
OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THESPHERICAL LAPLACIANS. LOISEL, J. CÔTÉ, M. J. GANDER, L. LAAYOUNI, A. QADDOURIAbstract. The Schwarz iteration decomposes a boundary value problem overa large domain Ω into smaller subproblems by iteratively solving Dirichletproblems on a cover Ω1, ...,Ωp of Ω. In this paper, we discuss alternate trans-mission conditions that lead to faster convergence for the Laplacian on thesphere Ω. We look at Robin conditions, second order tangential conditionsand a discretized version of an optimal but nonlocal operator.1. IntroductionAt the heart of numerical weather prediction algorithms lie a Laplace and positivede�nite Helmholtz problems on the sphere [32]. Recently, there has been interest inusing �nite elements [5] and domain decomposition methods [1, 23]. The Schwarziteration [20, 21, 22] and its optimized variants have been very successful and thesubject of much recent research. We now outline the history of Optimized SchwarzMethods (OSM) and refer to [11] for further details, as well as a complete derivationfor Helmholtz and Laplace problems in the plane.The optimized Schwarz method was introduced in [3, 27, 28] under various names.Since the OSM has one or more free parameters, which need to be chosen carefullyto guarantee the best convergence rate, there followed an e�ort to �nd the bestpossible parameter choices [10, 18, 17]. Despite these positive developments, aproof of convergence for a general situation has proven elusive [19, 24]. One way ofobtaining convergence is to de�ne a relaxation of the method [6].The usual method for optimizing the free parameters is to take a Fourier trans-form of the partial di�erential equation, obtaining an explicit recurrence relation forthe iteration. This works only in special cases (e.g., the domain is a rectangle andthe di�erential operator is the Laplacian with homogeneous Dirichlet conditions).In addition to the Laplace and Helmholtz problems, the method can be used forvarious other canonical problems (cf. [8, 15, 14, 26, 25] for convection-di�usionproblems, [13] for the wave equation, [7] for �uid dynamics, [30] for the shallowwater equation). The current paper is a continuation of this research.In this paper, we introduce improved transmission operators for the Laplaceproblem on the unit sphere Ω in R
3. We modify the Schwarz iteration by replac-ing the Dirichlet conditions on the interfaces by Robin or second order tangentialconditions. This allows us to signi�cantly improve the convergence factor of theiteration. To analyze the convergence rate and optimize the coe�cients, we use theFourier transform on the sphere. In addition to the usual Robin and second ordertangential conditions, we also discuss the use of a nonlocal operator along the inter-faces. This nonlocal operator is related to the square root of the Laplacian of theinterfaces and was �rst introduced for numerical calculations in [1, 23]. While the1
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Figure 1. Latitudinal domain decomposition. Left: two domains;right: multiple domains.continuous analysis shows that these operators result in an iteration that convergesin two steps, in practice we do not see this exact behavior. However, the resultingiteration seems to converge at a very fast rate that is independent of the mesh size
h or the thickness of the overlap L.The main contributions of this paper are as follows. First, we have an innovativeuse of the envelope theorem to establish an equioscillation property. Second, wehighlight our continuous and discrete analyses and their comparison. Third, ouranalysis takes place on the sphere, which is ideal for weather and climate simula-tion. Fourth, we provide a �nite element method which is appropriate for sphericaldiscretizations. Since the spherical Laplacian is singular, the choice of the �nite el-ement space is important and a poor choice leads to divergent iterations and poorlyconditioned systems. We show that with the proper choice of basis functions, theconvergence factor of the optimized Schwarz methods are una�ected.Consider the following iteration. Let b < a. Begin with random �candidatesolutions� u0 and v0. De�ne uk+1 and vk+1 iteratively by:(1) 













∆uk+1 = f in Ω1 = {(ϕ, θ)|0 ≤ ϕ < a},
uk+1(a, θ) = vk(a, θ) θ ∈ [0, 2π),

∆vk+1 = f in Ω2 = {(ϕ, θ)|b < ϕ ≤ π},
vk+1(b, θ) = uk(b, θ) θ ∈ [0, 2π);(see �gure 1.) This is the Schwarz iteration for two latitudinal subdomains. Theidea of the Optimized Schwarz Methods is to replace the Dirichlet conditions onthe interface by Robin or other transmission conditions. The modi�ed iteration is:(2) 













∆uk+1 = f in Ω1

ψ(θ) ∗ uk+1(a, θ) + ∂
∂ϕ
uk+1(a, θ) = ψ(θ) ∗ vk(a, θ) + ∂

∂ϕ
vk(a, θ) θ ∈ [0, 2π),

∆vk+1 = f in Ω2

ξ(θ) ∗ vk+1(b, θ) + ∂
∂ϕ
vk+1(b, θ) = ξ(θ) ∗ uk(b, θ) + ∂

∂ϕ
uk(b, θ) θ ∈ [0, 2π);where ψ and ξ are distributions and Ω1, Ω2 are as previously de�ned. If ψ and

ξ are di�erential trace operators of order k, we say that the optimized Schwarzmethod is Optimized of Order k, or OOk. Choices include:(1) (ψ ∗ w)(θ) = cw(θ); that is, ψ is c times the point mass at θ = 0. Thisresults in a Robin or OO0 transmission condition.(2) (ψ ∗ w)(θ) = cw(θ) + dw′′(θ). This results in a second order tangential, orOO2 transmission condition.(3) A nonlocal choice of ψ leading to an iteration that converges in two steps.It is possible to analyze these methods by taking a Fourier transform in θ. In [11],the corresponding iteration for the plane is analyzed using Fourier transforms. Weperform a similar analysis using Fourier series, and an original result is to showthat the convergence factor estimates do not depend on the fact that the spectrum



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 3is discrete or bounded. A �rst easy result concerns the choice of ψ and ξ which arenonlocal pseudodi�erential operators.We will show in Section 3 that the convergence factor depends on the thicknessof the overlap L, given by
L := −2 log

1 + cos a

sin a

sin b

1 + cos b
≥ 0.Our main result for Robin (or OO0) transmission conditions is as follows.Theorem 1.1. (Optimized Robin or OO0 coe�cients.) Consider the iteration (2)with (ψ ∗ w)(θ) = cw(θ) and (ξ ∗ w)(θ) = dw(θ). Set x = −d sin b, y = c sina. Let

h = 1/N be the grid size.
• The one-sided condition is x = y. With this condition, and further assum-ing that L < 4/3 and L > hα for some α < 3/2, there is a unique optimizedchoice of x leading to the best possible convergence factor. Using x = y =

x̂1 = L− 1
3 , the convergence factor every other step is ρ = 1−4L

1
3 +O(L

2
3 ).

• If x 6= y is allowed, the optimized choice (c, d) is two-sided. Assume that
L > hα, α < 5/4. There is a unique (c, d) leading to the best convergencefactor. Using x = 8−

1
5L− 1

5 and y = 8
2
5

2 L
− 3

5 leads to a convergence factorof ρ = 1 − 2 · 2 3
5L

1
5 +O(L

2
5 ) every other step.The convergence factor ρ < 1 multiplies the L2 error of the trace on each sub-domain every other step. We see that using �asymmetric� Robin conditions leadsto an improvement on the number of iterations required for a given tolerance, from

O(L− 1
3 ) to O(L− 1

5 ). The one-sided estimate however is easier to use with p subdo-mains, and so we would be interested in achieving a O(L− 1
5 ) algorithm using onlyone-sided estimates. This is possible if we use second order tangential transmissionconditions.Theorem 1.2. (One-sided second order tangential, or OO2, optimized coe�cients.)Consider the iteration (2) with (ψ ∗ w)(θ) = cw(θ) + dw′′(θ), (ξ ∗ w)(θ) = c̃w(θ) +

d̃w′′(θ). Let s = c sin a = −c̃ sin b and t = d sin a = −d̃ sin b, which is the �one-sided� assumption. Assume that L < hα, α < 5/4. There is a unique choice of s, tleading to the best possible convergence factor. Using s = 1
22

