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1. DIRICHLET INTEGRAL

Let f € C(dQ) with Q open and bounded. Let H = {u € C}(Q) : u = f on dQ}
and

D(u)leDu(x)lde.

The objective is to prove that with minimizers of D(u) over H one can solve the
Dirichlet problem in Q).

We assume that f satisfies the following property: there exists v € C'(Q) such
that v = f on JQ. This is not a restriction to solve the Dirichlet problem with this
approach because if f € C(dQ) then by the Wierstrass approximation theorem
there exist polynomials f; in IR” such that fi|so converge uniformly to f on JQ. If
we can solve the Dirichlet problem with data u; = f, on dQ, then by the maximum
principle u; — u uniformly in ) for some u and therefore u is harmonic in (2 and
has boundary values f.

If u € C3(Q) N CY(Q) satisfies Au = 0in Q and u = f on JQ, then

D(u) < D(v), Vv € H.

That s, the Dirichlet integral is minimized by the solution of the Dirichlet problem.
This follows writing ¢ = v —u withv € H

D(v) = D(g + u) = D(g) + 2D(g, u) + D(u)
= D(g) + D(u) + 2f gDyudo -2 f gAudx
20 o)
= D(g) + D(u) > D(u)
from the first Green formula. There are continuous functions f € C(dQ2) such

that the solution u of the Dirichlet problem with data f satisfies D(u) = +c0. An
1
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n! |
example is the function u(r, 0) = Y2, %sz(nﬁ) that is harmonic in the unit disk,
0
it has boundary values f(6) = Y., %, and D(u) = +oo.

We have that D(Au + v) = A?D(u) + 2AD(u,v) + D(v) > 0 for all A, and so
D(u)D(v) — D(u,v) > 0. Therefore

llullp = D(u)*"?
defines a quasi norm in H, that is, || - [|p satisfies the triangle inequality and

lIAullp = [Alllullp.

2. POINCARE INEQUALITY
Let H={ueCHQ):u=fondQ}and Hy = {u € CH(Q) : u = 0 on JQ}.

Lemma 1. There exists a constant C > 0, depending only on the domain Q, such that

f w(x)*dx < C f |Dw(x)[* dx,
Q Q
for all w € H,.

Proof. Since Q is bounded, Q € Q = [-a,a] X [-a,a]. Let @w(x,y) = w(x,y) for
(x,v) € Qand w(x,y) = 0 for (x,y) € Q \ Q. We assume that the intersection of ()
with each vertical line is finite union of open intervals. Then the function @(x, -)
is Lipschitz and therefore absolutely continuous. So we can write

y
w(x,y)zf w,(x, &) dE.

a

Then squaring and using Cauchy-Schwartz we get
y
awyP < (+a) [ o efde <2 f (v, £ de,
and integrating this inequality in x yields

f w(x, y)* dx < Zaf f Wy(x, £)* dE dbx.

Now integrating in y yields

f f @(x, y)* dxdy < 4a® f f Wy(x, &) dé dbx.

From the definition of @ and since @,(x,y) = 0 when (x,y) € Q \ Q, the lemma
then follows with C = 44?. O
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Remark 2. It is clear that if QO C [a,b] X [c,d], then the estimate holds with C =
(b —a)(d - c). In higher dimensions, one obtains in the same way that if O C R
with R an n-dimensional interval, then the lemma holds with C = |R].

3. SOLUTION TO THE DIRICHLET PROBLEM

By our assumption the set H # (), and therefore infy D(u) = L < co. So there
exists a sequence (possibly not unique) vy € H such that D(vx) — L ask — co. We
call v a minimizing sequence, and the objective is to construct with v, a harmonic
function ¢ in Q) such that ¢ = f on JQ.

Lemma 3. For each w € H,, we have

%irn D(v, w) =0,
where vy is the minimizing sequence. Moreover, if D(wy) < M with wy € Hy, then
D(vy, wy) — 0as k — oo.

Proof. We have v, + ew € H for all € and so

L < D(vi + ew) = D(vy) + 2eD(vi, w) + €2D(w),

and the minimum of the right hand side is attained when € = —Dg(];';)u) which
yields
D*(vg, w
L < D(vy) — %
Therefore
D@, w)| < (D) = L)' D@)'”,
and the lemma follows. m|

Lemma 4. The minimizing sequence vy is a Cauchy sequence in the norm || - |2 + 1l IIp.
Proof. Let w = vy — v,,. We have D(vx) = D(vy,, + w) = D(vy,) + 2D(v,,, w) + D(w). So
ID(w)| < |D(vx) = D(0)| + 2|D(0, w)

and therefore from the previous lemma, ||w||[p — 0ask, m — co. From the Poincaré
inequality, ||wl|;2(q) < Cllwllp and the lemma follows. O

Given x € Q and B,(x) C Q we let

Pr(x, p) = Jg( )vk(z) dz.
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Lemma 5. Let K be closed K C Q, and fix p < dist(K, Q°). Then ¢x(x, p) are continuous
and converge uniformly for x € K to a function ¢(x, p) for each p.

Proof. The functions ¢(x, p) are clearly continuous. We write

Pr(x, p) = Pmlx, )l = (0k(2) — vw(2)) dz
Bp(x)
1/2 1
< (@) — 0, @)1 dz| < ———|lvk — U ,
Jgp(x) o el ] |Bp(x)|l/2 o ”LZ(Q)
so the sequence ¢k(x, p) is uniformly Cauchy and the lemma follows. |

Lemma 6. The function ¢(x, p) is independent of p, i.e., p(x, p) = p(x).

