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ABSTRACT. We develop the theory ofN -homogeneous algebras in a super setting, with par-
ticular emphasis on the Koszul property. To any Hecke operator R on a vector superspace,
we associate certain superalgebrasSR,N andΛR,N generalizing the ordinary symmetric and
Grassmann algebra, respectively. We prove that these algebras areN -Koszul. For the special
case whereR is the ordinary supersymmetry, we derive anN -generalized super-version of
MacMahon’s classical “master theorem”.
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INTRODUCTION

0.1. The theory ofN -homogeneous algebras owes its existence primarily to the concerns of
noncommutative geometry. In fact, as has been expounded by Manin in his landmark pub-
lications [36], [37], quadratic algebras (the caseN = 2) provide a convenient framework
for the investigation of quantum group actions on noncommutative spaces. Moreover, certain
Artin-Schelter regular algebras [1], natural noncommutative analogs of ordinary polynomial
algebras, can be presented as associative algebras defined by cubic relations (N = 3). The
latter algebras, as well as many of the quadratic algebras studied by Manin, enjoy the addi-
tional “Koszul property” which will be of central importance in the present article; it will be
reviewed in detail in 0.6 below.

Motivated by these examples and others, Berger [5] initiated the systematic investigation
of N -homogeneous algebras for allN ≥ 2, introducing in particular a natural extension of
the notion of Koszul algebra from the familiar quadratic setting to generalN -homogeneous
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algebras. Article [5] gives examples ofN -Koszul algebras for allN ≥ 2; these are the
so-calledN -symmetric algebras, the special caseN = 2 being the ordinary symmetric (poly-
nomial) algebra. Following the general outline of Manin’s lecture notes [37] on the case of
quadratic algebras, Berger, Dubois-Violette and Wambst developed the categorical aspects of
N -homogeneous algebras in [7].

0.2. Current interest inN -homogeneous algebras is fueled in part by the fact that theydo
occur naturally in mathematical physics and in combinatorics. Indeed, Connes and Dubois-
Violette [10], [11] introduced a class of3-homogeneous algebras, called Yang-Mills algebras,
which are in fact3-Koszul. There are two versions of Yang-Mills algebras: in the language of
linear superalgebra, the first kind has even (parity0̄) algebra generators while the second kind
is generated by odd (paritȳ1) elements.

Combinatorics enters the picture via MacMahon’s celebrated “master theorem” [35], specif-
ically the recent quantum generalization of the master theorem due to Garoufalidis, Lê and
Zeilberger [20]. As has been pointed out by two of the presentauthors in [28], the yoga of
(quadratic) Koszul algebras leads to a rather effortless and conceptual proof of the quantum
master theorem based on the fact that a certain quadratic algebra, known as quantum affine
space, is Koszul. Further quantum generalizations and super versions of the master theorem
have been obtained by several authors using a variety of approaches; see Foata and Han [17],
[18], [19], Konvalinka and Pak [33], Etingof and Pak [16].

0.3. From an algebraic point of view, MacMahon’s master theorem (MT) in its various incar-
nations finds its most natural explanation by the phenomenonof “Koszul duality”. Indeed, all
versions of MT can be expressed in the form that, for some algebraB, an equationΣ1 ·Σ2 = 1
holds for suitable power seriesΣ1,Σ2 ∈ BJtK. Here is a brief outline how one can arrive at
such an equation starting with a givenN -Koszul algebraA. Associated withA, there is a
graded complex,K(A), which is exact in positive degrees, and a certain endomorphism bial-
gebra,endA, which coacts on all components ofK(A). These components therefore define
elements of the representation ringRendA of endA, and exactness ofK(A) in positive de-
grees yields an equation in the power series ringRendAJtK. Due to the specific form ofK(A),
which is constructed fromA together with its so-called dual algebraA!, the equation in ques-
tion does indeed state thatρ1 · ρ2 = 1 holds for suitableρ1, ρ2 ∈ RendAJtK. The last step
in deriving a MT forA consists in using (super-)characters to transport the abstract duality
equationρ1 · ρ2 = 1 from RendAJtK to the power series ring over the algebraendA, where it
takes a more explicit and useable form. Here then is the flow chart of our approach:

N -Koszul algebra
A

// exact Koszul complex
K(A)

// duality equation
in RendAJtK

// MT for A

The actual labor involved in this process consists in the explicit evaluation of (super-)characters
at the last arrow above. This step is often facilitated by specializing the bialgebraendA, which
is highly noncommutative, to a more familiar algebraB via a homomorphismendA → B.
For example:

• MacMahon’s original MT [35] follows in the manner describedabove by starting with
A = O(kd) = k[x1, . . . , xd], the ordinary polynomial algebra or “affine space”, and
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restricting the resulting MT overendO(kd) to the coordinate ring ofd × d-matrices,
O(Matd(k)) = k[xi

j | 1 ≤ i, j ≤ d].
• As was explained in [28], taking “quantum affine space”Oq(kd) as the point of de-

parture one arrives at the quantum MT of Garoufalidis, Lê and Zeilberger [20] (and
Konvalinka and Pak [33] in the multi-parameter case). The endomorphism bialgebra
of Oq(kd) is exactly the algebra of right-quantum matrices as defined in [20].

• Berger’sN -symmetric algebra [5] leads to theN -generalization of the MT proved by
Etingof and Pak [16] using the above approach, again after restricting toO(Matd(k)).

0.4. The present article aims to set forth an extension of the existing theory ofN -homogeneous
algebras to the categoryVectsk of vector superspaces over some base fieldk. While this does
not give rise to principal obstacles given that [37] and [7] are at hand as guiding references, the
setting of superalgebra requires careful consideration ofthe order of terms and the so-called
“rule of signs” will be ubiquitous in our formulæ. In view of the potential interdisciplinary
interest of this material, we have opted to keep our presentation reasonably self-contained and
complete.

Therefore, in Sections 1 and 2, we deploy the requisite background material from superal-
gebra in some detail before turning toN -homogeneous superalgebras in Section 3. The latter
section, while following the general outline of [37] and [7]rather closely, also offers explicit
discussions of a number of important examples. We interpolate the pure even and pure odd
Yang-Mills algebras defined by Connes and Dubois-Violette [10], [11] by a family of super-
algebrasYMp|q and give a unified treatment of these algebras. (It turns out,however, that the
mixed algebrasYMp|q, with p andq both nonzero, are less well-behaved than the pure cases.)
Moreover, we discuss a superized version of theN -symmetric algebras of Berger [5]. Finally,
in Example 3.4, we introduce newN -homogeneous superversions of the symmetric algebra
and the Grassmann algebra of a vector superspaceV ; these are associated with any Hecke
operatorR : V ⊗2 → V ⊗2 and will be denoted bySR,N andΛR,N , respectively.

Sections 4 and 5 contain our main results: Theorem 4.5 shows that the superalgebrasSR,N

andΛR,N are in factN -Koszul, and Theorem 5.4 is superized version of the aforementioned
N -generalized MT of Etingof and Pak [16, Theorem 2]. The special caseN = 2 of The-
orem 5.4 is a superization of the original master theorem of MacMahon [35]. The present
article was motivated in part by a comment in Konvalinka and Pak [33, 13.4] asking for a
“real” super-analog of the classical MT.

0.5. A considerable amount of research has been done by mathematical physicists on various
quantum matrix identities. Some of these investigations have been carried out in a super set-
ting; see, e.g., Gurevich, Pyatov and Saponov [23], [24] andthe references therein. However,
the techniques employed in these articles appear to be quitedifferent from ours.

After submitting this article, we also learned of recent work of Konvalinka [31], [32] which
not only concerns MacMahon’s MT but also other matrix identities such as the determinantal
identity of Sylvester. These identities are proved in [31],[32] by combinatorial means in
various noncommutative settings including the right-quantum matrix algebraendOq(kd).

0.6. We conclude this Introduction by reviewing the precise definitions of N -homogeneous
andN -Koszul algebras. Our basic reference is Berger [5]; see also [2], [7], [21].
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LetA be a connectedZ≥0-graded algebra over a fieldk; soA =
⊕

n≥0 An for k-subspaces
An with A0 = k andAnAm ⊆ An+m. Choose a minimal generating set for the algebraA
consisting of homogeneous elements of positive degree; this amounts to choosing a graded
basis for a graded subspaceV ⊆ A+ =

⊕
n>0 An such thatA+ = A2

+ ⊕ V . The grading
of V imparts a grading to the tensor algebraT(V ) of the spaceV , and we have a graded
presentation

T(V )/I
∼

−→ A

for some graded idealI of T(V ), the ideal ofrelationsof A.
Recall that a graded vector spaceM =

⊕
n∈Z Mn is said to live in degrees≥ n0 if Mn = 0

for all n < n0. Note that the relation idealI lives in degrees≥ 2, becauseT(V )0 ⊕T(V )1 ⊆k⊕ V andk⊕ V injects intoA. Fix an integerN ≥ 2 and define the jump function

νN (i) =

{
i
2N if i is even
i−1
2 N + 1 if i is odd

(0.1)

The following proposition is identical with [8, Proposition 2.1] except for the fact that we do
not a priori assumeA to be generated in degree1. A proof is given in the Appendix.

Proposition 0.1. The idealI of relations ofA lives in degrees≥ N if and only ifTorAi (k,k)
lives in degrees≥ νN (i) for all i ≥ 0.

Following Berger [5], the graded algebraA is said to beN -Koszulif TorAi (k,k) is con-
centrated in degreeνN (i) for all i ≥ 0. This implies that the space of algebra generatorsV
is concentrated in degreeνN (1) = 1; so the algebraA is 1-generated. Moreover, choosing a
minimal set of homogeneous ideal generators for the relation idealI amounts to choosing a
graded basis for a graded subspaceR ⊆ I such that

I = R ⊕ (V ⊗ I + I ⊗ V ) (0.2)

ThenTorA2 (k,k) ∼= R and soR must be concentrated in degreeνN (2) = N whenA is
N -Koszul. To summarize, allN -Koszul algebras are necessarily1-generated and they have
defining relations in degreeN ; so there is a graded isomorphism

A ∼= T(V )/(R) with R ⊆ V ⊗N

Such algebras are calledN -homogeneous.
We remark that Green et al. [21] have studiedN -Koszul algebras in the more general con-

text where the gradingA =
⊕

n≥0 An is not necessarily connected (A0 = k). In [21, The-
orem 4.1], it is shown that anN -homogeneous algebraA with A0 split semisimple overk is
N -Koszul if and only if the YonedaExt-algebraE(A) =

⊕
n≥0 ExtnA(A0,A0) is generated

in degrees≤ 2.
Any N -homogeneous algebraA whose generating spaceV carries aZ2-grading and whose

defining relationsR areZ2-graded is naturally ak-superalgebra, that is,A has aZ2-grading
(“parity”) besides the basicZ≥0-grading (“degree”). As will be reviewed below, this extra
structure provides us with additional functions on Grothendieck rings, namely superdimension
and supercharacters, which lead to natural formulations ofthe MT in a superized context.
Note, however, that the defining property ofN -Koszul algebras makes no reference to theZ2-grading ofA. Thus, anN -homogeneous superalgebra is Koszul precisely if it is Koszul
as an ordinaryN -homogeneous algebra (forgetting theZ2-grading).
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0.7. Throughoutk is a commutative field and⊗ stands for⊗k. Scalar multiplication ink-
vector spaces will often, but not always, be written on the right while linear maps will act from
the left. We tacitly assume throughout thatchar k 6= 2; further restrictions on the characteristic
of k will be stated when required.

1. REVIEW OF LINEAR SUPERALGEBRA

1.1. Vector superspaces.A vector superspace overk is ak-vector spaceV equipped with a
grading by the groupZ2 = Z/2Z = {0̄, 1̄}. Thus, we have a decompositionV = V0̄ ⊕ V1̄

with k-subspacesV0̄ andV1̄ whose elements are calledevenandodd, respectively. In general,
theZ2-degree of a homogeneous elementa ∈ V is also called itsparity; it will be denoted by
â ∈ Z2. Vector superspaces overk form a categoryVectsk whose morphisms are given by the
linear maps preserving theZ2-grading; such maps are also calledevenlinear maps.

Thedimensionof an objectV of Vectsk is the usualk-linear dimension. We shall use the
notation

d = dimk V , p = dimk V0̄ and q = dimk V1̄

Sod = p + q. Thesuperdimensionof a vector superspaceV with d < ∞ is defined by

sdim V = p − q ∈ Z
When working with a fixed basis{xi} of a givenV in Vectsk we shall assume that eachxi is
homogeneous; the parity ofxi will be denoted bŷi. The basisx1, x2 . . . is calledstandardif
î = 0̄ (i ≤ p) and̂i = 1̄ (i > p).

1.2. Tensors.The tensor productU ⊗V of vector superspacesU andV in Vectsk is the usual
tensor product overk of the underlying vector spaces equipped with the naturalZ2-grading:
if a, b are homogeneous elements then the parity ofa ⊗ b is â + b̂ ∈ Z2. Instead of the usual
symmetry isomorphismU ⊗ V

∼
−→ V ⊗ U for interchanging terms in a tensor product we

shall use therule of signs, that is, the following functorialsupersymmetryisomorphism in
Vectsk:

cU,V : U ⊗ V
∼

−→ V ⊗ U , u ⊗ v 7→ (−1)ûv̂v ⊗ u (1.1)

for u, v homogeneous. (All formulas stated for homogeneous elements only are to be ex-
tended to arbitrary elements by linearity.) The supersymmetry isomorphismscU,V satisfy
cV,U ◦ cU,V = IdU⊗V , and they are compatible with the usual associativity isomorphims
aU,V,W : (U ⊗V )⊗W ∼= U ⊗ (V ⊗W ) in Vectsk, that is, they satisfy the “Hexagon Axiom”;
see [29, Def. XIII.1.1]. Therefore,Vectsk is a symmetric tensor category; the unit object is the
field k, with parity 0̄. See [29, Chap. XIII] or [12] for background on tensor categories.

1.3. Homomorphisms. The spaceHomk(V,U) of all k-linear maps between vector super-
spacesV andU is again an object ofVectsk, with gradingHomk(V,U)0̄ = Homk(V0̄, U0̄) ⊕
Homk(V1̄, U1̄) andHomk(V,U)1̄ = Homk(V0̄, U1̄) ⊕ Homk(V1̄, U0̄); so

Homk(V,U)0̄ = HomVectsk(V,U)

In particular, the linear dualV ∗ = Homk(V,k) belongs toVectsk. Given homogeneous bases
{xj} of V and{yi} of U we can describe anyf ∈ Homk(V,U) by its matrixF = (F i

j ):

f(xj) =
∑

i

yiF
i
j (1.2)
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Whenf is an even map thenF i
j = 0 unlesŝi + ĵ = 0̄.