3
5L− 1

5 and t = 1
22

1
5L

3
5leads to a convergence factor of ρ = 1 − 4 · 2 2

5L
1
5 +O(L

2
5 ) every other step.The converge rate estimates hold even if L is smaller than hα (e.g., when the gridis highly anisotropic, with α = 3/2 or 5/4, as above), but then the coe�cients givenmay no longer be optimized. An extreme case is when L = 0, a nonoverlappingcase, and we analyze this case in Section 2.1. The �main� case is L = O(h) and ishandled by the Theorems 1.1 and 1.2.Our numerical examples are based on two di�erent codes. Many codes in me-teorology use the discrete Fourier transform in the longitude variable θ to obtaina semispectral solver. This solver makes the implementation of our three typesof transmission conditions equally easy, for latitudinal interfaces. However, suchsolvers do not easily handle arbitrarily shaped subdomains, and the grids havesingularities at the poles.Our second code is a �nite element solver on the sphere Ω. The variationalformulation of the spherical Laplacian leads to integrals on the sphere Ω, and sowe must choose piecewise C1 basis functions for some �nite element space on the



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 4sphere Ω. We use a standard projection technique to generate spherical elementsfrom piecewise linear elements on a polyhedral approximation of the sphere Ω.The thrust of this paper is to provide an OSM for the spherical Laplacian, adi�erential operator which had previously not been analyzed. However, we brie�ymention that there has been much recent research on various other aspects of theOSM. For instance, domains with corners can give rise to singularities, and thisis analyzed in [4]. In a similar vein, di�erential operators with discontinuous co-e�cients often lead to ill-conditioned problems, and an OSM for this situation isprovided in [9]. A completely di�erent issue is to phrase the OSM in an algebraicway. In a typical application, one has a code to compute the sti�ness matrix A, butone would ideally prefer not to have to rewrite the entire code in order to implementan OSM. In that vein, [31] provides a framework for expressing the OSM in thelanguage of matrices.This paper is organized as follows. In section 2, we review the Laplace opera-tor on the sphere and recall the Schwarz iteration and its convergence estimates,previously published in [1]; we also give a new semidiscrete estimate which is sub-stantially similar to the continuous one. In section 3, we introduce the frameworkof the optimized Schwarz iteration and give optimized operators. In section 4, wepresent numerical results that agree with the theoretical predictions.2. The Laplace operator on the sphere ΩWe take the Laplace operator in R
3, given by

∆u = uxx + uyy + uzz,rephrase it in spherical coordinates and set ∂u
∂r = 0 to obtain

∆u =
1

sin2 ϕ

∂2u

∂θ2
+

1

sinϕ

∂

∂ϕ

(

sinϕ
∂u

∂ϕ

)

,where ϕ ∈ [0, π] is the colatitude and θ ∈ [−π, π] the longitude.2.1. The solution of the Laplace problem. We take a Fourier transform in θbut not in ϕ; this lets us analyze domain decompositions with latitudinal bound-aries. The Laplacian becomes(3) ∆̂û(ϕ,m) =
−m2

sin2 ϕ
û(ϕ,m) +

1

sinϕ

∂

∂ϕ

(

sinϕ
∂û(ϕ,m)

∂ϕ

)

, ϕ ∈ [0, π], m ∈ Z.For boundary conditions, the periodicity in θ is taken care of by the Fourier decom-position. The poles impose that u(0, θ) and u(π, θ) do not vary in θ. For m 6= 0this is equivalent to
û(0,m) = û(π,m) = 0, m ∈ Z, m 6= 0.(4)For m = 0, the relation uϕ(0, θ) = −uϕ(0, θ + π) leads to ∫ 2π

0
uϕ(0, θ) dθ =

−
∫ 2π

0 uϕ(0, θ) dθ, i.e.,
ûϕ(0, 0) = ûϕ(π, 0) = 0.(5)If u is a solution of ∆u = f then so is u + c (c ∈ R), hence the ODE for m = 0 isdetermined up to an additive constant.With m 6= 0 �xed, the two independent solutions of ∆u = 0 are
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g±(ϕ,m) =

(

sin(ϕ)

cos(ϕ) + 1

)±|m|
= e±|m| log sin(ϕ)

cos(ϕ)+1 , m ∈ Z \ {0}.For m = 0 the two independent solutions give
û(ϕ, 0) = C1 + C2 log

1 − cosϕ

sinϕ
.If we insist, for instance, that u ∈ H1(Ω), we eliminate the logarithmic term andwe obtain that û(ϕ, 0) is a constant in ϕ.All the eigenvalues of ∆ are of the form of −n(n+1) for n = 0, 1, ...; in particular,they are non-positive (and ∆ is negative semi-de�nite).2.2. The Schwarz iteration for ∆ with two latitudinal subdomains. Con-sider the Schwarz iteration (1). We are interested in studying the error terms u0−uand v0 − u where ∆u = f . Observe that uk − u and vk − u are classical Schwarziterates as per equation (1), but with f = 0. For this reason, it su�ces to analyzethe classical Schwarz iteration with f = 0, which we assume for the remainder ofour analysis.Using the Fourier transform in θ, we can write ûk+2(b,m) explicitly in terms of

ûk(b,m). This allows us to obtain a convergence factor estimate, which we recallfrom [1].Lemma 2.1. The Schwarz iteration on the sphere Ω partitioned along two lat-itudes b < a converges (except for the constant term). The convergence factor
|ûk+2(b,m)/ûk(b,m)| is(6) C(m) =

(

sin(b)

cos(b) + 1

)2|m|(
sin(a)

cos(a) + 1

)−2|m|
< 1.This convergence factor depends on the frequency m of uk on the latitude b.An analysis that is closer to the numerical algorithm would be to replace thecontinuous Fourier transform in θ by a discrete one.Lemma 2.2. (Semidiscrete analysis.) The Laplacian discretized in θ with n samplepoints:(7) ∆nu =

n2

4π2 sin2 ϕ

(

u

(

ϕ,
j + 1

2πn

)

− 2u(ϕ, j) + u

(

ϕ,
j − 1

2πn

))

+cotϕuϕ+uϕϕleads to a Schwarz iteration whose convergence factor is
(

sin(b)

cos(b) + 1

)2|m̃|(
sin(a)

cos(a) + 1

)−2|m̃|
< 1every two iterations, where

m̃2 =
n2

4π2
(1 − cos(2πk/n))for the kth frequency.Proof. We do a discrete Fourier transform in θ and the equation to solve becomes(8) Lnû(ϕ, k) =

n2

4π2 sin2 ϕ
(cos(2πk/n)−1)û(ϕ, k)+cotϕûϕ(ϕ, k)+ûϕϕ(ϕ, k) = 0.By writingm as noted in the statement of the Lemma, we have reduced this problemto the previous one and we can reuse Lemma 2.1. �



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 6The two contraction constants are very similar. For small values of m (ignoring
m = 0 because that mode need not converge at all), the speed of convergence isvery poor. The overall L2 convergence factor (along the interfaces) is given by

sup
m≥1

C(m) = C(1)

= 1 −O(a− b),and so the convergence factor of the Schwarz iteration deteriorates rapidly as a− bbecomes small.3. Optimized Schwarz iteration for ∆ with latitudinal boundariesIn this section, we prove Theorems 1.1 and 1.2. This requires many technicalresults and so we proceed with a sequence of simple lemmas.To analyze the convergence factor, as we did in Section 2, we assume, withoutloss of generality, that f = 0. Because the Laplacian of a constant is zero, we willsee that the error terms converge to constant functions, which is to say, the localsolutions converge up to an additive constant.One key technique is to use the fact that, although u0 and v0 may be arbitrary insome Sobolev spaces, u1 and v1 are harmonic in Ω1 and Ω2, respectively. This keyobservation allows us to �nd iterations that converge fast starting from the secondstep. This observation has an impact on the numerical simulations. Often, the �rstiterations u1 and v1are not much better than the initial guesses u0 and v0, and theyare sometimes even worse.Lemma 3.1. (Nonlocal operator.) If, for each m, ψ̂(m) = |m|/ sina and ξ̂(m) =
−|m|/ sin b, ∆u1 = 0 in Ω1and ∆v1 = 0 in Ω2, then u2 = 0 and v2 = 0.Proof. Let u1(ϕ, θ) = û1(a, 0)+

∑

k 6=0 û1(a, k)g+(ϕ, k)eikθ and v1(ϕ, θ) = v̂1(a, 0)+
∑

k v̂1(a, k)g−(ϕ, k)eikθ , then the boundary value problem for the north hemisphereyields for each m 6= 0:(9) û2(a,m)

(

ψ̂(m) +
|m|
sin a

)

= v̂1(a,m)

(

ψ̂(m) − |m|
sin a

)

= 0,and so û2(a,m) = 0. Likewise, we �nd that v̂2(b,m) = 0 for each m 6= 0. For
m = 0, we have that û2(a,m) = v̂1(a,m): the iteration does not a�ect the constantmode m = 0. Since the solution of the Laplace problem is only de�ned up to aconstant, the iteration has converged. �The second tangential derivativeD2

