

where the equality holds becauset+ 1 < N. The last expression is clearly contained in
N N=2Tm(p(T;) + 1), which is identical to the right hand side of (4.10). Thisagtishes
the extra condition (4.10).

In order to prove the distributivity ofl, we follow the approach taken in [25]. We first prove
the claim for the standard solutig@””, i.e., the operator given in Example 1.2 with= p
andqg = 0. As above, fix a basiX = {x1,...,z4} of V, ordered byr; > 9 > -+ > 2y,
and consider the basis &®" consisting of the monomialg; = z;, ® z;, ® -+ ® z;, for
i= (i1,12,...,1) € {1,2,...,d}™ with the lexicographical ordering. By equation (1.21),
the action of the generatoffs of the Hecke algebra?” = 7, ;. on this basis is given by

q2wi if ij = ij+1
’1}(1‘1) = (q2 — Dz + 4% o, (i) ifi; <ijq1 (4.12)
4% o (i) if ij > ij+1

Here,o; = (j,j +1) € &, ando(i) = (ip-1(1)slo-1(2)s- -+ io-1(n)) fOr o € &,, asin
Example 3.3.
We claim that thesZ’-submodule o ®" that is generated hy; is given by

H(w)= P kay (4.13)
€6, (i)

where S,,(i) is the &,,-orbit of i. Indeed, (4.12) implies that ead (z;) with o € &,
is a linear combination of basis vectars with i’ € &,,(i). Hence,C certainly holds in
(4.13). For the reverse inclusion, Eétdenote the unique non-decreasing sequencg,ifi);
sozy = max{zy | i’ € &,(i)}. The last formula in (4.12) implies that

T(x) = ¢" Ve (4.14)

whereT’ is a suitable finite product of lengtt{i) > 0 in the generator§’;. SinceT is a unit
in 27, the inclusion2 holds in (4.13), thereby proving the asserted equality.
Furthermore, (4.14) and (1.18) (withreplaced by;?) give

¢V X, (x31) = X (210). (4.15)
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These elements are nonzero. For, (4.15) implies that tieesis X, (z;+) span the image of
X,, onV®", and their number i§**"~1) which is equal to the rank ok, (cf. [25, Eq. (5)]).
It follows that X, (V®") = Im p,, »ps(X,) has ak-basis consisting of the elements

{Xn(zpe) |17 = (i1 Sip <+ <in) € {1,2,...,d}"}
Next, writing
Xo(z:) = > Avay (4.16)
e, (i)
with Ay € k, we claim that

e i =)
) 7 gty otherwise

To prove this, we may assume that# o;(i’). We compute the coefficient af, ) in
T;X,,(z;) in two ways: by (1.18) this coefficient is equal 4;8)\0].(1,) while (4.12) yields
the expressiog\y + (¢ — qlil))\gj(i/). The claim follows from this. Writing an arbitrary
o € 6, as a product of the inversiorg, we see that the coefficients in (4.16) only differ
by a nonzero scalar, and hence they are all nonzero sin¢e;) # 0.

By Proposition 4.4, it suffices to check theconfluence conditions (4.8=1,..., N—1.
So letS be theX -reduction operator ol ®" with Ker(S) = R. Itis easy to see from the dis-
cussion above (with = N) thatS is given byS(zi+) = (1 — Xn/Ni+)(xi+) andS(x;) = x;
fori # i*. According to (4.11) and the discussion above, the dimensi¢R® V)N (V&
R)is (TN 171, Thus, the dimension of the left hand side of (4.8J1s — (T4 1i=1). On

N+i N+i
the other hand the monomials WV +¢ that belong taNRed (Sy i) N NRed(Sni0) are
exactly those of the form;- with i* € {1,...,d}"*? non-decreasing. Their number is pre-
cisely (“"3 27 "). Therefore, the dimension ®fa(Sy;) + Im(Sni,0) = Red(Sn+i) +
Red(Sn+i,0) is at leasd™*? — (“*+1=1) This proves the inequality in (4.8), thereby fin-

ishing the proof of the theorem for the cage= #"”.

In order to deal with an arbitrary Hecke operatdr recall thats7, , is split semisimple,
having a representative set of simple modulésindexed by the partitions F n; see (1.15).
We denote the representation.f, , on M, by p,; it does not depend on the operat@rbut
only on the partition\.

