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PRELIMINARIES
NOTATION
Given aj, ..., a, non-negative integers we set @ = (aq,...,ay), a! = aql.ay!, |of =
olal
a1 + ... + ap, D¥ = —————— Given a complex-valued function f(x), the support of

Ozt .0z
f is the closure of the set {x : f(x) # 0}. Given f and g measurable, complex-valued
functions defined over R™ the convolution of f and g is the function defined by

frglx) = - f(@ —y)g(y) dy.
Given {2 an open subset of R™ the following classes are defined:
(@)
={f:Q — C; f and all its derivatives up the order N are continuous functions in Q},
C(Q)
={f:Q — C; f and all its derivatives of any order are continuous functions in 2},
C&(Q)={f:Q— C; f € C™(Q) and supp(f) is a compact subset of Q},

S={f:R"— C;feC®R"), and sup |z*DPf(zx)| < o0,Va, 3}.
zER™

1. Taylor’s Formula.
Let Q C R", Q open and convex, zg € €, and let f € CNT1(Q). Then for z in a
neighborhood of ¢ we have

s = 3 P et ),

la|<N
where 1
1 N, d N1
Ra(e) = 57 [ =0V G (o + o = a0)
and
Ry (x) = of|x — x| ), as T — Zo-
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2. Leibniz’s Formula.
Let P(xq,...,x,) be a polynomial in n variables with complex coefficients. If u(x) and
v(x) are C*°-functions (or sufficiently smooth) we have

P (D)u(x)

o D%v(z).

P(D)(uv)(z) =

«

In particular

Dﬁ(uv)(x) = Z ﬁj)ﬁ—au(.ﬁ)]}av(m).

«

To prove this formula we may note the fact that

where z - & = Y"1 | 1.

3. The Inverse Function Theorem.

Let Q3 C R™, Q9 C R™, open sets, and u : 1 — 5. We say that the function u is a
C*-diffeomorphism if v is bijective, u € C*(£;), and its inverse function u~1 € C*(Q,).

Let Q C R" open, a € €, and f : Q — R" is function such that f € C¥(Q), f(z) =
(f1(x),..., fu(x)). If the Jacobian

J¢(a) = det (gfl

@) #0.

Zj
then there exist a neighborhood U of a and a neighborhood V of b = f(a) such that
f/U :U — V is a C*-diffeomorphism.

4. Implicit Function Theorem.
Let Q C R" x R™ an open set, and let f : Q — R™ be a C¥-function in Q, f(z,y) =
(fi(z,y), .o, fm(z,y)), x € R" and y € R™. Let (a,b) € Q such that

f(a7 b) = 07
and suppose that the Jacobian
Jyf(a,b) = det (%(a, b)) # 0.
dy;

Then there exist a neighborhood U of a, a neighborhood V' of b, and a function g : U — V,
g € C*(U) such that
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and
f(:l:,g(x)):(), Ve e U.

5. The Divergence Theorem.

Let Q C R™ be a bounded, open and connected set such that its boundary 99 is C!. Let
v denote the unit outward normal to 992. Given any vector field W (z) = (w1 (z), ..., wp(z))
which is C1(2), we then have

/ diviWW dx = W - vdo(z).
Q

6. Differentiation under the integral sign.
Let © C R™ measurable, and xo € R™. Suppose that f(x,t), x,t € R" is a function
such that
f(z,-) € LYQ), for |x — xo| <€,

0
and the partial derivative a—f(;r:, t) exists and there exists g(t) € L'(Q) such that
L

of
6a:j

<x,t>\ < g(0),

for t € Q and |z — x| < €.
Then the function

F(x) :/ f(z,t)dt
Q
is differentiable with respect to z; in {2 and

OF of

7. Minkowsky’s inequality.
Let 1 <p < oo. If f(z,y) is a measurable function in R™ x R™ then

(/ (/m ‘f(””@/)'dx)p dy)l/p < /m (/ \f(ar,y)lpdy> " e

8. Holder’s inequality.

1 1
Let 1 <p<oo, —4+ —=1. Then
p q

/ f@g@)] dz < [ £lpllglla-
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9. Young’s inequality.
Let 1 <p<oo, fe L'Y(R") and g € LP(R™). Then

LF # glly < [ F111llgll»-

11
10. Let 1 < p < oo, f € LP(R") and g € LY(R") with = + = = 1. Then
poq

1% glloe < I nllgllq-

11. Let f be a function defined over R™, h € R™, and the translation operator 7, f(z) =
flx—h).If 1 <p<ooand f € LP(R") then

l7nf = fllp =0, as h — 0.

If p = oo the result is false.

12. Let ¢ € LY(R"), [pn ¢(x) dx = a, de(x) = e "Pp(z/€). If 1 < p < 00, and f € LP(R"™)
then
f*x ¢ — af, in LP-norm.

If f € L*> and f is uniformly continuous on A C R"™ then
f*de — af, uniformly in A.

If a = 1 then the family ¢, is called an approximation of the identity.

13. Let 1 <p<oo. If f€ LP and ¢ € S then f x ¢ € C* and we have

D(f «¢)(x) = [+ D%(x),  Va.

14. Let

£t) = { /=) for [t] < 1

0, for |t| > 1.
Then f € C§°(R™). Show that there exists f € C§°(R™) such that

supp(f) = By(zo) ={x € R" : |x — xo| < 1}.

15. supp(f * g) C supp(f) +supp(g9) = {z +y : = € supp(f), y € supp(g)}-

16. The class C§°(R™) is dense in LP(R™), 1 < p < 0.