θ along latitude ϕ has Fourier transform−m2.The optimal operators are therefore the symmetric and positive de�nite square rootof −D2
θ , multiplied by 1/ sina or 1/ sin b according to the latitude. This normaliza-tion constant is related to the length of the latitude at ϕ = a and ϕ = b, respectively,since a latitude ϕ is a circle of radius r = sinϕ.Next, we state the convergence factor of the optimized Schwarz iteration, if ψand ξ are not these nonlocal operators.Lemma 3.2. If ∆u1 = 0 in Ω1 then

û3(b,m) = û1(b,m)
ξ̂(m) sin b+ |m|
ξ̂(m) sin b− |m|

ψ̂(m) sin a− |m|
ψ̂(m) sin a+ |m|

g−(m, a)

g−(m, b)

g+(m, b)

g+(m, a)
.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 7The proof is a simple computation using equation (9). We now look for goodconvolution kernels ξ and ψ so that the the convergence factor
κ(ψ, ξ,m, a, b) =

ξ̂(m) sin b+ |m|

ξ̂(m) sin b− |m|

ψ̂(m) sina− |m|

ψ̂(m) sina+ |m|

g
−

(m, a)

g
−

(m, b)

g+(m, b)

g+(m, a)
,(10)with m ∈ Z \ {0}, is as small as possible. For a given choice of ψ̂ and ξ̂, theconvergence factor as measured in the L2 norm along the interface ϕ = b will begiven by supm∈Z\{0} |κ(ψ, ξ,m, a, b)|.The convergence factor estimate (10) also leads to the following result:Corollary 3.3. The iteration (2) is convergent (modulo the constant mode) if ψand −ξ are convolution operators that are positive de�nite, regardless of overlap.By comparison, in [24], it was shown that if ξ and ψ are Robin transmissionconditions for a domain decomposition with �relatively uniform overlap�, then theiteration converges so long as ξ and ψ are both positive de�nite.Our analysis will proceed by considering the contraction constant (10) for thevarious choices of transmission conditions ξ and ψ. We consider �rst the use ofRobin transmission conditions and prove Theorem 1.1. Second, we prove Theorem1.2 for second order tangential transmission conditions.3.1. Robin or OO0 transmission conditions. Let ψ ∗ u = cu and ξ ∗ u = du,then

κOO0(ψ, ξ,m, a, b) =
d sin b+ |m|
d sin b− |m|

c sin a− |m|
c sin a+ |m|

g−(m, a)

g−(m, b)

g+(m, b)

g+(m, a)

= κ(c, d,m, a, b).For a, b �xed, we now need to compute the choices of c, d minimizing
ϕ(c, d) = sup

m
κOO0(c, d,m, a, b)

2,where we have introduced a square to simplify some calculations; the actual contrac-tion constant will be given by √ϕ(c, d). To simplify our notation, it is convenientto do a change of variables. We set x = −d sin b, y = c sina and
L = −2 log

(

1 + cos a

sin a

sin b

1 + cos b

)

≥ 0,and rewriting the g± terms as exponentials, the optimization problem becomesMinimize ϕ(x, y) where
ϕ(x, y) = sup

m∈{1,2,...}
F (x, y,m)

F (x, y,m) =

∣

∣

∣

∣

x−m

x+m

y −m

y +m
e−Lm

∣

∣

∣

∣

2(11)
= FL(x, y,m).The convergence factor every other step for particular parameter choices x and y is

√

ϕ(x, y). The case L = 0 only occurs when a = b, in which case ϕ(x, y) = 1 for all
x, y ≥ 1 and then we will need to take into account certain discretization parametersto obtain a convergence factor estimate. This case will be treated separately.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 8We now use two di�erent analyses to compute optimized Robin parameters c and
d. First, we make the simplifying assumption that x = y, allowing us to optimizeinstead the objective function

max
m

|(x−m)/(x+m)e−
L
2m|2.This situation is interesting because this can lead to an algorithm where all subdo-mains �do the same thing�. This is the method which most obviously generalizesto many subdomains. Second, we consider the expression F (x, y,m) with bothparameters simultaneously. This is also interesting, because in this situation, theiteration does �something di�erent� on each subdomain. We will see that, althoughthis approach is di�cult to generalize to many subdomains, it leads to substantiallyimproved convergence factors.3.2. OO0 one-sided analysis, L > 0. We can write FL(x, y,m) = FL(x,m)FL(y,m)(cf. (11)), where we de�ne

FL(x,m) = F (x,m) =

∣

∣

∣

∣

x−m

x+m
e−

L
2m

∣

∣

∣

∣

2

.We �rst look at the problem of computing the optimal parameter x0 minimizing
ϕL(x) = sup

m∈{1,2,...}
FL(x,m),since it is simpler. The solution x0 minimizing ϕL(x) leads to the choices x =

y = x0, which minimizes ϕL(x, y) subject to the symmetry constraint x = y. Theconvergence factor for a particular parameter choice x is √ϕ(x, x) = ϕL(x).We now deal with the various spectra over which we can optimize. Our con-tinuous problem has a frequency variable m ∈ Z, but since the m = 0 frequencyneed not converge, and since FL(x,−m) = FL(x,m), we have already simpli�edour problem by considering the frequencies m ∈ {1, 2, . . .}. Because of our eventualdiscretization, we will want to consider the frequency domain {1, 2, ..., N}, where
N is the highest frequency that can be resolved on the interface, given our grid.However, because of the di�culties in optimizing over discrete sets, we also considerthe possibility of allowing m to vary in the intervals [1,∞) as well as [1, N ]. Fortechnical reasons, it is also convenient to include m = ∞ in our calculations.Let 2 < N <∞ and de�ne

ϕ
(c)
L (x) = sup

m∈[1,∞]

FL(x,m), (I(c) = [1,∞]),

ϕ
(d)
L (x) = sup

m∈{1,2,...}
FL(x,m), (I(d) = {1, 2, ...,∞}),

ϕ
(cb)
L (x) = sup

m∈[1,N ]

FL(x,m), (I(cb) = [1, N ]),

ϕ
(db)
L (x) = sup

m∈{1,2,...,N}
FL(x,m), (I(db) = {1, 2, ..., N}).According to our de�nitions, for all x, ϕ(d)

L (x) = ϕL(x). The other functions aresimilar but maximize over a di�erent set of frequencies.One of the main tools for solving min-max problems is the envelope theorem,which we state here for convenience.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN 9Theorem 3.4. (The Envelope Theorem) Let U be open in R
n and ϕ : U → R,

γ ∈ R
n, ||γ|| = 1. For x ∈ U , de�ne the one-sided directional derivative Dγϕ(x) by

Dγϕ(x) = lim
ε↓0+

ϕ(x+ εγ) − ϕ(x)

ε
,if the (one-sided) limit exists. Let V be a compact metric space. Let

F : U × V → R

(x, y) 7→ F (x, y)be continuous and assume that the partial gradient Fx(x, y) exists for all x, y ∈ U×Vand varies continuously in (x, y). De�ne
ϕ(x) = max

y∈V
F (x, y),

Y (x) = {y ∈ V |F (x, y) = ϕ(x)} 6= ∅.Then,(1) For all x ∈ U and γ ∈ R
n, ||γ|| = 1, Dγu(x) exists and is given by theformula

Dγϕ(x) = max
y∈Y (x)

n
∑

i=1

γiFxi
(x, y).(12)(2) Let x̃ ∈ U . If Y (x̃) = {y(x̃)} is a single point then

Dγϕ(x̃) =

n
∑

i=1

γiFxi
(x̃, y)(13) and ϕ is (fully) di�erentiable at x̃. If furthermore Y (x) = {y(x)} is a sin-gleton for all x ∈ O ⊂ U an open set, then ϕ is continuously di�erentiablein O.This immediately leads to an equioscillation property.Lemma 3.5. For j ∈ {c, d, cb, db}, there is a minimizer xj of ϕ(j)(x), and |M (j)(xj)| ≥

2, where M (j)(x) = {m ∈ I(j)|ϕ(j)(x) = FL(x,m)}.Proof. We must place ourselves in the hypotheses of the envelope theorem. Eachset [1,∞], {1, 2, ...,∞}, [1, N ], {1, 2, ..., N} is a compact metric space (for I(c) and
I(d) one may use the metric d(x, y) = |x−1 − y−1|). Since the function ϕ(j) is acontinuous function on the compact metric space I(j), it must have a minimum.The optimal parameter xj is in [0,∞) so we take U = (− 1

