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ON THE CONVERGENCE OF ALGEBRAIC OPTIMIZABLE SCHWARZ METHODS

WITH APPLICATIONS TO ELLIPTIC PROBLEMS∗

SÉBASTIEN LOISEL† AND DANIEL B. SZYLD†

Abstract. The Schwarz method can be used for the iterative solution of elliptic boundary value problems on a large
domain Ω. One subdivides Ω into smaller, more manageable, subdomains and solves the differential equation in these subdomains
using appropriate boundary conditions. Schwarz-Robin methods use Robin conditions on the artificial interfaces for information
exchange at each iteration. Optimized Schwarz Methods (OSM) are those in which one optimizes the Robin parameters. While
the convergence theory of classical Schwarz methods (with Dirichlet conditions on the artificial interface) is well understood, the
overlapping Schwarz-Robin methods still lack a complete theory. In this paper, an abstract Hilbert space version of the OSM is
presented, together with an analysis of conditions for its convergence. It is also shown that if the overlap is relatively uniform,
these convergence conditions are met for Schwarz-Robin methods for two-dimensional elliptic problems, for any positive Robin
parameter. In the discrete setting, we obtain that the convergence rate ω(h) varies like a polylogarithm of h. Numerical
experiments show that the methods work well and that the convergence rate does not appear to depend on h.

1. Introduction. Schwarz iterative methods for the solution of boundary value problems have been
extensively studied; see, e.g., [23], [25], [27]. When some of these methods are used as parallel preconditioners,
they have been shown to scale perfectly in many thousands of processors; see, e.g., [12].

The main idea is to split the overall domain Ω into multiple subdomains Ω = Ω1∪Ω2∪. . .∪Ωp, then solve
Dirichlet problems on each subdomain, and iterate. There are many variants, which we name after the type
of boundary condition used on the artificial interfaces, for instance Schwarz-Neumann or Schwarz-Robin.
While the classical Schwarz methods (with Dirichlet boundary conditions on the artificial interface) are very
well understood, [23], [25], [27], less progress has been made in the theory of Schwarz-Robin methods. With
this paper, we hope to advance some possible building blocks for such a theory.

One difficulty with Schwarz-Robin algorithms is the choice of the real parameter α for the differential
operator Bu = αu + Dνu (Dν is a normal derivative) on the artificial interface. The first analysis of a
Schwarz-Robin method was performed with some generality by Lions [17] for the case of zero overlap. It is
well-known that overlap usually improves the convergence rate of Schwarz algorithms. Detailed studies for
the overlap case do exist for the case of simple domains, such as rectangles, half planes, or hemispheres, and
the main analytical tool is the use of Fourier transforms; see, e.g., [3], [4], [5], [8], [9], [11], [18], [19], [22]. For
general domains, and two overlapping subdomains, Kimn [13], [14], proved convergence of the method. He
showed that there is an α0 > 0 such that the Schwarz-Robin iterations converge for any Robin parameter
0 < α < α0. The Fourier analysis performed in [8] and [18] however suggests that α must grow to +∞ as
the overlap shrinks to zero, and that the convergence rate of the Schwarz-Robin method decays quickly if
α < α0 is enforced as the overlap goes to zero.

One of the contributions of this paper is to show convergence of the Schwarz-Robin iteration for elliptic
problems on two subdomains of general two-dimensional domains, as long as the overlap is relatively uniform
(in a sense clearly defined later), for any α > 0 and arbitrarily small overlap. This is a new result which
trades Kimn’s restriction on α for a condition on the shape of the overlap. As we shall see, this condition is
generally satisfied in practical situations. We note that this result depends on a kind of maximum principle
for the L2 norm of certain traces of harmonic functions (or solutions to the elliptic problem with f = 0),
which coincide with the estimates obtained with Fourier series in [18] and [8].

A method where the value α has been optimized is called an Optimized Schwarz Method (OSM). Higher
order transmission operators have also been proposed, such as αu+βDττu+Dνu, which has two parameters
α, β, to optimize. For the Schwarz-Robin method, the iteration with the optimized parameter is called
OO0 (Optimized of Order 0), and the second order tangential version leads to an OO2 algorithm. We note
that there is no widely accepted term for the unoptimized algorithm with two parameters. We call all such
methods, with not necessarily optimized parameters, Optimizable Schwarz methods, and we use the same
acronym for them: OSM.

Another contribution of this paper is to describe Optimizable Schwarz methods in a very general manner,
namely on symmetric positive definite operators on a general Hilbert space. We thus analyze conditions for
convergence of OSM on Hilbert spaces. Our analysis of elliptic boundary value problems then reduces to
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show that the above mentioned conditions are satisfied. Furthermore, we show that in the discretized case,
bounds of the convergence rate ω(h) vary like a polylogarithm of h. In our numerical tests, we were not able
to observe a deterioration of the convergence rate as h tends to zero.

Since our description and analysis of Optimizable Schwarz Methods is for a general Hilbert space, it
applies to both continuous and discrete settings. One can regard our description for a Hilbert space as
an algebraic representation of OSM. For classical Schwarz methods, algebraic representations have been
proposed, most notably [26], [10], [7], [2], [20]. Our approach while inspired by some of these papers, and by
[13], [14], is novel, and it is dictated in part by the complications and subtleties of the Robin conditions.

We consider the following general elliptic problem

−∇ · (a∇u) + cu = f in Ω and u = 0 on ∂Ω, (1.1)

where a : Ω → R
2×2 is C1 and c ∈ L∞(Ω). We use the following simpler example, for which a is the identity,

and c = 0, to illustrate the basic ideas of the Schwarz-Robin method, and its properties. This example has
also served as inspiration to derive the “algebraic” representation of the Schwarz-Robin method

Example 1.1. Consider the problem −∆u = f in Ω and u = 0 on ∂Ω. We use the domain decomposition
Ω = Ω1 ∪Ω2 and a finite element discretization with n piecewise linear basis functions φi associated with the
nodes in the interior of Ω. There are no degrees of freedoms on the boundary ∂Ω. The matrix of the problem
is Ai,j =

∫

Ω(∇φi)T (∇φj). We consider the three “atomic subdomains” Ω11 = Ω1 \ Ω̄2, Ω22 = Ω2 \ Ω̄1, and
Ω12 = Ω1 ∩ Ω2. Let nii be the number of the nodes in the interior of Ωii, i = 1, 2, and n12 be the number
of nodes in the interior of Ω12 plus those on its interface ∂Ω12 \ ∂Ω. Then, we have n11 + n12 + n22 = n
and the space of solution nodal values is U = R

n. Let n1 = n11 + n12 and n2 = n12 + n22 be the number of
unknown nodal values associated with Ω1 and Ω2, respectively. The domain decomposition of U can be then
defined by restriction operators from U to R

ni , i = 1, 2, 11, 12, 22 which consist of rows of the n× n identity
matrix I, e.g.,

Ri =





0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0



 .

These restriction operators are often called Boolean gather operators, while their transpose RTi are called
Boolean scatter operators. Formally, such matrices Ri can be expressed as

Ri = [Ini
|O] πi, (1.2)

with Ini
the identity on R

ni and πi a permutation matrix on R
n. We illustrate the form of the different

restriction operators (matrices) from U to R
ni , i = 1, 2, 11, 12, 22, corresponding to the nodes of each of the

two subdomains Ω1 and Ω2 and the three atomic subdomains. To that end, we order the nodes so that the
first n11 nodes are in Ω11, the next n12 nodes are in Ω12 or its interface ∂Ω12 \ ∂Ω and the final n22 nodes
are in Ω22. The restriction maps then are as follows

R1 = [ In1 | On1,n22 ],
R12 = [ On12,n11 | In12 | On12,n22 ],
R2 = [ On2,n11 | In2 ],
R11 = [ In11 | On11,n2 ],
R22 = [ On22,n1 | In22 ];

where Om,ℓ is the m × ℓ zero matrix. In this example, we can define prolongation maps using RTi for
i = 1, 2, 11, 12, 22.