Proof. Fix x € Q and let p; < p, with B, (x) C Q. Suppose we are in dimension

two and let
1 p1 1 o1 1
— L - - -zl <
wx)=4 1 b=zl 1(  |x—zP <
27T(log Py +5 1 7 , p1<lx—z|<p;
p2 < |x —z|.
We have
1 1 1
—(x—Z)(———), Ix—z| < p1
2m P> P
Dwx)=41 . (1 1 <
7 Z)(p§ —2f) p1<lx—zl<p,
0 p2 < |x —z|.

We have that w € Hy and

L L Ix—z| <p
— - P 1
npfl ufos
Aw(x) = e p1<Ilx—2z| <py
p3
0 P2 < |x —z|.

To apply the first Green formula we remove the places where the Laplacian of w
is discontinuous. We set

Qe=0\({z:pr—e<lx—zl<pr+elU{z:pp—e<|x—z|<p2+e}).
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By the first Green formula applied in (), we have

f Duvy - Dwdx + f v Awdx = f vk(2) dyw(x) do(z).
Qe Qc Qe

From the form of the gradient of w, the right hand side of the last identity tends
to zero as € — 0, and so we obtain

0 = D(vy, w) + f v Aw dx = D(vg, w) + JC v(z)dz — JC u(2) dz,
Q By, (%) Bp, (x)
and letting k — oo the lemma follows. ]

Theorem 7. The function ¢ is harmonic in Q and ¢ = f on Q.

Proof. We claim that if B,(xo), By(xo) C Q, then

JC e, @) dx = f e, b)d.
Ba(xo) By (x0)

In fact, we have

o= a@d={ wG+nd
Ba(x) B,(0)

and integrating in x

Or(x, a)dx = JC J{: Uk(z + x)dzdx = JC JC Uk(z + x)dx dz
By(xo) By(x0) «J Ba(0) B4(0) /By (x0)
= J{: J[ ve(w)dudz = Or(xo +z,b)dz
Ba(0) «J By(x0+2) B,(0)

= J[ Oi(z,b) dz,
Ba(x0)

which proves the claim. Letting k — oo we obtain

P(x)dx = O(x) dx,

Ba(xo) By (x0)

and since ¢ is continuous, letting b — 0 yields

Px) dx = P(xo),

Ba(xo)
that is, ¢ satisfies the mean value property in Q) and the first part of the theorem
is then proved.
We shall prove in dimension two that

lim Qqi)(x) = f(xo), Xo € 092,
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under the following assumption on €): there exists R > 0 such that {z : |z — x| =
p} N dQ # P for all x € JQ and for all p < R. Let xy € JQ and consider the ball
Bj(x0), and let x € By 2(x0) N Q. Let 0 = dist(x, Q). There exists x; € dQ such that
Ix1 — x| = 0. Wehave o < h/2,|xy — x1| < h, and B,/2(x) C Bss/2(x1) N Q. We write

|f(x0) = pQ)] < |f(x0) = fxo)l + | f(x1) — ve())

k(%) —Jg ( )vk(z) dz

o

=I+I1I+1II+1V.

+ +

JC vK(z) dz — P(x)
Bs/2(x)

Since f is continuous, I is small for & small. IT is small since v, € C(Q) and vy = f
on dQ. III is also small for h small since o < h/2.

We estimate IV. Consider the circle C,(x;) for p < 30/2. If 30/2 < R, where
R appears in the condition on €3, then C,(x;) intersects Q2 at some point x,. Let
w = v — vy, We have w € Hy(QQ) and we extend w to be zero outside ()¢ and
we still call this extension w. Let h(0) = w(x; + p(cos 0,sin 0)), x' € C,(x1), and
x1 + p(cos Oy, sin 0y) = x,, x1 + p(cos Oy, sin 0;) = x". We have

01 01
w(x") = f h(0)do = f Dw(x; + p(cos 0, sin 0)) - (—sin 0, cos 0)p dO.

90 90
Then
61
lw(x")| < f |Dw(x1 + p(cos 0, sin 0))|p dO
0o
01 1/2
< pl6r - 0|/ (f |Dw(x1 + p(cos 0, sin 0))? d@)
)
2 0 1/2
< p(2m)'/? (f |Dw(x; + p(cos O, sin 0))* d@) ,
0

that is,

27T
lw(x; + p(cos 01,sin 0,))* < 271 pzf IDw(x; + p(cos 0, sin 6))* dO.
0

Integrating this inequality for 0 < 0; < 27t yields

271 271
f lw(x; + p(cos 0y, sin 0,))* dO; < 4r* p? f IDw(x; + p(cos O, sin 0))* d6,
0 0

and now integrating for 0 < p < 30/2 we obtain

f w(z)? dz < 9n* o* f |Dw(z)? dz.
Bag/2(x1) Bag/2(x1)
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Therefore

1/2
< ( f [04(2) — Om ()P dz)
Ba/Z(x)
12
<3 (JE lw(z)* dz)
B3g/a(x1)

1/2
<2+n (f |Dw(z)|? dz)
Bss/a(x1)

12
<2 \/E(f ID(vi — 0)(2) dZ)
Q

which tends to zero as k, m — co. Lettting m — oo we obtain

JC vk(z) dz — P(x)
Bs/a(x)

for all k sufficiently large and so IV is also small.

f (04(2) — 0 (2) dz
By/a(x)
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