2 ,∞), and the hypothesesof the envelope theorem are satis�ed.Assume that M (j)(xj) = {m̃} is a singleton (there is no equioscillation). Then,by the envelope theorem, the two-sided derivative Dxϕ
(j)(xj) exists and since

ϕ(j)(xj) is minimal, the derivative must be zero. Using formula (13), we obtain
0 = Fx(xj , m̃) = −4m̃

m̃− xj
(m̃+ xj)3

e−2Lm̃.Since xj , m̃ > 0, it must be that m̃ = xj . Hence, ϕ(j)(xj) = F (xj , m̃) = 0. But weknow that ϕ(j)(xj) ≥ F (x, x+ 1) > 0. �Now we characterize the unique minimizer for the case j = c.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN10Lemma 3.6. There is a unique xc minimizing ϕ(c)
L (x) and it is the unique root

ψ(xc) = 0 of
ψ(x) = ψ(x, L) =

(

m(x) − x

m(x) + x

)2

e−Lm(x) −
(

1 − x

1 + x

)2

e−L,where m(x) =
√

4x
L + x2.Proof. Because any minimizer xc is in [1,∞), the only local maxima of F (c)

L (x,m)as m runs in [1,∞] are at m = 1 and m = m(x) =
√

4x
L + x2 and so M (c)(xc) ⊆

{1,m(xc)}. By Lemma 3.5, we know that #M (c)(xc) ≥ 2 so
M (c)(xc) =

{

1,

√

4xc
L

+ x2
c

}

.Hence, ψ(xc) = 0.On the other hand, let
g(x) = F (x,m(x)),

g′(x) = Fx(x,m(x)) + Fm(x,m(x))m′(x)

= Fx(x,m(x))

= −4m(x)
m(x) − x

(m(x) + x)3
e−Lm(x) < 0,and

h(x) = F (x, 1),

h′(x) = −4
1 − x

(1 + x)3
e−L > 0.Hence, ψ′ = g′ − h′ < 0 and ψ may not have multiple zeros. �This result gives some more information for the case j = d (that is, I(d) =

{1, 2, ...,∞}). We must assume that L is not too big, but our focus is the case wherethere is little overlap so this is not a problem. The special point m(x) continues toplay an important role. Notice that m′(x) > 1 and that m(1) =
√

4 + L/
√
L > 1so that, for all x > 1, m(x) > m(1) + (x− 1) > x.Lemma 3.7. Let L < 4/3 and let xc minimize ϕ(c)

L (x) and xd minimize ϕ(d)
L (x).Then 1 ∈M (d)(xd) ⊆ {1, dm(xd)e , bm(xd)c} and xc − 1 ≤ xd ≤ xc.Proof. Because m = m(xd) is the only local maximum of FL(x,m), we knowthat M (d)(xd) ⊆ {1, dm(xd)e , bm(xd)c}, and we also know from Lemma 3.5 that

#M (d)(x̂) ≥ 2. Assume that M (d)(x̂) = {dm(x̂)e , bm(x̂)c}. The hypothesis on Lcombined with the fact that xd ≥ 1 guarantees thatm(xd) > xd+1 so xd < bm(xd)c.We can now use the one-sided derivative of the Envelope Theorem, obtaining that
D(1)ϕ

(d)(xd) = max
m∈{dm(xd)e,bm(xd)c}

Fx(xd,m)

= max
m∈{dm(xd)e,bm(xd)c}

−m m− xd
(m+ xd)3

e−Lm < 0.Therefore, 1 ∈M (d)(x̂).



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN11Clearly, we must have ϕ(d)(xd) ≤ ϕ(c)(xc). If xd > xc then ϕ(d)(xd) ≥ F (xd, 1) =
ϕ(c)(xd) > ϕ(c)(xc), hence we must have that xd ≤ xc. If xd < xc − 1, then inview of the estimate m′(x) > 1, we have that m(xd) < m(xc) − 1. Let m0 =
bm(xc)c and �nd the unique x0 ∈ (1,m0) such that m(x0) = m0. We have that
xd ∈ (1, x0) ⊂ (1,m0). For x ∈ (1,m0), we have that Fx(x,m0) < 0. Hence,
ϕ(d)(xd) ≥ F (xd,m0) > F (x0,m0) = ϕ(1)(x0) > ϕ(1)(xc). �As a result of Lemma 3.7, we see that using the discrete frequency spectrum
{1, 2, ...,∞} or using the continuous frequency spectrum [1,∞] results in approxi-mately the same Robin parameter.We would like to give a formula for the optimized Robin parameter, but theequioscillation property cannot be solved explicitly. However, we can solve it ap-proximately for small L.Now we consider the spectrum [1, N ]. If xcb minimizes ϕ(cb)(x) thenM (cb)(xcb) ⊆
{1, N,m(xcb)}. When L is not too small compared to N−1, we now show that
M (cb)(xcb) = {1,m(xcb)}. This implies that, for those values of L and N , theoptimized parameter for the frequency spectrum [1, N ] is the same as the one forthe frequency spectrum [1,∞].Lemma 3.8. The optimized choice xc for ϕ(1)(xc) is asymptotic to L− 1

3 :
lim
L→0+

xcL
1
3 = 1.If we choose x̂c = L− 1

3 as our optimized parameter, the convergence factor everyother step is(14) F (x̂c, 1) = 1 − 4L
1
3 +O(L

2
3 ).Let α > −3/2. If L = L(N) > Nα then for all N su�ciently large, m(xc) < N ,and for such values of N and L, we have that xc = xcb.Proof. We try to solve F (x,m(x)) − F (x, 1) = 0 by writing x as a power of L. Let

x = CLβ, then we get
0 = ψ =

(√
CLβ−1 + C2L2β − CLβ√
CLβ−1 + C2L2β + CLβ

)2

e−L
√

4CLβ−1+C2L2β −
(

1 − CLβ

1 + CLβ

)2

e−L,(15)which is de�ned for L > 0 and C > 0. We want to take a series expansion for ψ,and we �nd that for β = −1/3,
ψ =

(

4

C
− 4

√
C

)

L
1
3 +O(L

2
3 ).We see that G(x) = F (x,m(x)) − F (x, 1) < 0 for su�ciently small L if we choose

x = CL− 1
3 with C > 1, and G(x) > 0 for all su�ciently small L if C < 1. Hence,

xcL
1
3 → 1 as L→ 0+.To show that xc = xcb, it su�ces to show that

m(xc) < N,(16)for su�ciently small L. We substitute x = L− 1
3 and then L = Nα into m(x)obtaining

m(x) =

√

4N− 4
3α +N− 2

3α.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN12Hence if α > −3/2, m(x)/N → 0 as N → ∞ and so m(x) < N for large N .Conversely, if α < −3/2, m(x)/N → ∞ and m(x) > N for large N . �The case {1, 2, ..., N} follows immediately.Corollary 3.9. Let α > − 3
2 . Let L = L(N) > O(Nα), L < 4

3 and let xcb minimize
ϕ(cb)(x). If xdb minimizes ϕ(db)(x) then for all N su�ciently large, 1 ∈ M(xdb) ⊂
{1, bm(xc)c , dm(xc)e}.Proof. Say that xd minimizes ϕ(d)(x). By lemma 3.7, we have that M (d)(xd) ⊆
{1, dm(xc)e , bm(xc)c}, where xc minimizes ϕ(c)(x). Lemma 3.8 gives dm(xc)e < Nfor large N , hence M (d)(xd) ⊂ {1, ..., N}. If xdb > xd then F (xdb, 1) > F (xd, 1)and xdb is not a minimizer. If xdb < xd and if 1 6= md ∈M (d)(xd) then ϕ(db)(xdb) ≥
F (xdb,md) ≥ F (xd,md) = ϕ(d)(xd) and xdb is not a minimum. Hence xd = xdb forall su�ciently large N . �Note that the asymptotic convergence factor (14) is approximately independentof the spectrum we use, and so we may use the optimized parameter x̂c = L− 1

3 inall situations.This completes the proof of the �rst part of Theorem 1.1.3.3. Two-parameter OO0 analysis, L > 0. Returning to formula (11), we nowcompute the optimal parameters x and y without assuming that x = y. Calculationsin this setting are more complicated than in the one-parameter case, so we treat onlythe cases of the spectrum [1,∞] and [1, N ]. We can get a rudimentary equioscillationproperty out of the envelope theorem.Lemma 3.10. Let L > 0 and
F (x, y,m) =

