On the convergence of

Algebraic Optimizable Schwarz Methods
with applications to elliptic problems

Sébastien Loisel and Daniel B. Szyld

Research Report 07-11-16
Revised, December 2007

This is a slightly revised version from the original of November 2007

This report is available in the World Wide Web at
http://www.math.temple.edu/"szyld






ON THE CONVERGENCE OF ALGEBRAIC OPTIMIZABLE SCHWARZ METHODS
WITH APPLICATIONS TO ELLIPTIC PROBLEMS*

SEBASTIEN LOISEL' AND DANIEL B. SZYLD?

Abstract. The Schwarz method can be used for the iterative solution of elliptic boundary value problems on a large
domain 2. One subdivides €2 into smaller, more manageable, subdomains and solves the differential equation in these subdomains
using appropriate boundary conditions. Schwarz-Robin methods use Robin conditions on the artificial interfaces for information
exchange at each iteration. Optimized Schwarz Methods (OSM) are those in which one optimizes the Robin parameters. While
the convergence theory of classical Schwarz methods (with Dirichlet conditions on the artificial interface) is well understood, the
overlapping Schwarz-Robin methods still lack a complete theory. In this paper, an abstract Hilbert space version of the OSM is
presented, together with an analysis of conditions for its convergence. It is also shown that if the overlap is relatively uniform,
these convergence conditions are met for Schwarz-Robin methods for two-dimensional elliptic problems, for any positive Robin
parameter. In the discrete setting, we obtain that the convergence rate w(h) varies like a polylogarithm of h. Numerical
experiments show that the methods work well and that the convergence rate does not appear to depend on h.

1. Introduction. Schwarz iterative methods for the solution of boundary value problems have been
extensively studied; see, e.g., [23], [25], [27]. When some of these methods are used as parallel preconditioners,
they have been shown to scale perfectly in many thousands of processors; see, e.g., [12].

The main idea is to split the overall domain 2 into multiple subdomains €2 = €; U, U. . .US),, then solve
Dirichlet problems on each subdomain, and iterate. There are many variants, which we name after the type
of boundary condition used on the artificial interfaces, for instance Schwarz-Neumann or Schwarz-Robin.
While the classical Schwarz methods (with Dirichlet boundary conditions on the artificial interface) are very
well understood, [23], [25], [27], less progress has been made in the theory of Schwarz-Robin methods. With
this paper, we hope to advance some possible building blocks for such a theory.

One difficulty with Schwarz-Robin algorithms is the choice of the real parameter a for the differential
operator Bu = au + Dyu (D, is a normal derivative) on the artificial interface. The first analysis of a
Schwarz-Robin method was performed with some generality by Lions [17] for the case of zero overlap. It is
well-known that overlap usually improves the convergence rate of Schwarz algorithms. Detailed studies for
the overlap case do exist for the case of simple domains, such as rectangles, half planes, or hemispheres, and
the main analytical tool is the use of Fourier transforms; see, e.g., [3], [4], [5], [8], [9], [11], [18], [19], [22]. For
general domains, and two overlapping subdomains, Kimn [13], [14], proved convergence of the method. He
showed that there is an ap > 0 such that the Schwarz-Robin iterations converge for any Robin parameter
0 < a < ap. The Fourier analysis performed in [8] and [18] however suggests that o must grow to +oo as
the overlap shrinks to zero, and that the convergence rate of the Schwarz-Robin method decays quickly if
a < ag is enforced as the overlap goes to zero.

One of the contributions of this paper is to show convergence of the Schwarz-Robin iteration for elliptic
problems on two subdomains of general two-dimensional domains, as long as the overlap is relatively uniform
(in a sense clearly defined later), for any o > 0 and arbitrarily small overlap. This is a new result which
trades Kimn’s restriction on « for a condition on the shape of the overlap. As we shall see, this condition is
generally satisfied in practical situations. We note that this result depends on a kind of maximum principle
for the L? norm of certain traces of harmonic functions (or solutions to the elliptic problem with f = 0),
which coincide with the estimates obtained with Fourier series in [18] and [8].

A method where the value a has been optimized is called an Optimized Schwarz Method (OSM). Higher
order transmission operators have also been proposed, such as au+ 8D ,u~+ D, u, which has two parameters
«, (B, to optimize. For the Schwarz-Robin method, the iteration with the optimized parameter is called
000 (Optimized of Order 0), and the second order tangential version leads to an OO2 algorithm. We note
that there is no widely accepted term for the unoptimized algorithm with two parameters. We call all such
methods, with not necessarily optimized parameters, Optimizable Schwarz methods, and we use the same
acronym for them: OSM.

Another contribution of this paper is to describe Optimizable Schwarz methods in a very general manner,
namely on symmetric positive definite operators on a general Hilbert space. We thus analyze conditions for
convergence of OSM on Hilbert spaces. Our analysis of elliptic boundary value problems then reduces to
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show that the above mentioned conditions are satisfied. Furthermore, we show that in the discretized case,
bounds of the convergence rate w(h) vary like a polylogarithm of h. In our numerical tests, we were not able
to observe a deterioration of the convergence rate as h tends to zero.

Since our description and analysis of Optimizable Schwarz Methods is for a general Hilbert space, it
applies to both continuous and discrete settings. One can regard our description for a Hilbert space as
an algebraic representation of OSM. For classical Schwarz methods, algebraic representations have been
proposed, most notably [26], [10], [7], [2], [20]. Our approach while inspired by some of these papers, and by
[13], [14], is novel, and it is dictated in part by the complications and subtleties of the Robin conditions.

We consider the following general elliptic problem

-V - (aVu)+cu= fin Q@ and u =0 on 02, (1.1)

where a : Q — R?*2 is C* and ¢ € L>°(Q). We use the following simpler example, for which a is the identity,
and ¢ = 0, to illustrate the basic ideas of the Schwarz-Robin method, and its properties. This example has
also served as inspiration to derive the “algebraic” representation of the Schwarz-Robin method

EXAMPLE 1.1. Consider the problem —Au = f in Q and u = 0 on Q. We use the domain decomposition
Q=01 UQs and a finite element discretization with n piecewise linear basis functions ¢; associated with the
nodes in the interior of . There are no degrees of freedoms on the boundary 02. The matriz of the problem
is A = fQ(VqSi)T(V@). We consider the three “atomic subdomains” Qi1 = Q1 \ Qa2, Qoo = Q2 \ Oy, and
Q10 = Q1 N Q. Let ny; be the number of the nodes in the interior of Qy;, i = 1,2, and niz be the number
of nodes in the interior of Q12 plus those on its interface 12 \ Q. Then, we have n11 + N2 + noa = n
and the space of solution nodal values is U = R™. Let ny = ni1 + ni2 and na = nio + nao be the number of
unknown nodal values associated with Q1 and Qs, respectively. The domain decomposition of U can be then
defined by restriction operators from U to R™ i =1,2,11,12,22 which consist of rows of the n x n identity
matriz I, e.g.,

0000 O0O0T10O0
R, = 0100 00O0O0
00010000

These restriction operators are often called Boolean gather operators, while their transpose Rl are called
Boolean scatter operators. Formally, such matrices R; can be expressed as

with I, the identity on R™ and m; a permutation matriz on R™. We illustrate the form of the different
restriction operators (matrices) from U to R™ | i =1,2,11,12,22, corresponding to the nodes of each of the
two subdomains 1 and Qo and the three atomic subdomains. To that end, we order the nodes so that the
first n11 nodes are in Q11, the next nia nodes are in Q2 or its interface 912 \ Q) and the final noe nodes
are in Qao. The restriction maps then are as follows

