ALGEBRAIC GROUP ACTIONS ON NONCOMMUTATIVE SPECTRA

MARTIN LORENZ

ABSTRACT. Let G be an affine algebraic group and let R be an associative algebra with a rational action
of GG by algebra automorphisms. We study the induced G-action on the set Spec R of all prime ideals
of R, viewed as a topological space with the Jacobson-Zariski topology, and on the subspace Rat R C
Spec R consisting of all rational ideals of R. Here, a prime ideal P of R is said to be rational if the
extended centroid C(R/ P) is equal to the base field. Our results generalize work of Mceglin & Rentschler
and Vonessen to arbitrary associative algebras while also simplifying some of the earlier proofs.

The map P — ﬂg€G g.P gives a surjection from Spec R onto the set G-Spec R of all G-prime
ideals of R. The fibres of this map yield the so-called G-stratification of Spec R which has played a
central role in the recent investigation of algebraic quantum groups, in particular in the work of Goodearl
and Letzter. We describe the G-strata of Spec R in terms of certain commutative spectra. Furthermore, we
show that if a rational ideal P is locally closed in Spec R then the orbit G. P is locally closed in Rat R.
This generalizes a standard result on G-varieties. Finally, we discuss the situation where G-Spec R is a
finite set.

INTRODUCTION

0.1. This article continues our investigation [15] of the action of an affine algebraic group G on an
arbitrary associative algebra R. Our focus will now be on some topological aspects of the induced
action on the set Spec R of all prime ideals of R, the main themes being local closedness of G-orbits
in Spec R and the stratification of Spec R by means of suitable commutative spectra. The stratification
in question plays a central role in the theory of algebraic quantum groups; see Brown and Goodearl
[7] for a panoramic view of this area. Our goal here is to develop the principal results in a context that
is free of the standard finiteness conditions, noetherianness or the Goldie property, that underlie the
pioneering works of Mceglin and Rentschler [19], [20], [21], [22] and Vonessen [27], [28].

Throughout, we work over an algebraically closed base field k and we assume that the action of G
on R is rational; the definition will be recalled in §3.1. The action will generally be written as

GxR—R, (g,7)—gr.

0.2. The set Spec R carries the familiar Jacobson-Zariski topology; see §1.1 for details. Since the

G-action on R sends prime ideals to prime ideals, it induces an action of G by homeomorphisms on

Spec R. In the following, G\ Spec R will denote the set of all G-orbits in Spec R. We will also

consider the set G-Spec R consisting of all G-prime ideals of R. Recall that a proper G-stable ideal I

of R is called G-prime if AB C I for G-stable ideals A and B of R implies that A C [ or B C I.
There are surjective maps

Spec R % G\ Spec R, P—GP={gP|geG} (1)
v: Spec R — G-Spec R , P~ PG = ﬂ g.P. 2)
geG
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See [15, Proposition 8] for surjectivity of . We will give G\ Spec R and G-Spec R the final topologies
for these maps: closed subsets are those whose preimage in Spec R is closed [5, 1.2.4]. Since (2) factors
through (1), we obtain a surjection

G\ Spec R — G-Spec R, G.P— PG. 3)

This map is continuous and closed; see §1.3.

0.3. As in [15], we will be particularly concerned with the subsets Rat R C Spec R and G-Rat R C
G-Spec R consisting of all rational and G-rational ideals of R, respectively. Recall that rationality and
G-rationality is defined in in terms of the extended centroid C( . ) of the corresponding factor algebra
[15]. Specifically, P € Spec R is said to be rational if C(R/P) =k, and I € G-Spec R is G-rational
if the G-invariants C(R/I)¢ C C(R/I) coincide with k. For the definition and basic properties of
the extended centroid, the reader is referred to [15]. Here, we just recall that C(R/P) and C(R/I)“
always are extension fields of k, for any P € Spec R and any I € G-Spec R. The extended centroid of
a semiprime noetherian (or Goldie) algebra is identical to the center of the classical ring of quotients.
In the context of enveloping algebras of Lie algebras and related noetherian algebras, the field C(R/P)
is commonly called the heart (cceur, Herz) of the prime P (e.g., [10], [3], [4]). We will follow this
tradition here.

The sets Rat R and G-Rat R will be viewed as topological spaces with the topologies that are
induced from Spec R and G-Spec R: closed subsets of Rat R are the intersections of closed subsets of
Spec R with Rat R, and similarly for G-Rat R [5, 1.3.1]. The G-action on Spec R stabilizes Rat R.
Hence we may consider the set G\ Rat R C G\ Spec R consisting of all G-orbits in Rat R. We endow
G\ Rat R with the topology that is induced from G\ Spec R; this turns out to be indentical to the final
topology for the canonical surjection Rat R — G\ Rat R [5, I11.2.4, Prop. 10]. By [15, Theorem 1],
the surjection (3) restricts to a bijection

G\Rat R 2 G-RatR. @)

This map is in fact a homeomorphism; see §1.5.

0.4. The following diagram summarizes the various topological spaces under consideration and their
relations to each other.

Spec R

can. v

Rat R

b S

G\Rat R G-Rat R

o

Here, — indicates a surjection whose target space carries the final topology, — indicates an inclusion
whose source has the induced topology, and = is the homeomorphism (4).

0.5. The technical core of the article is Theorem 9 which describes the ~-fibre over a given I €
G-Spec R. This fibre will be denoted by

Spec; R ={P € SpecR | P.G = I}
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as in [7]. The partition

Spec R = |_| Spec; R (5)

I€G-Spec R
is called the G-stratification of Spec R in [7, I1.2]. In the special case where R is noetherian and G is
an algebraic torus, a description of the G-strata Spec; R in terms of suitable commutative spectra was
given in [7, I1.2.13], based on work of Goodearl and Letzter [11]. For general R and G, the intersection

Rat; R = Spec; R N Rat R

was treated in [15, Theorem 22]. Our proof of Theorem 9, to be given in Section 3, elaborates on the
one in [15].
Assuming G to be connected for simplicity, we put

Tr = C(R/I) 21 k(G) ,

where k(G) denotes the field of rational functions on G. The algebra 77 is a tensor product of two
commutative fields and 77 has no zero divisors. The given G-action on R and the right regular G-
action on k(@) naturally give rise to an action of ¢ on T}. Letting Spec® (T7) denote the collection of
all G-stable primes of T, Theorem 9 establishes a bijection

¢: Spec; R o, Spec(Ty)

which is very well behaved: the map c is equivariant with respect to suitable G-actions, it is an order
isomorphism for inclusion, and it allows one to control hearts and rationality. For the precise formula-
tion of Theorem 9, we refer to Section 3.

0.6. Theorem 9 and the tools developed for its proof will be used in Section 4 to investigate local
closedness of rational ideals. Recall that a subset A of an arbitrary topological space X is said to be
locally closed if A is closed in some neighborhood of A in X. This is equivalent to A being open in its
topological closure A in X or, alternatively, A being an intersection of an open and a closed subset of
X [5,1.3.3]. A point z € X is locally closed if {z} is locally closed. For X = Spec R, this amounts
to the following familiar condition: a prime ideal P is locally closed in Spec R if and only if P is
distinct from the intersection of all primes of R that properly contain P. A similar formulation holds
for X = G-Spec R ; see §1.4. We remark that “locally closed in G-Spec R” is referred to as “G-locally
closed” in [21] and [28].