(

x−m

x+m

y −m

y +m
e−Lm

)2

,

ϕ(x, y) = sup
m∈[1,∞]

F (x, y,m),

M(x, y) = {m ∈ [1,∞]|F (x, y,m) = ϕ(j)(x, y)}.Then ϕ(x, y) has a minimum (x0, y0). In addition, |M (j)(x0, y0)| ≥ 2 and min(x0, y0) ≥
1.Proof. Note that ϕ(1, 1) < 1. Since ϕ(x, y) ≥ F (x, y, 1) and since F (x, y, 1) tendsto 1 as (x, y) tends to ∞, there is an M <∞ such that, if (x, y) /∈ [1,M ] × [1,M ],then ϕ(x, y) > ϕ(1, 1). Hence, ϕ must have a minimum in [1,M ] × [1,M ].We now place ourselves under the hypotheses of the Envelope Theorem. Wehave that (x0, y0) ∈ (1

2 ,∞)2 = U and the choice V = [1,∞] does the trick.If M (j)(x0, y0) = {m} is a singleton, then ϕ(x, y) is di�erentiable at x0, y0 and
0 = ∇ϕ(x0, y0)

=

(

∂F

∂x
(x0, y0,m),

∂F

∂y
(x, y,m)

)

.It su�ces to look at the partial in x,
0 = −4m

m− x

(m+ x)3

(

m− y

m+ y

)2

e−2Lm,



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN13to conclude that either m = x or m = y. In either case, ϕ(x, y) = F (x, y,m) = 0,which is absurd. �In the one-sided case, this result was su�cient because the only remaining pos-sibility was to have two points equioscillating. However, in the two-sided case, wecan equioscillate two or three points, but lemma 3.10 only says that there are atleast two points equioscillating. Using the fact that ϕ(x, y) has one-sided deriva-tives everywhere, and that for any direction γ this one-sided derivative Dγϕ(x, y)must be non-negative at (x, y) we can obtain equioscillation of three points. Firstwe must describe the shape of F (x, y,m) as a function of m.Lemma 3.11. Let 1 ≤ x ≤ y (without loss of generality). The two local maxima
m1(x, y) ≤ m2(x, y) of F (x, y,m) inside m > 1 are given by

m2
1(x, y) =

2x+ 2y + Lx2 + Ly2 −
√

px,y(L)

2L
,

m2
2(x, y) =

2x+ 2y + Lx2 + Ly2 +
√

px,y(L)

2L
,

px,y(L) = (x2 − y2)2L2 + 4(x3 − xy2 − x2y + y3)L

+4(x+ y)2 > 0.Furthermore, if x < y then m1(x, y) ∈ (x, y) and m2 ∈ (y,∞). If x = y, then
m1(x, x) = x and m2(x, x) ∈ (x,∞).The critical points m1 and m2 also depend on L. When that dependence mustbe made explicit, we write m1(x, y, L) and m2(x, y, L).Proof. We set the derivative ∂F/∂m to zero, obtaining

0 =
∂F

∂m
(x, y,m)

= 2
x−m

(x+m)3
y −m

(y +m)3
qx,y(m)e−2Lm,

qx,y(m) = −Lm4 + (2x+ 2y + Lx2 + Ly2)m2

−(2y2x− 2x2y − Lx2y2).The choices m = x and m = y lead to F (x, y,m) = 0 so they are minima, so werestrict our attention to qx,y(m) = 0. By substitutingm2 = n we obtain a quadraticpolynomial in n whose roots are m2
1(x, y) and m2

2(x, y); we need to show that 1 ≤
m1 ≤ m2. First to show that they are real, we show that the discriminant px,y(L)is non-negative. It su�ces to show that, as a quadratic polynomial over L, itscoe�cients are non-negative. The coe�cient of L2 and the constant coe�cient aresquares and hence non-negative. We rewrite x = λy with λ ∈ (0, 1] and substituteinto the coe�cient of L in px,y(L) to obtain the expression y3(4λ3−4λ2−4λ+4) > 0since y > 0. Hence px,y(L) > 0 and m1 < m2.Assume that x < y are �xed. Since F (x, y, x) = 0 and F (x, y, y) = 0 but
F (x, y,m) > 0 for any m ∈ (x, y), there is a local maximum in m in the interval
(x, y). Moreover, since F (x, y, y) = 0 and limm→∞ F (x, y,m) = 0, there must beanother local maximum in the interval (y,∞). However, we have already shownthat the only candidates for local maxima are m1 and m2, and since m1 ≤ m2 itmust be that m1 ∈ (x, y) and m2 ∈ (y,∞). �



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN14Lemma 3.12. Let (x0, y0) minimize ϕ(x, y). ThenM(x, y) = {1,m1(x, y),m2(x, y)}with x 6= y.Proof. The derivative of ϕ in the direction γ = (α, β) is given by
Dγϕ(x, y) = max

m∈M(x,y)
α
∂F

∂x
(x, y) + β

∂F

∂y
(x, y)

= max
m∈M(x,y)

(α, β) ·G(m),where
G(m) = 4me−2Lm x−m

(x+m)2
y −m

(y +m)2

(

y −m

x+m
,
x−m

y +m

)

.In the case x = y, m1 is actually a minimum so M(x, x) = {1,m2(x, x)} and inparticular x > 1. The vectors
(

x− 1

x+ 1
,
x− 1

x+ 1

) and (

x−m2

x+m2
,
x−m2

x+m2

)are parallel and of opposite directions, so it is not possible to choose a γ which willmake the derivative negative. However, in the direction (1,−1) the derivative iszero; we will now look at second order information. We set gm(ε) = F (x+ε, x−ε,m),then
g′m(0) = 0,

g′′m(0) = −16xme−2Lm (m2 − x2)2

(x +m)8
< 0,for all m ≥ 1, m 6= x so for a su�ciently small ε, ϕ(x + ε, x− ε) < ϕ(x, x), so it isnot possible that x0 = y0.Now we show that G(m) and G(n) are linearly independent for anym,n /∈ {x, y},so long as x 6= y. If not,

0 = det

(

y−m
x+m

x−m
y+m

y−n
x+n

x−n
y+n

)

=
y −m

x+m

x− n

y + n
− x−m

y +m

y − n

x+ n

0 = (y2 −m2)(x2 − n2) − (x2 −m2)(y2 − n2)

y2 − n2

y2 −m2
=

x2 − n2

x2 −m2

h(y2) = h(x2),where h(z) = (z − n2)/(z −m2). However, as a function of [1,∞), h is injective so
x2 = y2, but since both are positive, we get that x = y, which we have assumednot to be the case. Hence G(n) and G(m) are linearly independent. In particular,there is a γ such that γ ·G(n) < 0 and γ ·G(m) < 0.So if M(x0, y0) = {n,m} (i.e., the set where the maximum is attained containsexactly two points {n,m}, which are either {1,m1}, {1,m2} or {m1,m2}) then wehave constructed a direction γ in which the one-sided derivative Dγϕ

(2)(x0, y0) isnegative, contradicting that ϕ(1)(x0, y0) is minimal. Therefore M = {1,m1,m2},as required. �



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN15We have shown that a minimum (x0, y0) gives three equioscillation points; wehave to show that there is a unique choice of (x0, y0) giving three equioscillationpoints.Lemma 3.13. The system
F (x, y, 1) = F (x, y,m1(x, y))

F (x, y, 1) = F (x, y,m2(x, y))has exactly two solutions (x0, y0) and (y0, x0) in (1,∞)2 with x0 6= y0. This (x0, y0)is the unique (up to permutation (y0, x0)) minimizer of ϕ(x, y). Moreover, x and
y both increase monotonically as L decreases to 0. Lastly, if L = L(N) > O(Nα)with α > −5/4 then

lim
N→∞

m2(x, y, L)

N
= 0.In particular, the optimized coe�cients are the same over the frequency spectra

[1,∞) and [1, N ], so long as L > O(Nα), α > −5/4.Proof. Without loss of generality, x < y. If we �x x and vary y then
(F (x, y,mi))y = Fy(x, y,mi) + Fm(x, y,mi)mi,y

= Fy(c, d,mi)