Ry = [ In1 | On11n22 ]7
Rip = [ 07112,7111 | Inlz | 07112,7122 ]7
R2 = [ Ong,nu | Inz ]7
R = [ Inu | Onuﬂlz ]7
Ray = [ On221n1 | In22 ];

where Oy, 4 is the m x £ zero matriz. In this evample, we can define prolongation maps using R for
1=1,2,11,12,22.
Given vo € H (1), wo € H*(Q2), the Schwarz-Robin iteration is

—Av,, = fin Qq, —Awg, = f in Q,
v =0 on 901 NN, wg =0 on 00 N ON, (1.3)
vy + %vk = QWp_1 + %wk_l on 021 N Qs; awy, + %wk = Qup_1 + %vk_l on 021 N N,
k=1,2,... Here, and throughout the paper, we abuse the notation and use the same letter for the functions

in the continuous problem, and the corresponding nodal values. The piecewise linear FEM discretization of
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the Schwarz-Robin iteration, starting with vg € R™ and wy € R™ is

RiMiR{ v, = Rif — Ri(As — B1)RY w1, (1.4)
RoMyR3wy, = Rof — Ro(A1 — Ba)RY v, (1.5)
k=1,2,..., where the matrices are given by

Avig = /Q(V@)T(Vqu),

11

Ao = /Q(V@)T(V%)a

12

Aoy = /Q(V@)T(Vqu),

22

Biij=a | ¢id;, (1.6)
021NN

Byij=a [ ¢i¢;, (1.7)
002NN

i,j=1,...,n, and

My = A1 + A2 + By,
My = Ay + A2+ Bos.

Each of these matrices is n X n and singular, but the smaller matrices Ry M, Rip and RgMgRQT of size n1 X nq
and n2 X ng, respectively, are symmetric positive definite (SPD), and thus nonsingular.

Note that with the restriction operators of Example 1.1 one has that R;RI = I,,, for each i. We will
see later on in Example 2.5, and elsewhere, that in general we must use prolongation maps different from
RT. Therefore, in addition to the restriction maps R;, we will introduce prolongation maps R;T, and for
those we will require that RlR;f = I, for each i. We point out that in our general formulation, restriction
operators R; other than (1.2) are possible, as long as le%lT is the identity; see Definition 2.1 below, and also
Example 2.5 for an illustration of this. Note also that in Example 1.1, the restriction operators R; completely
determine the decomposition of the finite element space U corresponding to the nodes in the domain 2. In
our general domain decomposition, it will be characterized by the pairs R;, R;.

We present now the three main theorems of this paper, which we will prove later. They refer to definitions
which are given in later sections, but the results are given here so that the reader can appreciate their
relevance. Our first result indicates that for the OSM on general Hilbert spaces, such as the iteration (1.3),

or that given by (1.4)-(1.5), converges to the restrictions in each subdomain of the solution of the problem.

THEOREM 1. Given a domain decomposition of a Hilbert space U as per Definition 2.1 and a matching
domain decomposition of the symmetric, coercive and continuous operator A as per Definition 2.4, satisfy-
ing the monotonicity conditions and the strengthened Cauchy-Schwarz inequality with v < 1, the OSM of
Definition 2.6 converges geometrically to the solution of Au = f, i.e.,

lox — Ryu| < Cw*,
lwi — Roul < Cwh;

for some constant C and k = 1,2, ..., and with

— 2 _ 2
P Gtk ’;(1 RERAR (1.8)

This is an algebraic result that applies to arbitrary symmetric, coercive and continuous operators on
an arbitrary Hilbert space, as long as the appropriate domain decompositions are used. The hypotheses of
Theorem 1 hold in particular for elliptic operators on Sobolev spaces. Hence, our second main result is that
for the general elliptic problem (1.1), if the overlap is relatively uniform (and this is made precise in §3.1),
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then the Schwarz-Robin method converges for all values of the parameter a > 0; see, e.g., (1.3), or (1.6) and
(1.7).

THEOREM 2. Let the domain decomposition have a relatively uniform overlap as per Definition 3.2.
Then the Optimizable Schwarz Method for the general elliptic problem (1.1) converges geometrically for
every a > 0.

In particular, for discretizations of (1.1), with ¢ = 0 and a constant, by the piecewise linear Spectral
Element Method (SEM) [21], a variant of the FEM, we have the following result.

THEOREM 3. Let Q2 = Q1UQy be a domain decomposition, and assume that it is triangulated as described
in Lemma 3.7. Consider the problem —V - (aVu) = f with u € H(Q) with constant coefficient matriz a.
Assume that the triangulation used is an orthogonal lattice with respect to the inner product induced by a,
and assume that the interfaces lie on parallel lines. Then the Schwarz-Robin iteration using the piecewise
linear Spectral Element discretization converges for every o > 0. The convergence rate w(h) is at most a
polylogarithmic function of h, as h tends to zero:

w(h) <14 Cylog ™ h <1,

where Cyq is a constant which depends only on the domain decomposition and the elliptic operator, not on
the discretization parameter h.

The structure of the rest of the paper is as follows. In §2; we analyze the OSM on an abstract Hilbert
space U for an abstract symmetric, coercive and continuous operator A, and prove Theorem 1. In §3, we
analyze the OSM for Schwarz-Robin iterations, both at the continuous level as well as discretized by the SEM,
proving Theorems 2 and 3. In §4, we present some numerical experiments. Finally, in §5, we present some
conclusions. In Table 1.1 we list most of the symbols and acronyms used in the paper, for ease of reference.
Here and in the rest of this article, will use the term “Positive Definite” as a synonym for “Continuous and
Coercive”. An SPD operator A is therefore symmetric, coercive and continuous.

2. OSM in Hilbert Spaces. We are studying the solution of the symmetric positive definite (SPD)
problem Au = f using an Optimizable Schwarz Method (OSM). We consider the case of two subdomains.
In the algebraic description of Schwarz methods, e.g., in [2], [7], the matrices E; = R R; play a major role.
These matrices can be associated with indicating or characteristic functions of the subdomains. Here, we
generalize this concept to matrices of the form F; = RZTRZ-, as can be seen in the following definition.

DEFINITION 2.1. (Domain Decomposition of a Hilbert Space U. Two Subdomains.) Let U, V be a pair
of Hilbert spaces. A restriction pair (R, RT) s a pair of linear maps of Hilbert spaces such that R :U — V),
RT .V — U and its indicator operator B = RTR such that

RRT is the identity on V.

We refer to R as a restriction map, and RT as a prolongation map. A domain decomposition of U into
two (overlapping) subdomains consists ofﬁve restriction maps Ri1, Ra, R12, R11, Ra2 and their corresponding
prolongation maps RT, Ry, RT,, RT,, RY,, (denoted {R;, RTY}), such that R; : U — Vi, and RT : Vi — U,
each V; a Hilbert space, i = 1,2,11,12,22, and satisfying the following siz relations

EE; = E;E;, 4,7 =1,2,12;
I=FE +FEy— E;
E2 = E1Ey = EyEy;
I = Fy1 + Eig + Eas;
0= EnE; = BB, i =2,12,22;
0= EgE; = EjEyy, i = 1,11,12.

~ o~ o~~~ —
SRS
NEANMINSEN IR AN

REMARK 2.2. We have defined the prolongation operators R;T :V; — U. The maps Ry : U — V; are
implicitly defined using the inner products in the Hilbert spaces U and V; as follows

Riu = v if (u, RTw) = (v,w) for all w € V.
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TABLE 1.1
List of symbols, acronyms and formulae.

Optimizable Schwarz Method.

Symmetric and positive definite (continuous and coercive).

The identity operator or matrix.

Elliptic operators or large, symmetric positive semidefinite matrices.
The transpose of A.

The symmetric bilinear form of the symmetric matrix or operator M:
Mv,w)] := (v, Mw) = (Mv,w).