Given v0 ∈ H1(Ω1), w0 ∈ H1(Ω2), the Schwarz-Robin iteration is







−∆vk = f in Ω1,
vk = 0 on ∂Ω1 ∩ ∂Ω,

αvk + ∂
∂ν
vk = αwk−1 + ∂

∂ν
wk−1 on ∂Ω1 ∩ Ω2;







−∆wk = f in Ω2,
wk = 0 on ∂Ω2 ∩ ∂Ω,

αwk + ∂
∂ν
wk = αvk−1 + ∂

∂ν
vk−1 on ∂Ω1 ∩ Ω2,

(1.3)

k = 1, 2, . . . Here, and throughout the paper, we abuse the notation and use the same letter for the functions
in the continuous problem, and the corresponding nodal values. The piecewise linear FEM discretization of
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the Schwarz-Robin iteration, starting with v0 ∈ R
n1 and w0 ∈ R

n2 is

R1M1R
T
1 vk = R1f −R1(A2 −B1)R

T
2 wk−1, (1.4)

R2M2R
T
2 wk = R2f −R2(A1 −B2)R

T
1 vk−1, (1.5)

k = 1, 2, . . ., where the matrices are given by

A1,i,j =

∫

Ω11

(∇φi)T (∇φj),

A12,i,j =

∫

Ω12

(∇φi)T (∇φj),

A2,i,j =

∫

Ω22

(∇φi)T (∇φj),

B1,i,j = α

∫

∂Ω1∩Ω2

φiφj , (1.6)

B2,i,j = α

∫

∂Ω2∩Ω1

φiφj , (1.7)

i, j = 1, . . . , n, and

M1 = A1 +A12 +B1,

M2 = A2 +A12 +B2.

Each of these matrices is n×n and singular, but the smaller matrices R1M1R
T
1 and R2M2R

T
2 of size n1×n1

and n2 × n2, respectively, are symmetric positive definite (SPD), and thus nonsingular.

Note that with the restriction operators of Example 1.1 one has that RiR
T
i = Ini

for each i. We will
see later on in Example 2.5, and elsewhere, that in general we must use prolongation maps different from
RTi . Therefore, in addition to the restriction maps Ri, we will introduce prolongation maps R̃Ti , and for
those we will require that RiR̃

T
i = Ini

for each i. We point out that in our general formulation, restriction
operators Ri other than (1.2) are possible, as long as RiR̃

T
i is the identity; see Definition 2.1 below, and also

Example 2.5 for an illustration of this. Note also that in Example 1.1, the restriction operators Ri completely
determine the decomposition of the finite element space U corresponding to the nodes in the domain Ω. In
our general domain decomposition, it will be characterized by the pairs Ri, R̃i.

We present now the three main theorems of this paper, which we will prove later. They refer to definitions
which are given in later sections, but the results are given here so that the reader can appreciate their
relevance. Our first result indicates that for the OSM on general Hilbert spaces, such as the iteration (1.3),
or that given by (1.4)-(1.5), converges to the restrictions in each subdomain of the solution of the problem.

Theorem 1. Given a domain decomposition of a Hilbert space U as per Definition 2.1 and a matching
domain decomposition of the symmetric, coercive and continuous operator A as per Definition 2.4, satisfy-
ing the monotonicity conditions and the strengthened Cauchy-Schwarz inequality with κ < 1, the OSM of
Definition 2.6 converges geometrically to the solution of Au = f , i.e.,

‖vk −R1u‖ ≤ Cωk,

‖wk −R2u‖ ≤ Cωk;

for some constant C and k = 1, 2, . . ., and with

ω =
(1 − κ)κ+

√

κ2(1 − κ)2 + 4κ

2
< 1. (1.8)

This is an algebraic result that applies to arbitrary symmetric, coercive and continuous operators on
an arbitrary Hilbert space, as long as the appropriate domain decompositions are used. The hypotheses of
Theorem 1 hold in particular for elliptic operators on Sobolev spaces. Hence, our second main result is that
for the general elliptic problem (1.1), if the overlap is relatively uniform (and this is made precise in §3.1),
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then the Schwarz-Robin method converges for all values of the parameter α > 0; see, e.g., (1.3), or (1.6) and
(1.7).

Theorem 2. Let the domain decomposition have a relatively uniform overlap as per Definition 3.2.
Then the Optimizable Schwarz Method for the general elliptic problem (1.1) converges geometrically for
every α > 0.

In particular, for discretizations of (1.1), with c = 0 and a constant, by the piecewise linear Spectral
Element Method (SEM) [21], a variant of the FEM, we have the following result.

Theorem 3. Let Ω = Ω1∪Ω2 be a domain decomposition, and assume that it is triangulated as described
in Lemma 3.7. Consider the problem −∇ · (a∇u) = f with u ∈ H1

0 (Ω) with constant coefficient matrix a.
Assume that the triangulation used is an orthogonal lattice with respect to the inner product induced by a,
and assume that the interfaces lie on parallel lines. Then the Schwarz-Robin iteration using the piecewise
linear Spectral Element discretization converges for every α > 0. The convergence rate ω(h) is at most a
polylogarithmic function of h, as h tends to zero:

ω(h) ≤ 1 + Cd log−4 h < 1,

where Cd is a constant which depends only on the domain decomposition and the elliptic operator, not on
the discretization parameter h.

The structure of the rest of the paper is as follows. In §2, we analyze the OSM on an abstract Hilbert
space U for an abstract symmetric, coercive and continuous operator A, and prove Theorem 1. In §3, we
analyze the OSM for Schwarz-Robin iterations, both at the continuous level as well as discretized by the SEM,
proving Theorems 2 and 3. In §4, we present some numerical experiments. Finally, in §5, we present some
conclusions. In Table 1.1 we list most of the symbols and acronyms used in the paper, for ease of reference.
Here and in the rest of this article, will use the term “Positive Definite” as a synonym for “Continuous and
Coercive”. An SPD operator A is therefore symmetric, coercive and continuous.

2. OSM in Hilbert Spaces. We are studying the solution of the symmetric positive definite (SPD)
problem Au = f using an Optimizable Schwarz Method (OSM). We consider the case of two subdomains.
In the algebraic description of Schwarz methods, e.g., in [2], [7], the matrices Ei = RTi Ri play a major role.
These matrices can be associated with indicating or characteristic functions of the subdomains. Here, we
generalize this concept to matrices of the form Ei = R̃Ti Ri, as can be seen in the following definition.

Definition 2.1. (Domain Decomposition of a Hilbert Space U . Two Subdomains.) Let U , V be a pair
of Hilbert spaces. A restriction pair (R, R̃T ) is a pair of linear maps of Hilbert spaces such that R : U → V,
R̃T : V → U and its indicator operator E = R̃TR such that

RR̃T is the identity on V.

We refer to R as a restriction map, and R̃T as a prolongation map. A domain decomposition of U into
two (overlapping) subdomains consists of five restriction maps R1, R2, R12, R11, R22 and their corresponding
prolongation maps R̃T1 , R̃

T
2 , R̃

T
12, R̃

T
11, R̃

T
22, (denoted {Ri, R̃Ti }), such that Ri : U → Vi, and R̃Ti : Vi → U ,

each Vi a Hilbert space, i = 1, 2, 11, 12, 22, and satisfying the following six relations

EiEj = EjEi, i, j = 1, 2, 12; (2.1)

I = E1 + E2 − E12; (2.2)

E12 = E1E2 = E2E1; (2.3)

I = E11 + E12 + E22; (2.4)

0 = E11Ei = EiE11, i = 2, 12, 22; (2.5)

0 = E22Ei = EiE22, i = 1, 11, 12. (2.6)

Remark 2.2. We have defined the prolongation operators R̃Ti : Vi → U . The maps R̃i : U → Vi are
implicitly defined using the inner products in the Hilbert spaces U and Vi as follows

R̃iu = v if 〈u, R̃Ti w〉 = 〈v, w〉 for all w ∈ Vi.
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Table 1.1

List of symbols, acronyms and formulae.

OSM Optimizable Schwarz Method.
SPD Symmetric and positive definite (continuous and coercive).
I The identity operator or matrix.
A,A1, A12, A2 Elliptic operators or large, symmetric positive semidefinite matrices.
AT The transpose of A.
M [v, w] The symmetric bilinear form of the symmetric matrix or operator M :

M [v, w] := 〈v,Mw〉 = 〈Mv,w〉.
λ(A) An eigenvalue of A.
detA The determinant of A.
B1, B2 Trace operators or matrices.

In an abstract Hilbert spaces, these are just PSD operators.
Mi Mi = Ai +A12 +Bi, i = 1, 2. M12 = A12 +B1 +B2.

Ri, R̃i Restriction operators or matrices.

Ei = R̃Ti Ri An “indicator operator”.
Ω A domain in R

2.
Ω = Ω1 ∪ Ω2 An overlapping domain decomposition.
Ω12 = Ω1 ∩ Ω2 The overlap.
Ωii = Ωi \ Ω̄3−i, i = 1, 2 The atomic subdomains.
∇ The gradient.
∆ = ∇ · ∇ The Laplacian
−∇ · (a∇) + c An Elliptic operator in divergence form.
a(x), c(x) Variable coefficients of an elliptic operator.

a : Ω → R
2×2 is C1 and c ∈ L∞(Ω).

