Real Analysis II, Prof. Gutiérrez, Abstract measures I1
Week of April 15, 2009

Assume (S, Z, 1) is a measure space, i.e., X is a o-algebra of sets in S and y is a measure on X.

1. Let ¢ : £ — R be an additive set function. Prove that

N
V(E) = sup {Z p(F)| : (F¥ Cc £,UNF; C E, F; are disjoint}
1

HINT: let P C E be the set in the Hahn decomposition, i.e., ¢(A) > 0 forall A C P and ¢(A) <0
for all A c E \ P. First prove that V(E) < |¢(P)| + |¢(E \ P)|, which proves one inequality. To
prove the other use Jordan’s decomposition.

2. Let (S,%, u) be a finite measure space and f : & — R a nonnegative X-measurable function.
Prove that lim;_, fok du exists if and only if u{x € S : f(x) > 1} = 0.

3. Let u be a regular Borel measure in R". Prove that the continuous functions with compact support
are dense in L’(R", u), 1 < p < 0.

HINT: use that the simple functions that are zero outside a set of finite measure are dense in L.

4. Let (S, %, u) be a finite measure space. Suppose ||f,ll.»s) < M and f;, — f a.e. Prove that

Lfkgdﬂ%fsfgdu

for all g € L7 (S).