The second main result of this article is the following theorem which will be proved in Section 4.
Earlier versions assuming additional finiteness hypotheses are due to Meeglin and Rentschler [19,
Théoreme 3.8], [21, Théoréeme 3] and to Vonessen [28, Theorem 2.6].

Theorem 1. The following are equivalent for a rational ideal P of R:
(a) P islocally closed in Spec R;
(b) v(P) = P:G is locally closed in G-Spec R.

Theorem 1 in conjunction with (4) has the following useful consequence. The corollary below
extends [28, Cor. 2.7] and a standard result on GG-varieties [14, Satz 11.2.2].

Corollary 2. If P € Rat R is locally closed in Spec R then the G-orbit G.P is open in its closure in
Rat R.

Proof. The point P:G € (G-Spec R is locally closed by Theorem 1. Applying the easy fact [5, 1.3.3]
that preimages of locally closed sets under continuous maps are again locally closed to f: Rat R —
Spec R G-Spec R, we conclude from (4) that f~1(P:G) = G.P is locally closed in Rat R. O
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0.7. In order to put Theorem 1 and Corollary 2 into perspective, we mention that rational ideals are
oftentimes locally closed in Spec R. In fact, for many important classes of algebras R, rational ideals
are identical with the locally closed points of Spec R. Specifically, we will say that the algebra R
satisfies the Nullstellensatz if the following two conditions are satisfied:

(i) every prime ideal of R is an intersection of primitive ideals, and
(i) Z (Endg V) = k holds for every simple R-module V.

Recall that an ideal of R is said to be (right) primitive if it is the annihilator of a simple (right) R-
module. Hypothesis (i) is known as the Jacobson property while versions of (ii) are referred to as
the endomorphism property [18] or the weak Nullstellensatz [23], [15]. The Nullstellensatz is quite
common. It is guaranteed to hold, for example, if k is uncountable and the algebra R is noetherian and
countably generated [18, Corollary 9.1.8], [7, I11.7.16]. The Nullstellensatz also holds for any affine
PI-algebra R [26, Chap. 6]. For many other classes of algebras satisfying the Nullstellensatz, see [18,
Chapter 9] or [7, 11.7].
If R satisfies the Nullstellensatz then the following implications hold for all primes of R:

locally closed = primitive =- rational.

Here, the first implication is an immediate consequence of (i) while the second follows from (ii); see
[15, Prop. 6]. The algebra R is said to satisfy the Dixmier-Maglin equivalence if all three properties are
equivalent for primes of R. Standard examples of algebras satisfying the Dixmier-Mceglin equivalence
include affine PI-algebras, whose rational ideals are in fact maximal [24], and enveloping algebras of
finite-dimensional Lie algebras; see [25, 1.9] for chark = 0. (In positive characteristics, enveloping
algebras are affine PI.) More recently, the Dixmier-Mceglin equivalence has been shown to hold for
numerous quantum groups; see [7, I1.8] for an overview.

Note that the validity of the Nullstellensatz and the Dixmier-Mceeglin equivalence are intrinsic to R.
However, G-actions can be useful tools in verifying the latter. Indeed, assuming the Nullstellensatz for
R, Theorem 1 implies that the Dixmier-Mceglin equivalence is equivalent to P:G being locally closed
in G-Spec R for every P € Rat R. This condition is surely satisfied whenever G-Spec R is in fact
finite.

0.8. The final Section 5 briefly addresses the question as to when G-Spec R is a finite set. Besides
being of interest in connection with the Dixmier-Mceeglin equivalence (§0.7), this is obviously relevant
for the G-stratification (5); see also [7, Problem I1.10.6]. Restricting ourselves to algebras R satisfying
the Nullstellensatz, we show in Proposition 14 that finiteness of G-Spec R is equivalent to the following
three conditions:

(i) the ascending chain condition holds for G-stable semiprime ideals of R,

(ii) R satisfies the Dixmier-Mceglin equivalence, and

(iii) G-Rat R = G-Spec R.

Several versions of Proposition 14 for noetherian algebras R can be found in [7, I1.8], where a profusion
of algebras is exhibited for which G-Spec R is known to be finite.

Note that (i) above is no trouble for the standard classes of algebras, even in the strengthened form
which ignores G-stability. Indeed, noetherian algebras trivially satisfy the ascending chain condition
for all semiprime ideals, and so do all affine PI-algebras; see [26, 6.3.36’]. Moreover, as was out-
lined in §0.7, the Dixmier-Mceglin equivalence (ii) has been established for a wide variety of algebras.
Therefore, in many situations of interest, Proposition 14 says in essence that finiteness of G-Spec R
is tantamount to the equality G-Rat R = G-Spec R. This is also the only condition where the G-
action properly enters the picture. The article concludes with some simple examples of torus actions
satisfying (iii). Further work is needed on how to assure the validity of (iii) under reasonably general
circumstances.
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0.9. This article owes a great deal to the ground breaking investigations of Mceglin & Rentschler
and Vonessen. The statements of our main results as well as the basic strategies employed in their
proofs have roots in the aforementioned articles of these authors. We have made an effort to render
our presentation reasonably self-contained while also indicating the original sources at the appropriate
points in the text. The reader interested in the details of Sections 3 and 4 may wish to have a copy of
[28] at hand in addition to [15].

Notations. Our terminology and notation follows [15]. The notations and hypotheses introduced in the
foregoing will remain in effect throughout the paper. In particular, we will work over an algebraically
closed base field k. Furthermore, G will be an affine algebraic k-group and R will be an associative
k-algebra (with 1) on which G acts rationally by k-algebra automorphisms. For simplicity, ®y will be
written as ®. Finally, for any ideal I < R, the largest G-stable ideal of R that is contained in I will be
denoted by

I.G = ﬂ g.l.

geG

1. TOPOLOGICAL PRELIMINARIES

1.1. Recall that the closed sets of the Jacobson-Zariski topology on Spec R are exactly the subsets of
the form

V({I)={Pe€SpecR|PDI}
where I C R. The topological closure of a subset A C Spec R is given by
A=V(I(A)) where I(A)= () P. (6)
PcA
The easily checked equalities I(V (I(A))) = I(A) and V(I(V(I))) = V(I) show that the operators
V and I yield inverse bijections between the collection of all closed subsets of Spec R on one side and

the collection of all semiprime ideals of R (i.e., ideals of R that are intersections of prime ideals) on
the other. Thus, we have an inclusion reversing 1-1 correspondence

closed subsets AL semiprime ideals %
A C SpecR I<R ’
Note that the equality I(V(I(A4))) = I(A) can also be stated as
1(4) = I(A) . ®)

1.2. The action of G commutes with the operators V and I: ¢.V(I) = V(g.I) and ¢g.1(A) = I(g.A)
holds for all g € G and all I C R, A C Spec R. In particular, the elements of G act by homeomor-
phisms on Spec R. Furthermore:

If g.A C A for a closed subset A C Spec R and g € G then g.A = A. )

In view of the correspondence (7), this amounts to saying that g.I O I forces g.I = I for semiprime
ideals I < R. But this follows from the fact that the G-action on R is locally finite [15, 3.1]: If
r € I satisfies g.r ¢ I then choose a finite-dimensional G-stable subspace V' C R with r € V to get
INVSgInV S g*InV S ..., whichis impossible.