An eigenvalue of A.

The determinant of A.

Trace operators or matrices.

In an abstract Hilbert spaces, these are just PSD operators.

M, =A; + A+ B;, i =1,2. Mis = A5+ By + Bs.

Restriction operators or matrices.

An “indicator operator”.

A domain in R2.

An overlapping domain decomposition.

The overlap.

The atomic subdomains.

The gradient.

The Laplacian

An Elliptic operator in divergence form.

Variable coeflicients of an elliptic operator.

a:Q— R¥>?2is C! and c € L>®(9Q).

Sobolev spaces.

The absolute value of v or, if v is a finite dimensional vector, vVvTv.
The H'-norm of v.

a C? Parametrization of Q.
C' functions so that ®(z,p(x)), ®(z, q(x)) parametrize 912 N ON.

The set {(z,y)|r1 <z < 22 and p(z) <y < ¢(x)}.

the interval (p(x), ¢(x)).

An “intermediate boundary”, T',, = ®(z, J,,), 1 < x < z5.

Remark: we must have I'y,, = 9€; N Q5_;.

Fractional subdomains Q. 1, = Q1 \ ®([z, 22),-) and Qu g = Q2 \ ®((21,2], )
Remark: Q,, ; = Q; and Q,, r = Qo.

A unit normal vector to the curve I';, > x.

Partial derivative with respect to x.

The weak derivative.

It is not hard to see that for the special case of R; = R; and R; as defined Example 1.1, then, the
matrices F; satisfy the properties (2.1)-(2.6). Next we show that some further desirable properties follow

from these axioms.

LEMMA 2.3.

Let {Ri,]:?iT} be a domain decomposition of a Hilbert space U, and E; = ]:ZZ-TRi,

1=1,2,11,12,22. Then, the following identities hold.

Furthermore, let

E?=E;, i=1,2,11,12,22;
RiE; = R;, BE;RT = RY, i =1,2,11,12,22;

(
(
BB = EpoE; = B, i = 1,2 (
E\En = EnFEy = B and ExFoy = Fyally = Eas. 2

F R12R 1= 1,2.

(]
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then the map V¥ : u — (Ryu, Ryu) is injective and its range is R = {(v, w)|F1v = Fyw}. Similarly, the map
U:u— (Rlu Rgu) 18 also injective. Finally, if R”AR is SPD and R;ARTv = R;f,i=1,2, then

v =R;RL,Fiv+ R;RL(Ry;ARL) Y (Ryb — Ry ARL, Fiv), i =1,2. (2.11)
Proof. Since R;R! is the identity, E? = RIR,R'R; = RI'R; = E;, R;E; = R;,R'R; = R;, and
E; RT RTR RT RT. The identity (2.9) follows from FyE1s = E1(E1Es) = E1FEs = Eyo. The relations

(2. 10) follow by multiplying the identity (2.2) by E11 or Eag, on the left or on the right. To show that ¥ is
injective, assume that ¥(uy) = ¥(uz), then we can write, using (2.2) and (2.9),

u1 —ug = (B1 4+ B3 — E12)(u1 — u2)
= R{Rl (ul — Ug) + R;Rg(ul — u2) — E12E1 (ul — ’U,z)
= RTo+ RY0o - E;nRT0=0.

To look at the range of U, first consider (v, w) = Pu for some u € Y. Then
Fiv = RisRTRyju = RisEru = Ri2E12Equ @9 Ris2Erou @9 Risu,
Fyw = Ri2Ry Rou = RiaFhu = RizE1sFou = RipEppu = R,
and thus (v, w) € R. Conversely, let v, w be such that Fjv = Fow. Then let
U= RlTv + Rsz — E12R1Tv = RlTv + RgTw — E12R2Tw.
Then,
Rlu = Rlé,{v + Rlész — R1E12R2Tw =,

where we have used that RlélT is the identity on V; and R1E12R2T = RlElEgRQT = R1R2T. Similarly, we
obtain Rou = w, i.e., ¥(u) = (v, w), as required. To analyze ¥, assume that (R;u, Ryu) = (0,0). Then, for
all v € Vi, w € Vs, (RTv,u) = (RYw,u) = 0. Pick v = Ry (u — E12u) and w = Rau to obtain

< > (E1 + EQ — E12)u, u>
(El — ElElg)u, u> + <E2u, u)

= (RTv,u) + (RYw,u) = 0.

N o~ o~ o~

Finally, the “Schur’s complement” relation
then

2.11) is verified as follows. First, observe that if v € V; (i = 1,2),

v = Rif%;-‘rv = R;(F11+ E12 + Ezg)f%;‘rv
= R;(Ey; + E12)RTw (since, e.g., Fos RT = EpE1RT = 0)
= R;E;RTv + R;FE12RT v
= R;RL(R;RTv) + R:RE,(Fv). (2.12)

We want an expression to replace RiiRiTv in (2.12). To that end, first note that

(2.8

RTRRT = R Y BERE P2 B, RT XY RT. (2.13)

Then we obtain (2.11) from
R”ARZ(R”RZT’U) = R AE Rl v = R”A(I — E12 — Eg_i73_i)RiT’U
= RyARTv — Ry AE1,RT v (since, e.g., FoeRT = 0;cf. (2.6))
(2213) R”RlTRlTARlT’U — R”AR,{Q (Fl’l})
= R”R?le — R”AR,{Q(Fl’U) = R”f — R“AR{2(F1’U) O
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Inspired by the relations between the different operators in Example 1.1, the following definition en-
capsulates the algebraic relations defining a domain decomposition of an operator. In this definition, and
in the rest of the paper, we use the matrix-style notation v7 Mw and the bilinear form notation M[v,w] as
shorthand for the expression (v, Mw).

DEFINITION 2.4. An OSM decomposition of a symmetric positive definite linear operator A : U — U
subordinate to the domain decomposition {R;, RI'} of U is given by symmetric operators Ay, Az, A2 (the
“Neumann operators”) and By, B (the “trace operators”), all five from U to U , which satisfy the following
relations:

A= Al + A12 + AQ; (214)
Ay = AE;, i =1,2,12; (2.15)
Bi = B,E;, i=1,2andj=1,2,12; (2.16)

where E; = R?Rl Furthermore, we define the operators
M; =A; + Ao+ B; fori=1,2, and M2 = A12 + By + Bs, (217)
and require that

RiM;RTi=1,2,12; and RzARL i=1,2; are SPD. (2.18)

1)

Finally, we say that the OSM decomposition is monotonic if there is a positive k < 1 such that

vl (By — A1 Fy2)v < kvl Miv Yo € range of X, = RlT(RlMlélT)flRl(Ag - Bl)RzT; (2.19)
vT(By — Ay Fy2)v < kvl Myv Yo € range of Xo = R;(RQMQR%“)ilRQ(Al - Bg)RlT; (2.20)
[T Mipw™| < Ii\/’UTMlg’U\/’wTMlg’w (2.21)

Yv € range of Y1 = R12(R12M12R,'1T2)_1R12(Bg — Al)]:?rf and
Yw € range Of}/Q = ng(R12M12R{2>71R12(B1 — AQ)R;

We will show in §3.2 that Example 1.1 satisfies the monotonicity conditions (2.19), (2.20) and the
strengthened Cauchy-Schwartz inequality (2.21).

We note here that the matrices (or operators) A; in Definition 2.4 are not of the form E;AFE;. This can
be easily seen from the relation (2.2).