For finite-dimensional vector superspaces, we have the following functorial isomorphisms
in Vectsk (see, e.g., [43, I.8]):

U ⊗ V ∗ ∼= Homk(V,U) (1.3)

via (u ⊗ f)(v) = u〈f, v〉, and

V ∗
1 ⊗ . . . ⊗ V ∗

m
∼= (Vm ⊗ . . . ⊗ V1)

∗ (1.4)

via 〈f1 ⊗ . . .⊗ fm, vm ⊗ . . .⊗ v1〉 =
∏

i〈fi, vi〉. Here, we use the notation〈f, v〉 = f(v) for
the evaluation pairing

evV = 〈 . , . 〉 : V ∗ ⊗ V → k
in Vectsk. Similarly, we have a pairing

V ⊗ V ∗ cV,V ∗

−→ V ∗ ⊗ V
evV−→ k

which yields an isomorphism

V
∼

−→ V ∗∗ (1.5)

in Vectsk.
The isomorphism (1.3) (which is valid as long as one ofU or V is finite-dimensional) has

the following explicit description. Fix homogeneous bases{xj} of V and{yi} of U and let
F = (F i

j ) be the matrix of a givenf ∈ Homk(V,U) with respect to these bases, as in (1.2).

Let {xj} be the dual basis ofV ∗, defined by〈xj , xℓ〉 = δj
ℓ (Kronecker delta). Then the image

of f in U ⊗ V ∗ is given by
∑

i,j yi ⊗ xjF i
j . Note also thatxi andxi have the same parity.

Finally, if U , V andW are vector superspaces, withU finite-dimensional, then the isomor-
phismId⊗cW,U∗ : V ⊗W ⊗U∗ ∼

−→V ⊗U∗ ⊗ W together with (1.3) yields an isomorphism

Homk(U, V ⊗ W )
∼

−→ Homk(U, V ) ⊗ W (1.6)

in Vectsk which is explicitly given by(f ⊗ w)(u) = (−1)ŵûf(u) ⊗ w. Similarly, for vector
superspacesU , U ′, V , V ′ with U , U ′ finite-dimensional, there is an isomorphism

Homk(U ⊗ U ′, V ⊗ V ′)
∼
−→ Homk(U, V ) ⊗ Homk(U ′, V ′) (1.7)

in Vectsk given by(f ⊗ g)(u ⊗ v) = (−1)ĝûf(u) ⊗ g(v).

1.4. Supertrace. Let V be a finite-dimensional object ofVectsk. Thesupertraceis the map

str: Endk(V )
∼

−→
(1.3)

V ⊗ V ∗ −→
(1.3)

k (1.8)

in Vectsk. In order to describe the supertrace in terms of matrices, fixa basis{xi} of V
consisting of homogeneous elements and letF = (F i

j ) be the matrix off ∈ Endk(V ) as in
(1.2). Then

str(f) =
∑

i

(−1)îF i
i

wherêi is the parity ofxi (and of the dual basis vectorxi ∈ V ∗) as in§1.1. Thus,

str(IdV ) = sdim V.1k
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1.5. Action of the symmetric group. Given vector superspacesV1, . . . , Vn, we can consider
the morphism

ci : V1 ⊗ · · · ⊗ Vi ⊗ Vi+1 ⊗ · · · ⊗ Vn −→ V1 ⊗ · · · ⊗ Vi+1 ⊗ Vi ⊗ · · · ⊗ Vn

in Vectsk which interchanges the factorsVi andVi+1 via cVi,Vi+1 and is the identity on all other
factors. More generally, for anyσ ∈ Sn, the symmetric group consisting of all permutations
of {1, 2, . . . , n}, one can define a morphism

cσ : V1 ⊗ · · · ⊗ Vn −→ Vσ−1(1) ⊗ · · · ⊗ Vσ−1(n)

in Vectsk as follows. Recall thatSn is generated by the transpositionsσ1, . . . , σn−1 whereσi

interchangesi and i + 1 and leaves all other elements of{1, 2, . . . , n} fixed. The minimal
length of a product in theσi’s which expresses a given elementσ ∈ Sn is called the length of
σ and denotedℓ(σ); it is given by

ℓ(σ) = #inv(σ) with inv(σ) = {(i, j) | i < j butσ(i) > σ(j)}

Writing σ ∈ Sn as a product of certainσi, the analogous product of the mapsci yields a
morphismcσ as above. This morphism is independent of the wayσ is expressed in terms of the
transpositionsσi; see [43, I.4.13] or [29, Theorem XIII.1.3]. If allvi ∈ Vi are homogeneous
then

cσ(v1 ⊗ · · · ⊗ vn) = (−1)
∑

(i,j)∈inv(σ) v̂iv̂jvσ−1(1) ⊗ · · · ⊗ vσ−1(n) (1.9)

For example, if allvi are even then the±-sign on the right is+, and if allvi are odd then it is
sgn(σ), the signature ofσ.

Taking allVi = V we obtain a representationc : Sn −→ AutVectsk(V ⊗n) whereV ⊗n =
V ⊗ · · · ⊗ V (n factors). Lettingk[Sn] denote the group algebra of the symmetric group, this
extends uniquely to an algebra map

c : k[Sn] −→ EndVectsk(V ⊗n) (1.10)

We will write ca := c(a) for a ∈ k[SN ].
For the dual superspaceV ∗, besides the above representationc : k[Sn] −→ EndVectsk(V ∗⊗n),

we also have thecontragredient representation

c∗ : k[Sn] −→ EndVectsk(V ∗⊗n)

for the pairing〈 . , . 〉 : V ∗⊗n ⊗ V ⊗n → k in (1.4). Explicitly,

〈c∗a(x), y〉 = 〈x, ca∗(y)〉

for all a ∈ k[Sn], x ∈ V ∗⊗n andy ∈ V ⊗n. Here, . ∗ : k[Sn] → k[Sn] is the involution
sendingσ ∈ Sn to σ−1. These two representations are related by

c∗a = cτaτ (1.11)

whereτ = (1, n)(2, n−1) · · · ∈ Sn is the order reversal involution. One only needs to check
(1.11) for the transpositionsa = σi, which is straightforward.
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1.6. Hecke algebras.We recall some standard facts concerning Hecke algebras; these are
suitable deformations of the group algebrak[Sn] considered above. For details, see [13],
[14].

Fix 0 6= q ∈ k. The Hecke algebraHn,q is generated ask-algebra by elementsT1, . . . , Tn−1

subject to the relations
(Ti + 1)(Ti − q) = 0

TiTi+1Ti = Ti+1TiTi+1

TiTj = TjTi if |i − j| ≥ 2

(1.12)

Whenq = 1, one has an isomorphismHn,1
∼

−→ k[Sn], Ti 7→ σi whereσi is the transposition
(i, i + 1) as in§1.5. The algebraHn,q has ak-basis{Tσ | σ ∈ Sn} so that

(i) TId = 1 andTσi
= Ti;

(ii) TσTσi
=

{
Tσσi

if ℓ(σσi) = ℓ(σ) + 1;

qTσσi
+ (q − 1)Tσ otherwise

By k-linear extension of the rule

T ∗
σ := Tσ−1 (σ ∈ Sn)

one obtains an involution. ∗ : Hn,q → Hn,q. Moreover, the elementsT ′
i := −qT−1

i =
q − 1 − Ti also satisfy relations (1.12). Therefore,

α(Ti) := −qT−1
i (1.13)

defines an algebra automorphismα : Hn,q → Hn,q of order2.
The Hecke algebraHn,q is always a symmetric algebra, andHn,q is a split semisimplek-algebra iff the following condition is satisfied:

[n]q! :=

n∏

i=1

[i]q 6= 0 where[i]q := 1 + q + · · · + qi−1 (1.14)

More precisely, if (1.14) holds then

Hn,q
∼=
⊕

λ⊢n

Matdλ×dλ
(k) (1.15)

whereλ runs over all partitions ofn anddλ denotes the number of standardλ-tableaux. The
only partitionsλ with dλ = 1 areλ = (n) andλ = (1n). The central primitive idempotents
of Hn,q for these partitions are given by

Xn :=
1

[n]q!

∑

σ∈Sn

Tσ (1.16)

and

Yn :=
1

[n]q−1!

∑

σ∈Sn

(−q)−ℓ(σ)Tσ (1.17)

These idempotents are usually called theq-symmetrizerand theq-antisymmetrizer, respec-
tively. One has

XnTσ = TσXn = qℓ(σ)Xn and YnTσ = TσYn = (−1)ℓ(σ)Yn (1.18)

for σ ∈ Sn. Furthermore,α(Xn) = Yn.
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For later use, we note the following well-known consequenceof (1.18). IfM is anyHn,q-
module, with corresponding representationµ : Hn,q → Endk(M), then

Im(µ(Xn)) =

n−1⋂

i=1

Im(µ(Ti) + 1) (1.19)

Indeed, (1.18) implies thatXn = [2]−1
q (Ti + 1)Xn, which yields the inclusion⊆. On the

other hand, anym ∈
⋂n−1

i=1 Im(µ(Ti) + 1) satisfies(µ(Ti) − q)(m) = 0 for all i, by
(1.12). Therefore,µ(Tσ)(m) = qℓ(σ)m holds for all σ ∈ Sn, and henceµ(Xn)(m) =

1
[n]q!

∑
σ∈Sn

qℓ(σ)m = m. This proves⊇.

1.7. Hecke operators.Again, let0 6= q ∈ k. A Hecke operator (associated toq) on a vector
superspaceV is a morphismR : V ⊗2 → V ⊗2 in Vectsk satisfying the Hecke equation

(R + 1)(R − q) = 0

and the Yang-Baxter equation
R1R2R1 = R2R1R2

whereR1 := R ⊗ IdV : V ⊗3 → V ⊗3 and similarlyR2 := IdV ⊗R.
The Hecke equation implies thatR is invertible. Moreover, ifR is a Hecke operator

associated toq then so is−qR−1.
Definingρ(Ti) := Id⊗i−1

V ⊗R ⊗ Id⊗n−i−1
V , one obtains a representation

ρ = ρn,R : Hn,q −→ EndVectsk(V ⊗n) (1.20)

The representationsρn,R andρn,−qR−1 are related byρn,−qR−1 = ρn,R ◦ α, whereα is the
automorphism ofHn,q defined in (1.13).

Example 1.1. The supersymmetry operatorcV,V : V ⊗2 → V ⊗2 in (1.1) is a Hecke operator
associated toq = 1, as is its negative,−cV,V . The representationρcV,V

of Hn,1 = k[Sn] in
(1.20) is identical with (1.10).

Example 1.2(superized Drinfel’d-Jimbo [38], [27]). Let x1, . . . , xd be a standard basis ofV
as in§1.1. The super analogR = RDJ of the standard Drinfel’d-Jimbo Hecke operator is
defined as follows. Writing

R(xi ⊗ xj) =
∑

k,l

xk ⊗ xlR
k,l
i,j

the matrix componentsRk,l
i,j ∈ k are given by

R
k,l
i,j =

q2 − q2εi,j

1 + q2εi,j
δk,l
i,j + (−1)îĵ

qεi,j(q2 + 1)

1 + q2εi,j
δl,k
i,j

Here,εi,j = sgn(i − j). Thus,

R
ii
ii = q2 if î = 0̄

R
ii
ii = −1 if î = 1̄

R
ij
ij = q2 − 1 if i < j

R
ji
ij = (−1)îĵq if i 6= j

(1.21)
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andR
k,l
i,j = 0 in all other cases. One checks thatR is a Hecke operator that is associated to

q2.

2. THE SUPERCHARACTER

2.1. Superalgebras, supercoalgebras etc.An algebraA in Vectsk is called asuperalgebra
overk; this is just an ordinaryk-algebra such that the unit mapk→ A and the multiplication

µ : A⊗A → A

are morphisms inVectsk. In other words,A is a Z2-gradedk-algebra in the usual sense:
A = A0̄ ⊕ A1̄ with k-subspacesA0̄ andA1̄ such thatAr̄As̄ ⊆ Ar+s. Homomorphisms of
superalgebras, by definition, are algebra maps inVectsk, that is, they preserve theZ2-grading.

If V is a vector superspace inVectsk then the tensor algebraT(V ) =
⊕

n≥0 V ⊗n is a
superalgebra via theZ2-grading of eachV ⊗n as in§1.2. In general, ifA is any superalgebra,
then by selecting aZ2-graded subspaceV ⊆ A which generates the algebraA, we obtain a
canonical isomorphism of superalgebras

T(V )/(R)
∼

−→ A (2.1)

where(R) is the two-sided ideal ofT(V ) that is generated by aZ2-graded linear subspace
R ⊆ T(V ).

Given superalgebrasA andB, the tensor productA⊗ B is the superalgebra with the usual
additive structure and grading and with multiplicationµA⊗B defined by using the supersym-
metry map (1.1):µA⊗B = (µA ⊗ µB) ◦ (IdA ⊗cB,A ⊗ IdB) or, explicitly,

(a ⊗ b)(a′ ⊗ b′) = (−1)â
′ b̂aa′ ⊗ bb′

for homogeneousa′ ∈ A andb ∈ B. In other words, the canonical images ofA andB in
A⊗ B supercommute, in the sense that the supercommutator

[a, b] = ab − (−1)âb̂ba (2.2)

vanishes for any pair of homogeneous elementsa ∈ A andb ∈ B.
Supercoalgebras, superbialgebras etc. are defined similarly as suitable objects ofVectsk

such that all structure maps are maps inVectsk. The compatibility between the comultiplica-
tion ∆ and the multiplication of a superbialgebraB amounts to the following rule:

∆(ab) =
∑

(a),(b)

(−1)â(2) b̂(1)a(1)b(1) ⊗ a(2)b(2)

for homogeneous elementsa, b ∈ B. Here we use the Sweedler notation∆(a) =
∑

(a) a(1) ⊗

a(2) anda(1), a(2) are chosen homogeneous withâ(1) + â(2) = â.

Example 2.1(Symmetric superalgebra [40, 3.2.5]). The symmetric superalgebra of a given
V in Vectsk is defined by

S(V ) = T(V )/ ([v,w]⊗ | v,w ∈ V )

where[v,w]⊗ is the supercommutator (2.2) inT(V ). Ignoring parity,S(V ) is isomorphic to
S(V0̄)⊗Λ(V1̄), whereS( . ) andΛ( . ) denote the ordinary symmetric and exterior (Grassmann)
algebras, respectively. The symmetric superalgebra is a Hopf superalgebra: comultiplication
∆: S(V ) → S(V ) ⊗ S(V ) is given by∆(v) = v ⊗ 1 + 1 ⊗ v for v ∈ V and extension to all
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of S(V ) by multiplicativity. Similarly, the counitε : S(V ) → k is given byε(v) = 0 and the
antipodeS : S(V ) → S(V ) by S(v) = −v for v ∈ V .

2.2. Comodules.We refer to [29, Chap. III] for background on comodules, comodule alge-
bras etc.

Given a superbialgebraB, we letComods
B denote the category of all rightB-comodules

andB-comodule maps inVectsk. Thus, for any objectV in Comods
B, we have a “coaction”

morphism

δV : V → V ⊗B

in Vectsk. If x1, . . . , xd is a fixed basis ofV consisting of homogeneous elements, withî
denoting the parity ofxi as before, then we will write

δV (xj) =
∑

i

xi ⊗ bi
j with bi

j ∈ Bî+ĵ (2.3)

The tensor product of vector superspaces makesComods
B into a tensor category: ifU and

V are inComods
B thenB coacts onU ⊗ V by

δU⊗V : U ⊗ V
δU⊗δV−→ U ⊗ B ⊗ V ⊗ B

cB,V
−→ U ⊗ V ⊗ B ⊗ B

Id⊗µB−→ U ⊗ V ⊗ B (2.4)

If B is supercommutative as a superalgebra then the supersymmetry cU,V is aB-comodule
morphism, i.e.,δV ⊗U ◦ cU,V = (cU,V ⊗ IdB) ◦ δU⊗V . ThereforeComods

B is a symmetric
tensor category in this case .

