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Weassume f : Q — Rislocally Holder continuous, thatis, thereexists 0 < a < 1
such that for each K C () compact there is a constant Cx > 0 such that

lf(x) = f(WI < Cklx—yl*, Vx,yeK

We also assume f is bounded in €.

The goal is to prove the representation formula (1) below for the second deriva-
tives of the Newtonian potential.

Assume n > 3, let T'(x) = C,|x[*™" be the fundamental solution, n : R — R is
smooth, n(t) =0fort<1,0<n<1,nt)=1fort>2and0<n <2.

Let Q) be a domain for which the divergence theorem holds, and € C Q, and
let f(x) = f(x) for x € Qand f(x) = 0in Qp \ Q. Define for x € Q

u(x) = fg (DU = )~ F)dy = £() | - DI = vy daty).

Since |D;iI'(x)| < C,|x|™, f is bounded and locally Holder continuous, the function
u(x) is well defined for all x € Q). Let € > 0 and define

o) = fQ DI — yn(x - /) f ) dy,

and let v(x) = D;w(x), where

w(x) = fQ F(x - ) f(y) dy.
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If f is integrable in Q, then by the homework, v, € C'(R"), and if in addition f is
bounded, w € C'(R"). We have

Djoe(x) = fQ D,, (DT — i = )/e)) f3) dy
_ fQ D, (DT(x - yn((x - y)/€)) fy) dy
_ fQ D, (DIT(x — )i1(Cx — )/€)) (f) — F() dy
+£5) | Dy (D= e - /) dy
_ fQ D, (DT(x - yn((x - y)/€)) (Fy) — F(x))dy
. f D,, (DI (x — yy((x — )/e)) dy
Qo
_ fQ D, (DT(x - y)((x - )/€)) (Fy) — £()) dy

- f(x0) ” Dil'(x = y)n((x — y)/e)vi(y) do(y)

from the divergence theorem. Since x € Q, if we take € < dist(x, d(2)/2, then
|x — y| > 2¢ for y € dQ)y and so n((x — y)/€) = 1. So

Djo(x) = fQ D, (DT(x - y)i((x - 1)/€)) (Fy) — £()) dy

—f ) D& =y do(y).
Qo
Then subtracting we get

u(x) — Djve(x)
_ fQ (DyT(x = 1) - Dy, (DT = (e - 1)/€) (Fy) — F)dy
_ fQ Dy, [(1 - 1((x - 1)/€)) DT — )] (F(y) — F(x)) dy

) f| o Do [0 = (G = /) DT = I (f) = fG) dy
xX—y|<2e

:[ - [Dz]r(x ]/)(1 n((x — y/e) D;I'(x — y) 17(|x y|/€ f(]/) F(x) dy.
x—y|<2e
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Let K ¢ Q be compact, and K" = {y : dist(y, K) < dist(K, dQ)/2}. We have K’ is
compact, K’ € Q, and if € < dist(K, dQ)/2, then B(x) C K’ for all x € K. Therefore
estimating the last integral we obtain for x € K

|u(x) — Djve(x)] < f [|Dijr(x — )|+ |DT(x - )| g] lf () = f(0)ldy

[x—y|<2e

SCKrf l = -+ Cn_1§]|x—y|“dy§C}<,e“.
[x—y|<2e |x - yl |x - yl €

Therefore Dv. — uuniformly on compact subsets of Qase — 0, sou is continuous
in Q. In addition, v — v uniformly in R” (this follows directly by subtracting).
This implies that w € C*(Q) and u(x) = Djjw(x) for x € Q by the fundamental
theorem of calculus, because we write

Yj
Ue(xll tee /xj—ll ]/]/ xj+1/ et /xn) = f DjUG(xll et /-xj—ll t/ xj+1/ et /xl’l) dt + ve(x)/
Xj

and pass to the limit as € — 0. So we have proved the following representation
formula for the second derivatives of the Newtonian potential w for x € C:

(1) Djjw(x) = L (DiD)x = »)(f(y) = f(x) dy - f(x) fa . Dil'(x = y)v(y) do(y),

under the assumption that f is bounded in ) and locally Holder continuous for
some(0 <a <1

We next prove that Aw = f in Q. Let x € (), take R sufficiently large such that
Q c Br(x), and apply (1) with Qy = Bg(x), then

DﬂW@Z\[  ODE= )~ fE)dy =) [ DIy doty)
x—y <

[x—y|=R
adding over 1 <i < n and using that AI'(x) = 0 for x # 0, we obtain

Aw(x) = ~f() DI(x - ) - v(y) do(y).
lx=yl=R
X y—x
We have DI'(x) = C,(2 — n)W and v(y) = Fyl Then Aw(x) = f(x)C,(2 — n)wy,
where w, is the surface area of the unit sphere in R". Since C, = ﬁ, we are

done.
We also have that Aw(x) = 0 for x ¢ Q, which follows differentiating twice
under the integral sign (the justification follows from the homework).
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