Finally, consider the G-orbit G.P of a point P € Spec R. Since I(G.P) = P:G, equation (6) shows
that the closure of G.P in Spec R is given by

G.P=V(P:G)={Q €SpecR | Q O PG}

and (8) gives
I(G.P) =1(G.P) = PG .
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Thus, the correspondence (7) restricts to an inclusion reversing bijection

{ G-orbit closures in Spec R } AL G-Spec R
w W (10)
G.P — PG.

1.3. As was mentioned in the Introduction, the spaces G\ Spec R and G-Spec R inherit their topology
from Spec R via the surjections in (1) and (2):

Spec R

i

G\ Spec R G-Spec R

with 7(P) = G.P and v(P) = P:G. Closed sets in G\ Spec R and in G-Spec R are exactly those
subsets whose preimage in Spec R is closed. In both cases, preimages are also GG-stable, and hence
they have the form V(I) for some G-stable semiprime ideal I < R.
Let C be a closed subset of G-Spec R and write 7~ 1(C') = V(I) as above. Since P D [ is
equivalent to P:G D I for P € Spec R, we obtain
C=~(V())={PG|PeSpecR,P21I}
={P:G| P € SpecR,P:G D I} (11)
={J € G-SpecR|JDI}.
Conversely, if C = {J € G-SpecR | J O I} for some G-stable semiprime ideal I < R then
7~1(C) = V(I) is closed in Spec R and so C is closed in G-Spec R. Thus, the closed subsets of
G-Spec R are exactly those of the form (11). The partial order on G-Spec R that is given by inclusion
can be expressed in terms of orbit closures by (10): for P,Q € Spec R, we have
QGO PG <— GQRCGP < QedG.P. (12)
The map ~ factors through 7; so we have a map
~": G\ Spec R — G-Spec R

with v = 4/ o 7 as in (3). Since v~ 1(C) = 7~ 1(v/~1(C)) holds for any C' C G-Spec R, the map '
is certainly continuous. Moreover, if B C G\ Spec R is closed then A = 7~1(B) C Spec R satisfies
v(A) =+/(B) and A = V(I for some G-stable semiprime ideal I < R. Hence, 7' (B) = v(V (1)) is
closed in G-Spec R by (11). This shows that 4/ is a closed map.

1.4. Recall that a subset A of an arbitrary topological space X is locally closed if and only if A\ A =
AN AL is a closed subset of X. By (6), a prime ideal P of R is locally closed in Spec R if and only if
V(P)\ {P} = {Q € SpecR | Q 2 P} is a closed subset of Spec R, which in turn is equivalent to
the condition

PSIVP\{PH= [] Q. (13)
QeSpec R
Q2P
Similarly, (11) implies that a G-prime ideal I of R is locally closed in G-Spec R if and only if
s N 7. (14)
JeG-Spec R
J2I

Lemma 3. Let P € Spec R and let N be a normal subgroup of G having finite index in G. Then P.G
is locally closed in G-Spec R if and only if P:N is locally closed in N-Spec R.
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Proof. For brevity, put X = N-Spec R, Y = G-Spec R and H = G/N. Thus, H is a finite group
acting by homeomorphisms on X. From (3) we obtain a continuous surjection X — Y, I +— I:H,
whose fibres are easily seen to be the H-orbits in X . Thus, we obtain a continuous bijection H\X —
Y. From the description (11) of the closed sets in X and Y, we further see that this bijection is closed,
and hence it is a homeomorphism. Therefore, the image I: H of a given I € X is locally closed in
Y if and only if the orbit H.I is locally closed in X; see [5, 1.5.3, Cor. of Prop. 7]. Finally, with o
denoting topological closure in X, one easily checks that

HI\HI=|]h (m\ {1})
heH
and, consequently, (H.I\ H.I) N {I} = {I} \ {I}. Thus, H.I is locally closed if and only if I is
locally closed, which proves the lemma. ]

1.5. We now turn to the space Rat R of rational ideals of R and the associated spaces G\ Rat R and
G-Rat R with the induced topologies from Spec R, G\ Spec R and G-Spec R, respectively; see §0.3.
Restricting the maps © = can. and 7/ in §1.3, we obtain a commutative triangle of continuous maps

Rat R

G\Rat R il G-Rat R
The map +/,,, identical with (4), is bijective. Furthermore, if B C G\ Rat R is closed then, as in §1.3,
we have 7/, (B) = {J € G-Rat R | J 2 I} for some G-stable semiprime ideal I < R; so ., (B) is
closed in G-Rat R. This shows that 4/, is a homeomorphism. For general reasons, the quotient map
Trrat 18 Open and the topology on G\ Rat R is identical to the final topology for 7y [5, II1.2.4, Lemme
2 and Prop. 10]. By virtue of the homeomorphism ~/,,, the same holds for G-Rat R and ;.
We remark that injectivity of ~/,, and (12) imply that

QG2 PG < QeG.P\GP

holds for P, € Rat R. Here, can be taken to be the closure in Spec R or in Rat R. Focusing on
the latter interpretation, we easily conclude that

P:G is locally closed in G-Rat R <= G.P is open in its closure in Rat R.

Alternatively, in view of the homeomorphism ~;,,, local closedness of P:G € G-Rat R is equivalent to
local closedness of the point G.P € G\ Rat R, which in turn is equivalent to local closedness of the
preimage G.P = wr;tl(G.P) C Rat R; see [5, 1.5.3, Cor. of Prop. 7].

2. RING THEORETICAL PRELIMINARIES
2.1. The extended centroid of a ring U will be denoted by
CU).

By definition, C(U) is the center of the Amitsur-Martindale ring of quotients of U. We briefly recall
some basic definitions and facts. For details, the reader is referred to [15].
The ring U is said to be centrally closed if C(U) C U. If U is semiprime then

U =Uc(U)

is a centrally closed semiprime subring of the Amitsur-Martindale ring of quotients of U3 it is called
the central closure of U. Furthermore, if U is prime then U is prime as well and C(U) is a field.
Consequently, for any P € Spec U, we have a commutative field C(U/P).
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If T" is any group acting by automorphisms on U then the action of I' extends uniquely to an action
on the Amitsur-Martindale ring of quotients of U, and hence I' acts on C(U); see [15,2.3]. If [ is a
I-prime ideal of U then the ring of T-invariants C(U/I)! is a field; see [15, Prop. 9].

2.2. A ring homomorphism ¢: U — V is called centralizing if the ring V' is generated by the image
©(U) and its centralizer, Cy (o(U)) = {v € V | vp(u) = p(u)v Vu € U}; see [15, 1.5]. The lemma
below is a special case of [15, Lemma 4] and it can also be found in an earlier unpublished preprint of
George Bergman [1, Lemma 1].

Lemma 4. Let ¢: U — V be a centralizing embedding of prime rings. Then ¢ extends uniquely
to a homomorphism @: U — V between the central closures of U and V. The extension ¢ is again
injective and centralizing. In particular, (C(U)) C C(V).