= −4mi
mi − y

(mi + y)3
(mi − x)2

(mi + x)2
e−2Lmi

=
4mi

y2 −m2
i

F (x, y,mi),for i = 0, 1, 2 with m0 = 1. Likewise,
(F (x, y,mi))x = −4mi

mi − x

(mi + x)3
(mi − y)2

(mi + y)2
e−2Lmi < 0.Hence, F (x, y,m1) increases monotonically with y and decreases monotonically with

x. Since F (x, y, 1) increases monotonically with x and y, there must be a unique
x = x(y) = x(y, L) ∈ (1, y) such that F (x, y, 1) = F (x, y,m1(x, y)). Now �x y1 and
x1 = x(y1), then

(F (x1, y,m1(x1, y)))
′

(F (x1, y, 1))′

∣

∣

∣

∣

y=y1

=

4m1

y2
1−m2

1
F (x1, y1,m1)

4
y2
1−1

F (x1, y1, 1)

=
m1(y

2
1 − 1)

y2
1 −m2

1

>
y2
1 −m1

y2
1 −m2

1

>
y2
1 −m2

1

y2
1 −m2

1

= 1Hence, F (x1, y,m1(x1, y)) grows faster than F (x1, y, 1) near y = y1 and so if y2 −
y1 > 0 is small, then it must be that x(y2) > x(y1) and x(y) is a strictly increasingfunction (in fact, x′(y) > 0).Hence, (F (x(y), y,m2(x(y), y))

′ ≤ 0 and (F (x(y), y, 1))′ > 0 and so there is aunique y = y(L) giving F (x(y), y,m2(x(y), d)) = F (x(y), y, 1).



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN16Now let ψ = FL(x, y,m1) − FL(x, y, 1) and η = FL(x, y,m2) − FL(x, y,m1) andlet us denote A,B the derivatives
A =

[

ψx ψy
ηx ηy

] and
B =

[

ψL
ηL

]

,so that (x′0(L), y′0(L)) = −A−1B. Direct calculations give that A−1 = αJ where
α > 0 and

J =

[

m2

y2−m2
2
− 1

y2−1
1

y2−1 − m1

y2−m2
1

1
x2−1 − m2

x2−m2
2

m1

x2−m2
1
− 1

x2−1

]

=

[

− −
+ −

]

,

B = 2F (x, y, 1)

[

1 −m1

1 −m2

]

=

[

−
−

]

.Hence, x′0(L) < 0. For y′0(L) we obtain
x′0(L) = −2αF (x0, y0, 1)

(m2 − 1)(m1 − 1)(m1 −m2)(m2m1 +m1x
2
0 +m2x

2
0 + x2

0)

(x2
0 −m2

2)(x
2
0 − 1)(m2

1 − x2
0)

< 0.

�As in Lemma 3.8, we can give asymptotic approximations of the optimized co-e�cients, as well as an asymptotic convergence factor.Lemma 3.14. The asymptotically optimized coe�cients as L→ 0+ are
x0(L) =

1

8
8

4
5L− 1

5 ,(17)
y0(L) =

1

2
8

2
5L− 3

5 .(18)The asymptotic convergence factor every other step is
√

F (x0, y0, 1) = 1 − 2(8L)
1
5 +O(L

2
5 ).Furthermore, if L > O(Nα), with α > − 5

4 , then M(x0, y0) ⊂ [1, N ], and theoptimized coe�cients are the same for the frequency domains [1,∞) and [1, N ].If the overlap L is O(Nα) with α < − 5
4 , then it may be possible to �nd bettercoe�cients than the ones given (our analysis in Section 3.5 is such a case). However,the convergence factor estimate holds even in that case.Proof. The motivation comes from writing x, y, L in terms of a new variable z.We let x = 1/z, y = b/zj and L = azk, which we then substitute into ψ =

F (x, y,m1(x, y)) − F (x, y, 1) and η = F (x, y,m2(x, y)) − F (x, y, 1). When j = 3and k = 5, we �nd that we can approximate ψ and η linearly, to obtain
ψ =

(

4 − 8√
b

)

z + o(z),

η =
(

4 − 4
√

2ab
)

y + o(y).We set the coe�cient of of z in ψ to zero to obtain that b = 4. Substituting into ηand setting the coe�cient of z to zero, we obtain that a = 1/8. Finally, we express
x0 and y0 in terms of L, obtaining equations (17), (18).



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN17Substituting (17), (18) then L = Nα in m2 and proceeding as with equation(16), we see that
m2

N
→ 0when α > −5/4 and diverges when α < −5/4. �Although we do not perform a semidiscrete analysis in the two parameter casethat is as detailed as the one we performed in the single parameter case, the factthat M(x0, y0) ⊂ [1, N ] is still important because the discretization will certainlylimit the highest frequency that can be observed. IfM(x0, y0) lies outside of [1, N ],it would be possible to improve the convergence factor over the frequencies [1, N ]by choosing di�erent parameters (x0, y0). The constraint that L > O(N− 5

4 ) allowssome anisotropy of the mesh while keeping the optimized coe�cients close to thoseof the continuous system. For extremely small values of L relative to 1/N (i.e.,
α < −5/4), it may be possible to improve upon the optimized coe�cients given inthis paper.This completes the proof of the second part of Theorem 1.1.3.4. OO2 one-sided analysis, L > 0. For the second order operators, the opti-mization problem is

G(s, t,m) = GL(s, t,m) =

(

s+ tm2 −m

s+ tm2 +m

)2

e−Lm,

ϕ(s, t) = max
m∈[1,∞]

G(s, t,m).(19)The convergence factor every other step, for a given choice of s, t, is ϕ(s, t).Lemma 3.15. For any given L > 0, there is a unique (s0, t0) minimizing ϕ(s, t).Furthermore, if L = L(N) > O(Nα), α > −5/4 then for all su�ciently large
N , (s0, t0) also minimizes G(s0, t0,m) over m ranging in [1, N ]. The optimizedparameters are the unique solution of

G(s, t, 1) = G(s, t,m1(x, y))

G(s, t, 1) = G(s, t,m2(x, y)),where x = 1−
√

1−4st
2t and y = 1+

√
1−4st
2t . We use the asymptotic formulae
s0 =

1

2
2

3
5L− 1

5 ,(20)
t0 =

1

2
2

1
5L

3
5 ;(21)leading to the asymptotic convergence factor every other step of(22) G(s0, t0, 1) = 1 − 2 · 2 2

5L
1
5 +O(L

2
5 ).Proof. We may rewrite

G =
x−m

x+m

y −m

y +m
e−Lm.Since the values x, y can be used to parametrize the problem (and s, t may berecovered from x, y), we may invoke lemma 3.13 to conclude that x, y are real andunique (up to permutation) and so s, t are real and unique.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN18Next, we replace (17) and (18) into x = 1−
√

1−4st
2t and y = 1+

√
1−4st
2t . A seriesexpansion leads to equations (20) and (21). We substitute these parameters into

G(s0, t0, 1) and expand into a series to obtain the asymptotic convergence factor(22). �This completes the proof of Theorem 1.2.3.5. The L = 0 case. For the zeroth order, one-sided case, the envelope theoremstill asserts that there has to be equioscillation. Since limm→∞ F (x,m) = 1, wemust concentrate on the [1, N ] case. By inspection, the maxima are at 1 and Nand the value of the optimal parameter x̃ is given by solving F (x, 1) = F (x,N),which has the unique solution
x̃ =

√
N.Substituting into F (x, 1) we obtain

ϕ(x̃) =
(
√
N − 1)2

(
√
N + 1)2

≈ 1 − 4N− 1
2as N → ∞. By comparison, the convergence factor estimate of Theorem 1.1 withan overlap L ≈ 1/N (approximately one grid length of overlap) gives a convergencefactor of approximately 1 − 4N− 1

3 . Hence, to obtain a solution with a given tol-erance, the zero overlap algorithm must iterate O(N
1
2 ) times, while the algorithmwith one grid length of overlap must iterate O(N

1
3 ) times.For the two-sided zeroth order case, the Envelope Theorem gives an equioscilla-tion of two points. The only interior maximum in m > 0 is

m(x, y) =
√
xy.The only possibility to obtain three equioscillation points is if(23) F (x, y, 1) = F (x, y,m(x, y)) = F (x, y,N),and the proof of Lemma 3.13 shows that if there are only two equioscillation points,then there is a direction of the (x, y) plane such that these two equioscillatingpoints are simultaneously decreasing. Therefore the unique minimizer is the uniquesolution (up to permutation) of equation (23) in the domain [1, N ] × [1, N ], givenby

x =
√

2
N

3
4

√
N + 1 +

√
N − 1

,(24)
y =

√
2

2
N

1
4 (
√
N + 1 +N

1
2 − 1),(25)