2.3. The supercharacter map.Let B denote a superbialgebra and letV be a finite dimen-
sional object inComods

B. The coactionδV is an even map inHomk(V, V ⊗B). Consider the
following morphism inVectsk:

χs : Endk(V )
δV ◦( . )
−→ Homk(V, V ⊗ B)

∼
−→
(1.6)

Endk(V ) ⊗ B
str⊗Id
−→ k⊗ B = B (2.5)

where str is the supertrace as in (1.8). This map will be called thesupercharactermap of
V . Forgetting parity and viewing all elements as even, the supertrace becomes the ordinary
trace and the supercharacter becomes the usual character. These will be denoted by tr andχ,
respectively.

In particular, we have the element

χs
V := χs(IdV ) ∈ B0̄

To obtain explicit formulas, fix a basisx1, . . . , xd of V consisting of homogeneous elements
and let(F i

j ) and(bi
j) be the matrices off ∈ Endk(V ) and ofδV with respect to this basis as

in (1.2), (2.3). Then

χs(f) =
∑

i,j

(−1)îĵbi
jF

j
i (2.6)

Let ε : B → k denote the counit ofB. Thenxj =
∑

i xiε(b
i
j) holds in (2.3). Hence

ε(bi
j) = δi

j .1k and (2.6) gives

ε(χs(f)) = str(f) (2.7)
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Whenf is even formula (2.6) becomesχs(f) =
∑

i,j(−1)îbi
jF

j
i , becauseF j

i = 0 unless

î + ĵ = 0̄. In particular,

χs
V =

∑

i

(−1)îbi
i (2.8)

In the following, we letcomods
B denote the full subcategory ofComods

B consisting of all
objects that are finite-dimensional overk. The supercharacter has the following properties
analogous to standard properties of the ordinary character.

Lemma 2.2. LetB denote a superbialgebra and letU , V andW be objects ofcomods
B.

(a) If f : V → U andg : U → V areB-comodule maps (not necessarily even) then

χs(f ◦ g) = (−1)f̂ ĝχs(g ◦ f)

(b) For f ∈ Endk(V ), g ∈ Endk(U) viewf ⊗ g ∈ Endk(V ⊗ U) as in(1.7). Then

χs(f ⊗ g) = χs(f)χs(g)

(c) Given an exact sequence0 → U
µ

−→ V
µ

−→ W → 0 in comods
B, let f ∈ Endk(V )

be such thatf(µ(U)) ⊆ µ(U), and letg ∈ Endk(U), h ∈ Endk(W ) be the maps
induced byf . Then

χs(f) = χs(g) + χs(h)

In particular, χs
V = χs

U + χs
W . Moreover, iff ∈ Endcomods

B
(V ) is a projection (i.e.,

f2 = f ) thenχs(f) = χs
Im f .

Proof. (a) LetTV denote the mapHomk(V, V ⊗ B) −→ B in (2.5); soχs(f) = TV (δV ◦ f).
Sincef andg are comodule maps, we haveδU ◦ f = (f ⊗ IdB) ◦ δV and similarly forg.
Puttingh = δU ◦ f ∈ Homk(V,U ⊗ B) we obtainχs(f ◦ g) = TU (δU ◦ f ◦ g) = TU (h ◦ g)
andχs(g ◦ f) = TV (δV ◦ g ◦ f) = TV ((g ⊗ IdB) ◦ h). Therefore, we must show that

TU (h ◦ g) = (−1)f̂ ĝTV ((g ⊗ IdB) ◦ h)

Using the identificationHomk(V,U⊗B) ∼= Homk(V,U)⊗B as in (1.6), writeh =
∑

i fi⊗bi

with fi ∈ Homk(V,U), bi ∈ B, and f̂i + b̂i = ĥ = f̂ . Thenh ◦ g ∈ Homk(U,U ⊗ B)

becomes the element(
∑

i fi ⊗ bi) ◦ g =
∑

i(−1)b̂iĝ(fi ◦ g) ⊗ bi ∈ Endk(U) ⊗ B, and
(g ⊗ IdB) ◦ hHomk(V, V ⊗B) becomes

∑
i(g ◦ fi)⊗ bi. The standard identity str(fi ◦ g) =

(−1)f̂iĝstr(g ◦ fi) (cf., e.g., [40, p. 165§3(b)]) now yields

TU (h ◦ g) =
∑

i

(−1)b̂iĝstr(fi ◦ g) ⊗ bi

=
∑

i

(−1)b̂iĝ+f̂iĝstr(g ◦ fi) ⊗ bi

= (−1)f̂ ĝTV ((g ⊗ IdB) ◦ h)

as desired.
(b) Fix homogeneousk-bases{xi} and{yℓ} of V andU , respectively, and writêxi = î,

ŷℓ = ℓ̂ as usual. Moreover, let(F i
j ) and(Gℓ

m) be the matrices off andg for these bases, as
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in (1.2). Then{xi ⊗ yℓ} is a basis ofV ⊗ U , with xi ⊗ yℓ having paritŷi + ℓ̂. Moreover,

(f ⊗ g)(xj ⊗ ym) = (−1)ĝĵf(xj) ⊗ g(ym)

= (−1)ĝĵ
∑

i

xiF
i
j ⊗

∑

ℓ

yℓG
ℓ
m

=
∑

i,ℓ

xi ⊗ yℓΦ
i,ℓ
j,m with Φi,ℓ

j,m = (−1)(ℓ̂+m̂)ĵF i
jG

ℓ
m

becauseGm
ℓ = 0 unlessℓ̂ + m̂ = ĝ. Similarly, writing δV (xj) =

∑
i xi ⊗ bi

j with bi
j ∈ Bî+ĵ

andδU (ym) =
∑

ℓ yℓ ⊗ cℓ
m with cℓ

m ∈ B
ℓ̂+m̂

, one obtains using (2.4)

δV ⊗U (xj ⊗ ym) =
∑

i,ℓ

xi ⊗ yℓ ⊗ Ψi,ℓ
j,m with Ψi,ℓ

j,m = (−1)(̂i+ĵ)ℓ̂bi
jc

ℓ
m

Therefore, formula (2.6) becomes

χs(f ⊗ g) =
∑

i,ℓ,j,m

(−1)(̂i+ℓ̂)(ĵ+m̂)Ψi,ℓ
j,mΦj,m

i,ℓ

=
∑

i,ℓ,j,m

(−1)îĵ+ℓ̂m̂bi
jF

j
i cℓ

mGm
ℓ

= χs(f)χs(g)

(c) Choose a basis{xi} of V consisting of homogeneous elements so thatxi = µ(yi) for
i ≤ dim U and let(F i

j ) be the matrix off for this basis. ThenF i
j = 0 for i > dim U ,

j ≤ dim U . Moreover, theyi form a basis ofU and thezi = π(xi) form a basis ofW ,
and the matrices ofg andh for these bases are(F i

j )i,j≤dimU and(F i
j )i,j>dimU , respectively.

Similarly, if (bi
j) is the matrix ofδV with respect to the basis basis{xi} as in (2.3) thenbi

j = 0

for i > dim U , j ≤ dim U , and the matrices ofδU andδW for the given bases are(bi
j)i,j≤dimU

and(bi
j)i,j>dimU , respectively. Therefore,

χs(f) =
∑

i,j

(−1)îĵbi
jF

j
i

=
∑

i,j≤dimU

(−1)îĵbi
jF

j
i +

∑

i,j>dimU

(−1)îĵbi
jF

j
i

= χs(g) + χs(h)

The remaining assertions are clear. �

2.4. The Grothendieck ring. LetB be a superbialgebra and let

RB = K0(comods
B)

denote the Grothendieck group of the categorycomods
B. Thus, for eachV in comods

B, there
is an element[V ] ∈ RB and each short exact sequence0 → U → V → W → 0 in comods

B

gives rise to an equation[V ] = [U ] + [W ] in RB. The groupRB is in fact a ring with
multiplication given by the tensor product ofB-comodules. IfB is supercommutative as a
superalgebra then the ringRB is commutative; see§2.2.
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Both the ordinary dimension and the superdimension are additive on short exact sequences
and multiplicative on tensor products. Hence they yield ring homomorphisms

dim, sdim: RB → Z
Parts (b) and (c) of Lemma 2.2 and formula (2.7) have the following immediate consequence:

Corollary 2.3. The map[V ] 7→ χs
V yields a well-defined ring homomorphismχs : RB → B0̄.

Furthermore, the following diagram commutes

RB
χs

//

sdim
��

B0̄

ε

��Z can.
// k

Forgetting theZ2-grading, the corollary also gives the more familiar version with χ and
dim in place ofχs andsdim, respectively.

2.5. General linear supergroup and Berezinian.Let V in Vectsk be finite-dimensional and
fix a standard basisx1, . . . , xd with î = 0̄ (i ≤ p) and̂i = 1̄ (i > p).

2.5.1. For each supercommutativek-superalgebraR we denote byE(V )(R) the set of all
R-linear mapsV ⊗ R → V ⊗ R in Vectsk. Using the identificationEndR(V ⊗ R) ∼=
Homk(V, V ⊗R) ∼= Endk(V )⊗R (see (1.6)), we may viewE(V )(R) as the even subspace
of Endk(V ) ⊗R:

E(V )(R) = (Endk(V ) ⊗R)0̄

This defines a functorE(V ) from the category of supercommutativek-superalgebras to the
category of semigroups.

2.5.2. Tensoring the supertrace str: Endk(V ) → k of (1.8) with IdR, we obtain anR-linear
supertrace map str: Endk(V ) ⊗R → R in Vectsk which restricts to a mapE(V )(R) → R0̄.
The given standard basisx1, . . . , xd of V is anR-basis ofV ⊗ R. In terms of this basis, an
elementφ ∈ E(V )(R) is given by

φ(xj) =
d∑

i=1

xiΦ
i
j with Φi

j ∈ Rî+ĵ (2.9)

Thusφ is described by asupermatrixΦ =
(
Φi

j

)
in standard formoverR:

Φ =

(
A B
C D

)
(2.10)

whereA =
(
Φi

j

)

i,j≤p
andD =

(
Φi

j

)

i,j>p
are square matrices with entries inR0̄ while C,D

are matrices overR1̄. The supertrace ofφ is given by

str(φ) =
∑

i

(−1)îΦi
i = tr(A) − tr(D) =: str(Φ)
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2.5.3. The functorE(V ) is represented by a supercommutativek-superbialgebra which coacts
onV ; this algebra will be denoted by

B = O(E(V ))

Thus, there is a natural isomorphism ofE(V ) with the functorHom(B, ?) of parity preserving
algebra homorphisms. In particular, the identity map onB corresponds to an elementξ ∈
E(V )(B). Let X = (xi

j)d×d be the matrix ofξ, as in (2.9). The elementsxi
j have parity

î + ĵ and they form a set of supercommuting algebraically independent generators ofB. In
fact,B is isomorphic to the symmetric superalgebraS(V ∗ ⊗ V ), with xi

j 7→ xi ⊗ xj , where
{xi} ⊆ V ∗ is the dual basis for the given basis ofV .

We can think ofX as thegeneric supermatrixwith respect to the given basis ofV : any

supermatrixΦ =
(
Φi

j

)
as in (2.9) comes from an algebra mapB → R via xi

j 7→ Φi
j . The

canonical coactionδ : V → V ⊗B, the comultiplication∆ and the counitε of B are given by

δ(xj) =
∑

i

xi ⊗ xi
j

∆(xi
j) =

∑

k

xi
k ⊗ xk

j

ε(xi
j) = δi

j

(2.11)

These formulas can also be written asδ(x1, . . . , xd) = (x1, . . . , xd) ⊗ X, ∆(X) = X ⊗ X
andε(X) = 1.

2.5.4. Similarly, GL(V )(R) is defined, for any supercommutativek-superalgebraR, as the
set of allinvertibleR-linear endomorphism ofV ⊗R in Vectsk. The condition for a superma-
trix Φ in standard form (as in (2.10)) to be invertible is thatA andD are invertible as ordinary
matrices overR0̄. In this case, the inverse ofΦ is given by

Φ−1 =

(
(A − BD−1C)−1 −A−1B(D − CA−1B)−1

−D−1C(A − BD−1C)−1 (D − CA−1B)−1

)

See Berezin [3, Theorem 3.1 and Lemma 3.2]. The element

ber(Φ) := det(A) det(D − CA−1B)−1 = det(D)−1 det(A − BD−1C) (2.12)

is called thesuperdeterminantor Berezinianof Φ; it is an invertible element ofR0̄.
The functorGL(V ) is represented by a supercommutative Hopf superalgebraO(GL(V ))

which is generated overB = O(E(V )) by det(X11)
−1 and det(X22)

−1, whereX11 =(
xi

j

)

i,j≤p
andX22 =

(
xi

j

)

i,j>p
are the even blocks of the generic supermatrixX. By [3,

Theorem 3.3], the Berezinianber(X) is a group-like element inO(GL(V )).

2.6. Supersymmetric functions and exterior powers.Throughout this section,V will de-
note a finite-dimensional vector superspace overk. We assume that the characteristic ofk is
zero.
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2.6.1. Let
Yn = 1

n!

∑

σ∈Sn

sgn(σ)σ ∈ k[Sn]

be theantisymmetrizeridempotent of the group algebrak[Sn] and define

Λ
nV := Im cYn ⊆ V ⊗n (2.13)

wherec : k[Sn] → EndVectsk(V ⊗n) is as in (1.10). Thus,ΛnV is the space of antisymmetric
n-tensors,

Λ
nV = {y ∈ V ⊗n | cσ(y) = sgn(σ)y for all σ ∈ Sn}

For later use, we describe an explicit basis ofΛnV . To this end, fix a standard basis
x1, . . . , xd of V , with î = 0̄ for i ≤ p and î = 1̄ for i > p. Then the productsxi =
xi1 ⊗ xi2 ⊗ · · · ⊗ xin for sequencesi = (i1, i2, . . . , in) ∈ {1, 2, . . . , d}n form a graded basis
of V ⊗n that is permuted up to a±-sign by the action ofSn onV ⊗n; see formula (1.9):

cσ(xi) = sgni(σ)xσ(i) (2.14)

with

sgni(σ) = (−1)
∑

(p,q)∈inv(σ) îp îq and σ(i) = (iσ−1(1), iσ−1(2), . . . , iσ−1(n))

Therefore, by elementary properties of monomial group representations, ak-basis ofΛnV
is given by the nonzero elementscYn(xi) where i ranges over a transversal for theSn-
action on{1, 2, . . . , d}n. Such a transversal is provided by the weakly increasing sequences
i ∈ {1, 2, . . . , d}n. Moreover, for a weakly increasingi, it is easily seen from (2.14) that
cYn(xi) = 0 holds precisely ifiℓ = iℓ+1 ≤ p for someℓ. Therefore, a basis ofΛnV is given
by the elementscYn(xi) with i = (i1 < i2 < · · · < im < im+1 ≤ · · · ≤ in) ∈ {1, 2, . . . , d}n

andim ≤ p < im+1.
In particular,

dimk Λ
nV =

∑

m+m′=n

(
p

m

)(
q + m′ − 1

m′

)
(2.15)

wherep = dimk V0̄ andq = dimk V1̄. Equivalently, the generating power series inZJtK for
the sequencedimk ΛnV is given by

∑

n≥0

dimk Λ
nV tn =

(1 + t)p

(1 − t)q
(2.16)

Whenq > 0 then allΛnV are nonzero. For additional details on exterior powers, see, e.g.,
[43, Sections I.5 and I.7].