H1, H1
0 Sobolev spaces.

|v| The absolute value of v or, if v is a finite dimensional vector,
√
vT v.

‖v‖H1 The H1-norm of v.
Φ a C2 Parametrization of Ω12.
p(x), q(x) C1 functions so that Φ(x, p(x)),Φ(x, q(x)) parametrize ∂Ω12 ∩ ∂Ω.
Z The set {(x, y)|x1 < x < x2 and p(x) < y < q(x)}.
Jx the interval (p(x), q(x)).
Γx An “intermediate boundary”, Γx = Φ(x, Jx), x1 ≤ x ≤ x2.

Remark: we must have Γxi
= ∂Ωi ∩ Ω3−i.

Ωx,L,Ωx,R Fractional subdomains Ωx,L = Ω1 \ Φ([x, x2), ·) and Ωx,R = Ω2 \ Φ((x1, x], ·)
Remark: Ωx2,L = Ω1 and Ωx1,R = Ω2.

ν(x) A unit normal vector to the curve Γx ∋ x.
ux, Dxu, ∂u/∂x Partial derivative with respect to x.
Dw The weak derivative.

It is not hard to see that for the special case of R̃i = Ri and Ri as defined Example 1.1, then, the
matrices Ei satisfy the properties (2.1)-(2.6). Next we show that some further desirable properties follow
from these axioms.

Lemma 2.3. Let {Ri, R̃Ti } be a domain decomposition of a Hilbert space U , and Ei = R̃Ti Ri,
i = 1, 2, 11, 12, 22. Then, the following identities hold.

E2
i = Ei, i = 1, 2, 11, 12, 22; (2.7)

RiEi = Ri, EiR̃
T
i = R̃Ti , i = 1, 2, 11, 12, 22; (2.8)

EiE12 = E12Ei = E12, i = 1, 2; (2.9)

E1E11 = E11E1 = E11 and E2E22 = E22E2 = E22. (2.10)

Furthermore, let

Fi = R12R̃
T
i , i = 1, 2.
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then the map Ψ : u → (R1u,R2u) is injective and its range is R = {(v, w)|F1v = F2w}. Similarly, the map
Ψ̃ : u→ (R̃1u, R̃2u) is also injective. Finally, if R̃iiAR̃

T
ii is SPD and R̃iAR̃

T
i v = R̃if , i = 1, 2, then

v = RiR̃
T
12Fiv +RiR̃

T
ii(R̃iiAR̃

T
ii)

−1(R̃iib− R̃iiAR̃
T
12Fiv), i = 1, 2. (2.11)

Proof. Since RiR̃
T
i is the identity, E2

i = R̃Ti RiR̃
T
i Ri = R̃Ti Ri = Ei, RiEi = RiR̃

T
i Ri = Ri, and

EiR̃
T
i = R̃Ti RiR̃

T
i = R̃Ti . The identity (2.9) follows from E1E12 = E1(E1E2) = E1E2 = E12. The relations

(2.10) follow by multiplying the identity (2.2) by E11 or E22, on the left or on the right. To show that Ψ is
injective, assume that Ψ(u1) = Ψ(u2), then we can write, using (2.2) and (2.9),

u1 − u2 = (E1 + E2 − E12)(u1 − u2)

= R̃T1 R1(u1 − u2) + R̃T2 R2(u1 − u2) − E12E1(u1 − u2)

= R̃T1 0 + R̃T2 0 − E12R̃
T
1 0 = 0.

To look at the range of Ψ, first consider (v, w) = Ψu for some u ∈ U . Then

F1v = R12R̃
T
1 R1u = R12E1u

(2.8)
= R12E12E1u

(2.9)
= R12E12u

(2.8)
= R12u,

F2w = R12R̃
T
2 R2u = R12E2u = R12E12E2u = R12E12u = R12u,

and thus (v, w) ∈ R. Conversely, let v, w be such that F1v = F2w. Then let

u = R̃T1 v + R̃T2 w − E12R̃
T
1 v = R̃T1 v + R̃T2 w − E12R̃

T
2 w.

Then,

R1u = R1R̃
T
1 v +R1R̃

T
2 w −R1E12R̃

T
2 w = v,

where we have used that R1R̃
T
1 is the identity on V1 and R1E12R̃

T
2 = R1E1E2R̃

T
2 = R1R̃

T
2 . Similarly, we

obtain R2u = w, i.e., Ψ(u) = (v, w), as required. To analyze Ψ̃, assume that (R̃1u, R̃2u) = (0, 0). Then, for
all v ∈ V1, w ∈ V2, 〈R̃T1 v, u〉 = 〈R̃T2 w, u〉 = 0. Pick v = R1(u − E12u) and w = R2u to obtain

〈u, u〉 = 〈(E1 + E2 − E12)u, u〉
= 〈(E1 − E1E12)u, u〉 + 〈E2u, u〉
= 〈R̃T1 v, u〉 + 〈R̃T2 w, u〉 = 0.

Finally, the “Schur’s complement” relation (2.11) is verified as follows. First, observe that if v ∈ Vi (i = 1, 2),
then

v = RiR̃
T
i v = Ri(E11 + E12 + E22)R̃

T
i v

= Ri(Eii + E12)R̃
T
i v (since, e.g., E22R̃

T
1 = E22E1R̃

T
1 = 0)

= RiEiiR̃
T
i v +RiE12R̃

T
i v

= RiR̃
T
ii(RiiR̃

T
i v) +RiR̃

T
12(Fiv). (2.12)

We want an expression to replace RiiR̃
T
i v in (2.12). To that end, first note that

R̃Ti RiR̃
T
ii = EiR̃

T
ii

(2.8)
= EiEiiR̃

T
ii

(2.10)
= EiiR̃

T
ii

(2.8)
= R̃Tii. (2.13)

Then we obtain (2.11) from

R̃iiAR̃
T
ii(RiiR̃

T
i v) = R̃iiAEiiR̃

T
1 v = R̃iiA(I − E12 − E3−i,3−i)R̃

T
i v

= R̃iiAR̃
T
i v − R̃iiAE12R̃

T
i v (since, e.g., E22R̃

T
1 = 0; cf. (2.6))

(2.13)
= R̃iiR

T
i R̃

T
i AR̃

T
i v − R̃iiAR̃

T
12(Fiv)

= R̃iiR̃
T
i R̃if − R̃iiAR̃

T
12(Fiv) = R̃iif − R̃iiAR̃

T
12(Fiv).
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Inspired by the relations between the different operators in Example 1.1, the following definition en-
capsulates the algebraic relations defining a domain decomposition of an operator. In this definition, and
in the rest of the paper, we use the matrix-style notation vTMw and the bilinear form notation M [v, w] as
shorthand for the expression 〈v,Mw〉.

Definition 2.4. An OSM decomposition of a symmetric positive definite linear operator A : U → U
subordinate to the domain decomposition {Ri, R̃Ti } of U is given by symmetric operators A1, A2, A12 (the
“Neumann operators”) and B1, B2 (the “trace operators”), all five from U to U , which satisfy the following
relations:

A = A1 +A12 +A2; (2.14)

Ai = AiEi, i = 1, 2, 12; (2.15)

Bi = BiEj , i = 1, 2 and j = 1, 2, 12; (2.16)

where Ei = R̃Ti Ri. Furthermore, we define the operators

Mi = Ai +A12 +Bi for i = 1, 2, and M12 = A12 + B1 +B2, (2.17)

and require that

R̃iMiR̃
T
i ,i = 1, 2, 12; and R̃iiAR̃

T
ii, i = 1, 2; are SPD. (2.18)

Finally, we say that the OSM decomposition is monotonic if there is a positive κ < 1 such that

vT (B2 −A1E12)v ≤ κvTM1v ∀v ∈ range of X1 := R̃T1 (R̃1M1R̃
T
1 )−1R1(A2 −B1)R̃

T
2 ; (2.19)

vT (B1 −A2E12)v ≤ κvTM2v ∀v ∈ range of X2 := R̃T2 (R̃2M2R̃
T
2 )−1R2(A1 −B2)R̃

T
1 ; (2.20)

|vTM12w
T | ≤ κ

√

vTM12v
√

wTM12w (2.21)

∀v ∈ range of Y1 = R̃12(R̃12M12R̃
T
12)

−1R̃12(B2 −A1)R̃
T
1 and

∀w ∈ range of Y2 = R̃12(R̃12M12R̃
T
12)

−1R̃12(B1 −A2)R̃
T
2 .

We will show in §3.2 that Example 1.1 satisfies the monotonicity conditions (2.19), (2.20) and the
strengthened Cauchy-Schwartz inequality (2.21).

We note here that the matrices (or operators) Ai in Definition 2.4 are not of the form EiAEi. This can
be easily seen from the relation (2.2).