Proof. If I is anonzero ideal of U then p(I)V = V(1) is a nonzero ideal of V. Hence (I) has zero
left and right annihilator in V. The existence of the desired extension ¢ now follows from [15, Lemma
4], since C, = C(U) holds in the notation of that result. Uniqueness of ¢ as well as injectivity and the

¢ is centralizing, it suffices to check that Cy (¢(U)) centralizes ¢(C(U)). To prove this, let ¢ € C(U)
and v € Cy(o(U)) be given. By [15, Prop. 2(ii)] there is a nonzero ideal I < U so that gI C U. For
u € I, one computes
PQ)ve(u) = g(g)p(u)v = p(qu)v = vo(qu) = vE(g)p(u) -
This shows that [v, §(q)]¢(I) = 0 and [15, Prop. 2(iii)] further implies that [v, ¢(g)] = 0. O
The lemma implies in particular that every automorphism of a prime ring U extends uniquely to the

central closure U. (A more general fact was already mentioned above.) We will generally use the same
notation for the extended automorphism of U.

2.3. The essence of the next result goes back to Martindale et al. [16], [9].

Proposition 5. Let U be a centrally closed prime ring and let V be any C-algebra, where C' = C(U).
Then there are bijections

1-1

{P € Spec(U®c V)| PNU =0} — SpecV
P — PNV
U®cp — p.

These bijections are inverse to each other and they are equivariant with respect to all automorphisms
of U ®c V that stabilize both U and V. Furthermore, hearts are preserved:

C(UcV)/P)=C(V/PNV).

Proof. The extension V — U ®¢ V is centralizing. Therefore, contraction P — P NV is a well-
defined map Spec(U ®¢ V) — Spec V' which clearly has the stated equivariance property.

If V is a prime ring then so is U ®¢ V; this follows from the fact that every nonzero ideal of
U ®¢ V contains a nonzero element of the form v ® v with w € U and v € V; see [15, Lemma 3(a)]
or [9, Theorem 3.8(1)]. By [17, Cor. 2.5] we also know that C(U ®¢ V) = C(V). Consequently,
p— U®cp = (U®cV)p gives a map SpecV — {P € Spec(U ®c V) | PNU = 0} which
preserves hearts.

Finally, by [15, Lemma 3(c)], the above maps are inverse to each other. O
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24. Let U be a prime ring. If U is an algebra over some commutative field F then the central closure
U is an F-algebra as well, because Z(U) C C(U) = Z(U).

Proposition 6. Let U and V be algebras over some commutative field F', with U prime. Then there is
a bijection

{P € Spec(U ®p V)| PNU =0} — {P € Spec(U®rp V)| PNU =0}
P — PNUpV).

This bijection and its inverse are inclusion preserving and equivariant with respect to all automor-
phisms of U Qg V' that stabilize both U and U @ V. Furthermore, hearts are preserved under this
bijection.

Proof. Since the extension UQpV — (7®FV is centralizing, the contraction map P PN (UerV)
sends primes to primes, and hence it yields a well-defined map between the sets in the proposition. This
map is clearly inclusion preserving and equivariant as stated.

For surjectivity, let P be a prime of U @ V' such that P N U = 0. The canonical map

p:U—=UQprV »>W=(U®pV)/P
is a centralizing embedding of prime rings. By Lemma 4, there is a unique extension to central closures,
TheL image of the canonical map ¢): V — U®pV — W centralizes ¢(U), and hence it also centralizes
©(U); see the proof of Lemma 4. Therefore, ¢ and v yield a ring homomorphism

Py URpV — W .

Put P = Ker @v. Since @y extends the canonical map U @ p V. — W = (U @ V)/P, we have
PN({U®pV)=Pand

W CIm@y = (U®pV)/PCW. (15)
In particular, every nonzero ideal of Imgp v has a nonzero intersection with W, and hence Impy isa
prime ring and Pisa prime ideal. Since PNU=PNU =0, it follows that PN U = 0. This proves
surjectivity. Furthermore, since the inclusions in (15) are centralizing inclusions of prime rings, they
yield inclusions of extended centroids, C(W) C C((U @p V)/P) C C(W) = C(W) by Lemma 4.
Therefore, P has the same heart as P.

To prove injectivity, let P and P’ be primes of U ®p V, both disjoint from U \ {0}, such that
PN (U&pV)C P N(U®gV). Weclaim that P C P'. Indeed, it follows from [15, Prop. 2(i)]
that, for any ¢ € U® r V, there is a nonzero ideal I of U such that ¢ C U ®p V. For g€ P we
conclude that ¢ C P'. Since I (U ®p V) is an ideal of U @p V that is not contained in P’, we must

have g € P'. Therefore, P C P’ as claimed. Injectivity follows and we also obtain that the inverse
bijection preserves inclusions. This completes the proof. ]

We will apply the equivariance property of the above bijection to automorphisms of the form a®r 8
with o € Autp-u.(U), extended uniquely to U as in §2.2, and 8 € Aut p-ge(V).

2.5. The following two technical results have been extracted from Mceglin and Rentschler [19, 3.4-
3.6]; see also Vonessen [28, proof of Prop. 8.12]. As above, F' denotes a commutative field. If a group
I" acts on a ring U then U is called a I'-ring; similarly for fields. A I'-ring U is called I'-simple if U
has no I'-stable ideals other than 0 and U'.
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Lemma?7. Let ' C L C K be I'-fields. Assume that K = Fract A for some I"-stable F-subalgebra A
which is I'-simple and affine (finitely generated). Then L = Fract B for some I'-stable F-subalgebra
B which is T'-simple and generated by finitely many I'-orbits.

Proof. We need to construct a I'-stable F'-subalgebra B C L satisfying
(1) L = Fract B,

(ii) B is generated as F'-algebra by finitely many I'-orbits, and

(iii) B is I'-simple.
Note that L is a finitely generated field extension of F’, because K is. Fix a finite set Xy C L of field
generators and let By C L denote the F-subalgebra that is generated by  J, x, 1z Then By certainly
satisfies (i) and (ii). We will show that the intersection of all nonzero I'-stable semiprime ideals of By is
nonzero. Consider the algebra B’ = By A C K, this algebra is I'-stable and affine over By. By generic
flatness [8, 2.6.3], there exists some nonzero t € By so that B'[t~!] is free over B[t ~!]. We claim that
if b is any I'-stable semiprime ideal of By not containing ¢ then by must be zero. Indeed, by By [t‘l}
is a proper ideal of By[t '], and hence b B’[t~!] is a proper ideal of B’[t~!]. Therefore, by AN Ais a
proper ideal of A which is clearly I'-stable. Since A is I'-simple, we must have by A N A = 0. Finally,
since bg C K = Fract A, we conclude that by = 0 as desired. Thus, ¢ belongs to every nonzero
I"-stable semiprime ideal of By. Now let B be the F'-subalgebra of L that is generated by By and the
I-orbit of t—1. Clearly, B still satisfies (i) and (ii). Moreover, if b is any nonzero I'-stable semiprime
ideal of B then b N By is a ['-stable semiprime ideal of By which is nonzero, because L = Fract By.

Hence ¢t € b and so b = B. This implies that B is I'-simple which completes the construction of
B. O

The lemma above will only be used in the proof of the following “lying over” result which will be
crucial later on. For a given I'-ring U, we let
Spect U
denote the collection of all I'-stable primes of U. These primes are certainly I'-prime, but the converse
need not hold in general.

Proposition 8. Let U be a prime F-algebra and let T be a group acting by F-algebra automorphisms
on U. Suppose that there is a T'-equivariant embedding C(U) — K, where K is a T'-field such that
K = Fract A for some I'-stable affine F-subalgebra A which is T'-simple.

Then there exists a nonzero ideal D < U such that, for every P € Spec' U not containing D, there
isaPe Spec! U satisfying PNU = P.