2.6.2. Consider the super bialgebraB = O(E(V )) as defined in§2.5.3 and recall thatV is
in comods

B. The representationc : k[Sn] → EndVectsk(V ⊗n) of (1.10) actually has image in
Endcomods

B
(V ⊗n), sinceB is supercommutative. Therefore,ΛnV also belongs tocomods

B

and we can define thenth elementary supersymmetric functionby

en := χs
ΛnV = χs(cYn) ∈ B0̄

Here, the equalityχs
ΛnV = χs(cYn) holds by Lemma 2.2(c).

Similarly, one defines thenth super power sumby

pn := χs(c(1,2,...,n)) ∈ B0̄
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where(1, 2, . . . , n) ∈ Sn the cyclic permutation mapping1 7→ 2 7→ 3 7→ . . . 7→ n 7→ 1. In
terms of the generic supermatrixX from §2.5.3, one has

pn = str(Xn)

Modulo the space spanned by the Lie commutatorsfg− gf with f, g ∈ k[Sn], the follow-
ing relation is easily seen to hold ink[Sn]:

nYn ≡

n∑

i=1

(−1)i−1(1, 2, . . . , i)Yn−i

(with Y0 = 1). Applying the functionχs ◦ c : k[Sn] → B0̄ to this relation and using
Lemma 2.2(a),(b), one obtains theNewton relations:

nen =

n∑

i=1

(−1)i−1pien−i

Let t be a formal parameter (of paritȳ0) and consider the generating functionsP (t) =∑
n≥1 pntn−1 and E(t) =

∑
n≥0 entn in B0̄JtK. The Newton relations can be written in

the formP (−t) = d
dt log E(t); see, e.g., [34, p. 23]. Combining this with the identity

ber(exp(tX)) = exp(str(tX))

due to Berezin ([3, Chapter 3] or [40, p. 167]), one obtains the following expansion for the
characteristic functionber(1 + tX) of generic supermatrixX:

Proposition 2.4. ber(1 + tX) =
∑

n≥0 entn

This proposition is known; see, e.g., Khudaverdian and Voronov [30, Prop. 1].

3. HOMOGENEOUS SUPERALGEBRAS

3.1. N -homogeneous superalgebras.Let N be an integer withN ≥ 2. A homogeneous
superalgebra of degreeN or N -homogeneous superalgebrais an algebraA of the form (2.1)
with V finite-dimensional andR ⊆ V ⊗N :

A = A(V,R) ∼= T(V )/(R)

The assumptionR ⊆ V ⊗N implies that, besides the usualZ2-grading (“parity”),A also has a
connectedZ+-grading (“degree”),

A =
⊕

n≥0

An

The algebraA is generated byA1 = V and all homogeneous componentsAn are finite-
dimensional objects ofVectsk. In fact,

An
∼= V ⊗n/Rn with Rn := (R) ∩ V ⊗n =

∑

i+j+N=n

V ⊗i ⊗ R ⊗ V ⊗j (3.1)

Note thatRn = 0 for n < N ; soAn
∼= V ⊗n if n < N .

Morphisms ofN -homogeneous superalgebrasf : A = A(V,R) → A′ = A(V ′, R′) are
morphism of superalgebras which also respect theZ+-grading. Equivalently, by restricting to
degree1, we have a morphismf1 : A1 = V → A′

1 = V ′ in Vectsk whoseN th tensor power sat-
isfiesf⊗N

1 (R) ⊆ R′. Thus, one has a categoryHN Algsk of N -homogeneousk-superalgebras.
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Finally, N -homogeneous superalgebras withN = 2 are calledquadraticsuperalgebras; for
N = 3, they are calledcubic, etc..

3.2. Some examples.In order to explicitly describe a certainN -homogeneous superalgebra
A = A(V,R), we will usually fix aZ2-gradedk-basisx1, . . . , xd of V = A1 and denote the
the parity ofxi by î, as in§1.1. Thexi form a set of algebra generators forA. Following
Manin [38],[39], thed-tuplef = (1̂, . . . , d̂) ∈ Zd

2 is called theformatof the basis{xi}.

Example 3.1(Quantum superspace [39]). For a fixed familyq of scalars0 6= qij ∈ k (1 ≤

i < j ≤ d) and a given formatf = (1̂, . . . , d̂) ∈ Zd
2 of the basisx1, . . . , xd, the quadratic

superalgebraA = Sf
q is defined as the factor ofT(V ) modulo the ideal generated by the

elements
ri := xi ⊗ xi ∈ (V ⊗2)0̄ (̂i = 1̄) (3.2)

rij := xj ⊗ xi − qij(−1)îĵxi ⊗ xj ∈ (V ⊗2)̂i+ĵ (i < j) (3.3)

Thus, the algebraSf
q is generated byx1, . . . , xd subject to the defining relations

xixi = 0 (̂i = 1̄)

and
xjxi = qij(−1)îĵxixj (i < j).

In the special case where allqij = 1, the algebraSf
q is the symmetric superalgebraS(V ) of V

as in Example 2.1.
The ordered monomials of the formxm1

1 xm2
2 . . . xmd

d , with
∑

i mi = n, mi ≥ 0 for all i

andmi ≤ 1 if î = 1̄, form ak-basis of thenth homogeneous component ofSf
q. Therefore,

dimk(Sf
q)n =

∑

r+s=n

(
r + p − 1

p − 1

)(
q

s

)
(3.4)

wheredim V0̄ = p anddimV1̄ = q as usual.Thus, the generating series of the dimensions is
∑

n≥0

dimk(Sf
q)ntn =

(1 + t)q

(1 − t)p

Example 3.2(Yang-Mills algebras [11],[10]). Fix a collection of elementsx1, . . . , xd (d ≥

2), numbered so as to have parityî = 0̄ for i ≤ p and̂i = 1̄ for i > p. LetG = (gij) ∈ GLd(k)
be an invertible symmetricd × d-matrix satisfyinggij = 0 if î 6= ĵ and consider the cubic
superalgebraA that is generated by elementsx1, . . . , xd subject to the relations

∑

i,j

gij [xi, [xj , xk]] = 0 (k = 1, . . . , d) (3.5)

Here[ . , . ] is the supercommutator (2.2). The algebraA will be denoted byYMp|q (q = d−p).
In particular, the pure even algebraYMd|0 is the ordinary Yang-Mills algebra introduced in
[10] while YM0|d is the super Yang-Mills algebra as in [11].

As usual, putV =
∑

i kxi and let[ . , . ]⊗ denote the supercommutator inT(V ). Further-
more, putrk =

∑
i,j gij [xi, [xj , xk]⊗]⊗ andR =

∑
k krk ⊆ V ⊗3; soYMp|q = T(V )/(R).

Using the symmetry ofG, we may replace therk by simpler relations as follows. Choose an
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invertible d × d-matrix C = (cij) with cij = 0 if î 6= ĵ and such thatCtrGC is diagonal,
say

∑
i,j cirgijcjs = gsδ

r
s . Replace the bases{xi} of V and{rk} of R by the new bases

yi =
∑

j cijxj andsk =
∑

k ckℓrℓ whereC−1 = (cij). Note thatyi has paritŷi andsk has

parity k̂, the parity ofrk. A simple calculation shows thatsk =
∑

i6=k gi[yi, [yi, yk]⊗]⊗. Thus

we obtain the following defining relations for the generators y1, . . . yd of YMp|q:
∑

i6=k

gi[yi, [yi, yk]] = 0 (k = 1, . . . , d) (3.6)

The resulting algebras ford = 2 are as follows. Puttingx = y1 andy = y2 we have two
defining relations:[x, [x, y]] = 0 and [y, [y, x]] = 0. In the pure even case (x̂ = ŷ = 0̄),
the supercommutators are the ordinary Lie commutators. SoYM2|0 is the enveloping algebra
of the Heisenberg Lie algebra; see [1, (0.4)]. In the pure oddcase (̂x = ŷ = 1̄), the two
relations can be written asx2y = yx2 andyx2 = x2y. The resulting algebraYM0|2 is a cubic
Artin-Schelter algebra of typeS1 [1, (8.6)]. Thus, both unmixed algebras are Artin-Schelter
regular of global dimension3. In the mixed case, however (x̂ = 0̄, ŷ = 1̄), the relations say
thatx commutes with the Lie commutator[x, y] while y anticommutes:y[x, y] = −[x, y]y.
Thus,[x, y] is a normal element ofYM1|1 andYM1|1/([x, y]) is a polynomial algebra in two
variables overk. Moreover, the calculation

[x, y]2 = [x, [x, y]y] = −[x, y[x, y]] = −[x, y]2

shows that[x, y]2 = 0. Thus, the algebraYM1|1 is noetherian with Gelfand-Kirillov dimen-
sion2 and infinite global dimension.

Returning to the case of generald ≥ 2, we now concentrate on the unmixed algebras intro-
duced by Connes and Dubois-Violette. We will denote these algebras byYM+ = YMd|0 and
YM− = YM0|d. In all formulas below,+ applies toYM+ and− to YM−. The generators
sk =

∑
i6=k gi[yi, [yi, yk]⊗]⊗ of the space of relationsR can be written assk =

∑
ℓ yℓ⊗mℓk =

±
∑

ℓ mkℓ ⊗ yℓ with

mℓk =

{
gℓ (yℓ ⊗ yk − (1 ± 1)yk ⊗ yℓ) for ℓ 6= k

±
∑

i6=k giyi ⊗ yi for ℓ = k

Thus, puttingY = (y1, . . . , yd) and lettingM denote thed × d-matrix overYM± whose
(ℓ, k)-entry is the image ofmℓk, the defining relations (3.6) can be written as

Y M = 0 or MY tr = 0 (3.7)

The defining relations (3.6) forA = YM− amount to the even element
∑

i giy
2
i ∈ A2 being

central inA.

Example 3.3(N -symmetric superalgebra; cf. [5]). Let N ≥ 2 be given and letV be a vector
superspaceV over a fieldk with char k = 0 or char k > N . Define

SN (V ) = A(V,R) with R = Λ
NV = cYN

(
V ⊗N

)
⊆ V ⊗N

whereYN is the antisymmetrizer idempotent of the group algebrak[SN ]; see (2.13). This
defines a functorSN ( . ) : Vectsk → HN Algsk. Since2cY2 is the supercommutator inT(V ), the
algebraS2(V ) is just the symmetric superalgebraS(V ) of V ; see Example 3.1. The algebra
SN (V ), for a pure even spaceV = V0̄ and generalN ≥ 2, has been introduced in [5].
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If 2 ≤ M ≤ N then, viewingk[SM ] as a subalgebra ofk[SN ] as usual, the antisymmetriz-
ers ofk[SN ] andk[SM ] satisfyYN = YMa for somea ∈ k[SN ]. Therefore,

R = cYN

(
V ⊗N

)
⊆ cYM

(
V ⊗N

)
= cYM

(
V ⊗M

)
⊗ V ⊗(N−M)

This shows that the identity map onV extends to an epimorphism of superalgebrasSN(V ) ։

SM (V ).
Now assume thatdimk V = d and fix a standard basisx1, . . . , xd of V , with î = 0̄ for

i ≤ p and î = 1̄ for i > p. From the basis forΛNV exhibited in§2.6.1 we obtain that the
algebraSN (V ) is generated byx1, . . . , xd subject to the relations

∑

σ∈SN

(−1)
∑

(p,q)∈inv(σ) 1+îp îqxi
σ−1(1)

xi
σ−1(2)

. . . xi
σ−1(N)

= 0

with 1 ≤ i1 < i2 < · · · < im ≤ p = dimk V0̄ < im+1 ≤ · · · ≤ iN ≤ d = dimk V ; see
formula (2.14).

Example 3.4.The following construction generalizes Example 3.3. FixN ≥ 2 and0 6= q ∈ k
and assume that condition (1.14) is satisfied. Given a Hecke operatorR : V ⊗2 → V ⊗2 on a
vector superspaceV we define theN -homogeneous superalgebra

ΛR,N := A(V,R) with R = Im ρR(XN ) ⊆ V ⊗N (3.8)

whereXN ∈ HN,q is theq-symmetrizer (1.16) andρR is the representation (1.20) ofHN,q.
We also put

SR,N := Λ−qR−1,N = A(V,R) with R = Im ρR(YN ) ⊆ V ⊗N (3.9)

whereYN ∈ HN,q is the antisymmetrizer (1.17). The algebraSN(V ) in Example 3.3 is
identical withScV,V ,N (q = 1).

3.3. The dual of a homogeneous superalgebra.Let A = A(V,R) be anN -homogeneous
superalgebra. The dualA! of A is defined by

A! = A(V ∗, R⊥)

where,R⊥ ⊆ V ∗⊗N is the (homogeneous) subspace consisting of all elements that vanish on
R ⊆ V ⊗N , using (1.4) in order to evaluate elements ofV ∗⊗N onV ⊗N . Thus, (3.1) takes the
form

A!
n = V ∗⊗n/R⊥

n with R⊥
n :=

∑

i+j+N=n

V ∗⊗i ⊗ R⊥ ⊗ V ∗⊗j (3.10)

Identifying V ∗⊗n with the linear dual ofV ⊗n via (1.4), we haveV ∗⊗i ⊗ R⊥ ⊗ V ∗⊗j =(
V ⊗j ⊗ R ⊗ V ⊗i

)⊥
. Hence,

R⊥
n =




⋂

i+j+N=n

V ⊗j ⊗ R ⊗ V ⊗i




⊥

(3.11)

The canonical isomorphismV
∼

−→ V ∗∗ in (1.5) leads to an isomorphismV ⊗N ∼
−→

V ∗∗⊗N which mapsR ontoR⊥⊥. Hence,

A! ! ∼= A (3.12)
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Moreover, if f : A = A(V,R) → A′ = A(V ′, R′) is any morphism inHNAlgsk then the
transpose off1 : V → V ′ induces a morphismf ! : (A′)! → A! in HNAlgsk. Thus, we have a
contravariant quasi-involutivedualization functorA 7→ A!, f 7→ f ! onHNAlgsk.

Example 3.5. The dual ofA(V, 0) = T(V ) is A(V ∗, V ∗⊗N ); so

T(V )! = T(V ∗)/
(
V ∗⊗N

)

In particular, lettingV = k be the unit object ofVectsk, we haveA(k, 0) = k[t] (polynomial
algebra) andA(k, 0)! = k[d]/(dN ), with t andd both having degree1 and parity0̄.