Example 2.5. Let Ω be a domain, and consider the elliptic problem (1.1). Let Ω = Ω1 ∪ Ω2 be an
overlapping domain decomposition. Define Ωii = Ωi \ Ω3−i for i = 1, 2 and Ω12 = Ω1 ∩ Ω2 (the overlap), so
that Ω11, Ω22, Ω12 are the “atomic subdomains”. For the symmetric elliptic operator

A[v, w] =

∫

Ω

(∇v)T a(∇w) + cvw on Ω, (2.22)

one would usually take Ai to be the operator of the bilinear form

Ai[v, w] =

∫

Ωj(i)

(∇v)T a(∇w) + cvw, i = 1, 2, 12, (2.23)

where j(i) = ii for i = 1, 2 and j(12) = 12. This definition clearly satisfies (2.14). The Ri operators are the
restriction maps v → v|Ωi

, and for the prolongation operators R̃T12 consider

(R̃T12v)(x) =







v(x) if x ∈ Ω12,
γ−1
1 (v|∂Ω2∩Ω1)(x) if x ∈ Ω11,
γ−1
2 (v|∂Ω1∩Ω2)(x) if x ∈ Ω22;

where γ−1
i : H

1
2 (∂Ω3−i∩Ωi) → H1

0 (Ω)∩H1(Ωii) is a right inverse to the trace map v → v|∂Ω3−i∩Ωi
. In order

to guarantee that E11 +E12 +E22 = I, we must choose Riiv = v|Ωii
− γ−1

i (v|∂Ω3−i∩Ωi
), i = 1, 2, whose range
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is H1
0 (Ωii). The prolongation operators R̃Tii are then the extension by zero operators H1

0 (Ωii) → H1
0 (Ω),

i = 1, 2. Furthermore, for i = 1, 2, let

(R̃Ti v)(x) =

{
v(x) if x ∈ Ωi,

(R̃T12(v|Ω12))(x) if x /∈ Ωi.

The boundary operators are

Bi[v, w] = α

∫

∂Ωi∩Ω3−i

vw ,

with α > 0 a relaxation parameter. If we apply R̃T1 to v on Ω1, and then R1, we clearly recover v (i.e., R1R̃
T
1

is the identity). One further checks that

E12v =







E2v in Ω11,
v in Ω12,

E1v in Ω22.

Hence we have

(E1 + E2)v =







v + E2v in Ω11,
2v in Ω12,

E1v + v in Ω22

= v + E12v.

and furthermore that E1E2 = E2E1 = E12. These formulae also allow one to check that E1, E2, E12 commute.
Therefore, (2.1), (2.2), (2.3) are verified.

Also by these formulae, (2.15) and (2.16) are satisfied. The operators R̃iMiR̃
T
i , i = 1, 2, 12, correspond

to mixed Dirichlet-Robin boundary value problems on Ωi, and R̃iiAR̃
T
ii, i = 1, 2 correspond to Dirichlet

boundary value problems, therefore (2.18) is verified. We will see in §3.1 that the monotonicity conditions
(2.19), (2.20), and the the strengthened Cauchy-Schwartz inequality (2.21) also hold under certain conditions.

We are ready now to give an algebraic general definition of the Optimizable Schwarz Method (OSM),
which represents the iteration (1.3) in the continuous case, as well as (1.4)-(1.5) in the discretized case, in
Example 1.1.

Definition 2.6. Given an OSM decomposition of an SPD operator A and a right hand side f ∈ U , the
Optimizable Schwarz Method (OSM) for the solution of Au = f starting with v0 ∈ V1 and w0 ∈ V2 is the
iteration

R̃1M1R̃
T
1 vk = R̃1f − R̃1(A2 −B1)R̃

T
2 wk−1, (2.24)

R̃2M2R̃
T
2 wk = R̃2f − R̃2(A1 −B2)R̃

T
1 vk−1. (2.25)

Remark 2.7. In the finite dimensional Example 1.1, the transpose we used is induced by the usual
Euclidian inner product

∑

k vkwk, which is norm equivalent to the inner product B[v, w] =
∫

Ω vw. In infinite
dimensions (on H1), the bilinear form B is indeed symmetric and B[v, v] > 0 for all v 6= 0, but the space
H1 is not complete in the norm induced by B, and hence (H1, B) is not a Hilbert space. For that reason, we
cannot use the same prolongation operators R̃Ti in the continuous and discrete cases. While one is tempted
to conclude that the discrete algorithm is not a discretized version of the continuous algorithm (because the
operators are apparently different), a careful inspection of the iteration (2.24)-(2.25) shows that the discrete
iteration is in fact the finite element discretization of the continuous iteration. For instance,

(R̃1A1R̃
T
1 )[φi, φj ] =

∫

Ω1

(∇(R̃T1 φi))
T a(∇(R̃T1 φj)) + cR̃T1 φiR̃

T
1 φj

=

∫

Ω1

(∇φi)Ta(∇φj) + cφiφj ,
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which is the formula we used in Example 1.1.

Remark 2.8. We also mention here some characteristics of the matrices Ai and Mi of the OSM,
when considered in the finite dimensional setting. Unlike the situation of the classical Schwarz method, here
R̃iMiR̃

T
i is not a principal submatrix of A. Furthermore, in the case that A is an M-matrix, R̃iMiR̃

T
i usually

is not. These two properties derive from the Robin boundary condition, which enters into Mi through the
trace operator Bi. We mention than Bi has very few nonzero entries. See §4.3 for a particular example
where this can be appreciated.

We show now the convergence of the OSM (2.24)-(2.25).

Proof of Theorem 1. First, we rewrite Au = f two different ways:

(A1 +A12 +B1)u = f − (A2 −B1)u,

(A2 +A12 +B2)u = f − (A1 −B2)u.

We would like to build an iteration by replacing u by uk on the left and by uk−1 on the right, and using each
equation on alternate iterates. One problem with this approach is that the matrices Mi = Ai+A12 +Bi are
singular. We will use instead the fact that the matrices R̃iMiR̃

T
i are not; cf. (2.18).

We show now that we can replace the system Au = f by

R̃1M1R̃
T
1 v = R̃1f − R̃1(A2 −B1)R̃

T
2 w, (2.26)

R̃2M2R̃
T
2 w = R̃2f − R̃2(A1 −B2)R̃

T
1 v, (2.27)

F1v = F2w (= R12u), (2.28)

where the last equation (2.28) is for consistency. Indeed, from Lemma 2.3, the equality (2.28) implies that
there is a unique y such that v = R1y and w = R2y. Furthermore,

R̃1M1R̃
T
1 v = R̃1M1R̃

T
1 R1y = R̃1M1E1y

= R̃1M1y (using (2.15) and (2.16)),

and similarly for the other terms of (2.26) and (2.27) to obtain, after collecting terms, that

R̃1Ay = R̃1f, R̃2Ay = R̃2f ;

so that, using the fact that Ψ̃ is injective, as shown in Lemma 2.3, Ay = f .
By adding subscripts, we obtain the iteration (2.24)-(2.25).
The error terms vk − R1u and wk − R2u satisfy the same recurrence relation, but with f = 0, and

therefore, we make that assumption from now on. That is,

R̃1M1R̃
T
1 vk = −R̃1(A2 −B1)R̃

T
2 wk−1, (2.29)

R̃2M2R̃
T
2 wk = −R̃2(A1 −B2)R̃

T
1 vk−1, (2.30)

and we want to show that vk → 0 and wk → 0. The consistency relation (2.28) can be replaced by F1vk → 0
and F2wk → 0. Indeed, if F1vk → 0 then (2.11) shows that vk → 0, and a similar argument applies to wk.

To show that F1vk → 0 and F2wk → 0, first observe that from (2.8) and (2.9) we can write
R̃12R

T
1 R̃1 = R̃12, and from (2.15) and (2.16), M12 = M12E12, so that

R̃12R
T
1 R̃1M12R̃

T
1 vk = R̃12M12E12R̃

T
1 vk = R̃12M12R̃

T
12(F1vk)

Hence, since M12 = M1 +B2 −A1,

R̃12M12R̃
T
12(F1vk) = R̃12R

T
1 R̃1M1R̃

T
1 vk + R̃12R

T
1 R̃1(B2 −A1)R̃

T
1 vk

= R̃12(B1 −A2)R̃
T
2 wk−1 + R̃12(B2 −A1)R̃

T
1 vk.