EXAMPLE 2.5. Let Q be a domain, and consider the elliptic problem (1.1). Let Q = Q1 U Qs be an
overlapping domain decomposition. Define Q;; = Q; \ Qs—; for i =1,2 and Q12 = Q1 N Qo (the overlap), so
that 11, Q922, Q12 are the “atomic subdomains”. For the symmetric elliptic operator

Alv,w] = / (Vo)L a(Vw) + cow on Q, (2.22)
Q
one would usually take A; to be the operator of the bilinear form

Ailv,w] = / (Vo)L a(Vw) + cow, i =1,2,12, (2.23)
a1

where j(i) =i for i = 1,2 and j(12) = 12. This definition clearly satisfies (2.14). The R; operators are the
restriction maps v — v|q,, and for the prolongation operators RY, consider

~ v(x)  if x € Q9,
(RIyv)(x) = ¢ 71 (v]oawna, ) (X)  if x € Qu,
Y2 (Vloa,na.)(X) i x € Qg

where ;! : Hz(0Q3_;NQ) — HE(Q)NHY(Qy) is a right inverse to the trace map v — v|oa,_,nq,. In order
to guarantee that E11 + E12 + Eag = I, we must choose Ry;v = vlq,, —’71-_1(’U|6937imgi), 1= 1,2, whose range
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is HY(Qii). The prolongation operators RE are then the extension by zero operators Hg(Qu) — H(Q),
i =1,2. Furthermore, fori=1,2, let

- e v(x) ifx e,
(B v)(x) = { (Rl (vlan))(x) i x ¢ Q.

The boundary operators are

B;[v,w] = a/ vw o,
o0Q; N34

with a > 0 a relaxation parameter. If we apply RlT to v on Q4, and then Ry, we clearly recover v (i.e., RlélT
is the identity). One further checks that

E2U mn Qllu
Elgv = v m ng,
El’U mn 922.

Hence we have

v+ EQ’U m 9117
(El + EQ)’U = 2v  in Qq9,
El’U + v mn QQQ

=v+ E12’U.

and furthermore that F1 Es = EoEy = Eq5. These formulae also allow one to check that E1, Eo, E15 commute.
Therefore, (2.1), (2.2), (2.3) are verified.

Also by these formulae, (2.15) and (2.16) are satisfied. The operators RlMZRZT, i1 =1,2,12, correspond
to mized Dirichlet-Robin boundary value problems on €;, and R”ARZT” 1 = 1,2 correspond to Dirichlet
boundary value problems, therefore (2.18) is verified. We will see in §3.1 that the monotonicity conditions

(2.19), (2.20), and the the strengthened Cauchy-Schwartz inequality (2.21) also hold under certain conditions.

We are ready now to give an algebraic general definition of the Optimizable Schwarz Method (OSM),
which represents the iteration (1.3) in the continuous case, as well as (1.4)-(1.5) in the discretized case, in
Example 1.1.

DEFINITION 2.6. Given an OSM decomposition of an SPD operator A and a right hand side f € U, the
Optimizable Schwarz Method (OSM) for the solution of Au = f starting with vg € V1 and wo € Vo is the
iteration

RlMléilr’Uk = le — Rl (Ag — Bl)ngk—lu (224)
RQMQngk = sz — RQ(Al — BQ)R{U]C,L (225)

REMARK 2.7. In the finite dimensional Fxample 1.1, the transpose we used is induced by the usual
Buclidian inner product ), vywy, which is norm equivalent to the inner product Blv,w| = fQ vw. In infinite
dimensions (on H'), the bilinear form B is indeed symmetric and Blv,v] > 0 for all v # 0, but the space
H*' is not complete in the norm induced by B, and hence (H', B) is not a Hilbert space. For that reason, we
cannot use the same prolongation operators R'f in the continuous and discrete cases. While one is tempted
to conclude that the discrete algorithm is not a discretized version of the continuous algorithm (because the
operators are apparently different), a careful inspection of the iteration (2.24)-(2.25) shows that the discrete
iteration is in fact the finite element discretization of the continuous iteration. For instance,

(Ra A BT 60, 6] = / (VBT 60) a(V(RT6;)) + BT 6, R o,

= /Q (Vo) a(Ve;) + chigy,
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which is the formula we used in Example 1.1.

REMARK 2.8. We also mention here some characteristics of the matrices A; and M; of the OSM,
when considered in the finite dimensional setting. Unlike the situation of the classical Schwarz method, here
RleRlT 18 not a principal submatriz of A. Furthermore, in the case that A is an M-matriz, RleRlT usually
is not. These two properties derive from the Robin boundary condition, which enters into M; through the
trace operator B;. We mention than B; has very few nonzero entries. See §4.3 for a particular example
where this can be appreciated.

We show now the convergence of the OSM (2.24)-(2.25).

Proof of Theorem 1. First, we rewrite Au = f two different ways:

(A1 + A12+ By)u= f — (A2 — By)u,
(A2 + A12+ Bo)u = f — (A1 — Ba)u.

We would like to build an iteration by replacing u by uj on the left and by ug_1 on the right, and using each
equation on alternate iterates. One problem with this approach is that the matrices M; = A; + A12 + B; are
singular. We will use instead the fact that the matrices R;M;R! are not; cf. (2.18).

We show now that we can replace the system Au = f by

RlMlé{’U = le — Rl (AQ — Bl)ng, (226)
RQMQR?’LU = sz — RQ(Al — BQ)R{’U, (227)
F1’U = FQU) (: R12’U,), (228)

where the last equation (2.28) is for consistency. Indeed, from Lemma 2.3, the equality (2.28) implies that
there is a unique y such that v = R;y and w = Roy. Furthermore,

RlMléilr’U = RlMlé{Rly = RlMlEly
= Ry My (using (2.15) and (2.16)),
and similarly for the other terms of (2.26) and (2.27) to obtain, after collecting terms, that
RiAy = Rif, RoAy = Rof;

so that, using the fact that W is injective, as shown in Lemma 2.3, Ay = f.

By adding subscripts, we obtain the iteration (2.24)-(2.25).

The error terms vy — Riju and wg — Rou satisfy the same recurrence relation, but with f = 0, and
therefore, we make that assumption from now on. That is,

RlMlR{’Uk = —Rl (AQ — Bl)ngk—l7 (229)
RgMgégwk = —Rg(Al — BQ)R{’U]C_l, (230)

and we want to show that vy — 0 and wy, — 0. The consistency relation (2.28) can be replaced by Fivi — 0
and Fowg — 0. Indeed, if Fyvp — 0 then (2.11) shows that vy — 0, and a similar argument applies to wy.

To show that Fyvp, — 0 and Fhwy — 0, first observe that from (2.8) and (2.9) we can write
R12R{R1 = R12, and from (215) and (216), M12 = M12E12, so that

RiaRT Ry My RT vy, = RiaMyoEr1aRY vy, = RiaMia Ry (Fioy,)
Hence, since M5 = My + By — Ay,
R12M12R{2(Fﬂ)k> = RlzR,{RlMlR{’Uk + RlzR,{Rl (B2 — Al)éill"vk
= Ria(By — Ag)RYwy, 1 + Riz(Ba — A1) R vy,
We define
€L = (R12M12R?2)_1R12(Bg — Al)RT’Uk (231)
fr = (R12M1aRY) " Rio(By — As) RE wy,, (2.32)
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so that Fivg = e + fr—1. Similarly, Fowy = fix + ex—1. Thus, we want to show that e, — 0 and fi — 0.
Consider the quantity

o1 = [ RiaMiaRler + f | RiaMiaRY, fro1 = fil  RiaMia RT (Fyok)
= fg_lngMlgR{2R12R?Uk = wg_le(Bl — Ag)R%éRmRr‘lr’Uk
= wg_léz(Bl — AQ)EHR{UJC = wg_lég (Bl — AQ)R,{"U](H

where we have used that By Ejs = By and AsEjoRT = (AgEg)(ElfBF{) = AQR{. We use equation (2.29) to
obtain

o1 = wkT_le(Bl — AQ)R,{’U]@ = ’UgRlle‘{{’Uk.
Now consider the quantity

o9 = e} RiaMiaRyer + e} RiaMia Ry fr.—1 = e} RiaMya R (Fyvy,)
= ’UgRl (B2 — Al)R’jTQ (Fll)k) = ’UgRl (B2 — AlElg)R,{vk.