Example 3.6(Dual of quantum superspace). We will describe the dualA! of quantum su-
perspaceA = Sf

q; see Example 3.1. Fix a homogeneousk-basisx1, . . . , xd with format f
for V , and letx1, . . . , xd denote the dual basis ofV ∗; this basis also has formatf . Evaluat-
ing an arbitrary elementf =

∑
ℓ,m fℓmxℓ ⊗ xm ∈ V ∗⊗2 on one of the generating relations

ri, rij ∈ R in (3.2), (3.3) we obtain〈f, ri〉 = fii and〈f, rij〉 = fij − qij(−1)îĵfji. Therefore,
the spaceR⊥ ⊆ V ∗⊗2 has a basis consisting of the elementssℓ := xℓ ⊗ xℓ (ℓ̂ = 0̄) and

sℓ,k := xℓ ⊗ xk + qkℓ(−1)k̂ℓ̂xk ⊗ xℓ (k < ℓ). In summary,A! is generated byx1, . . . , xd

subject to the defining relations

xℓxℓ = 0 (ℓ̂ = 0̄)

and
xℓxk = −qkℓ(−1)k̂ℓ̂xkxℓ (k < ℓ).

Thus,A! is isomorphic to quantum superspaceSf ′

q′ with q′ij = (−1)î+ĵqij and f ′ = f +

(1̄, . . . , 1̄) the format obtained fromf by parity reversal in all components.

Example 3.7 (Duals of the Yang-Mills algebras). Continuing with the notation of Exam-
ple 3.2, we now desribe the algebraA! for A = YMp|q. We assume thatchar k = 0 and work
with generatorsy1, . . . , yd of A satisfying (3.6).

Let y1, . . . , yd denote the basis ofV ∗ given by〈yi, yj〉 = δi
j and putγ = 1

d−1

∑
i g

−1
i yi ⊗

yi ∈ V ∗⊗2. Then, for the generatorssk =
∑

i6=k gi[yi, [yi, yk]⊗]⊗ of R as in Example 3.2,
one computes

〈ya ⊗ yb ⊗ yc, sk〉 = gcδ
c
bδ

a
k + (−1)b̂gbδ

b
aδ

c
k − (−1)âk̂(1 + (−1)â)gaδ

a
c δb

k

〈yi ⊗ γ, sk〉 = δi
k

(3.13)

Therefore, the mapϕ 7→ ϕ−
∑

k〈ϕ, sk〉y
k ⊗ γ is an epimorphismV ∗⊗3

։ R⊥ ⊂ V ∗⊗3. We
obtain that the algebraA! is generated byy1, . . . , yd subject to the relations

yaybyc = (gcδ
c
by

a + (−1)b̂gbδ
b
ay

c − (−1)âb̂(1 + (−1)â)gaδ
a
c yb)g (3.14)

whereg = 1
d−1

∑
i g−1

i yiyi is the image ofγ in A.
SinceA! is 3-homogeneous, we clearly haveA!

0 = k, A!
1 =

⊕
i kyi = V ∗ andA!

2 =⊕
i,j kyiyj ∼= V ∗⊗2. By (3.13), the elementsyag form ak-basis ofA!

3 = V ∗⊗3/R⊥ ∼= R∗.

Using the defining relations (3.14) it is not hard to see thatA!
4 = kg2 andA!

n = 0 for n ≥ 5.
If A = YMp|q is of mixed type (i.e.,p 6= 0 andq 6= 0) theng2 = 0.
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Example 3.8(Dual of theN -symmetric superalgebra). Recall from Example 3.3 thatSN (V ) =
A(V,R) with R = cYN

(
V ⊗N

)
. SinceYN is central ink[SN ] and stable under the inversion

involution ∗ of k[SN ], it follows from (1.11) that

〈x, cYN
(y)〉 = 〈cYN

(x), y〉

holds for allx ∈ V ∗⊗N andy ∈ V ⊗N . Therefore,

R⊥ = KerV ∗⊗N (cYN
) = (1 − cYN

)
(
V ∗⊗N

)

and so
SN (V )! = A

(
V ∗, (1 − cYN

)(V ∗⊗N )
)

Note that ⋂

i+j+N=n

V ⊗i ⊗ R ⊗ V ⊗j = cYn

(
V ⊗n

)
(3.15)

holds for alln ≥ N . This follows from (1.19). Alternatively, as has been notedin Exam-
ple 3.3, we havecYn (V ⊗n) ⊆ R ⊗ V ⊗(n−N). In the same way, one sees thatcYn (V ⊗n) ⊆
V ⊗i ⊗ R ⊗ V ⊗j wheneveri + j + N = n. For the reverse inclusion, note that each
x ∈ V ⊗i ⊗ R ⊗ V ⊗j satisfiescσℓ

(x) = −x for all transpositionsσℓ = (ℓ, ℓ + 1) ∈ Sn

with i < ℓ < i + N . Hence, the left hand side of (3.15) is contained in the spaceof antisym-
metricn-tensors,ΛnV = cYn (V ⊗n), thereby proving (3.15). We deduce from (3.10), (3.11)
and (2.15) that

dimk SN (V )!n =

{
dn if n < N∑

r+s=n

(
p
r

)(
q+s−1

s

)
if n ≥ N

(3.16)

whered = dimk V , p = dimk V0̄ andq = dimk V1̄.

3.4. The operations◦ and • on HNAlgsk. Let A = A(V,R) andA′ = A(V ′, R′) be N -
homogeneous superalgebras. Following [37] and [7] we definethe white and black products
A ◦ A′ andA • A′ by

A ◦A′ = A
(
V ⊗ V ′, cπN

(
R ⊗ V ′⊗N + V ⊗N ⊗ R′

))

A •A′ = A
(
V ⊗ V ′, cπN

(
R ⊗ R′

))

whereπN ∈ S2N is the inverse of the permutation

(1, 2, . . . , 2N) 7→ (1, N + 1, 2, N + 2, . . . , k,N + k, . . . ,N, 2N)

Explicitly, cπN
: V ⊗N ⊗ V ′⊗N −→ (V ⊗ V ′)⊗N is the morphism inVectsk that is given by

cπN

(
v1 ⊗ . . . vN ⊗ v′1 ⊗ . . . v′N

)
= (−1)

∑
i

∑
j>i v̂′iv̂j (v1 ⊗ v′1) ⊗ . . . (vN ⊗ v′N ) (3.17)

Hence,cπN
(R ⊗ R′) andcπN

(
R ⊗ V ′⊗N + V ⊗N ⊗ R′

)
are homogeneous subspaces of(V ⊗

V ′)⊗N and soA ◦ A′ andA • A′ belong toHNAlgsk.
Under the isomorphism(V ′∗⊗V ∗)⊗N ∼

−→ (V ⊗V ′)∗⊗N which comes from (1.4), the rela-

tionscπN

(
R′⊥ ⊗ R⊥

)
of A′! • A! map onto the relations

(
cπN

(
R ⊗ V ′⊗N + V ⊗N ⊗ R′

))⊥

of (A ◦ A′)!. In fact, by (1.11) we havec∗πN
= cπN

, becauseπN τ = τπN , and so〈x, y〉 =

〈cπN
(x), cπN

(y)〉 holds for allx ∈ V ′∗ ⊗N ⊗ V ∗⊗N andy ∈ V ⊗N ⊗ V ′⊗N . Therefore,
canonically,

(A ◦A′)! ∼= A′! • A! and (A • A′)! ∼= A′! ◦ A! (3.18)
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the two identities being equivalent by (3.12).
By definition of◦, the canonical isomorphismsk⊗V ∼= V ∼= V ⊗ k in Vectsk give isomor-

phismsA(k, 0) ◦ A ∼= A ∼= A ◦ A(k, 0) in HNAlgsk, and (3.18) yields similar isomorphisms
for •, with A(k, 0)! = k[d]/(dN ) replacingA(k, 0) = k[t]; see Example 3.5.

The supersymmetry isomorphismcV,V ′ : V ⊗ V ′ ∼
−→ V ′ ⊗ V in Vectsk (see (1.1)) yields

isomorphisms

A ◦ A′ ∼= A′ ◦ A and A • A′ ∼= A′ • A (3.19)

in HNAlgsk. To see this, note that the following diagram of isomorphisms inVectsk commutes:

V ⊗N ⊗ V ′⊗N
cπN //

c
V ⊗N ,V ′⊗N

��

(V ⊗ V ′)⊗N

c⊗N

V,V ′

��

V ′⊗N ⊗ V ⊗N
cπN

// (V ′ ⊗ V )⊗N

with v1⊗. . . vN⊗v′1⊗. . . v′N 7→ (−1)
∑

i

∑
j≥i v̂′iv̂j (v′1⊗v1)⊗. . . (v′N⊗vN ) in both composites.

Therefore, puttingRA◦A′ = cπN

(
R ⊗ V ′⊗N + V ⊗N ⊗ R′

)
and similarly forRA′◦A etc., we

have

c⊗N
V,V ′ (RA◦A′) =

(
cπN

◦ cV ⊗N ,V ′⊗N

) (
R ⊗ V ′⊗N + V ⊗N ⊗ R′

)

= cπN

(
R′ ⊗ V ⊗N + V ′⊗N ⊗ R

)

= RA′◦A

In the same way, one sees thatc⊗N
V,V ′ (RA•A′) = RA′•A. This proves (3.19).

Similarly, the associativity isomorphismaV,V ′,V ′′ : (V ⊗ V ′) ⊗ V ′′ ∼= V ⊗ (V ′ ⊗ V ′′) in
Vectsk leads to isomorphisms

(A ◦ A′) ◦ A′′ ∼= A ◦ (A′ ◦ A′′) and (A •A′) • A′′ ∼= A • (A′ • A′′) (3.20)

in HNAlgsk. This is a consequence of the following commutative diagramof isomorphisms in
Vectsk:

(
V ⊗N ⊗ V ′⊗N

)
⊗ V ′′⊗N

cπN
⊗Id

//

a
V ⊗N ,V ′⊗N ,V ′′⊗N

��

(V ⊗ V ′)⊗N ⊗ V ′′⊗N
cπN

// ((V ⊗ V ′) ⊗ V ′′)⊗N

a⊗N

V,V ′,V ′′

��
V ⊗N ⊗

(
V ′⊗N ⊗ V ′′⊗N

)
Id⊗cπN

// V ⊗N ⊗ (V ′ ⊗ V ′′)⊗N
cπN

// (V ⊗ (V ′ ⊗ V ′′))⊗N

Finally, the compatibility between the isomorphismscV,V ′ andaV,V ′,V ′′ (see§1.2) is inher-
ited by the isomorphisms (3.19) and (3.20) inHN Algsk. To summarize:

Proposition 3.9. The operations◦ and• both make the categoryHNAlgsk of N -homogeneousk-superalgebras into a symmetric tensor category, with unitobjectsA(k, 0) = k[t] for ◦ and
A(k, 0)! = k[d]/(dN ) for •.
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3.5. The superalgebra mapi : A◦A′ → A⊗A′. LetA = A(V,R) andA′ = A(V ′, R′) be
objects ofHN Algsk. The superalgebraA⊗A′ is generated byV ⊕ V ′ subject to the relations

R + R′ ⊆ (V ⊕ V ′)⊗N and [V, V ′]⊗ ⊆ (V ⊕ V ′)⊗2

where[ . , . ]⊗ is the supercommutator (2.2) in the tensor algebra, as usual. Thus,A ⊗ A′ is
not N -homogeneous whenN ≥ 3. Nonetheless, there always is an injective superalgebra
homomorphismi : A ◦ A′ → A ⊗ A′ which is defined as follows. The linear embedding
V ⊗ V ′ →֒ T(V ) ⊗ T(V ′) extends uniquely to a superalgebra map

ι̃ : T(V ⊗ V ′) → T(V ) ⊗ T(V ′) (3.21)

which doubles degrees: the restriction ofι̃ to degreen is the embedding

T(V ⊗ V ′)n = (V ⊗ V ′)⊗n c−1
πn−→ V ⊗n ⊗ V ′⊗n ⊆ (T(V ) ⊗ T(V ′))2n

in Vectsk, wherecπn is as in (3.17). Thus,̃ι identifies the superalgebraT(V ⊗ V ′) with the
(super)Segre product

⊕
n≥0 V ⊗n ⊗ V ′⊗n of T(V ) andT(V ′).

The map̃ι sendsRA◦A′ = cπN

(
R ⊗ V ′⊗N + V ⊗N ⊗ R′

)
⊆ (V ⊗V ′)⊗N to R⊗V ′⊗N +

V ⊗N ⊗ R′, the kernel of the canonical epimorphismV ⊗N ⊗ V ′⊗N
։ AN ⊗A′

N . Thus:

Proposition 3.10. The algebra map̃ι in (3.21)passes down to yield an injective homomor-
phismk-superalgebrasi : A ◦ A′

֌ A ⊗ A′ which doubles degree. The image ofi is the
super Segre product

⊕
n≥0 An ⊗A′

n of A andA′.

3.6. Internal Hom. The isomorphisms (1.3) and (1.4) together with associativity lead to a
functorial isomorphism

Homk(U ⊗ V,W ∗) ∼= Homk(U, (V ⊗ W )∗)

in Vectsk. Explicitly, if g ∈ Homk(U ⊗ V,W ∗) andg′ ∈ Homk(U, (V ⊗ W )∗) correspond to
each other under the above isomorphism then

〈g(u ⊗ v), w〉 = 〈g′(u), v ⊗ w〉 (3.22)

holds for allu ∈ U , v ∈ V andw ∈ W .
In particular, by restricting tō0-components, we have ak-linear isomorphism

HomVectsk(U ⊗ V,W ∗) ∼= HomVectsk(U, (V ⊗ W )∗) (3.23)

This isomorphism leads to

Proposition 3.11. There is a functorial isomorphism

HomHN Algsk(A • B, C) ∼= HomHN Algsk(A, C ◦ B!)

Proof. We follow Manin [37, 4.2]. LetA = A(U,R), B = A(V, S) andC = A(W,T ) be
N -homogeneous superalgebras. We will prove the propositionin the following equivalent
form; see (3.12) and (3.18):

HomHN Algsk(A • B, C!) ∼= HomHN Algsk(A, (B • C)!)

Recall thatC! = A(W ∗, T⊥) and(B•C)! = A((V ⊗W )∗, (cπN
(S⊗T ))⊥). Letg : U ⊗V →

W ∗ be a morphism inVectsk and letg′ : U → (V ⊗ W )∗ be the morphism inVectsk that
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corresponds tog under (3.23). We must show that, for homogeneous subspacesR ⊆ U⊗N ,
S ⊆ V ⊗N andT ⊆ W⊗N ,

g⊗N (cπN
(R ⊗ S)) ⊆ T⊥ ⇔ g′⊗N (R) (cπN

(S ⊗ T ))⊥

Identifying T⊥⊥ with T as in§3.3, the first inclusion is equivalent to

〈g⊗N (cπN
(R ⊗ S)) , T 〉 = 0 (3.24)

while the second inclusion states that

〈g′⊗N (R), cπN
(S ⊗ T )〉 = 0 (3.25)

But (3.22) shows that (3.24) and (3.25) are equivalent, which proves the proposition. �

Proposition 3.11 says that the tensor category(HNAlgsk, •) has an internalHom which is
given by

Hom(A,B) = B ◦ A!