ϕ(x, y) = 1 − 4
√

2N− 1
4 +O(N− 1

2 ).We see again that the algorithm with zero overlap converges within a given tolerancein O(N
1
4 ) steps, while the algorithm with one grid length of overlap converges in

O(N
1
5 ) steps.A similar argument applies to the one-sided estimate for the second order tan-gential transmission conditions. We summarize this choice of parameters.Lemma 3.16. (Optimized transmission conditions, zero overlap.) Let a = b, andconsider only the frequency spectrum [1, N ] (there are 2N + 1 grid points on the
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√
N , yielding aconvergence factor every other step of

(
√
N − 1)2

(
√
N + 1)2

= 1 − 4N− 1
2 +O(N−1).The two-sided optimized Robin parameters are

c = x sec a,

d = y sec a;where x and y are given by (24) and (25). The convergence factor is 1−2
√

2N− 1
4 +

O(N− 1
2 ). The one-sided optimized second order tangential parameters are

c = s sec a,

d = t sec a;where x = 1−
√

1−4st
2t and y = 1+

√
1−4st
2t and x, y are given by (24) and (25).In practice, the second order tangential operator ∂2/∂θ2 will be approximateddiscretely, so we have attempted to replace it by the �nite di�erence approximation

Λ ∗ u =
∂2

∂θ2
u ≈ uk+1 + uk−1 − 2uk

h2
= Λh ∗ u.The Fourier transform of Λ is Λ̂(m) = −m2 , which leads to our analysis but theFourier transform of Λh is Λ̂h(m) = 2 cosmh−2

h2 . So F is replaced by
Fh(c, d,m) =

(c+ 2d cosmh−1
h2 −m)2

(c+ 2d cosmh−1
h2 +m)2

e−2Lm.The periodicity of the cosine function means that m 7→ Fh(c, d,m) has in�nitelymany local maxima m1,h(c, d),m2,h(c, d), . . . We simplify the problem by consid-ering only the nonoverlapping case (with L = 0). Because h is small, when m issmall, we have that cosmh ≈ 1 − (mh)2/2, which is to say, Fh(c, d, 1) ≈ F (c, d, 1).If we equioscillate F (c, d, 1) = Fh(c, d,m1,h) = Fh(c, d,m2,h), we see that mj,h > Nfor j = 3, 4, . . . and we obtain the following result.Proposition 3.17. (Second order tangential transmission operator, semidiscrete,nonoverlapping.) The semidiscrete analysis leads to slightly di�erent parameters c′and d′ given by
α =

Nπ4 + 8N3π2 −N2(8π2 + π4) +Nπ4

4π4 − 64π2N2 + 256N4
,

c̃ =
N(8n− π2)

2α
1
4 (8N2 − π2)

,

d̃ =
2α

3
4 (8N2 − π2)

N(8N − π2)
.The convergence factor is almost identical to the analysis of theorem 3.16.
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l+1, for 1 ≤ k ≤ n, bethe solutions of











∆u
(k)
l+1(ϕ, θ) = f in Ωk

u
(k)
l+1(ak, θ) + ψk ∗ ∂

∂ϕ
u
(k)
l+1(ak, θ) = u

(k−1)
l

(ak, θ) + ψk ∗ u(k−1)
l

(ak, θ) θ ∈ [0, 2π) if k > 1,

u
(k)
l+1(bk, θ) + ξk ∗ ∂

∂ϕ
u
(k)
l+1(bk, θ) = u

(k+1)
l

(bk, θ) + ξk ∗ u(k+1)
l

(bk, θ) θ ∈ [0, 2π) if k < n;where 0 = a1 < a2 < ... < an, b1 < b2 < ... < bn = π, Ωk = {(ϕ, θ)|ϕ ∈ (ak, bk)},
ak < bk, k = 1, ..., n and ∪k[ak, bk] = [0, π] (see �gure 1.) Once more using a Fouriertransform in θ, one can show that the same optimal operators lead to convergencein n steps. The iteration leads to a matrix whose entries look like ψ̂(m) sin a−|m|

ψ̂(m) sin a+|m| andone may heuristically use the same operators as in the two-subdomain case.4. Numerical resultsFor our numerical simulations, we have two implementations. One is a semis-pectral discretization, which is one of the most widely used discretizations in me-teorology. The second is a �nite element discretization.As has already been mentioned, the various iterations converge modulo the con-stant mode. This makes error estimation more complicated. In the semispectralcode, we compute the error by taking the trace of the function along the inter-face, subtracting the mean, and computing the L2 norm of the result. In the �niteelement code, we use instead the seminorm ∫

Ω1
∇u · ∇u.4.1. The semispectral code. The semispectral discretization uses a latlong grid,i.e., a uniform grid in (ϕ, θ). The Fourier coe�cients û(φ, k) are computed using theFast Fourier Transform, and the system (3) is discretized in ϕ using a centered �nitedi�erence. The boundary conditions for each ODE are given by (4) and (5), forsolving over the entire sphere Ω. For solving on a subdomain whose boundaries arelatitudes, one or both of these boundary conditions are replaced by the Dirichlet,Robin (OO0) or second order tangential (OO2) transmission operators. In all cases,we use initial solutions that are random, while the right hand side f is zero. Weremark that a random right hand side f can be reduced to this situation.Numerical results for the semispectral codes are summarized in Figure 2. Thesemispectral solver is limited to domain decompositions where the subdomains havelatitudinal boundaries, as per Figure 1. Our �nite element code, in the next section,can use domain decompositions with arbitrary subdomains. In all of our grids, weuse 2N+1 grid points in the θ variable, and N+2 grid points in the ϕ variable. Allof these grids use N = 50, and the θ grid is given by θ = 0, 2π/102, . . . , 202π/102and the grid in ϕ is given by ϕ = 0, π/51, . . . , π. When specifying the right-hand-side f , it is necessary to ensure that f(0, θ) and f(π, θ) are constant functions of

θ. In Figure 2 (a), we have computed iterates of the Schwarz iterations until the
L2 error on colatitude a = b = π/2 (the equator) is less than 10−6 and plottedthe error at each even iteration to match with the analysis in the text. The erroris measured modulo the constant mode. Since there is no overlap, the classicalSchwarz iteration does not converge and we have not plotted it. The transmissionoperators are Robin (OO0), second order tangential with coe�cients (c, d) (OO2),and the slightly improved semidiscrete coe�cients coe�cients (c′, d′) (OO2') anda discretized optimal and nonlocal operator. The OO0 iteration converges in 88iterations, while the OO2 and OO2' iterations converge in 16 iterations, and the
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(d)Figure 2. Numerical results, semispectral code. (a): convergencewith two latitudinal subdomains and zero overlap. (b): conver-gence with six latitudinal subdomains and zero overlap. (c): con-vergence with two latitudinal subdomains and two grid lengths ofoverlap. (d): convergence with six latitudinal subdomains, theoverlaps are each the length of one grid interval.nonlocal operator leads to convergence in 12 iterations. This grid has N = 50, or
101 grid points in θ and 52 grid points in ϕ.In Figure 2 (b), we have plotted the convergence of the various Schwarz algo-rithms with six latitudinal subdomains.In (c) and (d), we have similar graphs in the case of overlap. In (c), we havetwo subdomains, and an overlap between these two subdomains which measures
∆ϕ = 2π/(N + 1) = 2π/51. The Dirichlet (classical) Schwarz method converges totolerance 10−6 in 140 iterations, the OO0 method converges in 36 iterations, theOO2 method converges in 14 iterations, and the nonlocal operator converges in 4iterations.In (d), we have six subdomains and an overlap between each pair of adjacentsubdomains of ∆ϕ = π/51. The classical (Dirichlet) iteration converges to tolerance
10−2 in 174 steps, while the OO0 iteration converges to tolerance 10−2 in 43 steps,the OO2 method converges in 15 steps and the nonlocal operator converges in 5steps.4.2. Finite element solver. For our �nite element solver, we rephrase the Laplaceproblem in the variational formFind u ∈ H1(Ω) such that ∫

Ω

∇u · ∇v =

∫

Ω

fv, for all v ∈ H1(Ω).



