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Lemma 1. If Au > —f in B.(y), then
r?—lx -y
u(x) < supu+————supf, x€B(y).
) g
r?—lx —yf?
Proof. Let g(x) = u(x) — supyp () = — >, SUPs f. We have Ag = Au +
supg ,, f = —f +supg , f >0, that is, g is subharmonic in B,(y). Then sup; ,, & =
Sup,g ) & = 0,50 g < 0in B,(y) and the lemma follows. m|

Lemma 2. Ifu is a solution to Au = f in B,(y) and v solves Av = 0 and v = u on dB,(y),
then

r =l —yP r—lx—yP
——— inf f<o(x)—ulx) < —— sup f,
2n Br(y)f ) ) 2n By(S /
in particular,
1,2 _ |X _ y|2
[u(x) = o)) < ——=— suplf],
n BA(y)

forall x € B,(y).
Proof. Since A(v—u) = —f, the inequality immediately follows from Lemma |

Lemma 3. Let 0 < a < 1. There exist positive constants Cy, €y and 0 < A < 1 such that
for any f and any solution to Au = f in B1(0) with ||ulli~m,0) < 1 and || fllz=~@s,0) < €o
there exists a second degree harmonic polynomial q(x) = 3(Ax,x) + B - x + C such that

(1) u(x) — g(x)| < A%, for|x| < A,
and
) IA]l + [B] + |C| < Co.

Proof. Let v be the harmonic function in the statement of Lemma 2| By the maxi-
mum principle SUP3, () || < SUP3 () |u| < 1. Since v is harmonic
3) IDPo(x)| < C(n, |B)) suplol < C(n, I8l),  for x| < 1/2.

B1(0)
1
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We shall prove that the second order Taylor polynomial of v about 0, g(x) =
HD*v(0)x, x) + Do(0) - x + v(0), satisfies (1) and @). In fact, @) follows from (3).
Also, Ag(x) = traceD?g(x) = traceD?v(0) = Av(0) = 0, so g is harmonic. We have
1 3
o(x) = 4(x) + 37 [ (- Do),
with & an intermediate point between 0 and x. Then from Lemma 2 we get
|(x) = g()] < |u(x) = ()] + [o(x) - g(x)]

1—|x]?

< sup | |+—' (x- D)*u(x) |
2n 31((1); f [ ]
1- |x|2 3
< sup|fl+ Cylx> sup |Dfu(z)], for x| <1/2
2n [21<1/2,p1=3
1- |x|2 3
< sup |fl + CyIxl° =T +1I, from (3).
2n - )
We write
II=C,lxP <C, A3 if [x] <A
1
< Z /\2+a
-2
1 1/(1-a)
if we pick A < ( Te ) . With this value of A, we next want
1
[< = A2+a_
-2
If ¢; < n A**%, we then have
1-|xP? 1 1 1,
I= sup |f] < su||<—e < - AT
2 iy = 3 iy f 2
and we are done. O

Theorem 4. Suppose u € C*(B1(0)) N C(B1(0)), Au = f, and f is Holder continuous at
0, i.e.,
|f(x) = fQO)l
[Flap = sup LR —SOL_
Inl<1 [«
Then there exists a second degree polynomial p(x,0) = 2(Ax, x) + B - x + C such that

(4) lu(x) — p(x,0)| < Cy x>, for|x| < 1/2,
with
C1 <G ([f]a,O + 1 fllze(sy) + ||M||L°°(Bl)),



NOTES ON SCHAUDER ESTIMATES June 5, 2007 3

and
Il + 1Bl + ICT < Co (Iflao + llisceyy + lullieeyy) -

Proof. We may assume that

@) f(0) =0,
(i) [flao + Ifllzee,) < €0,
(iii) [[llzeos,0) < 1.
Indeed, if we let
f(x) = £(0)
[flao + 2l flleey) + 10l (s,)

P
o) = u( - 5O, )= e
and
0(x)
[flao + 2l fllio,) + 0l
then A#i = h in By, h satisfies (i) and (ii), and # satisfies (iii).

it(x) = €

Claim: there exists a sequence of harmonic polynomials py(x) = 1(Axx, x) + By -
x + C such that

(®) ju(x) — pe(x)l < A% for | < AF
and
©) A= Axall S CA™, By = Bl < CACE, |G — | < CAHDE,

fork =1,--- where C is a universal constant. In view of (ii) and (iii) above we can
apply Lemma 3| and we let p;(x) be the polynomial in that lemma. Suppose p(x)
is constructed. We will construct py;. Let