Let us fix a decomposition

V®n — @ M,
teT

into simple 77, ,-submodules\/;. Since all)M; are invariant under the operatgss (75 ),
formula (4.11) yields the decomposition

i+N—1
Roi=@D [ (pna(Ts) +1)(M) = @ Roy N M,
teT s=i+1 teT

for all i. Therefore, by [25, Lemma 1.2], distributivity of the la&i.7,, that is generated by
the subspaceg,, ; of V®™ is equivalent to distributivity of the lattices;,, N M; (¢ € T) that
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are generated by the subspaces
1+N—-1

RoiN M= () (pna(Ts) + 1)(My)
s=i+1
of M,;. Now, each)M; is isomorphic tal, for someX - n. Therefore, the lattice”,, N M, is
isomorphic to the lattice of subspacesidf, that is generated by the subspaces
i+N—1

() (ea(T5) + 1)(M))

s=1+1
with ¢ + N < n. Finally, whend = dim V' > n, then all simples, ,-modules), appear
in V®": see [15, Proposition 5.1]. Thus, the distributivity of tlatice associated t&””,
which we have already verified, implies the distributivitiytioe corresponding lattice for any
Hecke operatoZ. This completes the proof. O

5. KOSzZUL DUALITY AND MASTER THEOREM

In this section, A = A(V, R) denotes ariV-homogeneous superalgebra that is assumed to
be N-Koszul (V > 2).

5.1. By Koszulity, the complexes
KA : = Aoy ®AVN(Z = An—vy(i-1) ®AVN(Z =oAL =0

are exact fom > 0. This yields equations in the Grothendieck riRg,q 4 of the category
comodg,q 4 -

S D) Ay @A) =0 (0> 0) (5.1)
i>0
In the power series rin@e,q 4[[t] over the Grothendieck ring K 4, define the Poincaré

series
Pa(t) =) [Aqt"  and  Py(t)=> [A )"
n>0 n>0
For any power serieB(t) = ) . a,t", we use the notation
Py(t)= > (=1)*Mg,"
n=0,1 mod N
whereay(n) = n — (n mod N) denotes the largest multiple af less than or equal to.

Thus,P»(t) = P(t) and in general
PN(—t) _ Z (_1)n mod Nantn
n=0,1 mod N 4 (52)
- Z VN(Z tVN(Z)
>0
In particular,

Paen (=) = 3 (=D)AL )
i>0
Equations (5.1) are equivalent to the following Koszul dydbrmula:
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Proposition 5.1. For any N-homogeneous Koszul superalgebtathe identity
PA(t)Pge (1) = 1
holds inReng A[t].
Applying the ring homomorphisny®[¢] : Rena a[t] — (end . A)p[t], wherex® is the su-

percharacter map as in Corollary 2.3, the formula in Prajosb. 1 takes the following form
in (end A)[]:

Corollary 5.2. (foéxztﬂ . ( SO (mpymmed Nxfwtm) =1
]

m=0,1 mod N

Analogous formulas hold with the supercharacgtéreplaced by the ordinary character
or by one of the dimensiongéim andsdim.

By (3.32) the coaction afnd A on A sendsA,, to A, ® (end A),,. A similar remark holds
for the end .A-coaction onA'*; see§4.1. Therefore, both factors in Corollary 5.2 actually
belong to the Rees subrirg,, .., B,t" of B[t], where we have puB = (end A)j.

Example 5.3. As an application of the Hilbert series version of Corollarg, we see that the
dualsA' of the Yang-Mills algebrast = JMP are neveB-Koszul. In fact, by Example 3.7,
we haveH 4 (t) = 1+dt+d* > +dt3+t*if p=00rq =0andH 4 (t) = 1 +dt+d*t* +dt>
otherwise. In either casé] 4 (t)~! has a nonzero coefficient & which rules out Koszulity.

5.2. A master theorem modeled on theV-symmetric superalgebraSy (V). We putA =
S~ (V) and use the notation of Examples 3.3 and 3.8. In particukegssume thahar k = 0
and work with a fixed basis,, . ..,z 0f V = A; so thati = 0 for i < pandi = 1 fori > p.