We define

ek = (R̃12M12R̃
T
12)

−1R̃12(B2 −A1)R̃
T
1 vk (2.31)

fk = (R̃12M12R̃
T
12)

−1R̃12(B1 −A2)R̃
T
2 wk, (2.32)
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so that F1vk = ek + fk−1. Similarly, F2wk = fk + ek−1. Thus, we want to show that ek → 0 and fk → 0.
Consider the quantity

σ1 = fTk−1R̃12M12R̃
T
12ek + fTk−1R̃12M12R̃

T
12fk−1 = fTk−1R̃12M12R̃

T
12(F1vk)

= fTk−1R̃12M12R̃
T
12R12R̃

T
1 vk = wTk−1R̃2(B1 −A2)R̃

T
12R12R̃

T
1 vk

= wTk−1R̃2(B1 −A2)E12R̃
T
1 vk = wTk−1R̃2(B1 −A2)R̃

T
1 vk,

where we have used that B1E12 = B1 and A2E12R̃
T
1 = (A2E2)(E1R̃

T
1 ) = A2R̃

T
1 . We use equation (2.29) to

obtain

σ1 = wTk−1R̃2(B1 −A2)R̃
T
1 vk = vTk R̃1M1R̃

T
1 vk.

Now consider the quantity

σ2 = eTk R̃12M12R̃
T
12ek + eTk R̃12M12R̃

T
12fk−1 = eTk R̃12M12R̃

T
12(F1vk)

= vTk R̃1(B2 −A1)R̃
T
12(F1vk) = vTk R̃1(B2 −A1E12)R̃

T
1 vk.

The monotonicity condition (2.19) implies that σ2 ≤ κσ1, which can be rewritten as

eTk R̃12M12R̃
T
12ek + (1 − κ)fTk R̃12M12R̃

T
12ek ≤ κfTk−1R̃12M12R̃

T
12fk−1.

If fTk R̃12M12R̃
T
12ek ≥ 0 then we have shown that

eTk R̃12M12R̃
T
12ek ≤ κfTk−1R̃12M12R̃

T
12fk−1. (2.33)

If fTk R̃12M12R̃
T
12ek < 0, we must use the strengthened Cauchy-Schwartz inequality (2.21) to obtain

eTk R̃12M12R̃
T
12ek

︸ ︷︷ ︸

ψ2

−(1 − κ)κ

√

eTk R̃12M12R̃T12ek
︸ ︷︷ ︸

ψ

√

fTk−1R̃12M12R̃T12fk−1
︸ ︷︷ ︸

η

≤ κ fTk−1R̃12M12R̃
T
12fk−1

︸ ︷︷ ︸

η2

;

i.e., ψ2 − (1 − κ)κψη − κη2 ≤ 0. Dividing across by η2, we obtain q(ζ) = ζ2 − (1 − κ)κζ − κ ≤ 0, with
ζ =

√

ψ/η. The largest of the two roots of this polynomial is ω, with ω given in (1.8). Hence, 0 ≤ ζ ≤ ω,
that is,

0 ≤ eTk R̃12M12R̃
T
12ek

fTk−1R̃12M12R̃T12fk−1

≤ max(ω2, κ) = ω2 < 1 (2.34)

By a similar argument, we obtain

fTk R̃12M12R̃
T
12fk ≤ ω2eTk−1R̃12M12R̃

T
12ek−1. (2.35)

Thus, ek and fk converge to 0 with rate ω. The formulae F1vk = ek + fk−1 and F2wk = fk + ek−1 show
that F1vk and F2wk also converge to zero with rate ω. Hence, (2.11) shows that uk and vk converge at rate
ω as well.

The quantities σ1 and σ2 and the polynomial q(z) were introduced in [14] for a variant of the Schwarz-
Robin method for the Laplacian. Our development shows that the analysis works in abstract Hilbert spaces
and leads to new results for the Optimizable Schwarz Methods which are developed in §3.

3. Application to Elliptic PDEs. In this section, we apply the results of §2 to boundary value
problems and show that the Schwarz-Robin iterations converge for all values of the Robin parameter α.

3.1. OSM for Schwarz-Robin iterations in Sobolev spaces. As in Example 2.5, let Ω be a domain
in R

2, Ω = Ω1 ∪ Ω2 be a domain decomposition, and define the “atomic subdomains” by Ω11 = Ω1 \ Ω̄2,
Ω22 = Ω2 \ Ω̄1, and Ω12 = Ω1∩Ω2. We now consider the same Dirichlet problem whose bilinear form on Ω is
(2.22), where a(x) is a symmetric positive definite 2 × 2 matrix for every x ∈ Ω. We further assume that A
is (uniformly strongly) elliptic, so that it defines an inner product on H1

0 (Ω) equivalent to the natural inner
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product. The operators Ai defining the OSM decomposition of A in (2.14), (2.15), and (2.17), are given by
(2.23). The operators Bi in (2.16) and (2.17), are given by

Bi[u, v] = αSi[u, v] = α

∫

∂Ωi∩Ω3−i

uv , i = 1, 2.

In the case of the Laplacian, i.e. a = I and c = 0, Kimn [14] showed that, for small values of α, there exists
a positive κ < 1 such that

vTB3−iv ≤ κvT (Ai +A12)v for all v in the range of Xi,

as well as a strengthened Cauchy-Schwarz inequality. These conditions imply our monotonicity conditions
(2.19), (2.20), and our strengthened Cauchy-Schwarz inequality (2.21). However, optimized Schwarz methods
with small overlap work better with large values of α; see, e.g., [8], [18]. Here, we show instead (in Lemma 3.4
below) that

vTS3−iv ≤ κvTSiv for any v 6= 0 in the range of Xi,

which implies (2.19)-(2.20) for all α > 0. That is, we will show that if (A1+A12)[v, w] = 0 for all w ∈ H1
0 (Ω1),

then ‖v‖L2(∂Ω2∩Ω1) < ‖v‖L2(∂Ω1∩Ω2), and similarly for Ω2. This may not true in general, but it is true if the
overlap Ω12 is relatively uniform in a way we make precise later in Definition 3.2, and which holds in many
practical situations.

In this section, we say that v is a local solution in Ωi if it satisfies

R̃i(Ai +A12 +Bi)R̃
T
i v = R̃i(Bi −A3−i)R̃

T
3−iw for some w ∈ H1(Ω3−i) ∩H1

0 (Ω),

i.e., v is a weak solution to the PDE (−∇ · a∇ + c)v = 0 in Ωi, with certain boundary conditions. In
particular, for any w ∈ H1

0 (Ωi), we have (Ai +A12)[v, w] = 0.

Definition 3.1. (Parametrizing the overlap) We want to parametrize the overlap Ω12. To that end, let
Z = {(x, y)|x1 < x < x2, p(x) < y < q(x)} ⊂ R

2, where p, q are C1 representing the preimage (under the
parametrization) of the “upper” and “lower” boundaries of Ω12. For each x, let Jx be the interval (p(x), q(x)),
i.e., a vertical line in Z parametrized by x. Let Φ : Z̄ → Ω̄12 be a C2 diffeomorphism such that

1) Φ(xi, Jxi
) = ∂Ω3−i ∩ Ωi, i = 1, 2, and

2) Φ(x, p(x)) and Φ(x, q(x)) parametrize the remaining parts of ∂Ω12.
In other words Φ(x1, Jx1) is the “left” boundary of Ω12, Φ(x2, Jx2) is the “right” boundary of Ω12, while
Φ(x, p(x)) and Φ(x, q(x)) parametrize the “upper” and “lower” boundaries of Ω12. For each x in the interval
[x1, x2], let Γx = Φ(x, Jx), a curve in Ω12 parametrized by x going from p(x) to q(x). Define further the
sets Ωx,L = Ω1 \ ∪ξ∈[x,x2)Γξ, and Ωx,R = Ω2 \ ∪ξ∈(x1,x]Γξ; these are the subsets of Ω1 (resp. Ω2) to the left
(resp. to the right) of Γx. Because Φ is a diffeomorphism, each x ∈ Ω12 belongs to a unique Γx. Define
ν(x) = νL(Φ(x, y)) to be the unit vector which is normal to Γx pointing outwards from Ωx,L, and a similar
definition for νR (we drop the subscript L or R in the sequel). If v ∈ H1(Ω12) is given, we define

e(x) = e(x, v) =

∫

Γx

v2 =

∫ q(x)

p(x)

v2(Φ(x, y))|Φy(x, y)| dy. (3.1)

To describe our second main result, we must first discuss certain Sobolev estimates; we refer the reader
to [1], [6], [16], and the references therein for details. Let

‖v‖L =

∫ x2

x1

∫ q(x)

p(x)

2v(aν) · ∇v|Φy| dy dx (3.2)

=

∫ x2

x1

∫

Ωx,L

(∇v)T a(∇v) + cv2 ds dx

=

∫

Ω12

[(∇v)T a(∇v) + cv2]ρ,
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where ρ(x) = O(dist(x, ∂Ω1 ∩ Ω2)) (‖ · ‖R is defined analogously). Then ‖ · ‖L defines a norm on H1(Ω12)
and hence a norm on the space of local solutions v. It is not equivalent to a ‖ · ‖H1 norm, but rather it
is equivalent to the weighted Sobolev norm ‖ · ‖H1(Ω12,dΓx2

,1) [15]. The space H1(Ω12, dΓx2
, 1) is delicate

because it does not in general have a trace to Γx2 , although the trace to Γx1 is clearly well defined.
We define

s(x) =

∫

Γx
ΦTx aν

∫

Γx
|aν|2 , (3.3)

that is, for any x ∈ (x1, x2), s(x)a(x, ·)ν(x, ·) is the orthogonal projection1 of Φx(x, ·) onto the span of aν
in L2(Γx). Let g be a C0 vector field. Then for v ∈ H1(Ω1), Dgv = g · ∇v ∈ L2(Ω1). We will use the field
g = Φx − saν.