(u = p)(A*x)
w(x) = W

We have

Aw(x) =

o A0 - HAp ()] = 1) = i)

From (5), |[wlli~@,) < 1 and from (i) and (ii) above, ||gllL~@,) < €. Hence by
application of Lemma [3|to w, we get a harmonic polynomial gx(x) -depending on
gk~ such that

(7) [w(x) — gr(x)] < A**, for |x| < A.
From the definition of w and (7) we then get

[u(A*x) — pr(A*x) — AZ g (x)] < AFTOED - for x| < A,
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Therefore, if we take

(8) P () = pr(x) + AZ g (x/A5),

then py,1 satisfies (B) with k replaced by k+ 1. Writing gi(x) = 3(A:x,x) + B} -x+C;,
from (8) we get

A1 = Ax + A%AL, Biyy = By + AWV BY, Gy = G + APP2EC

for k = 1,2,--- and then (f) follows from (2). This completes the proof of the
claim.

Next, we notice that from (6), (2), and since 0 < A < 1, it follows that Ay, Bi, Ck
are Cauchy sequences and therefore we let

p(x,0) = %(Aoox, X)+ Bo - x + Cq,

where A, B, Cw are the corresponding limits. We show that p(x, 0) satisfies .
Given |x| < 1/2, let k be a positive integer such that A**! < |x| < A¥. Hence

Ipe(x) — p(x, 0)] < C(A%|x? + AT Dy 4 A@FDF & C |x]?He,
and from (5) we obtain
lu(x) = p(x, 0)| < lu(x) = pr()| + Ipe(x) = p(x, O)] < C I + C x>
and we are done. O

Suppose f € C*(B1(0)) and u is a solution to Au = f in B;(0). Let y € B1(0) and
r < dist(y, dB1(0)). Define ¢(x) = 7> f(y + rx) and v(x) = u(y + rx) for x € B;(0). We
have that v is a solution to Av = g in B;(0) and

869 =8O _ o VW0 = fW _ oy A0 +2) = F)

[8]a0 = sup
RS || <1 || lzl<r |z|*

From Theorem[#applied to v, there exists a quadratic polynomial p(x, 0) such that

) lo(x) = p(x,0)| < C1 [x[***,  for|x| < 1/2,
with
(10) C1 < Co([glao + gll=miop + oll=s,0p) -

From (9) and the definition of v we get that

C
u(z) - p((z = y)/1,0) < == |z — yP*%,  forlz—y| <r/2.

r2+a
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We have |Iglli=@,0) = 7* I flleo,my, and ollie@, o) = i@, o). I we let g(x, y) =
p((x —y)/1,0), and r = dist(y, dB1(0)), then

u(x) — g, I < Cy =y, for |x — y| < dist(y, 9B1(0))/2,
with

C>(— —_ Cl
1™ dist(y, dB1(0))*+

+ —
<C, sup If (v Z)a fwl
lzl<dist(y,9B1(0)) |z]

+dist(y, 9B1(0)) ™ || fllz=~(5, () + dist(y, dB1(0)) > ||M||Lw(B,,(y))) .

In particular, we obtain that if Au = f in B1(0), then for each y € B;,(0) there exists
a quadratic polynomial p(x, y) such that

u(x) = p(x, Yl < C'lx —y***,  forlx —y| < 1/4,
with
C' <G ([f]a,Bl(O) + |1 fllze (B, 0)) + ||”||L°°(Bl(0)))~

Lemma 5. Suppose u € C*(Q) is such that there exist constants C; > 0and 0 < a < 1
so that for each y € Q) there exists a quadratic polynomial p(x, y) such that

A1) () - pG )l < Cilx -y, forall x € By, dist(y, 9Q)/2).
Then

(12) Pl ) = 3= Y D2uy)(x = ) + Duty) - (v = )+ uly),
and

(13) IDiju(x1) — Diju(x2)l < Cqlxy — xo/*

for all x1,x, € Q with dist(x;, dQ) > diam(Q)/2.