From Example 3.3 (see also Proposition 4.4(a)), we knowalhatsis of4, is given by the
monomialsz; = x;, x4, . . . z;, for sequences= (i1, ...,i,) € {1,...,d}* such that has no
connected subsequenge- (ji, ..., jn) of length N satisfying

1§j1<---<jm§p<jm+1§---§jN§d:p+q

for somem. Adapting notation of Etingof and Pak [16] to our setting, e@note this set of
sequencesby

A(plg, N), (5.3)
For example,A(p|q,2), consists of all weakly decreasing sequentces (i1, ...,i,) with
entries from{1,...,d} and such that no repetition occurs in the rafige- 1, ..., d}.

In order to evaluate the characte, in Corollary 5.2, recall from (3.34) that the coaction
04: A— A®end Ais given on the generatons of A by

alw) =Y z;@7 € Awend A
J

Wherezf = 2/ ® x; are the canonical generators of the algebid.A. Fori = (i1, ...,i) €
A(plg, N)¢, we have

5A(xi) = 5A(xi1)5A(xi2) . (5,4(3%) cA,®end A
SinceA; ® end A = ®ieA(p|q,N)g x; ® end A, we can defineZ (i) € (end A)g by
da(zi) = x; ® Z(i) + (terms supported on(plg, N)¢ \ {i})
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Then (2.8) becomes
Xa = Y. (=1)'z() (5.4)

ieA(plg,N)e
withi =4, +--- +ip.

Now consider the super bialgebfa= O(E(V)) = k[z [ 1 < 4,j < d] defined in§2.5.3
and recall that the:§. are supercommuting variables of parﬁyr ] overk. Restricting the
comoduleA, to B along the magp: end Sy (V) — B, z; — zj in (3.35) we must replace
Z(i)in (5.4) by X (i) := ¢(Z(i)) € By. Thus, writing

yi:Z:nj@)mgeA@B
J

andy; =y, ...y, € Av @B = @jeA(p‘q’N)é x; @ Bfori= (i1,...,i), we have
yi = z; ® X (i) + (terms supported oA(p|q, N), \ {i}) (5.5)
As for the supercharacter of. *, recall from (4.1) and (3.15) that, for all> N,

Ar= (] V¥@ReV¥ =A"V
i+j+N=n

Viewing A\* = A"V as a comodule ove8 = O(E(V)), the supercharacter of” is the
n'" elementary supersymmetric functien which we know, by Proposition 2.4, to be iden-
tical to the coefficient at™ of the characteristic functiober(1 + ¢tX) of the generic su-

permatrix X = (g:’) of type plq; so the diagonal blockX;; = (m’. and
1) 1<ij<d I 1<ig<p

Xo9 = (x;) consist of even entries while all other entries are odd.
p+1<i,j<p+q . .
To summarize, we obtain the following super-version of [lBeorem 2].

Theorem 5.4.Let X = (g:;) J be the generic supermatrix of typg;. Then

dx

(Z Z (—1);X(1) té . Z (_1)m mod Nemtm —1

¢ ieA(plg,N)e m=0,1 mod N

holds in the power series ring[:n;i | all4,j]s[t]. Here A(plg, N), and X (i) are defined
by (5.3) and (5.5), respectively, and the,, are the coefficients of the characteristic function
ber(1 +tX) =3, -gent" of X.

5.3. As an application of Theorem 5.4 , we determine the supemsioa Hilbert series
H3(t) =) sdimy Ayt
>0

for the N-symmetric superalgebtd = Sy (V). For the pure even case, this was already done
by Etingof and Pak [16] . The notations §8.2 remain in effect.

In view of Corollary 2.3, the superdimension Poincaréesefbllows by applying the counit
¢: B — k to the equation in Theorem 5.4. Indeed, by (2.11), the cous&ndsX — 144,
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and hence the elemens(i) in (5.5) all map tol. Therefore, the first factor in Theorem 5.4

becomes
Hy) =3 | > D¢
>0 \ieA(plg,N),
For the second factor, note that

ber(1+t1gxq) = (1 + )P4
by (2.12). Thus,

Himz( 3y (1?) !
)e

>0 \ieA(plg,N

m=0,1 mod N

-1
—-p—1 .
( § : (_1)aN(m) <m;‘_qpfl >tm> if p<gq

m=0,1 mod N

-1
Z (_1)m mod N <p;lQ> tm) if p> g (56)

whereay(m) = m — (m mod N) denotes the largest multiple of less than or equal to
as ing5.1.