Proof. Applying Lemma 7 to the given embedding FF C C = C(U) — K we obtain a I'-stable F-
subalgebra B C C such that C' = Fract B, B is I'-simple and B is generated as F-algebra by finitely
many I'-orbits. Fix a finite subset X C B such that B is generated by | J, . x G.z and let

D={ueU|zuecUforallz € X};

this is a nonzero ideal of U by [15, Prop. 2(ii)]. In order to show that D has the desired property, we
first make the following

Claim. Suppose P € Specr U does not contain D. Then, given wy,...,w, € UB C U , there exists
anideal I < U with I Q P and such that w;I C U for all i.

To see this, note that every element of U B is a finite sum of terms of the form
w = u(gr-1) - (gr-r)
withu € U, g; € G and z; € X. The ideal J = (1)_, gj.D)T of U satisfies
wd Cugr.(x1D) - gp.(x,D) CU .
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Moreover, J ¢ P, because otherwise g;.D C P for some j and so D C P contrary to our hypothesis.
Now write the given w; as above, collect all occurlng g; in the (finite) subset © C G and let s be the
largest occuring r. Then the ideal I = (ﬂ JCE g.D) does what is required.
Next, we show that
PBNU=P.

Indeed, for any v € PB N U, the above claim yields an ideal I < U with [ ,d_ P and such that
ul C P. Since P is prime, we must have v € P which proves the above equality. Now choose an
ideal @ < U B which contains the ideal PB and is maximal with respect to the condition QN U = P
(Zorn’s Lemma). It is routine to check that () is prime. Therefore, Q QT is at least a I'-prime ideal
of U B satisfying Q NU = P. We show that Q is in fact prime. Let w1, ws € U B be given such that
wrUBwsy C Q Choosing [ as in the claim for w1y, wy, we have w1 ITUwsI C U N Q P. Since P is
prime, we conclude that w;1 C P for j = 1 or 2. Hence, w;IB C Q= Nyer 9-Q. Since each g.Q)
is prime in UB and I B is an ideal of U B not contained in g.(), we obtain that w; € ﬂgef‘ g.Q = @
This shows that @ is indeed prime.

Flnally, U is the (central) localization of U B at the nonzero elements of B. Furthermore, QDB =0,
since Q N B is a proper ['-stable ideal of B. It follows that P = QC’ is a prime ideal of U which is
clearly I'-stable and satisfies PNUB = Q Consequently, PNU = Q N U = P, thereby completing
the proof. (]

3. DESCRIPTION OF (G-STRATA
3.1. We now return to the setting of §0.1. The G-action on R will be denoted by
p=pr: G — Autp-qe(R) (16)
when it needs to be explicitly referred to; so

g.r=p(g)(r).

Recall from [15, 3.1, 3.4] that rationality of the action of G on R is equivalent to the existence of a
k-algebra map

Ap:R— RQKG], r—) r®fi

such that
gr=> rifi(g)

holds for all ¢ € G and r € R. Here, k|G] denotes the Hopf algebra of regular functions on G, as
usual. The k[G]-linear extension of the map A, is an automorphism of k[G]-algebras which will also
be denoted by Ag:

Ar: R®KG] = RK[G]; a7
see [15, 3.4].

3.2. Asin [15], the right and left regular representations of G will be denoted by
PryPe: G— AUtk-alg(n([G]) ;

they are defined by (p,(2)f) (y) = f(yx) and (pe(2)f) (y) = f(z~"y) forz,y € G.
The group G acts (rationally) on the k-algebra R ® k[G] by means of the maps Idg ®p, , and

p ® pr.e. The following intertwining formulas hold for all g € G
Agro(p®pr)(9) = (Idr®pr) (g9) 0 Ar (18)
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and

Aro(Idr®pe) (9) = (p® pe) (9) © A, (19)
where Ap, is the automorphism (17); see [15, 3.3].

In the following,
k(G) = Fract k|G]

will denote the algebra k(G) of rational functions on G} this is the full ring of fractions of k[G], and
k(Q) is also equal to the direct product of the rational function fields of the irreducible components of
G [2, AG 8.1]. The above G-actions extend uniquely to k(G) and to R ® k(G). We will use the same
notations as above for the extended actions. The intertwining formulas (18) and (19) remain valid in
this setting, with A g replaced by its unique extension to a k(G)-algebra automorphism

Ar: ROK(G) = RoKk(Q) . (20)
3.3. We are now ready to describe the G-stratum
Spec; R ={P € SpecR | P.G = I}

over a given I € G-Spec R. For simplicity, we will assume that G is connected; so k(G) is a field
which is unirational over k [2, 18.2]. Furthermore, I is a prime ideal of R by [15, Prop. 19(a)] and
so C(R/I) is a field as well. The group G acts on R/I by means of the map p in (16). This action

extends uniquely to an action on the central closure R/I, and hence we also have a G-action on
C(R/I) = Z(R/I). Denoting the latter two actions by p again, we obtain G-actions p ® p, on

R/T @ k(G)andon C(R/I) @ k(G). As in §2.5, we will write
Spec(T') = {p € SpecT | pis (p ® p,.)(G)-stable}
forT =C(R/I)Qk(G)orT = }?/JI@) k(G). The group G also acts on both algebras 7" via Id ®py and

the latter action commutes with p ® p,.. Hence, GG acts on SpecG (T') through Id ®p,. We are primarily
interested in the first of these algebras,

Ty = C(R/I) @ k(G)
a commutative domain and a tensor product of two fields.

Theorem 9. For a given I € G-Spec R, let T = C(R/I) ® k(Q). There is a bijection
c¢: Specy R o, Spec®(T7)

having the following properties, for P, P’ € Spec; R and g € G:

(a) G-equivariance: ¢(g.P) = (Id ®p¢(g9))(c(P));

(b) inclusions: P C P’ <= ¢(P) Cc(P');

(c) hearts: there is an isomorphism of k(G)-fields Vp: C(T;/c(P)) — C ((R/P) @ k(Q)) sat-

isfying
Vpo(p@pr)(9) = (1dr/p@pr)(g) o Vp,
Vy.po(1d®pe)(g) = (P& pe)(g) o Vp;
(d) rationality: P is rational if and only if Tt /c(P) =2 k(G).

Note that C(T7/c(P)) in (c) is just the classical field of fractions of the commutative domain
T;/c(P). Furthermore, in the second identity in (c), we have

(Id®pe)(g): C(T1/c(P)) — C(Tr/c(g.P))
(p®@pe)(g): C((R/P) @ Kk(G)) — C((R/g.P) @ k(G))
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in the obvious way. For (d), recall from (4) that there exists a rational P € Spec; R if and only if [ is
G-rational.

Proof. Replacing R by R/I, we may assume that 7 = 0. Our goal is to establish a bijection between
Specy R = {P € Spec R | P:G = 0} and Spec®(T}). For (a), this bijection needs to be equivariant
for the G-action by p on R and by Id ®py on Tj.
As was pointed out above, R is a prime ring. For brevity, we will put
C=C(R) and K =k(G).