For our definition of relatively uniform overlap, we first want to impose that Φx is not too tangent to
Γx in the sense that there is a constant Ca,L > 0, such that

s(x) > Ca,L > 0 for all x.

Therefore using (3.2), for any v ∈ H1(Ωx,L) ∩H1
0 (Ω),

∫ x2

x1

s

∫ q(x)

p(x)

2v(aν) · ∇v|Φy| dy dx ≥ Ca,L‖v‖2
L. (3.4)

Conversely, since s(x) is a continuous function of x, it is bounded and there is a constant C′
a,L < ∞ such

that

∫ x2

x1

s

∫ q(x)

p(x)

2v(aν) · ∇v|Φy| dy dx ≤ C′
a,L‖v‖2

L.

Further assume that there are constants Cν,L <∞ and C0,L <∞ such that

∣
∣
∣
∣
∣

∫ x2

x1

∫ q(x)

p(x)

2v(Φx − saν) · ∇v|Φy| dy dx
∣
∣
∣
∣
∣
≤ Cν,L‖v‖2

L, (3.5)

∣
∣
∣
∣
∣

∫ x2

x1

∫ q(x)

p(x)

2v2 Φy · Φxy
|Φy|

dy dx

∣
∣
∣
∣
∣
≤ C0,L‖v‖2

L. (3.6)

If Φx − saν = 0, then Cν,L = 0. Therefore, the constant Cν,L measures by how much Φx differs from the
normal vector saν. If Φy · Φxy = 0, then C0,L = 0. The quantity Φx can be thought of as a (nearly)
normal vector, and Φxy is its rate of change. Hence, if the rate of change of Φx is perpendicular to the
tangent vector Φy, then C0,L = 0. In particular, if a is the identity matrix and if Φ is either a rigid body
motion or Φ(x, y) = xeiy (the interfaces are parallel line segments or concentric circular arcs), then we have
Cν,L = C0,L = 0. More generally, if there is a diffeomorphism that turns a into the identity and Φ into such
a map, we also have Cν,L = C0,L; see Figure 3.1. Thus, if the interfaces are “nearly parallel” in the metric
induced by a, these constants will be small. In our Definition 3.2 we want Cν,L and C0,L to be small in the
sense that their sum is smaller than Ca,L. We make similar definitions and considerations for C0,R, Ca,R,
Cν,R.

Definition 3.2. Let Ω be a domain, and consider the elliptic problem (1.1). Let Ω = Ω1 ∪ Ω2 be an
overlapping domain decomposition. Let Φ be a parametrization of Ω12 = Ω1 ∩ Ω2 as per Definition 3.1. Let
s(x) be as in (3.3), and let the positive constant Ca,L, Cν,L, and C0,L be such that (3.4), (3.5), and (3.6)
hold; and similarly for Ca,R, Cν,R, and C0,R. We say that the overlap is relatively uniform if the following
two inequalities hold

Ca,L − Cν,L − C0,L > 0,

Ca,R − Cν,R − C0,R > 0.

1There is no reason to prefer this particular choice of s(x), but we hope that it makes Φx − saν small in a useful way.
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Fig. 3.1. Relatively uniform overlap when a is the identity.

Remark 3.3. We have already noted that many domain decompositions satisfy the conditions of Def-
inition 3.2. Our definitions suggest that Z (or equivalently, Ω12) must be simply connected. This is not
necessary, but it makes our proofs simpler. We also point out that the definition of relatively uniform over-
lap does not depend only of the overlap Ω12, but also on the differential equation in question.

The following lemma shows that for local solutions in Ωi, v
TS3−iv < κvTSiv, which is the essential step

to show convergence of the iteration.

Lemma 3.4. (Maximum principle for a trace norm) Let i = 1 (resp. i = 2) and let the overlap be relatively
uniform. Then, there exists a positive κi < 1 such that, for any local solution v ∈ H1(Ωi) with v|∂Ω∩∂Ωi

= 0,
it holds that e(x1) ≤ κ1e(x2), i.e., B2[v, v] ≤ κ1B1[v, v] (resp. e(x2) ≤ κ2e(x1), i.e., B1[v, v] ≤ κ2B2[v, v]).

Proof. We consider the case i = 1, the case i = 2 being analogous. This proof proceeds in two steps.
First, we justify differentiating under the integral sign, then we use Green’s theorem and various trace
estimates to show that e′ ≥ 0.

Let δ be an upper bound for |p(x)| and |q(x)|. Let w ∈ H1(Z) with w(x, p(x)) = w(x, q(x)) = 0 for
x ∈ (x1, x2). Let

ϕ(x) =

∫ q(x)

p(x)

w2(x, y) dy. (3.7)

Let φ ∈ C∞
c (x1, x2) and consider the number

η = η(w) =

∫ x2

x1

ϕ(x)φ′(x) dx =

∫ x2

x1

∫ q(x)

p(x)

w2(x, y)φ′(x) dy dx.

We can extend w, first by zero to the strip S = {(x, y)|x1 < x < x2} (since p, q ∈ C1), then using a
continuous extension operator to H1(R2) to obtain a new function w̃; see, e.g., [1]. We have that w̃|Z = w
and w̃|S\Z = 0. Likewise, we can consider φ̃(x, y) = π(y)φ(x) ∈ C∞

c (R2) where π(y) a smooth function
which is uniformly one on [−δ, δ], and zero outside of [−δ − 1, δ + 1]. Then we have

η =

∫

R2

w̃2(x, y)Dxφ̃(x, y) dx dy = −
∫

R2

Dx(w̃
2(x, y))φ̃(x, y) dx dy

= −
∫

Z

2w(x, y)wx(x, y)φ(x) dx dy = −
∫ x2

x1

∫ q(x)

p(x)

2w(x, y)wx(x, y) dyφ(x) dx.

Hence, ϕ has a weak derivative and it is given by ϕ′(x) =
∫ q(x)

p(x)
2wwx dy. If we use w(x, y) = v(Φ(x, y))

√
|Φy|

in (3.7), we recover e(x) as in (3.1). We thus obtain that e(x) is weakly differentiable and that its weak
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derivative is given by

(Dwe)(x) = e′(x) =

∫ q(x)

p(x)

(

2vDΦx
v|Φy| + 2v2 Φy · Φxy

|Φy|

)

dy.

Therefore, by adding and subtracting the appropriate term and using (3.4), (3.5), and (3.6), we have

e(x2) − e(x1) =

∫ x2

x1

e′(x) dx =

∫ x2

x1

∫ q(x)

p(x)

2vDΦx
v|Φy| dy dx+

∫ x2

x1

∫ q(x)

p(x)

2v2 Φy · Φxy
|Φy|

dy dx

=

∫ x2

x1

s

∫ q(x)

p(x)

2v(aν) · ∇v|Φy| dy dx+

∫ x2

x1

∫ q(x)

p(x)

2v(Φx − saν) · ∇v|Φy| dy dx

+

∫ x2

x1

∫ q(x)

p(x)

2v2 Φy · Φxy
|Φy|

dy dx

e(x2) − e(x1) ≥ (Ca,L − Cν,L − C0,L)‖v‖2
L. (3.8)

Similarly, one obtains

e(x2) − e(x1) ≤ (C′
a,L + Cν,L + C0,L)‖v‖2

L

e(x2) ≤ (C′
a,L + Cν,L + C0,L + CT )‖v‖2

L (3.9)

where CT is the constant of the trace inequality from (H1(Ω12), ‖ · ‖L) to L2(Γx1). Putting together (3.8)
and (3.9), one obtains

e(x1) ≤
(

1 − Ca,L − Cν,L − C0,L

C′
a,L + Cν,L + C0,L + CT

)

e(x2),

as required.