The monotonicity condition (2.19) implies that oo < ko7, which can be rewritten as
€£R12M1231T26k +(1- fi)fkTRuMuRngek < fifkT_1R12M12R1T2fk71-
If f,?ngMlgRﬂek > 0 then we have shown that
e;‘gngMlgRﬂek < Iif]zllngMlgR,{ka_l. (2.33)

If fkT R12M12R1T2ek < 0, we must use the strengthened Cauchy-Schwartz inequality (2.21) to obtain

653121\412}?{261@ —(1=kK)k e;féuMuRF{zek \/fg_lélezRF{sz—l < fifkT—1R12M12R1T2fk—1;
—_————

¥? ¥ n n?

ie., Y2 — (1 — k)kpn — kn? < 0. Dividing across by 1?, we obtain ¢(¢) = ¢ — (1 — k)k( — k < 0, with
¢ = /¥ /n. The largest of the two roots of this polynomial is w, with w given in (1.8). Hence, 0 < ¢ < w,
that is,

T Ria M2 RY.
0< Tek 22 N;Qek <max(w?, k) =w? < 1 (2.34)
Ji_1RiaMia Ry fr—1
By a similar argument, we obtain
nglnggé?ka < w2€£,1R12M12R?2€1€_1. (2.35)

Thus, e, and fi converge to 0 with rate w. The formulae Fyvg = ex + fr—1 and Fowg = fr + ex—1 show
that Fyv, and Frwy, also converge to zero with rate w. Hence, (2.11) shows that uy and vy converge at rate
waswell. O

The quantities o1 and o2 and the polynomial ¢(z) were introduced in [14] for a variant of the Schwarz-
Robin method for the Laplacian. Our development shows that the analysis works in abstract Hilbert spaces
and leads to new results for the Optimizable Schwarz Methods which are developed in §3.

3. Application to Elliptic PDEs. In this section, we apply the results of §2 to boundary value
problems and show that the Schwarz-Robin iterations converge for all values of the Robin parameter a.

3.1. OSM for Schwarz-Robin iterations in Sobolev spaces. Asin Example 2.5, let {2 be a domain
in R, Q = Q; U, be a domain decomposition, and define the “atomic subdomains” by Q11 = \ Qo,
Do = N\ Q1, and Q12 = Q1 NQy. We now consider the same Dirichlet problem whose bilinear form on €2 is
(2.22), where a(x) is a symmetric positive definite 2 x 2 matrix for every x € 2. We further assume that A
is (uniformly strongly) elliptic, so that it defines an inner product on H}(Q) equivalent to the natural inner
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product. The operators A; defining the OSM decomposition of A in (2.14), (2.15), and (2.17), are given by
(2.23). The operators B; in (2.16) and (2.17), are given by

Bi[u,v]zaSi[u,v]za/uv , =12
o0Q; N34

In the case of the Laplacian, i.e. a = I and ¢ = 0, Kimn [14] showed that, for small values of «, there exists
a positive kK < 1 such that

v By v < m)T(Ai + Ajp)v for all v in the range of X,

as well as a strengthened Cauchy-Schwarz inequality. These conditions imply our monotonicity conditions
(2.19), (2.20), and our strengthened Cauchy-Schwarz inequality (2.21). However, optimized Schwarz methods
with small overlap work better with large values of a; see, e.g., [8], [18]. Here, we show instead (in Lemma 3.4
below) that

vl S3_jv < kvl Sjv for any v #0 in the range of X;,

which implies (2.19)-(2.20) for all a > 0. That is, we will show that if (A1 +A12)[v,w] = 0 for allw € H} (1),
then ||v||£2(00,n0,) < V] 22(80,n0,), and similarly for Qs. This may not true in general, but it is true if the
overlap Q1 is relatively uniform in a way we make precise later in Definition 3.2, and which holds in many
practical situations.

In this section, we say that v is a local solution in ; if it satisfies

Ri(A; + Ao 4+ B)RT'v = Ry(B; — A3_;)RY ,w for some w e HY(Q3_;) N HL(Q),

ie., v is a weak solution to the PDE (=V - aV + ¢)v = 0 in §;, with certain boundary conditions. In
particular, for any w € HJ(£;), we have (A; + A12)[v, w] = 0.

DEFINITION 3.1. (Parametrizing the overlap) We want to parametrize the overlap Q2. To that end, let
Z ={(x,y)|r1 < x < 22, p(x) <y < q(x)} C R2, where p,q are C* representing the preimage (under the
parametrization) of the “upper” and “lower” boundaries of Q12. For each x, let J,. be the interval (p(z), q(x)),
i.e., a vertical line in Z parametrized by x. Let ® : Z — Qq9 be a C? diffeomorphism such that

1) (I)(.IZ, Jml) = 89371' N Qi, 1= 1, 2, and

2) ®(z,p(x)) and ®(x,q(x)) parametrize the remaining parts of 0Q12.
In other words ®(x1,Jy,) is the “left” boundary of Q1a, ®(xa,Jr,) is the “right” boundary of Qi2, while
O(z,p(x)) and ®(z,q(x)) parametrize the “upper” and “lower” boundaries of Q12. For each x in the interval
[x1,22], let Ty = ®(x,Jy), a curve in Qua parametrized by x going from p(x) to q(x). Define further the
sets Qp. . = 1\ Uggla,on)le, and Qu r = Qo \ Uge (o, o)Te; these are the subsets of Qy (resp. Q2) to the left
(resp. to the right) of T',. Because ® is a diffeomorphism, each x € Q2 belongs to a unique T'y. Define
v(x) = v (®(x,y)) to be the unit vector which is normal to I'y pointing outwards from Q. 1, and a similar
definition for vg (we drop the subscript L or R in the sequel). If v € H*(12) is given, we define

e(z) = e(x,v) /v —/(m) (x,9))| Py (z, v)| dy. (3.1)

To describe our second main result, we must first discuss certain Sobolev estimates; we refer the reader
to [1], [6], [16], and the references therein for details. Let

|v||L—/ /2v av) - Vv|®@,| dy dz (3.2)
z1 p(z

T2
/ / a(Vv) +cv dsdzx
Q.

= /K[(Vv)Ta(Vv) + cv?]p,

212
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where p(x) = O(dist(x,9Q1 N Q2)) (|| - ||z is defined analogously). Then || - || defines a norm on H(Q12)
and hence a norm on the space of local solutions v. It is not equivalent to a || - ||z1 norm, but rather it
is equivalent to the weighted Sobolev norm || - ||H1(5212,dr12,1) [15]. The space H'(Qu2,dr,,,1) is delicate

because it does not in general have a trace to I'y,, although the trace to I'y, is clearly well defined.
We define

frszfau

sz lav|?’

that is, for any = € (z1,2), s(z)a(x,-)v(x,-) is the orthogonal projection® of ®,(x,-) onto the span of av
in L?(T';). Let g be a C° vector field. Then for v € H(Qy), Dgv = g- Vv € L?(2;). We will use the field
g =P, — sav.

For our definition of relatively uniform overlap, we first want to impose that ®, is not too tangent to
I';; in the sense that there is a constant C, r, > 0, such that

s(x) = (3.3)

s(x) > Cqr, > 0 for all z.