Explicitly, Hom(A,B) is an object ofHNAlgsk which represents the functor(HNAlgsk)op →
Sets, X 7→ HomHN Algsk(X • A,B); so there is an isomorphism of functors

HomHN Algsk(? • A,B) ∼= HomHN Algsk(?,Hom(A,B))

By general properties ofHom (see [12, Def. 1.6]), the morphismIdHom(A,B) corresponds to
a morphism

µ : Hom(A,B) • A → B (3.26)

in HN Algsk satisfying the following universal property: for any morphism f : X • A → B in
HNAlgsk there exists a unique morphismg : X → Hom(A,B) such that the following diagram
commutes:

X • A
f

&&M

M

M

M

M

M

M

M

M

M

M

M

g•IdA

��
Hom(A,B) • A µ

// B

In degree1, the mapµ is simplyIdV ⊗evU : V ⊗ U∗ ⊗ U −→ V ⊗ k = V .

FromHom(B, C) • Hom(A,B) • A
Id •µ
−→ Hom(B, C) • B

µ
−→ C one obtains in this way a

composition morphism

m : Hom(B, C) • Hom(A,B) → Hom(A, C) (3.27)

in HNAlgsk. The morphismsµ andm satisfy the obvious associativity properties.

3.7. The superbialgebraendA. Following Manin [37, 4.2] we define

hom(A,B) = Hom(A!,B!)! = A! • B

for A, B in HNAlgsk. Applying the dualization functor to (3.26), (3.27) and recalling (3.18),
we obtain morphisms

δ◦ : A → B ◦ hom(B,A)

∆◦ : hom(A, C) → hom(A,B) ◦ hom(B, C)
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in HN Algsk. The associativity properties ofµ andm translate into corresponding coassociativ-
ity properties forδ◦ and∆◦. Following δ◦ and∆◦ by the algebra mapi of Proposition 3.10,
we obtain superalgebra maps

δ : A → B ⊗ hom(B,A) (3.28)

∆: hom(A, C) → hom(A,B) ⊗ hom(B, C) (3.29)

Now takeA = B = C = A(V,R) and putendA = hom(A,A); so

endA = A! • A = A(V ∗ ⊗ V, cπN
(R⊥ ⊗ R)) (3.30)

Then (3.29) yields a coassociative superalgebra map

∆: endA → endA⊗ endA

Moreover, by Proposition 3.11, the morphismA! Id
−→ A! ∼= k[t] ◦ A! corresponds to a mor-

phismendA = A! • A → k[t] in HN Algsk. Following this morphism by the mapt 7→ 1 we
obtain a superalgebra map

ε : endA → k
which in degree1 is the usual evaluation pairing evV : V ∗ ⊗ V → k in Vectsk. Finally, (3.28)
provides us with a superalgebra map

δA : A → A⊗ endA (3.31)

Note thatδA maps the degreen-component ofA according to

An
δ◦−→ (A ◦ endA)n

i
−→ An ⊗ (endA)n →֒ An ⊗ endA (3.32)

Fixing a gradedk-basisx1, . . . , xd of V and denoting the dual basis ofV ∗ by x1, . . . , xd as
before,endA has algebra generators

zi
j := xi ⊗ xj (3.33)

of degree-1 and paritŷi + ĵ. In terms of these generators, the mapsε, δA and∆ are given by

ε(zj
i ) = δj

i or ε(Z) = 1

δA(xj) =
∑

i

xi ⊗ zi
j or δA(x1, . . . , xd) = (x1, . . . , xd) ⊗ Z

∆(zi
j) =

∑

k

zi
k ⊗ zk

j or ∆(Z) = Z ⊗ Z

(3.34)

whereZ = (zi
j)d×d.

Proposition 3.12. LetA = A(V,R) be anN -homogeneousk-superalgebra.

(a) With∆ as comultiplication andε as counit, the superalgebraendA becomes a super-
bialgebra. Moreover,δA makesA into a graded rightendA-comodule superalgebra.
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(b) Given anyk-superalgebraB and a morphism of superalgebrasδ : A → A⊗ B satis-
fying δ(V ) ⊆ V ⊗ B, there is a unique morphism of superalgebrasϕ : endA → B
such that the following diagram commutes:

A
δ //

δA $$J

J

J

J

J

J

J

J

J

J

A⊗ B

A⊗ endA

IdA ⊗ϕ

OO

The proposition is proved as in [37,§5] or [7, Theorem 3].

Example 3.13.WhenA = A(V, 0) = T(V ), we haveendA = A(V ∗⊗V, 0) = T(V ∗⊗V );
so

end T(V ) = T(V ∗ ⊗ V )

the free superalgebra generated by the elementszi
j in (3.33).

Example 3.14. By Examples 3.3 and 3.8, we have

endSN (V ) = A
(
V ∗ ⊗ V, cπN

(
(1 − cYN

)(V ∗⊗N ) ⊗ cYN
(V ⊗N )

))

For example, the algebraend S2(V ) is generated by the elementszi
j with parity î + ĵ subject

to the relations

[zi1
j1

, zi2
j2

] + (−1)î1 î2+(î1+î2)ĵ1 [zi2
j1

, zi1
j2

] = 0

where[ . , . ] is the supercommutator (2.2). This algebra is highly noncommutative, even for a
pure even spaceV .

Let O(E(V )) = S(V ∗ ⊗ V ) be the supercommutative superbialgebra as in§2.5.3, with
generatorsxi

j . There is a map of superbialgebras

ϕ : endSN (V ) → O(E(V )) , zi
j 7→ xi

j (3.35)

Indeed, writeB = O(E(V )) for brevity and recall the coactionδ : V → V ⊗ B, xj 7→∑
i xi ⊗ xi

j from (2.11). SincecYN
∈ Endcomods

B
(V ⊗N ) (see§2.6.2), the mapδ extends to a

map of superalgebras

δ : SN (V ) → SN (V ) ⊗ B

Therefore, Proposition 3.12(b) yields the desiredϕ. Note that the coaction ofend SN (V ) on
V , when restricted alongϕ, becomes the canonical coaction ofO(E(V )) onV ; see (2.11) and
(3.34).

4. N -KOSZUL SUPERALGEBRAS

Throughout this section, we fix anN -homogeneous superalgebraA = A(V,R).
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4.1. The graded dualA!∗. The graded dual

A!∗ =
⊕

n

A! ∗
n

of A! has a natural structure of a graded rightendA-comodule. Indeed, the linear dualA! ∗
n

of the degreen-component ofA! embeds intoV ⊗n as follows. Recall from (3.11) that

A! ∗
n =

{
V ⊗n if n < N⋂

i+j+N=n V ⊗i ⊗ R ⊗ V ⊗j if n ≥ N
(4.1)

This identification makes the graded dualA!∗ into a graded rightendA-comodule. For, by
(3.32) the coactionδA restricts in degree1 to a mapV → V ⊗endA which makesT(V ) into a
graded rightendA-comodule superalgebra. The structure mapT(V ) → T(V )⊗endA sends
R → R ⊗ endA. Therefore, eachV ⊗i ⊗ R ⊗ V ⊗j is aendA-subcomodule ofV ⊗(i+j+N),
and henceA! ∗

n is aendA-subcomodule ofV ⊗n. Finally, for alln ≥ 0,

A! ∗
n+1 ⊆ V ⊗A! ∗

n and A! ∗
n+N ⊆ V ⊗N ⊗A! ∗

n ∩ R ⊗ V ⊗n = R ⊗A! ∗
n (4.2)

4.2. The Koszul complex.The map

A⊗ V ⊗(i+1) → A⊗ V ⊗i

a ⊗ (v1 ⊗ · · · ⊗ vi+1) 7→ av1 ⊗ (v2 ⊗ · · · ⊗ vi+1)

is a morphism in the categoryComods
endA of right endA-comodules, because theendA-

coactionδA in (3.31) is a superalgebra map. Furthermore, this map is a left A-module map
which preserves total degree, and it restricts to a map ofendA-subcomodules

d : A⊗A! ∗
i+1 → AV ⊗A! ∗

i →֒ A⊗A! ∗
i

which is theA-linear extension of the embedding (4.2). The mapdN sendsA! ∗
i+N to AR ⊗

A! ∗
i = 0; sodN = 0. In other words, we have anN -complex

K(A) : . . .
d

−→ A⊗A! ∗
i+1

d
−→ A⊗A! ∗

i
d

−→ . . .
d

−→ A −→ 0 (4.3)

in Comods
endA consisting of graded-free leftA-modules andA-module maps which pre-

serve total degree. Therefore,K(A) splits into a direct sum ofN -complexesK(A)n =⊕
i+j=n Ai ⊗A! ∗

j in comods
endA.

Following [7], theKoszul complexK(A) defined by Berger in [5] can be described as the
following contraction ofK(A):

K(A) : . . .
dN−1

−→ A⊗A! ∗
N+1

d
−→ A⊗A! ∗

N
dN−1

−→ A⊗A! ∗
1

d
−→ A −→ 0 (4.4)

This is an ordinary complex inComods
endA which splits into a direct sum of complexes

K(A)n in comods
endA. Theith components ofK(A) and ofK(A)n are given by

K(A)i = A⊗A! ∗
ν(i) and K(A)ni = An−ν(i) ⊗A! ∗

ν(i)

with ν(i) = νN (i) as in (0.1). The differential onK(A) is

δi : K(A)i → K(A)i−1 where δi =

{
dN−1 for i even

d for i odd
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Writing A+ =
⊕

n>0 An = AV as usual, we have

Ker δi ⊆ A+K(A)i

for all i. Indeed, this is clear for oddi, sinceδi = d is injective onA! ∗
ν(i). For eveni, the

restriction ofδi = dN−1 to A! ∗
ν(i) is given bydN−1 : A! ∗

ν(i) = A! ∗
ν(i−1)+N−1 →֒ V ⊗(N−1) ⊗

A! ∗
ν(i−1)

∼
−→ AN−1 ⊗A! ∗

ν(i−1) →֒ A ⊗A! ∗
ν(i−1) where the first embedding comes from (4.2).

SinceA! ∗
ν(1) = A! ∗

1 = V andA! ∗
ν(2) = A! ∗

N = R by (4.1), the start of the Koszul complex,
augmented by the canonical map

A ։ k = A/A+

is as follows:

A⊗ R
δ2−→ A⊗ V

δ1=mult
−→ A −→ k −→ 0 (4.5)

This piece is easily seen to be exact: writingA = T(V )/I with I = (R) = I⊗V +T(V )⊗R

as in (0.2), the mapT(V )+ = T(V ) ⊗ V ։ A ⊗ V
δ1
։ A+ has kernelI. Thus,Ker δ1 =

I/I ⊗ V = Im δ2. Hence (4.5) is the start of the minimal graded-free resolution of the left
A-modulek.

4.3. N -homogeneous Koszul superalgebras.Recall from the Introduction that anN -homoge-
neous superalgebraA is calledN -Koszul if TorAi (k,k) is concentrated in degreeνN (i) for
all i ≥ 0. By [5, Proposition 2.12] or [8, Theorem 2.4], this happens exactly if the Koszul
complexK(A) is exact in degreesi > 0 and in view of (4.5), this amounts to exactness of
K(A) in degreesi ≥ 2. In this case,

K(A) −→ k −→ 0

is the minimal graded-free resolution of the trivial leftA-modulek.
The YonedaExt-algebraE(A) =

⊕
i≥0 Exti

A(k,k) of anN -Koszul superalgebraA has
the following description in terms of the dual algebraA!:

ExtiA(k,k) ∼= A!
ν(i) (i ≥ 0)

Moreover, identifyingExti
A(k,k) andA!

ν(i), the Yoneda productf · g and theA!-productfg

for f ∈ Exti
A(k,k) = A!

ν(i) andg ∈ ExtjA(k,k) = A!
ν(j) are related byf · g = (−1)ijfg

whenN = 2, and

f · g =

{
fg if i or j is even

0 if i andj are both odd

for N > 2; see [21, Theorem 9.1], [8, Proposition 3.1].

Example 4.1. Quadratic algebras having a PBW-basis are2-Koszul; see, e.g., [41, Chap. 4,
Theorem 3.1]. This applies in particular to quantum superspaceA = Af

q; see Example 3.1. A
PBW-basis in this case is given by the collection of ordered monomialsxm1

1 xm2
2 . . . xmd

d with
mi ≥ 0 for all i andmi ≤ 1 if î = 1̄, as in Example 3.1. For a more general result, see [41,
Chap. 4, Theorem 8.1].
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Example 4.2. The unmixed Yang-Mills algebrasA = YM± (see Example 3.2) were shown
to be3-Koszul in [10], [11]. Indeed, lettingA[ℓ] denotes the shift ofA that is defined by
A[ℓ]n = Aℓ+n, the defining relations forA in the form (3.7) imply that the following complex
of graded-free leftA-modules is exact:

0 −→ A[−4]
·Y
−→ A[−3]d

·M
−→ A[−1]d

·Y tr

−→ A −→ k −→ 0 (4.6)

The pieceA[−3]d
·M
−→ A[−1]d

·Y tr

−→ A −→ k −→ 0 is identical with (4.5). Therefore, (4.6)
is the minimal graded-free resolution ofk. The resolution shows that eachTorAi (k,k) is con-
centrated in degreeν3(i), and henceA is 3-Koszul. It also follows that (4.6) is isomorphic to
K(A) → k → 0. In particular, (4.6) confirms the dimensions of the corresponding compo-
nentsA!

n in Example 3.7. As has been pointed out in [10], [11], it follows from (4.6) that the
Hilbert seriesHA(t) =

∑
n≥0 dimkAn tn of A = YM± has the form

HA(t) =
1

1 − dt + dt3 − t4

=
1

(1 − t2)(1 − dt + t2)

If d > 2 then the series has a pole in the interval(0, 1), and hencedimkAn grows exponen-
tially with n. Therefore,A is not noetherian in this case; see Stephenson and Zhang [42].

The mixed Yang-Mills algebrasA = YMp|q with p 6= 0 andq 6= 0, on the other hand, are
never3-Koszul. ForYM1|1 this follows from the description given in Example 3.2: thisalge-
bra has infinite global dimension. In general, one can check that the so-called extra condition
(see (4.10) below) fails forA, and soA cannot be Koszul, by [5, Prop. 2.7].

Example 4.3. It has been shown in [5, Theorem 3.13] that theN -symmetric algebraSN(V )
of a pure even spaceV over a field of characteristic0 is N -Koszul. An extension of this result
will be offered in Theorem 4.5 below.

4.4. Confluence and Koszulity.For the convenience of the reader, we recall the notions of
reduction operators and confluence and their relation to theKoszul property. Complete details
can be found in Berger [4], [5].