Thus, C' and K are fields and Ty = C ® K. Let R = RC denote the central closure of R; so Risa
centrally closed prime ring and

R®K=RocT.
By Proposition 5, SpecTj is in bijection with the set of all primes @ € Spec(ﬁ’, ® K) such that
Q N R = 0. This bijection is equivariant with respect to the subgroups (p ® p,.)(G) and (Id ®p;)(G)
of Autn(-alg(ﬁ ® K), because these subgroups stabilize both R and Ty. Therefore, the bijection in
Proposition 5 restricts to a bijection

Spec®(Ty) <5 {Q € Spec®(R® K) | QN R = 0}
which is equivariant for the G-action by Id ®p, on T and on R ® K. Furthermore, Proposition 6
gives a bijection {Q € Spec(R® K) | QN R = 0} AL {Q € Spec(R® K) | Q" R = 0} and
this bijection is equivariant with respect to both (p ® p,.)(G) and (Id ®p,)(G). As above, we obtain a
bijection

{Q € Spec®(R® K) | QN R =0} AL {Q € Spec®(R® K) | QN R =0}

which is equivariant for the G-action by Id ®p, on R® K and on R® K. Hence it suffices to construct
a bijection

d: Specy R — {Q € Spec®(R® K) | QN R = 0} 1)
which is equivariant for the G-action by p on R and by Id ®py on R ® K.

For a given P € Spec,, R, consider the homomorphism of K'-algebras
op ROK 25 R K Sp=(R/P) 2 K , (22)

where A is the automorphism (20) and the second map is the K-linear extension of the canonical
epimorphism R — R/P. The algebra Sp is prime, since K is unirational over k. Therefore,

d(P) = Kerpp = AR (P® K) (23)

is a prime ideal of R® K. From [15, Lemma 17], we infer that P:G = d(P)NR, and so d(P)NR = 0.

Furthermore, d(P) clearly determines P. Hence, the map P — d(P) yields an injection of Specy R

into {@Q € Spec(R® K) | @ N R = 0}.

We now check that this injection is G-equivariant and has image in SpecG(R ® K). Note that (18)
and (19) imply the following equalities for all g € G:

ppo(p@pr)(g) = (Idr/p @pr)(g) © P, 24)

pg.p 0 (Idr @pr)(9) = (0 © pe)(g) © P - (25)

In (25), we view (p ® p¢)(g) as an isomorphism Sp — S, p in the obvious way. In particular, (24)
shows that d(P) is stable under (p ® p,)(G) while (25) gives

d(g-P) = (Idr ®pe)(9)(P) ;
so the map P — d(P) is G-equivariant.
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For surjectivity of d and the inverse map, let ) € SpeCG(R ® K) be given such that @ N R = 0.
Put

P:RQAR(Q>

Then P is prime in R, because the extension R <— R ® K is centralizing. Furthermore, [15, Lemma
17] gives P:G = AR (P® K)NR=QNR = 0;s0 P € Specy R. We claim that Q = d(P) or
equivalently, Ar(Q) = P ® K. To see this, note that Ar (Q) is stable under (Id ®p,.)(G) by (18).
Thus, the desired equality Ar(Q) = P ® K follows from [6, Cor. to Prop. V.10.6], because the field
of p,.(G)-invariants in K is k. Thus, d is surjective and the inverse of d is given by

d'(Q)=RnNARQ). (26)

This finishes the construction of the desired GG-equivariant bijection (21).
To summarize, we have constructed a bijection

¢: Specy R — Spec®(Tp)
with property (a); it arises as the composite of the following bijections:

Speco R —2> {Q € Spec®(R® K) | QN R = 0} @7

c_foelodl Tﬁ

Spec®(Tp) AN {Q e Spec®(R® K) | QN R = 0}

Formulas for d and its inverse are given in (23) and (26), respectively. The other maps are as follows:

e(@Q) =QN(RYK), (28)
f(Q) =QNTy, (29)
fp)=Reocp=(RoK)p; (30)

see Propositions 5 and 6. The maps d*!, f*! and e visibly preserve inclusions, and Proposition 6
tells us that this also holds for e~!. Property (b) follows. By Propositions 5 and 6, both e and f also
preserve hearts. Thus, we have an isomorphism of K -fields

Up: C(To/e(P)) > C((R® K)/d(P)) > C(Sp) .

The desired identities for ¥ are consequences of (24) and (25). This proves property (c).
For (d), note that

K C Ty/e(P) C C(Ty/c(P)) = Fract (Tp/c(P)) = C(Sp) 31)

holds for any P € Spec, R. If P is rational then C(Sp) = K by [15, Lemma 7], and so Ty /c(P) = K.
Conversely, if Ty/c(P) = K then (31) gives C(Sp) = K. Since there always is a K-embedding
C(R/P)® K — C(Sp) by [15, equation (1-2)], we conclude that C(R/P) = k; so P is rational. This
proves (d), and hence the proof of the theorem is complete. (]

3.4. Note that Theorem 9(b) and (d) together imply that rational ideals are maximal in their G-strata.
The following result, which generalizes Vonessen [28, Theorem 2.3], is a marginal strengthening of
this fact. In particular, the group G is no longer assumed to be connected.

Proposition 10. Let P € Rat R and let I < R be any ideal of R such that I O P. If I.G = P:G then
I=P.
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Proof. Let G° denote the connected component of the identity in G/ this is a normal subgroup of finite
index in G [2, 1.2]. Putting 1% = I:G° and P° = P:GO°, we have

IP2POPG=IG= () I’
z€G/GO
Since P° is G%-prime and all 2.1° are G°-stable ideals of R, we conclude that I° D P° D 2.1° for
some z and (9) further implies that I° = PY. Therefore, we may replace G by G°, thereby reducing
to the case where G is connected. Furthermore, replacing I by an ideal that is maximal subject to the

condition I:G = P:(G, we may also assume that [ is prime; see [15, proof of Proposition 8]. Thus, P
and [ both belong to Specp,; R and Theorem 9(b),(d) yields the result. (Il

Corollary 11. Let I € G-Spec R be locally closed in G-Spec R. Then the maximal members of the
G-stratum Spec; R are locally closed in Spec R. In particular, if R satisfies the Nullstellensatz (see
80.7) then the maximal members of the G-stratum Spec; R are exactly the rational ideals in Spec; R.

Proof. Let P € Spec R be maximal in its G-stratum Spec; R, where I = P:(G. Then, for any
@ € Spec R with Q 2 P, we have Q:G' 2 1. Since [ is locally closed, it follows that I # anP QG.
Hence P # ﬂQ; p @ which proves that P is locally closed in Spec R.

Finally, rational ideals are always maximal in their G-strata by Proposition 10. In the presence of
the Nullstellensatz, the converse follows from the preceding paragraph. O

3.5. We review some general results of Mceglin and Rentschler [22] and Vonessen [28]. Some of the
constructions below were already used, in a more specialized form, in the proof of Theorem 9. The
affine algebraic group G need not be connected here, but we will only use this material in the connected
case later on.