5.4. The ordinary Hilbert seriefl 4(t) = Zezo dimy, A, t* of the N-symmetric superalgebra
A =Sn(V) is as follows. Recall fron§5.2 that
dimy A¢ = [A(plg, N).|
and from (3.16) that
dar ifn<N
dimy, A}, =
e {Zr+s:n (f) (q+§_1) if = N

Therefore, the Hilbert series is

Ha(t) = |A(plg, N)o|t*
>0

m mod N Py(a+s—1 m B &7
Lz o (00 ) )

5.5. Less is known about the Hilbert series of tNehomogeneous superalgebtds= Az v
associated to an arbitrary Hecke operai®r V&2 — V©2 on a vector superspadé ; see
Example 3.4. Recall thal = A(V,R) with R = Impyp(Xy) € VY. For any N-
homogeneous algebrd = A(V, R), we have

dimy A, =dimy. [ V¥ @RV
i+j+N=n
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by (3.10) and (3.11). FaR = Im p4(Xy) in particular, (1.19) further implies that

(1 V¥RV = pu(X,) (V)
i+j+N=n
holds forn > N. Now [26, Theorem 3.5] implies that

Hy, (1) = L= o)
’ Hm:l(l bmt)
where(r, s) is the birank of%Z anda, andb,,, are positive real numbers. For example, in the
situation of 5.4(r, s) = (p,q) anday = b, = 1.
For any complex power serig3(t), the power serie®y (—t) in (5.2) can be written as

1
"N Z (1= )P (Cxt)
where(y = e2™/N_ In particular,
N-1
H . o e 1(1+azCNt)
- ML (U= buCht)
7’:1 m=1 m N
= QN7a7b(t)
[T (1 + byt + ... + BN 1eN—1)

for some real polynomial) . » 1(t) with coefficients being polynomial ia = (a;) andb =
(bm). Therefore, the Hilbert series of has the form

(14 byt + ...+ N1V

Ha(t) = e

5.8
Qnan(® &8
Notice that the fraction on the right-hand side is reduced.
In particular, (5.7) has the form

(1—tN)
Hu(t) = 5.9
A( ) (1 — t)SQN,Ll(t) ( )

APPENDIX

For lack of a suitable reference, we include here a proof op&sition 0.1 that was stated
in the Introduction. Our proof is based on the proof of [8,gisition 2.1] and on additional
details that were communicated to us by Roland Berger. Fob#sics concerning graded
algebras, we refer the reader to [9, Chaglll] or [6].

As in the Introduction, A = @, -,.A, denotes an arbitrary connectéd.(-gradedk-
algebra and’ is a graded subspace df, = @, ., A, satisfyingA, =V @ A%, Thus,
T(V)/I = Afor some graded idedl of T(V'). For convenience, we state Proposition 0.1
again:

Proposition. The relation ideall of A lives in degrees> N if and only ifTorg“(lk, k) lives in
IN if i is even

degrees> ) =47
grees> vy (i) {%N+1 if ¢ is odd
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Proof. Let

di di, d d
P: ---—)PZ-—>PZ-_1—1>---—1>P0—O>|]<—>O

be a minimal graded-free resolution of the trivial Igftmodulek. Thus, allP; have the form
P, = A® E; for some graded subspaég C Ker d;_; which is chosen so that

Kerd; 1 = E;® A, Kerd; 1 (A.10)

In particular, we may také&; = k andE; = V. The differentiald;: P, — P,_; is the graded
A-module map that is defined by the inclusiBh— P,_;. By the graded Nakayama Lemma
(e.g., [9, p. All.171, Prop. 6]), our choice &f; implies that

Imd; = AE; = Kerd;_1 and Kerd; C A, ® E; = A, P (A.11)
for all . Consequently, the complé&x® 4 P has zero differential, and hence
Tor (k, k) 2 k®4 P = E;
In particular,
Torg'(k,k) =k and Torf'(k,k) =V = A, /A2
live in degrees) = v (0) and> 1 = vy (1), respectively. Moreover, the kernel @f: P, =
(TV)/I)®V — Py = Aisexactlyl /I ® V, and so

Tory'(k, k) = Kerdy /Ay Kerd) Z I/ (VRI+IRV)

Therefore,[ lives in degrees> N if and only if Tors'(k, k) lives in degrees> N = vy (2).