Therefore using (3.2), for any v € H'(Q, 1) N H (),

a(x)
/ /2v av) - Vo|®, | dy dx > Cy 1 ||v]|3. (3.4)

Conversely, since s(z) is a continuous function of , it is bounded and there is a constant C!, ; < oo such

that
a(z)
/ /21} av) - Vo|®, | dy dz < C;LH’UH%
Further assume that there are constants C, , < oo and Cj 1, < oo such that

20(®, — sav) - Vo|®,|dydx| < C, ||v]3, (3.5)

q(m)

xyd dx

< ool (3.6)
|‘1> | .

If &, — sav = 0, then C, ; = 0. Therefore, the constant C, ; measures by how much &, differs from the
normal vector sav. If ®, - ®,, = 0, then Cpr = 0. The quantity ®, can be thought of as a (nearly)
normal vector, and ®,, is its rate of change. Hence, if the rate of change of ®, is perpendicular to the
tangent vector ®,, then Cy r = 0. In particular, if a is the identity matrix and if ® is either a rigid body
motion or ®(z,y) = ze® (the interfaces are parallel line segments or concentric circular arcs), then we have
Cy,r = Cy,1, = 0. More generally, if there is a difftomorphism that turns a into the identity and ® into such
a map, we also have C,, j, = Cj 1; see Figure 3.1. Thus, if the interfaces are “nearly parallel” in the metric
induced by a, these constants will be small. In our Definition 3.2 we want C, 1, and Cy 1, to be small in the
sense that their sum is smaller than C, . We make similar definitions and considerations for Co r, Cq,r,
Cy R

DEFINITION 3.2. Let Q be a domain, and consider the elliptic problem (1.1). Let Q = Q1 U Qs be an
overlapping domain decomposition. Let ® be a parametrization of Q12 = Q1 N Qo as per Definition 3.1. Let
s(x) be as in (3.8), and let the positive constant Cy. 1, Cy 1, and Co 1, be such that (3.4), (3.5), and (3.6)
hold; and similarly for Cy r, Cy g, and Co,r. We say that the overlap is relatively uniform if the following
two inequalities hold

Ca,p —Cur, — Co,1, > 0,
Oa,R - CV,R - OO,R > 0.

IThere is no reason to prefer this particular choice of s(x), but we hope that it makes ®; — sav small in a useful way.
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-

F1c. 3.1. Relatively uniform overlap when a tis the identity.

REMARK 3.3. We have already noted that many domain decompositions satisfy the conditions of Def-
inition 3.2. Our definitions suggest that Z (or equivalently, Q12) must be simply connected. This is not
necessary, but it makes our proofs simpler. We also point out that the definition of relatively uniform over-
lap does not depend only of the overlap Q12, but also on the differential equation in question.

The following lemma shows that for local solutions in €;, v7S3_;v < kv S;v, which is the essential step
to show convergence of the iteration.

LEMMA 3.4. (Maximum principle for a trace norm) Leti = 1 (resp. i = 2) and let the overlap be relatively
uniform. Then, there exists a positive k; < 1 such that, for any local solution v € H'(Q;) with v|sanaq, = 0,
it holds that e(x1) < Kie(xa), i.e., Balv,v] < k1 Bi[v,v] (resp. e(x2) < kae(x1), i.e., By[v,v] < kaBalv,v]).

Proof. We consider the case i = 1, the case i = 2 being analogous. This proof proceeds in two steps.
First, we justify differentiating under the integral sign, then we use Green’s theorem and various trace
estimates to show that e’ > 0.

Let & be an upper bound for |p(z)| and |g(z)|. Let w € HY(Z) with w(z,p(z)) = w(z,q(z)) = 0 for
x € (x1,22). Let

q(=z)
o) = [ weg)ay (3.7)
p(z)
Let ¢ € C°(x1,x2) and consider the number
T2 ) T2 q(1)2 .
n=nw) = [ e@o@a= [ [ )6 @) dy
x1 X1 plx

We can extend w, first by zero to the strip S = {(z,y)|z1 < < xa} (since p,q € C'), then using a
continuous extension operator to H'(R?) to obtain a new function w; see, e.g., [1]. We have that |z = w
and w|g\z = 0. Likewise, we can consider o(z,y) = 7(y)p(z) € C°(R?) where 7(y) a smooth function
which is uniformly one on [—4, ¢], and zero outside of [-d — 1,0 + 1]. Then we have

n= /Rgﬂ(x, y)Dmag(x,y) drdy = — /Dz(’LZ)2 (3;7y))q3(3:,y) dz dy

- —/Z2w(x,y)wz(x,y)¢( )dx dy = / /(3)w T, y)we (2, y) dyd(z) do

Hence, ¢ has a weak derivative and it is given by ¢'( fq 2ww, dy. If we use w(z, y) = v(P(x,y))\/|Dy]
n (3.7), we recover e(x) as in (3.1). We thus obtaln that e( ) is weakly differentiable and that its weak
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derivative is given by
q(z) O - P
(DYe)(x) =€'(z) = / (2qu>Iv|<I>y| + 2v2u) dy.
p() |y |
Therefore, by adding and subtracting the appropriate term and using (3.4), (3.5), and (3.6), we have

a(x) z2 rq(z) ,®, -
6(332)—6(:171):/ d:c_/ / 20Dg, v|<1>y|dydgg+/ / 9,2 3 zyd da
a1 Jp(a) | vl
/ / 2v(av) Vv|<1>y|dydx—|—/ / 20(®, — sav) - Vo|®,| dy dz
p@) p(@)

q(w) , D,
wu dy dx
L
e(z2) —e(21) 2 (Ca — CoL — Co,L)IlvllL- (3.8)
Similarly, one obtains
e(x2) — e(z1) < (Chp + Cur + Cor)|v]l7
6(.%‘2) < (CZLL + CV,L + CQ7L + CT)H’UH% (3.9)

where Cr is the constant of the trace inequality from (H'(Q12),] - ||z) to L?(Ty,). Putting together (3.8)
and (3.9), one obtains

e(z)) < (1 ~ Car—Chr—Cor ) e(s)

Cir+Cur+Cor+Cr

as required. O

REMARK 3.5. In the proof of Lemma 3.4, we have used the fact that H}(Q) N H'(Q12) is the kernel
of the trace map v — vlaq,,no0- This is true if the curve 9012 N O € CL. To that end, we have included
in Definition 3.1 the assumption that p,q € C*. We could instead use the fact that v € HE(Q) N H*(Q12)
directly without appealing to the trace. In that case, one could simply assume that p and q are just Lipschitz
continuous functions.

We are ready now to prove the second main theorem of this paper.

Proof of Theorem 2. Since we have already shown that the matrices A; and B; satisfy conditions (2.14)-
(2.16) of Definition 2.4, to use Theorem 1, all that remains is to verify the monotonicity conditions (2.19),
(2.20), and the strengthened Cauchy-Schwarz inequality (2.21). We proceed in two steps. First, we show
that v A; E19v = v7 Ajv for i = 1,2. Then we check the thus simplified monotonicity conditions.

As in Lemma 3.4, we use integration by parts:

Aqlv, E1av] = /(VU)Ta(VElgv) + cvEov = / (Dgapv)Er2v
Q1 Q1NN

= / (Dayv)v (since v|a0,na, = (E12v)|a0,n0,)
021NN

= /(VU)Ta(VU) +cv? = A v, v,
Q

1

and recall that A; is positive semidefinite.
Let w € H'(Q3) and let v solve

(RlMlR{)’U = Rl (Ag — Bl)ng

In terms of bilinear forms given by integrals, for any test function ¢ € H* (1) N Hg (), we have that

/ (V)Ta(Vo) +cputa [ov = / (Vo) a(Vw) + cow—a [dw.
€ Qa2

2 001N 001NN
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If we take ¢ € H} (1) then we have that

/S(Vqﬁ)Ta(Vv) + copv = 0.