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN22A simple way to understand the gradients appearing in the variational formulationis as follows. Let u be a function de�ned on the sphere Ω ⊂ R
3. We can extend uto all of R

3 by putting(26) u(x) = u(x/‖x‖).Then we can use the usual de�nition of the gradient, ∇u = (ux, uy, uz). Accordingto the discussion in Section 2, we must now choose a suitable �nite element basisof functions that are constant on half-rays, i.e., such that u(x) = u(λx) for every
λ > 0 and every x ∈ R

3.To de�ne a �nite element discretization, we must �rst build a mesh Ωh for thesphere. Because we are integrating on the sphere, we build our mesh from sphericaltriangles {ν1, ..., νn} = Ωh, triangles on the sphere whose edges are great circles.Because our elements are curvilinear, it is not obvious how to de�ne the basisfunctions. We can approximate the sphere Ω by a polyhedron Th = {K1, ...,Kn},simply by replacing all spherical triangles in our mesh Ωh with Euclidian triangleswith the same vertices. On Th, we could use Vh(Ωh), the space of piecewise linearfunctions as a �nite element space on Ωh, but this does not immediately give riseto a �nite element space on Ω and our mesh of curvilinear triangles.We can prolong the basis functions on our polyhedral approximation Ωh of Ω, tobasis functions on all of R
3. If ϕ is a piecewise linear function on Th, we prolong itto all of R

3 by saying that, for every triangle K = {x1,x2,x3} ∈ Th, and for every
x ∈ K, and for every λ > 0, ϕ(λx) = λϕ(x); in other words, ϕ(x, y, z) = ax+by+czon the �cone� R

+K. The set Vh(R3) obtained in this way has two problems. First,these functions are not radially constant (which we require). Second, Vh(R3) doesnot contain any constant functions (except for ϕ = 0), even though Vh(Ωh) doescontain the constant functions. Hence, once we restrict to the sphere Ω, the space
Vh(R

3)|Ω also does not contain the constants. The constants are very importantbecause they are precisely the kernel of the spherical Laplacian.1We choose a �nite element space Vh on Ω which contains the constants, andwhose functions are all radially constant. One may then check that the Schwarzalgorithms act on the constants and on the orthogonal complement of the constantsin independent ways, and so our analysis holds and the algorithms converge. Let
K ∈ Th be a triangle and (p, q, r) be its outward pointing normal. One way toobtain such a space is to take our linear function ϕ(x, y, z) = ax+by+cz on K andto de�ne ϕ̃(x, y, z) = ϕ(s ·(x, y, z)) where s = (p,q,r)·x1

px+qy+rz ∈ R, and hence s ·(x, y, z) iscontained in the Euclidian triangle K. Our resulting basis functions are piecewiserational linear, and
ϕ̃(x, y, z) = C

ax+ by + cz

px+ qy + rz
for all (x, y, z) ∈ (0,∞) ·K;for some real constant C. One could build higher order �nite element basis func-tions by using linear combinations of rational functions p/q where p and q arehomogeneous polynomials of the same degree.Because quotients of homogeneous linear polynomials are constant along half-rays through the origin, equation (26) is automatically satis�ed.On each subdomain, we solve a Robin or second order tangential boundary valueproblem. We denote by Dν the directional derivative in the direction of the unit1It is tempting to generate basis functions by setting ϕ̃(x) = ϕ(x/|x|), cf. (26). However, this�nite element space does not contain the constant functions either.



OPTIMIZED DOMAIN DECOMPOSITION METHODS FOR THE SPHERICAL LAPLACIAN23outward pointing normal ν of a given subdomain Ωi (note that ν tangent to Ω).Similarly, we denote by Dτ the directional derivative in the direction tangential tothe boundary of Ωi. The direction of the tangent is chosen once and for all anddoes not matter, since we are interested in the second tangential derivative D2
τ .The relationship between these �geometric� derivatives and the derivatives Dθ and

Dϕ for latitudinal subdomains are given by Dϕ = ±Dν and Dθ = rDτ , where
r = sinϕ is the radius of the latitude ϕ. On each subdomain Ωi, at iteration k, weare solving the partial di�erential equation −∆u

(i)
k = f with boundary condition

αu
(i)
k − βD2

τu
(i)
k + Dνu

(i)
k = αvk − βD2

τvk +Dνvk. In this problem, f and vk arethe data, and u(i)
k is the unknown. The variational formulation of this problem isFind u = u

(i)
k ∈ H1(Ωi) such that, for all w ∈ H1(Ωi),

∫

Ωi

∇u · ∇w + α

∫

∂Ωi

uw + β

∫

∂Ωi

(Dτu)(Dτw)

=

∫

Ω

fw −
∫

Ω\Ωi

∇vk · ∇w + α

∫

∂Ωi

vkw + β

∫

∂Ωi

(Dτvk)(Dτw).The �reconstituted iterate� vk is given by vk = ω1u
(1)
k−1 + ...+ ωpu

(p)
k−1, where u(i)

k−1,
i = 1, ..., p is the solution on subdomain Ωi (and there are p subdomains). Thefunctions ω1, ..., ωp form a partition of unity.For the Robin condition (i.e., β = 0), we use the one-sided optimized parameter
α = e−

1
3 r−1. Here, e is an estimate of the thickness of the overlap (we measure theEuclidian distance between the two interfaces) and r = sinϕ is the radius of thelatitudinal boundary (if the boundary is latitudinal), and when the boundary is notlatitudinal, we use the heuristic r := |∂Ωi|/(2π). The length |∂Ωi| of the boundaryof Ωi can be computed from the bilinear form of ∫

∂Ωi
uw, which is available becausewe are solving a Robin problem, by substituting u = 1 and w = 1.For the second order tangential boundary condition, we use the one-sided opti-mized parameters α = 1/2 · 23/5e−1/5/r and β = 1/2 · 21/5e3/5r2.Although the analysis is based on our spherical triangle grid Ωh, for visualisationpurposes, we use the polyhedral approximation Th. The triangulation Th is obtainby using an icosahedron and subdividing the triangles (which is known as theicosahedral grid.)In Figure 3 (a), we show an icosahedral grid with 2562 vertices. The �niteelement discretization of the Laplacian for that mesh is a 2562×2562 sparse matrix.We use this mesh, which does not correspond to our analysis, to show that ouroptimized transmission conditions work well even when the subdomains do nothave latitudinal interfaces. In (b), we plot the convergence histories of the variousSchwarz algorithms, for the mesh with 20 subdomains depicted in (a). To computethe error, we use the bilinear form of the Laplacian as a seminorm, i.e., the erroron the kth step is ∫

Ω
∇(vk −u) ·∇(vk −u), where u is the converged solution. Thisseminorm is equivalent to the H1(Ω) norm, modulo constant functions. In (b), wesee that the classical Schwarz algorithm (dotted) converges but nearly stagnates,while the optimized Schwarz algorithms, given by the solid (Robin or OO0) anddashed (second order or OO2) lines converge very quickly. The classical Schwarziteration converges to a tolerance of 10−6 in 65 iterations, while the OO0 iterationconverges to the same tolerance in 19 iterations and the OO2 iteration convergesin 12 iterations. In (c), we have a similar graph but with two nearly hemispherical
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(d)Figure 3. (a): An icosahedral grid with 20 subdomains. (b):Convergence of classical and optimized Schwarz methods for thegrid of (a). (c): Convergence of classical and optimized Schwarzmethods, for two nearly hemispherical overlapping subdomains,(d): The accuracy of the optimized Schwarz coe�cient chosen in(c).subdomains, and an overlap of exactly two elements. This �hemihedral grid� isobtained as follows. First, we subdivide the icosahedron four times (the samenumber of subdivisions as in (a)). Second, we select triangles from this mesh to formtwo exactly hemispherical, disjoint subdomains. Finally, we add one row of elementsto each hemispherical subdomain. The classical Schwarz iteration converges to anerror less than 10−10 in 75 iterations. By comparison, the OO0 iteration convergesto the same tolerance in 12 iterations, and the OO2 converges to the same tolerancein 7 iterations. In (d), we have measured the convergence factor (or contractioncoe�cient ρ) of (c), by computing the ratio of the errors at iterations 6 and 10, andtaking the fourth root, for various values of the Robin parameter α. The verticaldotted line is our optimized Robin coe�cient, and we see that it lines up very wellwith the numerically observed optimal coe�cient.5. ConclusionsWe have given optimal and optimized transmission operators for the Laplaceproblem on the sphere and have shown that they perform much better than theclassical iteration with a Dirichlet condition. We have computed convergence factorsfor the one-sided and two-sided Robin condition and two choices of second-ordertangential operators, and compared them against the discretized optimal nonlocaloperator. A similar analysis for the positive de�nite Helmholtz problem will bedetailed in a later paper.
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