Remark 3.5. In the proof of Lemma 3.4, we have used the fact that H1
0 (Ω) ∩ H1(Ω12) is the kernel

of the trace map v → v|∂Ω12∩∂Ω. This is true if the curve ∂Ω12 ∩ ∂Ω ∈ C1. To that end, we have included
in Definition 3.1 the assumption that p, q ∈ C1. We could instead use the fact that v ∈ H1

0 (Ω) ∩H1(Ω12)
directly without appealing to the trace. In that case, one could simply assume that p and q are just Lipschitz
continuous functions.

We are ready now to prove the second main theorem of this paper.

Proof of Theorem 2. Since we have already shown that the matrices Ai and Bi satisfy conditions (2.14)-
(2.16) of Definition 2.4, to use Theorem 1, all that remains is to verify the monotonicity conditions (2.19),
(2.20), and the strengthened Cauchy-Schwarz inequality (2.21). We proceed in two steps. First, we show
that vTAiE12v = vTAiv for i = 1, 2. Then we check the thus simplified monotonicity conditions.
As in Lemma 3.4, we use integration by parts:

A1[v,E12v] =

∫

Ω1

(∇v)T a(∇E12v) + cvE12v =

∫

∂Ω1∩Ω2

(Daνv)E12v

=

∫

∂Ω1∩Ω2

(Daνv)v (since v|∂Ω1∩Ω2 = (E12v)|∂Ω1∩Ω2)

=

∫

Ω1

(∇v)T a(∇v) + cv2 = A1[v, v],

and recall that A1 is positive semidefinite.
Let w ∈ H1(Ω2) and let v solve

(R̃1M1R̃
T
1 )v = R̃1(A2 −B1)R̃

T
2 w.

In terms of bilinear forms given by integrals, for any test function φ ∈ H1(Ω1) ∩H1
0 (Ω), we have that

∫

Ω1

(∇φ)T a(∇v) + cφv + α

∫

∂Ω1∩Ω2

φv =

∫

Ω22

(∇φ)T a(∇w) + cφw − α

∫

∂Ω1∩Ω2

φw.
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If we take φ ∈ H1
0 (Ω1) then we have that

∫

Ω1

(∇φ)T a(∇v) + cφv = 0.

Hence, v is a local solution in Ω1, i.e., [−∇ · (a∇) + c]v = 0 in Ω1 in the weak sense, with v|∂Ω1∩∂Ω = 0 and
some boundary data along ∂Ω1 ∩ Ω2. Thus, by Lemma 3.4, B2[v, v] ≤ κ1B1[v, v] (unless v = 0). Since v is
a local solution, it belongs to the range of X1, and we have

vT (B2 −A1E12)v = vT (B2 −A1)v ≤ vTB2v ≤ κ1v
TB1v ≤ κ1v

T (A1 +A12 +B1)v,

which is (2.19). A similar argument applies to (2.20).
For the strengthened Cauchy-Schwarz inequality (2.21), let Wi, i = 1, 2 be the set of functions v such

that −∇ · (a∇v) + cv = 0 in Ω12, v = 0 on ∂Ω12 ∩ ∂Ω and v + αDνv = 0 on Γxi
(the range of R12Yi is

contained in Wi). Because of the coercivity of the Robin form, W1 ∩ W2 = {0}. Furthermore, the map
Piv = w defined by







−∇ · (a∇w) + cw = 0 in Ω12,
w + αDνw = 0 on Γxi

,
w + αDνw = v + αDνv on Γx3−i

;

is clearly a continuous oblique projection from W1 + W2 to Wi, for i = 1, 2. The oblique projections P1, P2

are the unique continuous oblique projections such that v = P1v + P2v for all v ∈ W1 + W2. Therefore, the
spaces W1 and W2 form a positive angle and there is a κ such that (2.21) holds. Indeed, if vk is in the unit
ball of W1 and wk is in the unit ball of W2, k = 1, 2, . . .; such that 〈vk,M12wk〉 → −1 as k → ∞ then let
uk = (vk + wk)/‖vk + wk‖. We have that uk ∈ W1 + W2 is in the unit ball and P1uk = vk/‖vk + wk‖. But
then ‖P1uk‖ → ∞ since ‖vk + wk‖ → 0, contradicting the continuity of P1. Hence (2.21) holds for some
κ < 1. Theorem 1 shows that the OSM converges geometrically.

That last portion of the proof uses the fact that the existence and uniqueness of continuous oblique
projections implies the strengthened Cauchy-Schwarz inequality. Although we have included the proof of
that fact for completeness, it is a standard result of functional analysis.

Corollary 3.6. If a is constant and the interfaces are parallel lines or concentric circles (in the a
metric), then the OSM converges geometrically for every α > 0.

While this gives the desired result for Sobolev spaces, a different result is required for the Finite Element
discretization. We study this in the next subsection. The approach we take was inspired by first considering
finite difference discretizations.

3.2. OSM with the piecewise linear Spectral Element Method. The Spectral Element Method
(SEM) computes the mass and stiffness matrices using a quadrature rule. The simplest SEM uses piecewise
linear elements. The stiffness matrix for the Laplacian is identical to the one obtained from the FEM, but
the mass matrix is diagonal because of the quadrature rule used; see, e.g., [21]. For the next Lemma, we
assume that Ω is contained between the vertical lines x = hj0 and x = hj3.

Lemma 3.7. Assume that Ω is a union of squares of side h with the vertices on hZ
2, and each square

is divided into two triangles. Fix j0 < j1 < j2 < j3 and let Ωi = {(x, y) ∈ Ω | hji−1 ≤ x ≤ hji+1}, i = 1, 2.
Let V to be the set of piecewise linear elements in H1

0 (Ω) with piecewise linear basis φ1, . . . , φn ∈ C(R2).
Let v ∈ V be a spectral element local solution in the sense that

∫

Ω1
∇v · ∇w = 0 for all w ∈ V ∩ H1

0 (Ω1).

Define ej :=
∑

k∈Z
v2(jh, kh), the discretization of e(x) of (3.1) by the trapezoidal rule. Then

√
ej is a

nondecreasing convex function of j ∈ Z. In particular,

√
ej1 ≤ j1 − j0

j2 − j0

√
ej2 , i.e.

B2[v, v] ≤
(
j1 − j0
j2 − j0

)2

B1[v, v].

An illustration of a grid satisfying the conditions described in Lemma 3.7 is shown in Figure 3.2.
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Fig. 3.2. Example of a grid for Lemma 3.7.

The use of the trapezoidal rule for the boundary terms corresponds to the SEM and makes the matrices
S1 and S2 diagonal. We denote by v1, . . . , vn, the vertices of the triangulation of Ω. If v ∈ Vh, we write
v =

∑
vkφk. We can also write v(j, k) for the value of the function v at the node (j, k). Note that we have

taken the domain of our basis functions to be R
2, so that we draw no distinction between v ∈ H1

0 (Ω) and
its extension by zero to H1(R2).

Proof of Lemma 3.7. Without loss of generality, we assume that h = 1. The stiffness matrix can be
written as

(Av)(j, k) = 4v(j, k) − v(j − 1, k) − v(j + 1, k) − v(j, k + 1) − v(j, k − 1) (3.10)

Av = 4v − Lv −Rv − Uv −Dv.

Observe that for (j, k) ∈ Ω1, we have (Av)(j, k) = 0. Write |v|j =
√
ej , the ℓ2 norm of the vector of

coefficients of v for the nodes on the vertical line x = j. With this notation, we have

|v|j =
1

4
|Lv +Rv + Uv +Dv|j

≤ 1

4
(|Lv|j + |(U +D)v|j + |Rv|j)

≤ 1

4
(|v|j−1 + 2|v|j + |v|j+1),

and thus, |v|j ≤ 1
2 (|v|j−1 + |v|j+1).

Proof of Theorem 3. Consider the matrix A in this discretization, i.e., of the form (3.10). The matrix E12

is a submatrix of the identity, and therefore the matrices A1E12 and A2E12 are diagonally semidominant,
hence positive semidefinite, even though they are not symmetric. Therefore, the monotonicity conditions
(2.19) and (2.20) hold if κuTBiu ≥ uTB3−iu for all u in the range of Yi. Apply the change of coordinate

y = Q
√

det a a−
1
2 x, where the orthogonal matrix Q is chosen so that the interfaces become vertical lines,

then apply Lemma 3.7. Observe that the κ of Lemma 3.7 is independent of h. Finally, [14] showed that the
strengthened Cauchy-Schwarz inequality (2.21) holds with

κ ≤
√

C(1 − log h)2 − 1

C(1 − log h)2 + 1
.