2

Hence, v is a local solution in €1, i.e., [-V - (aV) + cJv =0 in Q; in the weak sense, with v|gn,noa = 0 and
some boundary data along 9§23 N §y. Thus, by Lemma 3.4, Ba[v,v] < k1 B1[v,v] (unless v = 0). Since v is
a local solution, it belongs to the range of X;, and we have

UT(BQ — A1E12)’U = ’UT(BQ — Al)v S UTBQU S Iil’UTBl’U S HlvT(Al + A12 + Bl)’U,

which is (2.19). A similar argument applies to (2.20).

For the strengthened Cauchy-Schwarz inequality (2.21), let W;, i = 1,2 be the set of functions v such
that —V - (aVv) 4+ cv = 0 in Q12, v = 0 on 9Q12 NIN and v + aD,v = 0 on T',, (the range of R12Y; is
contained in W;). Because of the coercivity of the Robin form, W; N W, = {0}. Furthermore, the map
P;v = w defined by

=V (aVw) +cw =0 in O,
w+aD,w =0onTy,,,
w+aD,w =v+aDyvon Ty, ;

is clearly a continuous oblique projection from W + W, to W, for i = 1,2. The oblique projections P, P,
are the unique continuous oblique projections such that v = Pyv + Pyv for all v € Wy + Ws. Therefore, the
spaces W; and W, form a positive angle and there is a s such that (2.21) holds. Indeed, if vy is in the unit
ball of W; and wy is in the unit ball of Wy, k = 1,2, ...; such that (vg, Miowy) — —1 as k — oo then let
up = (vg + wi)/||ve + wg||. We have that ux, € Wy + Ws is in the unit ball and Pyuy = v /||vr + wi||. But
then ||Piug|| — oo since ||vy, + wi|| — 0, contradicting the continuity of P;. Hence (2.21) holds for some
k < 1. Theorem 1 shows that the OSM converges geometrically. d

That last portion of the proof uses the fact that the existence and uniqueness of continuous oblique
projections implies the strengthened Cauchy-Schwarz inequality. Although we have included the proof of
that fact for completeness, it is a standard result of functional analysis.

COROLLARY 3.6. If a is constant and the interfaces are parallel lines or concentric circles (in the a
metric), then the OSM converges geometrically for every a > 0.

While this gives the desired result for Sobolev spaces, a different result is required for the Finite Element
discretization. We study this in the next subsection. The approach we take was inspired by first considering
finite difference discretizations.

3.2. OSM with the piecewise linear Spectral Element Method. The Spectral Element Method
(SEM) computes the mass and stiffness matrices using a quadrature rule. The simplest SEM uses piecewise
linear elements. The stiffness matrix for the Laplacian is identical to the one obtained from the FEM, but
the mass matrix is diagonal because of the quadrature rule used; see, e.g., [21]. For the next Lemma, we
assume that €2 is contained between the vertical lines z = hjp and x = hjs.

LEMMA 3.7. Assume that Q is a union of squares of side h with the vertices on hZ?, and each square
is divided into two triangles. Fix jo < j1 < jo < j3 and let Q; = {(z,y) € Q| hjio1 <z < hjiy1}, i =1,2.
Let V' to be the set of piecewise linear elements in Hg(Q) with piecewise linear basis ¢1, ..., ¢, € C(R?).
Let v € V be a spectral element local solution in the sense that le Vv -Vw =0 for all w € VN HHQ).
Define ej = Y, , v*(jh,kh), the discretization of e(x) of (3.1) by the trapezoidal rule. Then /€ is a

nondecreasing convex function of j € Z. In particular,

J1— Jo ‘
Ve < P _jo,/ejz, i.e.
) .\ 2
BQ[’U,’U] < <u> Bl[’U,’U].
J2 —Jo

An illustration of a grid satisfying the conditions described in Lemma 3.7 is shown in Figure 3.2.
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0.5r

ds a1 -os 0 05 1
F1c. 3.2. Example of a grid for Lemma 3.7.

The use of the trapezoidal rule for the boundary terms corresponds to the SEM and makes the matrices
S1 and S; diagonal. We denote by vy, ..., v,, the vertices of the triangulation of Q. If v € V}, we write
v =Y vpdr. We can also write v(j, k) for the value of the function v at the node (j, k). Note that we have
taken the domain of our basis functions to be R?, so that we draw no distinction between v € HJ () and
its extension by zero to H'(R?).

Proof of Lemma 3.7. Without loss of generality, we assume that h = 1. The stiffness matrix can be
written as

(Av)(§, k) =4dv(j, k) —v(j — 1L,k) —v(G+ 1,k) —v(j,k+ 1) —v(j,k—1) (3.10)
Av=4v— Lv— Rv—Uv — Dv.

Observe that for (j,k) € Qi, we have (Av)(j, k) = 0. Write |[v|; = /&, the 2 norm of the vector of
coefficients of v for the nodes on the vertical line x = j. With this notation, we have

1
lv]; = Z|Lv—|—Rv—|—Uv—|—Dv|j
1

IN

(|Zv]; + (U + D)vl; + |Rvl;)

IN
N N

([v]j—1 +2Jv]; + [v]j+1),

and thus, [v]; < 3(jvljo1 + [olp). O

Proof of Theorem 3. Consider the matrix A in this discretization, i.e., of the form (3.10). The matrix E2
is a submatrix of the identity, and therefore the matrices A1 F12 and AsFyo are diagonally semidominant,
hence positive semidefinite, even though they are not symmetric. Therefore, the monotonicity conditions
(2.19) and (2.20) hold if ku” Byu > uT B3_;u for all u in the range of Y;. Apply the change of coordinate
y = Qv detaa_%x, where the orthogonal matrix @ is chosen so that the interfaces become vertical lines,
then apply Lemma 3.7. Observe that the x of Lemma 3.7 is independent of h. Finally, [14] showed that the
strengthened Cauchy-Schwarz inequality (2.21) holds with

_ 2 _
FJS\/C(l logh) 1'

C(1—1logh)?+1
Taking a Taylor polynomial expansion in the variable ( = 1/logh about ¢ = 0, we see that
1
<1-=+0(¢
RSl 2 +0(E)

=1- élog_Qh—l—O(log_?’ h). (3.11)
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If we expand equation (1.8) in a Taylor polynomial about x = 1, we obtain
1
wik) =1- 5(/{— D24+ 0((k —1)%) (3.12)

By substituting (3.11) into (3.12), we obtain the result. O

4. Numerical Experiments. We present four numerical experiments illustrating the convergence of
the methods treated in this paper. Our first experiment is a two-domain decomposition of an L-shaped
region. Our second experiment shows that there is no visible deterioration of the convergence rate as the
mesh grid size h tends to zero. Our third experiment is an algebraic OSM decomposition of a random block
tridiagonal matrix which is not the discretization of a boundary value problem. The final experiment is a
decomposition of an L-shaped domain into 12 subdomains.

4.1. L-shaped region, two subdomains. Our first experiment is a two-domain decomposition of
an L-shaped region. We are solving the Laplace problem with homogeneous Dirichlet condition. We have
compared the convergence rate of the classical multiplicative Schwarz algorithm (with Dirichlet conditions)
and the optimized Schwarz method (with Robin conditions). The size of the stiffness matrix A is 161 x 161.
The value of o = 6 is the optimized value obtained in [18] using Fourier methods. The convergence graph,
the domain, its subdomains and the mesh are shown in Figure 4.1. The right-hand-side is chosen randomly.