Let V in Vectsk be given along with a graded basisX = {x1, . . . xd} that is ordered by
x1 > x2 > · · · > xd. The tensors (“monomials”)xi = xi1 ⊗ xi2 ⊗ · · · ⊗ xiN for i =
(i1, i2, . . . , iN ) ∈ {1, 2, . . . , d}N form a basis ofV ⊗N which will be given the lexicographical
ordering. AnX-reduction operatoron V ⊗N is a projectionS ∈ EndVectsk(V ⊗N ) such that
either S(xi) = xi or S(xi) < xi holds for eachi, where the latter inequality means that
S(xi) is a linear combination (possibly0) of monomials< xi. The monomialsxi satisfying
S(xi) = xi are calledS-reduced, all other monomials areS-nonreduced. We denote by
Red(S) andNRed(S)) the (super) subspaces ofV ⊗N that are generated by theS-reduced
monomials and theS-nonreduced monomials, respectively; soV ⊗N = Red(S) ⊕ NRed(S)
andIm(S) = Red(S).

Let LX(V ⊗N ) denote the collection of allX-reduction operators onV ⊗N . The proof of
[4, Theorem 2.3] shows that the applicationS 7→ Ker(S) is a bijection betweenLX(V ⊗N )
and the set of all super subspaces ofV ⊗N . HenceLX(V ⊗N ) inherits a lattice structure: for
S, S′ ∈ LX(V ⊗N ) one hasX-reduction operatorsS ∧ S′ andS ∨ S′ on V ⊗N which are
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defined by

Ker(S ∧ S′) = Ker(S) + Ker(S′)

Ker(S ∨ S′) = Ker(S) ∩ Ker(S′)

A pair (S, S′) of X-reduction operators is said to beconfluentif

Red(S ∨ S′) = Red(S) + Red(S′)

Since the inclusion⊇ is always true, confluence of(S, S′) is equivalent to the inequality

dimk Im(S ∨ S′) ≤ dimk(Im(S) + Im(S′)) (4.7)

Let n ≥ N . Any X-reduction operatorS onV ⊗N gives rise toX-reduction operatorsSn,i

onV ⊗n which are defined by

Sn,i := IdV ⊗i ⊗S ⊗ IdV ⊗j (i + j + N = n)

A monomialxi = xi1 ⊗ xi2 ⊗ · · · ⊗ xin of lengthn ≥ N is said to beS-reduced ifxi is
Sn,i-reduced for alli, that is, if every connected submonomial ofxi of lengthN is S-reduced.

Now letA = A(V,R) be anN -homogeneous superalgebra, and letS be theX-reduction
operator onV ⊗N such thatKer(S) = R. The algebraA is said to beX-confluentif the pairs
(SN+i,i, SN+i,0) of X-reduction operators onV ⊗N+i are confluent fori = 1, . . . , N − 1. By
(4.7) this amounts to the inequalities

dimk Im(SN+i,i ∨ SN+i,0) ≤ dimk (Im(SN+i,i) + Im(SN+i,0)) (4.8)

being satisfied fori = 1, . . . , N − 1.
Following Berger [5], we denote byTn the lattice of super subspaces ofV ⊗n that is gen-

erated by the subspaces

Rn,i := V ⊗i ⊗ R ⊗ V ⊗j = Ker(Sn,i) (i + j + N = n) (4.9)

The superalgebraA is said to bedistributiveif the latticesTn are distributive for alln, that is,
C ∩ (D + E) = (C ∩ D) + (C ∩ E) holds for allC,D,E ∈ Tn.

The following proposition states the operative facts concerning Koszulity for our purposes.
Part (a) is identical with [5, Thm. 3.11] while (b) is [5, Prop. 3.4].

Proposition 4.4. LetA = A(V,R) be anN -homogeneous superalgebra.

(a) If A isX-confluent for some totally ordered graded basisX ofV thenA is distributive.
Moreover, lettingS denote theX-reduction operator onV ⊗N such thatKer(S) = R,
the classes inA of theS-reduced monomialsxi1 ⊗ xi2 ⊗ · · · ⊗ xin with xij ∈ X form
a k-basis ofAn for all n ≥ N .

(b) Assume thatA is distributive and the following “extra condition” is satisfied

Rn+N,0 ∩ Rn+N,n ⊆ Rn+N,n−1 (2 ≤ n ≤ N − 1) (4.10)

ThenA is N -Koszul.

After these preparations, we are now ready to prove the following result. The quadratic
caseN = 2 is due to Gurevich [22]; see also Wambst [44].

Theorem 4.5. Let N ≥ 2 and0 6= q ∈ k and assume that[n]q 6= 0 for all n ≥ 1. Then, for
every Hecke operatorR associated withq, theN -homogeneous superalgebraΛR,N defined
in (3.8) is N -Koszul.
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Proof. PutA = ΛR,N and recall thatA = A(V,R) with

R = Im ρN,R(XN ) ⊆ V ⊗N

The extra condition (4.10) is a consequence of equation (1.19). Indeed, (1.19) implies that the
spacesRn,i in (4.9) have the form

Rn,i =

i+N−1⋂

s=i+1

Im(ρn,R(Ts) + 1) ⊆ V ⊗n (4.11)

Applying (4.11) withρ = ρn+N,R we see that the left hand side of (4.10) is identical to

N−1⋂

i=1

Im(ρ(Ti) + 1) ∩

n+N−1⋂

i=n+1

Im(ρ(Ti) + 1) =

n+N−1⋂

i=1

Im(ρ(Ti) + 1)

where the equality holds becausen + 1 ≤ N . The last expression is clearly contained in⋂n+N−2
i=n Im(ρ(Ti) + 1), which is identical to the right hand side of (4.10). This establishes

the extra condition (4.10).
In order to prove the distributivity ofA, we follow the approach taken in [25]. We first prove

the claim for the standard solutionRDJ , i.e., the operator given in Example 1.2 withd = p
andq = 0. As above, fix a basisX = {x1, . . . , xd} of V , ordered byx1 > x2 > · · · > xd,
and consider the basis ofV ⊗n consisting of the monomialsxi = xi1 ⊗ xi2 ⊗ · · · ⊗ xin for
i = (i1, i2, . . . , in) ∈ {1, 2, . . . , d}n with the lexicographical ordering. By equation (1.21),
the action of the generatorsTj of the Hecke algebraH = Hn,q2 on this basis is given by

Tj(xi) =






q2xi if ij = ij+1

(q2 − 1)xi + qxσj(i) if ij < ij+1

qxσj(i) if ij > ij+1

(4.12)

Here,σj = (j, j + 1) ∈ Sn andσ(i) = (iσ−1(1), iσ−1(2), . . . , iσ−1(n)) for σ ∈ Sn, as in
Example 3.3.

We claim that theH -submodule ofV ⊗n that is generated byxi is given by

H (xi) =
⊕

i′∈Sn(i)

kxi′ (4.13)

whereSn(i) is the Sn-orbit of i. Indeed, (4.12) implies that eachTσ(xi) with σ ∈ Sn

is a linear combination of basis vectorsxi′ with i′ ∈ Sn(i). Hence,⊆ certainly holds in
(4.13). For the reverse inclusion, leti∗ denote the unique non-decreasing sequence inSn(i);
soxi∗ = max{xi′ | i

′ ∈ Sn(i)}. The last formula in (4.12) implies that

T (xi) = qr(i)xi∗ (4.14)

whereT is a suitable finite product of lengthr(i) ≥ 0 in the generatorsTj. SinceT is a unit
in H , the inclusion⊇ holds in (4.13), thereby proving the asserted equality.

Furthermore, (4.14) and (1.18) (withq replaced byq2) give

qr(i)Xn(xi) = Xn(xi∗). (4.15)
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These elements are nonzero. For, (4.15) implies that the elementsXn(xi∗) span the image of
Xn onV ⊗n, and their number is

(d+n−1
n

)
which is equal to the rank ofXn (cf. [25, Eq. (5)]).

It follows thatXn(V ⊗n) = Im ρn,RDJ (Xn) has ak-basis consisting of the elements
{
Xn(xi∗)

∣∣ i∗ = (i1 ≤ i2 ≤ · · · ≤ in) ∈ {1, 2, . . . , d}n
}

Next, writing

Xn(xi) =
∑

i′∈Sn(i)

λi′xi′ (4.16)

with λi′ ∈ k, we claim that

λσj(i′) =

{
λi′ if i′ = σj(i

′)

q±1λi′ otherwise

To prove this, we may assume thati′ 6= σj(i
′). We compute the coefficient ofxσj(i′) in

TjXn(xi) in two ways: by (1.18) this coefficient is equal toq2λσj(i′) while (4.12) yields
the expressionqλi′ + (q2 − q1±1)λσj(i′). The claim follows from this. Writing an arbitrary
σ ∈ Sn as a product of the inversionsσj , we see that the coefficientsλi′ in (4.16) only differ
by a nonzero scalar, and hence they are all nonzero sinceXn(xi) 6= 0.

By Proposition 4.4, it suffices to check theX-confluence conditions (4.8)i = 1, . . . , N−1.
So letS be theX-reduction operator onV ⊗N with Ker(S) = R. It is easy to see from the dis-
cussion above (withn = N ) thatS is given byS(xi∗) = (1 − XN/λi∗)(xi∗) andS(xi) = xi

for i 6= i∗. According to (4.11) and the discussion above, the dimension of (R⊗V ⊗i)∩(V ⊗i⊗

R) is
(
d+N+i−1

N+i

)
. Thus, the dimension of the left hand side of (4.8) isdN+i −

(
d+N+i−1

N+i

)
. On

the other hand the monomials inV ⊗N+i that belong toNRed(SN+i,i) ∩ NRed(SN+i,0) are
exactly those of the formxi∗ with i∗ ∈ {1, . . . , d}N+i non-decreasing. Their number is pre-
cisely

(d+N+i−1
N+i

)
. Therefore, the dimension ofIm(SN+i,i) + Im(SN+i,0) = Red(SN+i,i) +

Red(SN+i,0) is at leastdN+i −
(d+N+i−1

N+i

)
. This proves the inequality in (4.8), thereby fin-

ishing the proof of the theorem for the caseR = RDJ .
In order to deal with an arbitrary Hecke operatorR, recall thatHn,q is split semisimple,

having a representative set of simple modulesMλ indexed by the partitionsλ ⊢ n; see (1.15).
We denote the representation ofHn,q onMλ by ρλ; it does not depend on the operatorR but
only on the partitionλ.

Let us fix a decomposition

V ⊗n =
⊕

t∈T

Mt

into simpleHn,q-submodulesMt. Since allMt are invariant under the operatorsρn,R(Tj),
formula (4.11) yields the decomposition

Rn,i =
⊕

t∈T

i+N−1⋂

s=i+1

(ρn,R(Ts) + 1)(Mt) =
⊕

t∈T

Rn,i ∩ Mt

for all i. Therefore, by [25, Lemma 1.2], distributivity of the latticeTn that is generated by
the subspacesRn,i of V ⊗n is equivalent to distributivity of the latticesTn ∩ Mt (t ∈ T ) that
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are generated by the subspaces

Rn,i ∩ Mt =
i+N−1⋂

s=i+1

(ρn,R(Ts) + 1)(Mt)

of Mt. Now, eachMt is isomorphic toMλ for someλ ⊢ n. Therefore, the latticeTn ∩ Mt is
isomorphic to the lattice of subspaces ofMλ that is generated by the subspaces

i+N−1⋂

s=i+1

(ρλ(Ts) + 1)(Mλ)

with i + N ≤ n. Finally, whend = dim V > n, then all simpleHn,q-modulesMλ appear
in V ⊗n; see [15, Proposition 5.1]. Thus, the distributivity of thelattice associated toRDJ ,
which we have already verified, implies the distributivity of the corresponding lattice for any
Hecke operatorR. This completes the proof. �

5. KOSZUL DUALITY AND MASTER THEOREM

In this section,A = A(V,R) denotes anN -homogeneous superalgebra that is assumed to
beN -Koszul (N ≥ 2).

5.1. By Koszulity, the complexes

K(A)n : . . . → An−νN(i) ⊗A! ∗
νN (i) → An−νN (i−1) ⊗A! ∗

νN (i−1) → . . .→An → 0

are exact forn > 0. This yields equations in the Grothendieck ringRendA of the category
comods

endA : ∑

i≥0

(−1)i[An−νN (i)][A
! ∗
νN (i)] = 0 (n > 0) (5.1)

In the power series ringRendAJtK over the Grothendieck ring RendA, define the Poincaré
series

PA(t) =
∑

n≥0

[An]tn and PA!∗(t) =
∑

n≥0

[A! ∗
n ]tn

For any power seriesP (t) =
∑

n antn, we use the notation

PN (t) :=
∑

n≡0,1 mod N

(−1)αN (n)antn

whereαN (n) = n − (n mod N) denotes the largest multiple ofN less than or equal ton.
Thus,P2(t) = P (t) and in general

PN (−t) =
∑

n≡0,1 mod N

(−1)n mod Nantn

=
∑

i≥0

(−1)iaνN (i)t
νN (i)

(5.2)

In particular,
PA!∗,N (−t) =

∑

i≥0

(−1)i[A! ∗
νN (i)]t

νN (i)

Equations (5.1) are equivalent to the following Koszul duality formula:
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Proposition 5.1. For anyN -homogeneous Koszul superalgebraA, the identity

PA(t)PA!∗,N (−t) = 1

holds inRendAJtK.

Applying the ring homomorphismχsJtK : RendAJtK → (endA)0̄JtK, whereχs is the su-
percharacter map as in Corollary 2.3, the formula in Proposition 5.1 takes the following form
in (endA)0̄JtK:

Corollary 5.2.

(
∑

ℓ

χs
Aℓ

tℓ

)
·




∑

m≡0,1 mod N

(−1)m mod Nχs
A! ∗

m
tm



 = 1

Analogous formulas hold with the supercharacterχs replaced by the ordinary characterχ
or by one of the dimensionsdim andsdim.

By (3.32) the coaction ofendA onA sendsAn toAn ⊗ (endA)n. A similar remark holds
for the endA-coaction onA! ∗; see§4.1. Therefore, both factors in Corollary 5.2 actually
belong to the Rees subring

∏
n≥0 Bntn of BJtK, where we have putB = (endA)0̄.

Example 5.3. As an application of the Hilbert series version of Corollary5.2, we see that the
dualsA! of the Yang-Mills algebrasA = YMp|q are never3-Koszul. In fact, by Example 3.7,
we haveHA!(t) = 1+dt+d2t2 +dt3+t4 if p = 0 or q = 0 andHA!(t) = 1+dt+d2t2 +dt3

otherwise. In either case,HA!(t)−1 has a nonzero coefficient att5, which rules out Koszulity.

5.2. A master theorem modeled on theN -symmetric superalgebraSN (V ). We putA =
SN (V ) and use the notation of Examples 3.3 and 3.8. In particular, we assume thatchar k = 0

and work with a fixed basisx1, . . . , xd of V = A1 so that̂i = 0̄ for i ≤ p and̂i = 1̄ for i > p.
From Example 3.3 (see also Proposition 4.4(a)), we know thata basis ofAℓ is given by the

monomialsxi = xi1xi2 . . . xiℓ for sequencesi = (i1, . . . , iℓ) ∈ {1, . . . , d}ℓ such thati has no
connected subsequencej = (j1, . . . , jN ) of lengthN satisfying

1 ≤ j1 < . . . < jm ≤ p < jm+1 ≤ . . . ≤ jN ≤ d = p + q

for somem. Adapting notation of Etingof and Pak [16] to our setting, wedenote this set of
sequencesi by

Λ(p|q,N)ℓ (5.3)

For example,Λ(p|q, 2)ℓ consists of all weakly decreasing sequencesi = (i1, . . . , iℓ) with
entries from{1, . . . , d} and such that no repetition occurs in the range{p + 1, . . . , d}.