Taking a Taylor polynomial expansion in the variable ζ = 1/ logh about ζ = 0, we see that

κ ≤ 1 − 1

C
ζ2 +O(ζ3)

= 1 − 1

C
log−2 h+O(log−3 h). (3.11)
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If we expand equation (1.8) in a Taylor polynomial about κ = 1, we obtain

ω(κ) = 1 − 1

2
(κ− 1)2 +O((κ− 1)3) (3.12)

By substituting (3.11) into (3.12), we obtain the result.

4. Numerical Experiments. We present four numerical experiments illustrating the convergence of
the methods treated in this paper. Our first experiment is a two-domain decomposition of an L-shaped
region. Our second experiment shows that there is no visible deterioration of the convergence rate as the
mesh grid size h tends to zero. Our third experiment is an algebraic OSM decomposition of a random block
tridiagonal matrix which is not the discretization of a boundary value problem. The final experiment is a
decomposition of an L-shaped domain into 12 subdomains.

4.1. L-shaped region, two subdomains. Our first experiment is a two-domain decomposition of
an L-shaped region. We are solving the Laplace problem with homogeneous Dirichlet condition. We have
compared the convergence rate of the classical multiplicative Schwarz algorithm (with Dirichlet conditions)
and the optimized Schwarz method (with Robin conditions). The size of the stiffness matrix A is 161× 161.
The value of α = 6 is the optimized value obtained in [18] using Fourier methods. The convergence graph,
the domain, its subdomains and the mesh are shown in Figure 4.1. The right-hand-side is chosen randomly.
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E
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or

Convergence of Classical vs Optimized Schwarz

 

 
Classical Schwarz (Dirichlet−Dirichlet)
Optimized Schwarz (Robin−Robin)

Fig. 4.1. Left: Convergence rate for classical multiplicative Schwarz (Dirichlet tranmission conditions) vs. optimized
Schwarz (Robin tranmission conditions). The vertical axis is the norm of the error in log scale, while the horizontal axis is
the iteration count. Right: the domain, its subdomains and the grid.

4.2. Another L-shaped region. Many values of h. In this experiment, our domain is again an L
shaped region. We have taken the unit square and deleted the upper-right quarter-square. The grid is a
regular lattice. The subdomains are defined by x < 0.625 and x > 0.5. Since the subdomains do not change
shape and the overlap does not shrink as h tends to zero, Theorem 3 shows that the convergence rate cannot
vary faster than a polylogarithm of h. We perform several runs with decreasing values of the mesh parameter
h. The coarsest grid has h = 1/8 = 0.125 and results in an overlap that is one element thick. The finest
grid has h = 1/128 = 0.0078125 and has an overlap which is 16 elements thick. We are solving the Laplace
problem with homogeneous Dirichlet conditions and the right hand side is f = 1. Figure 4.2 summarizes the
convergence history of these runs, and shows that there is no degradation of the convergence rate as h goes
to zero.

4.3. OSM decomposition of a random matrix. Our next example is an OSM decomposition of a
random block tridiagonal SPD matrix A, i.e., of the form

A =









a11 a12 0 0 0
a21 a22 a23 0 0
0 a32 a33 a34 0
0 0 a43 a44 a45

0 0 0 a54 a55









,
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Fig. 4.2. Convergence of the OSM for various grid sizes h. The vertical axis is the norm of the error in log scale, while
the horizontal axis is the iteration count.

where each aℓk is a matrix. We generate this matrix by picking a random matrix X with entries uniformly
distributed in [−1, 1]. Then we set A = XTX , and finally we overwrite the entries not in the three diagonal
blocks with zeroes. For this example we have chosen the five diagonal blocks to be square of orders 40, 5,
10, 5, and 40. Thus A is of order 100. The right-hand-side is chosen randomly.

We set

R1 =







I 0 0 0 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0






, R2 =







0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I






, R12 =





0 I 0 0 0
0 0 I 0 0
0 0 0 I 0



 ;

with block sizes matching those of A. The restrictions R11 and R22 are defined similarly (although they are
not needed in the implementation) and we take R̃k = Rk for k = 1, 2, 12, 11, 22. Then we define

A1 =









a11 a12 0 0 0
a21 a22 − ã22 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0









, A2 =









0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 a44 − ã44 a45

0 0 0 a54 a55









,

A12 =









0 0 0 0 0
0 ã22 a23 0 0
0 a32 a33 a34 0
0 0 a43 ã44 0
0 0 0 0 0









,

where ã22 (respectively ã44) has the same off-diagonal entries as a22 (respectively a44) and the diagonal
entries are chosen so that A12 is diagonally semidominant on the rows corresponding to a22 and a44. We
then let

B1 =









0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 αI 0
0 0 0 0 0









, B2 =









0 0 0 0 0
0 αI 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0









;

with α ∈ R. We remark that this particular decomposition is not optimized at all (and the value we used,
α = −4 is such that R̃iMiR̃

T
i , i = 1, 2, 12 are SPD, cf. Definition 2.4); an algebraically optimized iteration

would choose very special matrices A12, B1, B2 to obtain the fastest possible convergence. The convergence
history can be seen in Figure 4.3.
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Fig. 4.3. Convergence of the OSM for a random block tridiagonal SPD matrix A. We have plotted the norm of the error
(in log scale) for the first 21 iterations.

4.4. L-shaped region, twelve subdomains. Our final example is an L-shaped region split into twelve
subdomains. Although we have not analyzed the Optimizable Schwarz Method on more than two subdo-
mains, this example illustrates that the method works in more realistic situations with multiple subdomains.

The domain, the subdomains and the mesh are depicted in Figure 4.4. After the mesh was generated,
initial subdomains Ωi,0 were chosen by selecting vertices in open rectangles of the form (j, j+1)/4×(k, k+1)/4.
We have a procedure grow to grow a subdomain Ω(·) by adding all triangles sharing at least one vertex
with Ω(·). We call this procedure three times per subdomain to obtain the subdomains Ωi = grow3(Ωi,0),
i = 1, . . . , 12.

Fig. 4.4. L-shaped domain subdivided into twelve overlapping subdomains

On each subdomain, the local problem at iteration k takes the form

(RjMjR
T
j )v

(j)
k = Rjb+Rj(Bj + Ãj −A)vk,

where Ãj is the matrix of the bilinear form of
∫

Ωj
∇u · ∇v, corresponding in the two-subdomain formulation

to Aj +A12. The “reassembled iterate” vk is given by

vk =
∑

j

WjR
T
j v

(j)
k−1,
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where W1, . . . ,W12, are diagonal matrices with nonnegative entries, such that W1 + . . .+W12 is the identity
and EjWjEj = Wj for j = 1, . . . , 12. For this L-shaped domain, in order to generate the diagonal matrices
Wi, i = 1, . . . , 12, we begin by computing Wi,0 diagonal matrices with a 1 on the jth diagonal entry if and
only if the jth vertex is in grow(Ωi,0). Then we set W =

∑
Wi,0 and we let Wi = W−1Wi,0, i = 1, . . . , 12.

The right hand side f is chosen randomly with uniformly distributed entries in [0, 1]. The size of the stiffness
matrix A is 1953 × 1953. The value of α = 5 is an optimized value.

In Figure 4.5 we show nine iterates converging to the true solution with twelve subdomains, while in
Figure 4.6 we show the error terms of the same nine iterates with twelve subdomains. Note the scale in each
of the iterates.

Fig. 4.5. Nine iterates converging to the true solution with twelve subdomains.

5. Conclusions and outlook. We have analyzed algebraic Optimizable Schwarz Methods and given
a proof of convergence which applies to the PDE setting, for any Robin parameter α > 0 and for general
domains. Our numerical experiments also show that there is an advantage in using such methods over
classical multiplicative Schwarz methods.

In optimized Schwarz methods such as in [8, 18], it is shown that there is a significant advantage in using

Bi[v, φ] = αi

∫

∂Ωi∩Ω3−i

vφ + βi

∫

∂Ωi∩Ω3−i

vτφτ ,

where ·τ denotes the derivative tangential to ∂Ωi ∩Ω3−i; this corresponds to a transmission condition of the
type

vk + αi
∂

∂ν
vk − βi

∂

∂τ
vk = wk−1 + αi

∂

∂ν
wk−1 − βi

∂

∂τ
wk−1.

Although there is some difficulty in starting in H1(Ω) and then tracing a tangential derivative, we hope that
our framework can be used to study such iterations.

Finally, it is also shown in [8, 18] that using a different α for B1 and B2 can lead to significant improve-
ments in the convergence rate. The current paper does not address this iteration.

Acknowledgements. We are grateful to our colleagues Yury Grabovsky and Gerardo Mendoza for
useful discussions.
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Fig. 4.6. Error terms of the same nine iterates of Figure 4.5.
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