Convergence of Classical vs Optimized Schwarz

10 T T T T T T T 1r
—6— Classical Schwarz (Dirichlet-Dirichlet)
a — 8 — Optimized Schwarz (Robin-Robin) 08F

0.6

0.4

Error
=
o

-0.2 ¢

04t R

-0.6 - Ay

-0.8r

-05 o] 05 1 15

Iteration Count

Fic. 4.1. Left: Convergence rate for classical multiplicative Schwarz (Dirichlet tranmission conditions) vs. optimized
Schwarz (Robin tranmission conditions). The vertical axzis is the norm of the error in log scale, while the horizontal axis is
the iteration count. Right: the domain, its subdomains and the grid.

4.2. Another L-shaped region. Many values of h. In this experiment, our domain is again an L
shaped region. We have taken the unit square and deleted the upper-right quarter-square. The grid is a
regular lattice. The subdomains are defined by < 0.625 and = > 0.5. Since the subdomains do not change
shape and the overlap does not shrink as h tends to zero, Theorem 3 shows that the convergence rate cannot
vary faster than a polylogarithm of h. We perform several runs with decreasing values of the mesh parameter
h. The coarsest grid has h = 1/8 = 0.125 and results in an overlap that is one element thick. The finest
grid has h = 1/128 = 0.0078125 and has an overlap which is 16 elements thick. We are solving the Laplace
problem with homogeneous Dirichlet conditions and the right hand side is f = 1. Figure 4.2 summarizes the
convergence history of these runs, and shows that there is no degradation of the convergence rate as h goes
to zero.

4.3. OSM decomposition of a random matrix. Our next example is an OSM decomposition of a
random block tridiagonal SPD matrix A, i.e., of the form

ail a12 O O O
asy a2 azz 0 0
A= 0 a3 azgz aza 0 |,
0 0 as3 agq ags

0 0 0 as4 As5
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—e— h=0.125
O h=0.0625
s | —%—h=0.03125 ||
x - h=0.015625
—+— h=0.0078125

. . . . . .
1 2 3 4 5 6 7 8
Iteration count

Fic. 4.2. Convergence of the OSM for various grid sizes h. The vertical axis is the norm of the error in log scale, while
the horizontal axis is the iteration count.

where each agi is a matrix. We generate this matrix by picking a random matrix X with entries uniformly
distributed in [—1,1]. Then we set A = X7 X, and finally we overwrite the entries not in the three diagonal
blocks with zeroes. For this example we have chosen the five diagonal blocks to be square of orders 40, 5,
10, 5, and 40. Thus A is of order 100. The right-hand-side is chosen randomly.

We set

0
0
Ry = I

S ~N O
o O O

) R2 = ) R12 =

)

S OO N
S O NO
o O oo
o O O

I 0 0 O
0 I 00
00 I O

~N o o o

0

o O OO
S OO M~
o ~NO O

0

~

with block sizes matching those of A. The restrictions Rq; and Rg are defined similarly (although they are
not needed in the implementation) and we take Ry = Ry, for k = 1,2,12,11,22. Then we define

ail a12 0 0 0 0 0 0 0 0
a1 QQQ—ELQQ 0 0 O 0 0 O 0 0
A= 0 0 0 00|, A=|000 0 0 |,

0 0 0 0 O 0 0 O a44—d44 ays
0 0 0 0 O 0 0 O as54 ass

0 O 0 0 O

0 622 a3 0 0

Ajp=1| 0 a3 asz az 0 |,
0 0 43 C~L44 0
0 O 0 0 O

where agg (respectively aq4) has the same off-diagonal entries as ass (respectively aqq) and the diagonal

entries are chosen so that A, is diagonally semidominant on the rows corresponding to age and asq. We
then let

000 0 0 0 0 000
000 0 O 0 al 0 0 0
Bi=|000 0 0|, Bb=|0 0 00 0];
000 of 0 0 0 00O
000 0 0 0 0 000

with @ € R. We remark that this particular decomposition is not optimized at all (and the value we used,
o = —4 is such that ]:ZlMZRZT, i =1,2,12 are SPD, cf. Definition 2.4); an algebraically optimized iteration
would choose very special matrices A12, By, B2 to obtain the fastest possible convergence. The convergence
history can be seen in Figure 4.3.
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Fic. 4.3. Convergence of the OSM for a random block tridiagonal SPD matriz A. We have plotted the norm of the error
(in log scale) for the first 21 iterations.

4.4. L-shaped region, twelve subdomains. Our final example is an L-shaped region split into twelve
subdomains. Although we have not analyzed the Optimizable Schwarz Method on more than two subdo-
mains, this example illustrates that the method works in more realistic situations with multiple subdomains.

The domain, the subdomains and the mesh are depicted in Figure 4.4. After the mesh was generated,
initial subdomains €2; o were chosen by selecting vertices in open rectangles of the form (4, j+1)/4x (k, k+1)/4.
We have a procedure grow to grow a subdomain () by adding all triangles sharing at least one vertex
with €2(). We call this procedure three times per subdomain to obtain the subdomains €2; = grow® (o),
i=1,...,12.

yE |
gt

08r

08} g

061

051

04r ) ERRRRRRERH

03r H

011

0 0.2 0.4 5.\6 0.
Fic. 4.4. L-shaped domain subdivided into twelve overlapping subdomains
On each subdomain, the local problem at iteration k takes the form
(R;M;RT)0y") = Rjb+ Rj(B; + A; — Ay,

where flj is the matrix of the bilinear form of fQ, Vu - Vv, corresponding in the two-subdomain formulation
J
to A; + A12. The “reassembled iterate” vy is given by

v = Z WjR;‘-Fv,(Ql,

J
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where W1, ..., Wis, are diagonal matrices with nonnegative entries, such that Wy 4 ...+ Wi is the identity
and E;W;E; =W; for j =1,...,12. For this L-shaped domain, in order to generate the diagonal matrices
Wi, i=1,...,12, we begin by computing W; ¢ diagonal matrices with a 1 on the jth diagonal entry if and
only if the jth vertex is in grow(Q; o). Then we set W = > W, o and we let W; = W W, o, i=1,...,12.
The right hand side f is chosen randomly with uniformly distributed entries in [0, 1]. The size of the stiffness
matrix A is 1953 x 1953. The value of & = 5 is an optimized value.

In Figure 4.5 we show nine iterates converging to the true solution with twelve subdomains, while in
Figure 4.6 we show the error terms of the same nine iterates with twelve subdomains. Note the scale in each

of the iterates.
1 50
0.8 40
0.6 30
0.4 20
0.2 10
0
0 0.5 1 0
50
B 40
. 30
4 20
0.2 10
0
0 0.5 1 0
1 50
0.8 40
0.6 30
0.4 20
0.2 10
0
0 0.5 1 0

FiG. 4.5. Nine iterates converging to the true solution with twelve subdomains.

5. Conclusions and outlook. We have analyzed algebraic Optimizable Schwarz Methods and given
a proof of convergence which applies to the PDE setting, for any Robin parameter a > 0 and for general
domains. Our numerical experiments also show that there is an advantage in using such methods over
classical multiplicative Schwarz methods.

In optimized Schwarz methods such as in [8, 18], it is shown that there is a significant advantage in using

Bilv, ¢] = «a; /{31}@5 + 6 /8%(257 ;

QN3 QN3

where -, denotes the derivative tangential to 9€2; N 3_;; this corresponds to a transmission condition of the
type

0 g 0 0
Uk + QiU — @-Evk = We—1 + Qi w1 — ﬁiawk—l-
Although there is some difficulty in starting in () and then tracing a tangential derivative, we hope that
our framework can be used to study such iterations.

Finally, it is also shown in [8, 18] that using a different « for By and Bs can lead to significant improve-
ments in the convergence rate. The current paper does not address this iteration.
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