For the remainder of the proof, assume tldives in degrees> N. We will show by
induction oni that Tor/(k, k) = F; lives in degrees> vy (i) for all i. The cases < 2
have been checked above. Assume falives in degrees> vy (i) and similarly forE;_;.
By (A.11), we know thatF;,; C Kerd; C A, ® E; and soF;,, certainly lives in degrees
> vn(i)+ 1. Sincevy (i) + 1 = vy (i+ 1) wheni is even (or wheri is arbitrary andV = 2),
we are done in these cases. From now on, we assumeithatld. We must show that;
lives in degrees> vy (i + 1) = %N. SinceFE; 1 C Kerd;, it suffices to show thad; is
injective in degrees: %N, and since?; lives in degree$ vy (i) = %NJr 1, ourgoalisto
show thatd; is injective on all homogeneous componehts, of P; in degrees: = %N + 4
withj=1,...,N —1. Putm = %N for simplicity and note that

J
Pimyj =D Aj—e ® Ei e (A.12)
/=1
and
J
Py =D Ak ®Eistmik (A.13)
k=0

sinceE;_1 lives in degree$> vy (i — 1) = m. The proposition will be a consequence of the
following claims:
(@) d; is injective on all summandd;_, ® E; 4 in (A.12), and
(b) the subspaces (A;j_; ® Ejmie) = Aj_¢Eimye for £ =1,..., j form a direct sum
inside P;_1 1+ ;-
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In order to prove (a), recall that the restrictiondyfto £; ,,, is the inclusion

¢
Eimie = P mir = @Ae—k ® Ei1m+k
k=0
Hence, the effect of; on the/ summand in (A.12) is the embedding

¢
Ai—e® Ejmye — EB Aje @ Api ® Eim1,mtk

k=0
followed by the map
¢ ¢
EBAj—z ® Ar—t @ Bi_1 mak — @Aj—k ® Ei1mtk C Pictm+j
k=0 k=0

which is given by the multiplication magl; _, ® A, — A;_;. Sincej — k < N, our
hypothesis ol implies thatA;_; = T(V),_x, and similarlyA;_, = T(V),_, and A, =
T(V)i—k. Therefore, the above multiplication map is identical wifie injectionT (V),;_, ®
T(V)e—r — T(V)j—x in T(V). This proves (a).

For (b), we proceed by induction gh The casg = 1 being obvious, let < j < N —2
and assume that (ii) holds far...,j. We wish to show that the subspacés, ;_,E; ,,1¢
(¢ =1,...,5+1)0f Pi_i4j4+1 form a direct sum. First, by (A.10) we havg ,,,1j+1 N
A Kerd;—1 =0while >)_, Aj11_¢E; e C Ay Kerd,;—1. Therefore, it suffices to show
thatthe sund_)_, A;1_¢E; 1 is direct. Tothis end, note that;,_, = Yas1 VaAjr1-d—e
holds for allZ < j. Hence,

j j
Y A iEimee=Y Vad Aji—a—iEimie

(=1 d>1 =1

By induction,zgz1 Aji1—d—eFi mye is adirect sum insidé’;_q ,,4j+1—q. Thus, it suffices
to show that the surEle VaPi—1m+j+1-d € Pi—1,m+;+1 is direct. But (A.13) gives

j+1 J+1
P ymiji1 = EBAj—l—l—k ® Fi 1mik = EB T(V)jr1-k @ Ei—1 mtk
k=0 k=0

where the last equality holds since gl 1 — k < N. Therefore,

j+1—d
> VaPrimijri-a=PVa® P TV)jt1-ar @ Bictmsn
d>1 d>1 k=0
as desired. This proves (b), thereby completing the protieproposition. O
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