Fix a closed subgroup H < G and let

k(@) = K(H\G) C K(G)

denote the subalgebra of invariants for the left regular action p,
Rentschler [22] we define, for an arbitrary ideal / < R,

=AM I ekG)N(RokG)T). (32)

Here Ap is the automorphism (20) of R ® k(G). Thus, I is certainly an ideal of R ® k(G)H.
Furthermore:

e If [ is semiprime then 7 ® k(G) is a semiprime ideal of R ® k(G), because k(G) is a direct
product of fields that are unirational over k. Therefore, I” is semiprime in this case. For
connected G, we also see that if I is prime then I? is likewise, as in (23).

e The group G acts on R ® k(G) by means of p ® p,. Formula (18) implies that 1% is always
stable under this action. Moreover, if the ideal I is H-stable then formula (19) implies that
the ideal AL (I ® k(G)) of R ® k(G) is stable under the automorphism group Id g ®@p,(H).
Therefore, [28, Lemma 6.3] (or [6, Cor. to Prop. V.10.6] for connected ) implies that Agl (I®
k(G)) = I ®gyn k(G) holds in this case, and hence

I=Ag (I ®en k(G))NR. (33)

To summarize, the map I — I9 gives an injection of the set of all H-stable semiprime ideals of R into
the set of all (p ® p,.)(G)-stable semiprime ideals of R ® k(G)*. In fact:

|H on k(G). Following Mceglin and

Proposition 12 (Mceglin and Rentschler, Vonessen). Let H be a closed subgroup of G. The map
I — I in (32) gives a bijection from the set of all H-stable semiprime ideals of R to the set of all
(p ® pr)(G)-stable semiprime ideals of R ® k(G)". This bijection and its inverse, given by (33),
preserve inclusions.
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For the complete proof, see [28, Theorem 6.6(a)].

4. PROOF OF THEOREM 1

4.1. Proof of Theorem 1 (b) = (a). Let P € Rat R be given such that I = P:G is a locally closed
point of G-Spec R. Then the preimage v~ !(I) = Spec; R under the continuous map (2) is a locally
closed subset of Spec R, and hence so is Spec; R N {P}. By Proposition 10, Spec; RN {P} = {P},
which proves (a).

4.2. Proof of Theorem 1 (a) = (b). Besides making crucial use of Theorem 9, our proof closely
follows Vonessen [28, Sect. 8] which in turn is based on Mceglin and Rentschler [19, Sect. 3].

4.2.1. Some reductions. First, recall that the connected component of the identity in G is always a
normal subgroup of finite index in G. Therefore, Lemma 3 allows us to assume that G is connected
and we will do so for the remainder of this section.

We are given an ideal P € Rat R satisfying (13) and our goal is to show that P:G is distinct from
the intersection of all G-primes of R which properly contain P:G; see (14). For this, we may clearly
replace R by R/ P:G. Hence we may assume that

PG=0.

Thus, the algebra R is prime by [15, Proposition 19(a)], and so C(R) is a field. Our goal now is to show
that the intersection of all nonzero G-primes of R is nonzero again. Note that this intersection is identi-
cal to the intersection of all nonzero G-stable semiprime ideals of R, because G-stable semiprimes are
exactly the intersections of G-primes. The intersection in question is also identical to the intersection
of all nonzero G-stable prime ideals of R, because G-primes are the same as G-stable primes of R by
[15, Proposition 19(a)].

4.2.2. The main lemma. Let R = RC(R) denote the central closure of R. In the lemma below, which
corresponds to Vonessen [28, Prop. 8.7], we achieve our goal for R in place of R:

Lemma 13. The intersection of all nonzero G-stable semiprime ideals of R is nonzero.

Proof. Let Gp denote the stabilizer of P in G and recall that Gp is a closed subgroup of G [13,
1.2.12(5)]. Since P is locally closed, P is distinct from the intersection of all G p-stable semiprime
ideals of R that properly contain P. By Proposition 12 with H = Gp, we conclude that the ideal
P% € Spec (R ® K©7) is distinct from the intersection of all (p ® p,.)(G)-stable semiprime ideals of
R ® K©? that properly contain P%. Here, we have put K = k(G) and K7 = k(Gp\G) denotes
the invariant subfield of K for the left regular action pg| ap 38 in §3.5. In other words, the intersection
of all nonzero (p ® p,.)(G)-stable semiprime ideals of (R ® K “7)/P*% is nonzero. By Vonessen [28,
Lemma 8.6], the lemma will follow if we can show that there is a finite centralizing embedding

R < (R® KC*)/P* (34)

such that the G-action via p ® p, on (R ® KY7)/P" restricts to the G-action on R via the unique
extension of p.
To construct the desired embedding, write C' = C(R) and consider the k-algebra map

Yp: C = Ty=Co K — Ty/e(P) = K | (35)

where the first two maps are canonical and the last map is the K-isomorphism in Theorem 9(d); it is
given by the isomorphism ¥ p in Theorem 9(c). (We remark that the map #p is identical to the one
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constructed in [15, Theorem 22].) The identities for ¥ p in Theorem 9(c) yield the following formulas:

bpop(9)|, = pr(g)ovp, (36)
Yg.p = pe(g) o Yp . (37)
(See also (a) in the proof of [15, Theorem 22].) Consider the subfield
Kp=Imyp CK.

Equation (36) implies that K p is a p,.(G)-stable subfield of K. More precisely, identity (37) shows
that

Kp C K°r.
Moreover, if g ¢ Gp then c¢(g.P) # ¢(P) and hence v4 p # 1 p. Therefore, we deduce from (37)
that Gp = {g € G | pe(9)(z) = zforallz € Kp}. Now Vonessen [28, Proposition 4.5] gives that
the field extension K'“7 / K p is finite (and purely inseparable). Thus, the desired embedding (34) will
follow if we can show that there is a (p ® p,)(G)-equivariant isomorphism

(R® K¢P)/P*~ Roc KC* |

where c® 1 = 1®1p(c) holds for all ¢ € C'in the ring on the right. But the map RRQK —» E@c K=
R®¢ (Ty/c(P)) has kernel (e~ od)(P) in the notation of (27), and it is (p® p,)(G)-equivariant. The
restriction of this map to R® K¢* has image R®¢ K and kernel (e~ od)(P)N(R® K?) = P~
This finishes the proof of the lemma. (]

4.2.3. End of proof. We now complete the proof of Theorem 1 by showing that the intersection of all
nonzero GG-stable prime ideals of R is nonzero.

We use the G-equivariant embedding ¥p: C — K = k(G); see (35) and (36). Note that K =
Fract A where A = k|G| is a G-stable affine domain over k whose maximal ideals form one G-orbit.
Therefore, A is G-simple. By Proposition 8, there exists an ideal 0 % D <0 R such that, for every
G-stable prime P of R not containing D, there is a GG-stable prime of R lying over P.

Now let IV denote the intersection of all nonzero G-stable semiprime ideals of R; so N # 0 by
Lemma 13 and hence N N R # 0 by [15, Prop. 2(ii)(iii)]. We conclude from the preceding paragraph
that every nonzero G-stable prime ideal of R either contains D or else it contains /N N R. Therefore, the
intersection of all nonzero G-stable prime ideals of R contains the ideal D N N N R which is nonzero,
because R is prime. This completes the proof of Theorem 1. d

5. FINITENESS OF G-Spec R

5.1. The following finiteness result is an application of Theorem 1 and [15, Theorem 1].

Proposition 14. Assume that R satisfies the Nullstellensatz. Then the following conditions are equiv-
alent:

(a) R has finitely many G-stable semiprime ideals;
(b) G-Spec R is finite;
(¢) G-Rat R is finite;
(d) G has finitely many orbits in Rat R;
(e) R satisfies (1) the ascending chain condition for G-stable semiprime ideals,
(ii) the Dixmier-Mceglin equivalence, and
(iii) G-Rat R = G-Spec R.
If these conditions are satisfied then rational ideals of R are exactly the primes that are maximal in
their G-strata.
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Proof. The implications (a) = (b) = (c) are trivial and (c) < (d) is clear from (4). Moreover, the
Nullstellensatz implies that the G-stable semiprime ideals of R are exactly the intersections of G-
rational ideals. Thus, (c) implies (a), and hence conditions (a) - (d) are all equivalent.