Proof. We use the following result: if f € C*(I) where I is an open interval, then

" o farh)+ f(ha2 =260 _

h—0
for a € I. (Notice that the converse to this result is not true, take f(x) = x|x| at
a=0).
From it follows immediately that p(y, y) = u(y). On the other hand,

u(he; +y) —u(y)
p ,

Djuty) = i
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and

uhej+y) —uy) _plej+y,y) —py| _ Cilhel™
h h = ’

ash — 0. So Dyp(y, y) = Du(y). If n is a nonzero vector in R" and g,(t) = u(tn+y),
then ¢7'(f) = ZZ]‘=1 nimui(tn + y). In particular, g;'(0) = uu(y), and g, (0) =
wi(y) + 2uie(y) + uee(y). Hence

1 17 7
uke(y) = 5 {gé;w(O) - 8.(0) - ge[(O)} /
and from we get
_ 1. Akgu(h, y) + Akgu(—]’l, y) — 2Aeu(0, y)
Uge(y) = 5 lim 7
where
Axeu(h, y) = u(h(ex + e¢) + y) — u(her + y) — u(hee + y).
Also
1. Aup(h,y) + Aep(=h, y) = 20,p(0, )
puy) = 3l 2
Since

|Averi(h, y) — (p(h(ex + er) + y,y) — plhex + y,y) — plhee + y,y))| < 4Cy [T,

|Akeru(=h, y) — (p(—h(ex + ec) + v, y) — p(=hex + y,y) — p(=he¢ + y, y))| < 4Cy W,

and Aku(0,y) = —u(y) = —p(y, y) we obtain that D*u(y) = D2p(y, y) and then (12)
is proved.

To prove we use the following lemma of Calderén-Zygmund, [CZ61,
Lemma 2.6].

Lemma 6. Given an integer m > 0, there exists a function ¢ € C;*(R") with support in
the unit ball such that @+ P = P for each € > 0 and every polynomial P of degree < m.
As usual, ps(x) = € "p(x/€).

Proof. Let C be the class of C* functions in IR" with support in the unit ball, and
define
T($) = P(x) x* dx.
RH
The linear transformation T maps C into the vector space V of all points {&,}
with 0 < |a] < m. We claim that this map is onto. Otherwise, T(C) is a subspace
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strictly contained in V, and so T(C) has an orthogonal complement V’ # {0} in V.
Therefore there exists {1,} € V' not all zero with

Y Neba= fR o) Y dx =0

for all ¢ € C. In particular,if i € C is any function with 1) > 0 for [x| > 1, then
taking ¢(x) = ¢ (x) ). fl.x*, we obtain

KRR

and consequently |Z nax“'zo for [x| < 1 and therefore 1, are all zero, a contra-
diction. Therefore T(C) = V and so there exists ¢ € C such that f]Rn P(x)dx =1
and f]Rn P(x)x*dx = 0 for 0 < |a] < m. If Q(x) is a polynomial of degree < m,

then [, ¢(x) Q(x) dx = Q(0). Therefore, €™ [, $((x—y)/€) Q) dy = [, () Qx+
€z)dz = Q(x). O

2
dx=0

Let x1, x, € Q be such that dist(x;, Q) > diam(Q)/2 and write
u(x) = u(x) - p(x, x1) + p(x, x1)
u(x) = u(x) — p(x, x2) + p(x, x2),
and convolving these expressions with ¢. and using Lemma 6| with m = 2 we get
ue(x) = [M - p(/ xl)] * @e(x) + p(x/ xl)
ue(x) = [u = p(-, x2)] * pe(x) + p(x, x2),
for dist(x, dQ) > €, and taking derivatives
Dijjue(x) = [u — p(-, x1)] * Djjpe(x) + Djju(x1)
Dijuc(x) = [u — p(, x2)] * Dijpe(x) + Djju(xz).
Hence

Difu(xl) - Diju(x2) = [Ll - p(/ xZ)] * Di]'(Pe(x) - [u - P(/ xl)] * Dijgoe(x)

=" f [u(y) — p(y, x2)1Dijp((x — y)/€) dy
ly—x|<e

e f [1(y) = p(y, x)IDyp((x - y)/€) dy
ly—x|<e

=1-1I.
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If we let x = (x1 + x2)/2, and € = |x; — x2|/2, we get that B.(x) C By(x;) fori =1,2,
and so from we get

1] < e2C, f Y — P Dy — y)/e)ldy
ly—x2|<2e

<e"?C ||Dij§9||oof ly — x/***dy = C, Cy €* = Cla; — xo|%,

[y—x2]<2e

and

1| < e %G f ly — x1P*IDijp((x — y)/€)l dy
ly—x11<2e
<€ "?C1|IDijplleo f ly—x**dy = C, Cre* = Clay — xol,

ly—x11<2e

and follows. O
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