In order to evaluate the characterχs
Aℓ

in Corollary 5.2, recall from (3.34) that the coaction
δA : A → A⊗ endA is given on the generatorsxi of A by

δA(xi) =
∑

j

xj ⊗ zj
i ∈ A⊗ endA

wherezj
i = xj ⊗ xi are the canonical generators of the algebraendA. For i = (i1, . . . , iℓ) ∈

Λ(p|q,N)ℓ, we have

δA(xi) = δA(xi1)δA(xi2) . . . δA(xiℓ) ∈ Aℓ ⊗ endA

SinceAℓ ⊗ endA =
⊕

i∈Λ(p|q,N)ℓ
xi ⊗ endA, we can defineZ(i) ∈ (endA)0̄ by

δA(xi) = xi ⊗ Z(i) + (terms supported onΛ(p|q,N)ℓ \ {i})
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Then (2.8) becomes

χs
Aℓ

=
∑

i∈Λ(p|q,N)ℓ

(−1)îZ(i) (5.4)

with î = î1 + · · · + îℓ.
Now consider the super bialgebraB = O(E(V )) = k[xi

j | 1 ≤ i, j ≤ d] defined in§2.5.3

and recall that thexi
j are supercommuting variables of parityî + ĵ over k. Restricting the

comoduleAℓ to B along the mapϕ : endSN (V ) → B, zi
j 7→ xi

j in (3.35) we must replace
Z(i) in (5.4) byX(i) := ϕ(Z(i)) ∈ B0̄. Thus, writing

yi =
∑

j

xj ⊗ xj
i ∈ A⊗ B

andyi = yi1 . . . yiℓ ∈ Aℓ ⊗ B =
⊕

j∈Λ(p|q,N)ℓ
xj ⊗ B for i = (i1, . . . , iℓ), we have

yi = xi ⊗ X(i) + (terms supported onΛ(p|q,N)ℓ \ {i}) (5.5)

As for the supercharacter ofA! ∗
m , recall from (4.1) and (3.15) that, for alln ≥ N ,

A! ∗
n =

⋂

i+j+N=n

V ⊗i ⊗ R ⊗ V ⊗j = Λ
nV

Viewing A! ∗
n = ΛnV as a comodule overB = O(E(V )), the supercharacter ofA! ∗

n is the
nth elementary supersymmetric functionen which we know, by Proposition 2.4, to be iden-
tical to the coefficient attn of the characteristic functionber(1 + tX) of the generic su-

permatrixX =
(
xi

j

)

1≤i,j≤d
of type p|q; so the diagonal blocksX11 =

(
xi

j

)

1≤i,j≤p
and

X22 =
(
xi

j

)

p+1≤i,j≤p+q
consist of even entries while all other entries are odd.

To summarize, we obtain the following super-version of [16,Theorem 2].

Theorem 5.4. LetX =
(
xi

j

)

d×d
be the generic supermatrix of typep|q. Then




∑

ℓ

∑

i∈Λ(p|q,N)ℓ

(−1)îX(i) tℓ



 ·




∑

m≡0,1 mod N

(−1)m mod Nemtm



 = 1

holds in the power series ringk[xi
j | all i, j ]0̄JtK. Here Λ(p|q,N)ℓ and X(i) are defined

by (5.3) and (5.5), respectively, and theem are the coefficients of the characteristic function
ber(1 + tX) =

∑
n≥0 entn of X.

5.3. As an application of Theorem 5.4 , we determine the superdimension Hilbert series

Hs
A(t) =

∑

ℓ≥0

sdimkAℓ tℓ

for theN -symmetric superalgebraA = SN (V ). For the pure even case, this was already done
by Etingof and Pak [16] . The notations of§5.2 remain in effect.

In view of Corollary 2.3, the superdimension Poincaré series follows by applying the counit
ε : B → k to the equation in Theorem 5.4. Indeed, by (2.11), the counitε sendsX 7→ 1d×d,



N -HOMOGENEOUS SUPERALGEBRAS 37

and hence the elementsX(i) in (5.5) all map to1. Therefore, the first factor in Theorem 5.4
becomes

Hs
A(t) =

∑

ℓ≥0




∑

i∈Λ(p|q,N)ℓ

(−1)î



 tℓ

For the second factor, note that

ber(1 + t 1d×d) = (1 + t)p−q

by (2.12). Thus,

Hs
A(t) =

∑

ℓ≥0




∑

i∈Λ(p|q,N)ℓ

(−1)î



 tℓ

=









∑

m≡0,1 mod N

(−1)m mod N

(
p − q

m

)
tm




−1

if p ≥ q




∑

m≡0,1 mod N

(−1)αN (m)

(
m + q − p − 1

q − p − 1

)
tm




−1

if p < q

(5.6)

whereαN (m) = m − (m mod N) denotes the largest multiple ofN less than or equal tom
as in§5.1.

5.4. The ordinary Hilbert seriesHA(t) =
∑

ℓ≥0 dimkAℓ tℓ of theN -symmetric superalgebra
A = SN (V ) is as follows. Recall from§5.2 that

dimkAℓ = |Λ(p|q,N)ℓ|

and from (3.16) that

dimkA!
n =

{
dn if n < N∑

r+s=n

(p
r

)(q+s−1
s

)
if n ≥ N

Therefore, the Hilbert series is

HA(t) =
∑

ℓ≥0

|Λ(p|q,N)ℓ| t
ℓ

=




∑

m≡0,1 mod N

(−1)m mod N

(
∑

r+s=m

(
p

r

)(
q + s − 1

s

))
tm




−1 (5.7)

5.5. Less is known about the Hilbert series of theN -homogeneous superalgebrasA = ΛR,N

associated to an arbitrary Hecke operatorR : V ⊗2 → V ⊗2 on a vector superspaceV ; see
Example 3.4. Recall thatA = A(V,R) with R = Im ρR(XN ) ⊆ V ⊗N . For anyN -
homogeneous algebraA = A(V,R), we have

dimkA!
n = dimk ⋂

i+j+N=n

V ⊗j ⊗ R ⊗ V ⊗i
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by (3.10) and (3.11). ForR = Im ρR(XN ) in particular, (1.19) further implies that
⋂

i+j+N=n

V ⊗j ⊗ R ⊗ V ⊗i = ρR(Xn)
(
V ⊗n

)

holds forn ≥ N . Now [26, Theorem 3.5] implies that

HΛR,2
!(t) =

∏r
ℓ=1(1 + aℓt)∏s

m=1(1 − bmt)

where(r, s) is the birank ofR andaℓ andbm are positive real numbers. For example, in the
situation of 5.4,(r, s) = (p, q) andaℓ = bm = 1.

For any complex power seriesP (t), the power seriesPN (−t) in (5.2) can be written as

PN (−t) =
1

N

N−1∑

i=1

(1 − ζ−i
N )P (ζi

N t)

whereζN = e2πi/N . In particular,

HA!∗,N (−t) =
1

N

N−1∑

i=1

(1 − ζ−i
N )

∏r
ℓ=1(1 + aℓζ

i
N t)∏s

m=1(1 − bmζi
N t)

=
QN,a,b(t)

∏s
m=1(1 + bmt + . . . + bN−1

m tN−1)

for some real polynomialQN,a,b(t) with coefficients being polynomial ina = (aℓ) andb =
(bm). Therefore, the Hilbert series ofA has the form

HA(t) =

∏s
m=1(1 + bmt + . . . + bN−1

m tN−1)

QN,a,b(t)
(5.8)

Notice that the fraction on the right-hand side is reduced.
In particular, (5.7) has the form

HA(t) =
(1 − tN )s

(1 − t)sQN,1,1(t)
(5.9)

APPENDIX

For lack of a suitable reference, we include here a proof of Proposition 0.1 that was stated
in the Introduction. Our proof is based on the proof of [8, Proposition 2.1] and on additional
details that were communicated to us by Roland Berger. For the basics concerning graded
algebras, we refer the reader to [9, Chap. II§11] or [6].

As in the Introduction,A =
⊕

n≥0 An denotes an arbitrary connectedZ≥0-gradedk-
algebra andV is a graded subspace ofA+ =

⊕
n>0 An satisfyingA+ = V ⊕ A2

+. Thus,
T(V )/I

∼
−→ A for some graded idealI of T(V ). For convenience, we state Proposition 0.1

again:

Proposition. The relation idealI ofA lives in degrees≥ N if and only ifTorAi (k,k) lives in

degrees≥ νN (i) =

{
i
2N if i is even
i−1
2 N + 1 if i is odd
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Proof. Let

P : · · · → Pi
di−→ Pi−1

di−1
−→ · · ·

d1−→ P0
d0−→ k→ 0

be a minimal graded-free resolution of the trivial leftA-modulek. Thus, allPi have the form
Pi = A⊗ Ei for some graded subspaceEi ⊆ Ker di−1 which is chosen so that

Ker di−1 = Ei ⊕A+ Ker di−1 (A.10)

In particular, we may takeE0 = k andE1 = V . The differentialdi : Pi → Pi−1 is the graded
A-module map that is defined by the inclusionEi →֒ Pi−1. By the graded Nakayama Lemma
(e.g., [9, p. AII.171, Prop. 6]), our choice ofEi implies that

Im di = AEi = Ker di−1 and Ker di ⊆ A+ ⊗ Ei = A+Pi (A.11)

for all i. Consequently, the complexk⊗A P has zero differential, and hence

TorAi (k,k) ∼= k⊗A Pi
∼= Ei

In particular,
TorA0 (k,k) ∼= k and TorA1 (k,k) ∼= V = A+/A2

+

live in degrees0 = νN (0) and≥ 1 = νN (1), respectively. Moreover, the kernel ofd1 : P1 =
(T(V )/I) ⊗ V → P0 = A is exactlyI/I ⊗ V , and so

TorA2 (k,k) ∼= Ker d1/A+ Ker d1
∼= I/ (V ⊗ I + I ⊗ V )

Therefore,I lives in degrees≥ N if and only if TorA2 (k,k) lives in degrees≥ N = νN (2).
For the remainder of the proof, assume thatI lives in degrees≥ N . We will show by

induction oni that TorAi (k,k) = Ei lives in degrees≥ νN (i) for all i. The casesi ≤ 2
have been checked above. Assume thatEi lives in degrees≥ νN (i) and similarly forEi−1.
By (A.11), we know thatEi+1 ⊆ Ker di ⊆ A+ ⊗ Ei and soEi+1 certainly lives in degrees
≥ νN (i)+1. SinceνN (i)+1 = νN (i+1) wheni is even (or wheni is arbitrary andN = 2),
we are done in these cases. From now on, we assume thati is odd. We must show thatEi+1

lives in degrees≥ νN (i + 1) = i+1
2 N . SinceEi+1 ⊆ Ker di, it suffices to show thatdi is

injective in degrees< i+1
2 N , and sinceEi lives in degrees≥ νN (i) = i−1

2 N+1, our goal is to
show thatdi is injective on all homogeneous componentsPi,n of Pi in degreesn = i−1

2 N + j

with j = 1, . . . , N − 1. Putm = i−1
2 N for simplicity and note that

Pi,m+j =

j⊕

ℓ=1

Aj−ℓ ⊗ Ei,m+ℓ (A.12)

and

Pi−1,m+j =

j⊕

k=0

Aj−k ⊗ Ei−1,m+k (A.13)

sinceEi−1 lives in degrees≥ νN (i − 1) = m. The proposition will be a consequence of the
following claims:

(a) di is injective on all summandsAj−ℓ ⊗ Ei,m+ℓ in (A.12), and
(b) the subspacesdi (Aj−ℓ ⊗ Ei,m+ℓ) = Aj−ℓEi,m+ℓ for ℓ = 1, . . . , j form a direct sum

insidePi−1,m+j .
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In order to prove (a), recall that the restriction ofdi to Ei,m+ℓ is the inclusion

Ei,m+ℓ →֒ Pi−1,m+ℓ =
ℓ⊕

k=0

Aℓ−k ⊗ Ei−1,m+k

Hence, the effect ofdi on theℓth summand in (A.12) is the embedding

Aj−ℓ ⊗ Ei,m+ℓ →֒

ℓ⊕

k=0

Aj−ℓ ⊗Aℓ−k ⊗ Ei−1,m+k

followed by the map

ℓ⊕

k=0

Aj−ℓ ⊗Aℓ−k ⊗ Ei−1,m+k −→
ℓ⊕

k=0

Aj−k ⊗ Ei−1,m+k ⊆ Pi−1,m+j

which is given by the multiplication mapAj−ℓ ⊗ Aℓ−k → Aj−k. Sincej − k < N , our
hypothesis onI implies thatAj−k

∼= T(V )j−k, and similarlyAj−ℓ
∼= T(V )j−ℓ andAℓ−k

∼=
T(V )ℓ−k. Therefore, the above multiplication map is identical withthe injectionT(V )j−ℓ ⊗
T(V )ℓ−k →֒ T(V )j−k in T(V ). This proves (a).

For (b), we proceed by induction onj. The casej = 1 being obvious, let1 ≤ j ≤ N − 2
and assume that (ii) holds for1, . . . , j. We wish to show that the subspacesAj+1−ℓEi,m+ℓ

(ℓ = 1, . . . , j + 1) of Pi−1,m+j+1 form a direct sum. First, by (A.10) we haveEi,m+j+1 ∩

A+ Ker di−1 = 0 while
∑j

ℓ=1 Aj+1−ℓEi,m+ℓ ⊆ A+ Ker di−1. Therefore, it suffices to show
that the sum

∑j
ℓ=1 Aj+1−ℓEi,m+ℓ is direct. To this end, note thatAj+1−ℓ =

∑
d≥1 VdAj+1−d−ℓ

holds for allℓ ≤ j. Hence,

j∑

ℓ=1

Aj+1−ℓEi,m+ℓ =
∑

d≥1

Vd

j∑

ℓ=1

Aj+1−d−ℓEi,m+ℓ

By induction,
∑j

ℓ=1 Aj+1−d−ℓEi,m+ℓ is a direct sum insidePi−1,m+j+1−d. Thus, it suffices
to show that the sum

∑
d≥1 VdPi−1,m+j+1−d ⊆ Pi−1,m+j+1 is direct. But (A.13) gives

Pi−1,m+j+1 =

j+1⊕

k=0

Aj+1−k ⊗ Ei−1,m+k =

j+1⊕

k=0

T(V )j+1−k ⊗ Ei−1,m+k

where the last equality holds since allj + 1 − k < N . Therefore,

∑

d≥1

VdPi−1,m+j+1−d =
⊕

d≥1

Vd ⊗

j+1−d⊕

k=0

T(V )j+1−d−k ⊗ Ei−1,m+k

as desired. This proves (b), thereby completing the proof ofthe proposition. �
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