We now show that (a) - (d) imply (e). First, (i) is trivial from (a). For (ii), note that (b) implies that
all points of G-Spec R are locally closed. Hence all rational ideals of R are locally closed in Spec R by
Theorem 1, proving (ii). Finally, in order to prove (iii), write a given I € G-Spec R as an intersection
of G-rational ideals. The intersection involves only finitely many members by (c), and so one of them
must be equal to I by G-primeness. Thus, I € G-Rat R which takes care of (iii).

To complete the proof of the equivalence of (a) - (¢), we will show that (e) implies (b). By a familiar
argument, hypothesis (i) allows us to assume that the algebra R is G-prime and G-Spec R/ is finite
for all nonzero G-stable semiprime ideals I of R. By (iii) and (4), we know that P:G = 0 holds for
some P € Rat R. Since P is locally closed in Spec R by (ii), Theorem 1 implies that O is locally
closed in G-Spec R, that is, I = no;ﬁJeG-SpecR J is nonzero; see (14). Therefore, G-Spec R =
{0} U G-Spec R/I is finite.

Finally, the last assertion is clear from Corollary 11, because all points of G-Spec R are locally
closed by (b). [l

5.2. We now concentrate on the case where G is an algebraic torus: G = G} with G, = k*. In
particular, G is connected and so G-Spec R is simply the set of all G-stable primes of R by [15,
Proposition 19(a)]. Moreover, every G-module M has the form

M = @ M,y ,

AEX(Q)
where X (G) is the collection of all morphisms of algebraic groups A\: G — G, and
My={me M|gm=Xg)mforall g € G}
is the set of G-eigenvectors of weight A in M.
Lemma 15. [fdimy Ry < 1 holds for all A € X (G) then G-Spec R = G-Rat R.

Proof. Let P € G-Spec R be given. The condition dimy Ry < 1 for all A € X (G) passes to R/P.
Therefore, replacing R by R/P, we may assume that R is prime and we must show that C(R)¢ = k.
For a given ¢ € C(R) put I = {r € R | gr € R}; this is a nonzero G-invariant ideal of R. Hence
I = @AGX(G) I, and so there is a nonzero element € I for some A. Since ¢ is G-invariant, we have

gr € Ry = kr. Therefore, (¢ — k)r = 0 holds in the central closure R for some k € k. Inasmuch as
nonzero elements of C(R) are units in R, we conclude that ¢ = k € k, which proves the lemma. O

5.2.1. Example: affine commutative algebras. The following proposition is a standard result on G-
varieties [14, I1.3.3 Satz 5]. It is also immediate from the foregoing:

Proposition 16. Let R be an affine commutative domain over k and let G be an algebraic k-torus
acting rationally on R. Then the following are equivalent:
(i) G-Spec R is finite;
(ii) (Fract R)® = k;
(iii) dimy Ry < 1jforall X € X(G).

Proof. Since affine commutative algebras satisfy the Nullstellensatz, the Dixmier-Mceeglin equivalence
and the ascending chain condition for ideals, Proposition 14 tells us that (i) amounts to the equality
G-Spec R = G-Rat R. The implication (iii) = (i) therefore follows from Lemma 15. Furthermore, (i)
implies that 0 € G-Rat R; so C(R)“ = k. Since C(R) = Fract R, (ii) follows. Finally, if a,b € Ry
are linearly independent then a/b € Fract R is not a scalar. Hence (ii) implies (iii). O
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5.2.2. Example: quantum affine toric varieties. Affine domains R with a rational action by an alge-
braic torus G satisfying the condition dimy Ry < 1 for all A € X (@) as in Lemma 15 are called
quantum affine toric varieties in Ingalls [12].

A particular example is quantum affine space R = Oq(k™) = k[z1,...,z,]. Here, q denotes
family of parameters ¢;; € k* (1 < i < j < n) and the defining relations of R are

TjTi = QijTiTj (Z < j) .
The torus G = G} acts on R, with o = (a1, ..., a,) € G acting by
Q.T; = OG5

for all 7. The standard PBW-basis of R,

m __ .M m My _ n
{a™ =2y g [ m= (ma,...,m,) € 2%},
consists of G-eigenvectors: ™ € R, with
Am(a) = o™ =a"ay? . ..apm

Therefore, the condition dimy Ry < 1 for all A is satisfied. Moreover, R = (’)q(Ik”) is noetherian and
satisfies the Dixmier-Moeglin equivalence as long as k contains a non-root of unity [7, I11.8.4].

Any quantum affine toric variety R is a quotient of some O (k™) [12, p. 6]. Hence, R is noetherian
and satisfies the Dixmier-Moeglin equivalence (in the presence of non-roots of unity). Therefore,
G-Spec R is finite by Proposition 14 and Lemma 15.

5.2.3. Example: quantum 2 x 2 matrices. Let R = O4(My); this is the algebra with generators
a, b, ¢, d and defining relations

ab = gba ac = qca bc = cb

bd = qdb cd = qdc ad —da = (¢ —q *)bd .

The torus G, acts on R as in [7, IL1.6(c)], with D = {(a,,a™,a™!) | a € k*} acting trivially.
Thus, G = G /D = G3, acts on R:

(017577)11:5@ (Oéaﬁa’Y)b:’Yb
(@, 8,7).c = afc (2, B,7).d = and

This action does not satisfy condition dimy Ry < 1 for all A € X(G). Indeed, the PBW-basis
{a’bictd™ | i,5,1,m € Zso} of R consists of G-eigenvectors: a'b/c!d™ corresponds to the char-
acter (o, 3,7) — a!tmBi*lyi+™m Defining

f:z7t —7°, (i,5,1,m) — (Il +m,i+ 1,7 +m)
we have, for any given A = (A1, A2, \3) € Z3,
dimg Ry = # (f7H(A\) NZL) .

In order to determine this number, note that Ker f = Z(1,—1,—1,1). Hence, we must count the
possible ¢t € Z so that z, +¢(1,—1,—1,1) € Zéo where we have put zy, = (A2 — A1, A3, A1,0). We
obtain the following conditionson¢: Ao — Ay +¢t > 0, A3 —t > 0, A\ —t > 0, and £ > 0. Therefore,

dimy Ry = max {0, min{\1, A3} — max{A; — A2,0} + 1} (38)

which can be arbitrarily large.
Now consider the algebra R = R/(D,) where D, = ad — qbc € ZR is the quantum determinant;
see [7,1.1.9]. Since D, € R, with 7 = (1,1,1), we have

dim[k E)\ = diInu< R)\ - dimu( R)\_ﬂ- § 1
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by (38). Therefore dimy, Ry <1forall\ e X (G). Moreover, assuming ¢ to be a non-root of unity, R
satisfies the Nullstellensatz and the Dixmier-Mceglin equivalence. Indeed, the algebra R is an image of
quantum 4-space, since ad = g*da mod D,. Therefore, we know from Proposition 14 and Lemma 15
that there are finitely many G-primes of R that contain D,. The remaining G-primes correspond to
G-Spec O4(GLy2), and by [7, Exercise I1.2.M], there are only four of these.
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