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We prove that C*(Q) N W*(Q)), 1 < p < o0, is dense in W*?(QQ) with the norm

lalley = Y N0l

la|<k

Let Q;, j=1,2,--- be open domains strictly contained in €2 such that Q i CQjn
and Q = U2, Q;.
Let ¢; be a partition of unity subordinated to the family of open sets U; =
Qi \Qjq, withQy=Q,41=0,j=0,1,---;Q = U}'io U;. That s,
(1) ;e Cy(U),0<¢;<1;
(2) For each y € Q there exists an open ball B,(y) C € such that the set
{j : supp(¢;) N B:(y) # 0} finite;
(3) Lo ¢j(x) = 1forall x € Q.
Let u € W'(Q), 17 € Cy(B1(0)), 0 < n < 1, and 7n.(x) = €"n(x/e). We have
Qju € WEP(Q), 1. * (pju) » pjuase — 0in WkP(Q). Lete > 0 and fix 0 < j < oo,

1
There exists h;, ]+—1 > h; > 0 such that

€
(1) 11w, * (pju) — Pjullky < 7
(2) h]' < diSt(Q]’, 8Qj+1)/ ] > 1.

The functions v; = 1, * (¢;u), j = 1,2,--- satisfy that for each y € Q) the set

{j : supp(v)) N B,2(y) # 0}

is finite. Indeed, since supp(v;) C supp(ny;) + supp(¢;) = By, (0) + supp(¢)), if
z € supp(v;) N B,2(y), then z = z; + 6; with z; € supp(¢;), 6;| < hjand |z — y| < r/2.
So |zj —yl < % + hj < r for j large, that is, supp(¢;) N B,(y) # 0 for j large
and the conclusion follows from item (2) in the definition of partition of unity.
Therefore given any open set ()’ with compact closure contained in (), we have
that {j : supp(v;) N Q" # 0} is a finite set. Therefore the function v(x) = Z]f'io v;(x)
has only a finite number of non vanishing terms in its sum for all x € " and

therefore v € C*(Q).
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We have
e = olly = || Y (pju = v))
j=0 kp
o P 1/p 0o p 1/p
Y| [P Y @n-ap| x| =Y 1Y 0o ax
laj<k \ V€ =0 lal<k \ Y2 |j=0
00 b p 00 1/p
< f Y D —op|| dx| < Z( f D (@ = 0| dx)
lal<k \ Y2\ =0 lal<k j=0 \WQ
0 » 1/p s
=2 ( f [D* (1 = v)) dx) = ) libu = ol <e.
j=0 lal<k \W j=0
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