Real Analysis, Math 8041 (old 557), Prof. Gutiérrez
Problems on Bounded Variation and Riemann-Stieltjes Integration
Week of September 1, 2009

Notation.
e Given f : [a,b] — R, we let

fo = sup{Z | f(x;) = f(xiz)] = {x0, X1, -+ , X} 1S @ partition of [a, b]}.
i=1

We say f € BV[a,b]if VO f < .
e limsup,_,, ax = lim;, sup{a; : k > j}.
e oV b =max{a, b}; a AN b =min{a, b}.
e Cla, b] denotes the class of continuous functions on [a, b].

1. If f € BV[a, b] then | f| € BV[a, b] and V2|f| < V. Show that the converse is false.
2. If f,g € BV[a,b] then V2(f + g) < VP f + Vg,
3. If f,g € BV[a,b] then f V g, f A g € BV]a,b].
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Hint:avbz§(a+b+|a—b|);a/\b:E(a+b—|a—b|).

4. If f € Cla,b] and g(x) = fax f(t)dt then g € BV|a, b].

If f, — f point-wise in [a, b] then V2 f < liminf,_. V2f,.

AN

If f € BV[a,b] then f(x*) and f(x7) exist for each x € (a, b). Also f(a*) and f(b™) exist.
7. Show an example of a function f € BV[O0, 1] such that f” exists on (0, 1) but is unbounded.

8. The mere existence of f’ on [a, b] does not imply that f € BV[a,b]. Show that the function
f(x) = x*sin(1/x?) for 0 < x < 1 and f(0) = 0 has derivative for each x € [0, 1] but is not of
bounded variation.

9. If f € BV[a, b], then prove that |f(x)| < |f(a)| + V2 f for all x € [a, b].
10. If f,g € BV[a, b] then fg € BV|a,b].
11. Find the following variations:

1. VZf for f(x) = sin” x.
2. Vif for f(x) = x* = 3x + 4.

3. Vi ffor f(x) = x"e™* where 0 <n < a.
12. Prove that f € BV[0, 1] where f(x) = x*sin(1/x) for 0 < x < 1 and £(0) = 0.

13. Let0 < a < 1. A function f € C%([0, 1]), f is Holder continuous of order a, if there exists K > 0
such that [f(x) — f(y)| < K |x — y|* for all x,y € [0, 1]. Prove that

1. C?[0,1] c CA([0,1]) forO < B < a < 1.



14.

15.

16.

17.

2. If f is Holder continuous of order one, that is, f is Lipschitz, then f € BV[0, 1].

3. Leta > 0. Define g(x) = x* sinx™ for x # 0 and f(0) =0

4. Prove that g ¢ BV[0, 1]. Prove that g € C%([0, 1]) with @ = a/(1 + a), and g ¢ C?([0, 1]) for
B>al/(l +a).

HINT: Let & > 0. We have |g(x+h)—g(x)| < |g(x+h)—g(0)]+|g(x)—g(0)] < (x+h)*+x* < 2(x+h)".
Also |g’(x)| < 2a/x for x # 0. By the mean value theorem, |g(x+h)—g(x)| < C, min{(x+h)*, h/x}.
Next either x**! > h or x**! < h, and then conclude g € C%([0,1]). To show the negative
statement notice that g(x) = O at x = & = (nr)™"/* withn = 1,2,---. Let § > 0 small, and
f =((n+ 5)7r) /4 Suppose by contradiction that |g(¢) — g(&")] < K |¢ — &€')P. We have |g’(x)| =

|x‘1 sinx™ —cosx“ > — (|Cosx 4= x*sinx™?) > —(Jcosx™¢ — x*). From the mean value
X

theorem lg(&)—g(&)| = |g(§)| |€ =&, with (n+1)6)~"/* < & < (nd)~'/. Choosing 6 > 0 small, we
get that |g’(£)| > Csn'/® for all n large. Also notice that |¢ — &'| = n‘(”“)/“ for n large. Combining
the orders of magnitude we obtain a contradiction unless 8 < a/(1 + a).

Consider the class BV|a, b] of bounded variation functions in [a, b] with the norm

k
Allsy = sup Y 1f(ai) = flei)] + (@)
L ——
where the supremum is taken over all partitions I' = {«y, ..., a;} of [a, b].
Prove that || - || is a norm and (BV{a, b],|| - ||) is a Banach space.

Show that the Riemann-Stieltjes integral f_ 11 xd(eM) exists and calculate its value.

Let f be bounded on [a, b] and ¢ nondecreasing on [a, b]. If fa ’ f(x)d(¢(x)) exists then fa b lf ()] d(¢(x))
also exists and

b
< f |f (0l d((x)).

b
f f(x) d(¢(x))

Show that the converse is not true; there exists f bounded on [0, 1] not Riemann integrable such
that | f| is Riemann integrable.

HINT: prove first that for f bounded, if we set M = maxg |f|,m = ming |f|, M = maxg f,m =
ming f, then M — i < M —m. Conclude that 0 < Ur — Lr < Ur — Ly, where Uy, Lr are the lower
and upper sums for f and the partition I" and similarly Uy, Ly for |f].

Let f, — f uniformly in [a, b] and ¢, — ¢ point-wise in [a, b]. Suppose that f, are continuous
on [a, b] and ¢,, € BV[a, b] with V?¢, < M for all n. Prove that fabf,, d¢, and fabquﬁ exist and

lim ﬁwnffw
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Let f.(x) = M and ¢,(x) = x" for 0 < x < 1. Show that lim,_,, f b Jnd¢, exists and
1+ n3x? a
calculate its value.

HINT: write fa ’ fudd, — fa ’ fdo = fa b( fo—deé, + fa ’ fd(¢, — ¢). The second integral equals
S [0 @) = fa)dgn =) + Xy [ f(xi) d(¢, — ¢) for any fix partition {xo, x1,- -+ , ).

18. If f € BV[a,b] then [ df = f(b) - f(a).
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