RESOLVENTS OF ELLIPTIC CONE OPERATORS

JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

ABSTRACT. We prove the existence of sectors of minimal growth for general
closed extensions of elliptic cone operators under natural ellipticity conditions.
This is achieved by the construction of a suitable parametrix and reduction to
the boundary. Special attention is devoted to the clarification of the analytic
structure of the resolvent.

1. INTRODUCTION

Motivated by Seeley’s seminal work [21], and with the same intentions, the pur-
pose of this paper is, first, to prove the existence of sectors of minimal growth for
general closed extensions of elliptic cone differential operators under suitable ray
conditions on the symbols of the operator; and second, to describe the structure of
the resolvent as a pseudodifferential operator.

Previous relevant investigations in this direction assume that the coeflicients are
constant near the boundary, cf. [16], [17], or the technically convenient but rather
restrictive dilation invariance of the domain, cf. [1], [11], [4], [12], [17]. Some of
these works deal with special classes of operators such as Laplacians. In the general
setting followed in this paper, the interactions of lower order terms in the Taylor
expansion of the coefficients of the operators near the boundary lead to a domain
structure beyond the minimal domain Dyy,;, that brings up essential new difficulties
not present in the constant coefficients case. Thus the investigation of the general
case entails the development of new techniques.

Let M be a smooth compact n-manifold with boundary. Recall that a cone
differential operator is a linear differential operator with smooth coefficients in
the interior of M which locally near the boundary and in terms of coordinates
TyY1y .-, Yn—1 With x =0 on M, is of the form

z " Z aka(xay)Dg(wa)k
k+|al<m

with agq smooth up to the boundary and m a positive integer. Such an operator
is called c-elliptic if it is elliptic in the interior in the usual sense, and near the
boundary, if written as above, then

Z ko (LL', y)ﬁafk
k+|al=m

is an elliptic symbol up to {z = 0}. Fix some smooth defining function z for oM
with > 0 in the interior M of M and denote by =™ Diff,"(M; E) the space of

2000 Mathematics Subject Classification. Primary: 58J50; Secondary: 58J05, 35J70.
Key words and phrases. Resolvents, manifolds with conical singularities, spectral theory, para-
metrices, boundary value problems.



2 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

cone operators of order at most m acting on sections of a Hermitian vector bundle
E— M.

Cone differential operators arise when introducing polar coordinates around a
point, and for that reason they are of great interest in the study of operators on
manifolds with conical singularities (cf. [9], [19]). In this context it is natural to
base the L? theory of these operators, at least initially, on a c-density on M, which
is a measure of the form xz™m where m is a smooth b-density, that is, zm is a smooth
everywhere positive density on M.

Let A € x~™Diff}"(M; E), and write L2(M; E) for the space L*(M,z"m; E).
There are two canonical closed extensions one can specify for the unbounded oper-
ator

A:CP(M;E) € L2(M; E) — L2(M; E), (1.1)
namely the closure
A Dyin C LA(M;E) — L3(M; E), (1.2)
and
A Dy C LA(M; E) — L%(M; E), (1.3)
with

Diax = {u € L2(M;E) : Au € L2(M; E)}.
Obviously, both Dy and Dpax are complete in the graph norm,
lulla = [lullzz + [|Aul[z2,

and Dpin C Dimnax-

Suppose that A is c-elliptic. By a theorem of Lesch [11], Dy, has finite codi-
mension in Dpax, and all closed extensions of (1.1) are Fredholm and have domain
D such that Dpin € D C Diax. Moreover, if Ap denotes the closed extension with
domain D, then

1nd(AD) = ind(ADmin) + dim(D/Dmin), (14)

see Lesch, op. cit. and Gil-Mendoza [7]. Thus, if ind(Ap,,, ) is already positive,
then there is no extension of A with nonempty resolvent set. In fact, a necessary
and sufficient condition for the existence of a closed extension Ap of (1.1) with
nonempty resolvent set is that for some A € C, Ap_, — A is injective and Ap_, — A
is surjective, see [5].

Given a closed extension Ap, we will prove in Section 6 (see Theorem 6.9)
that under natural ellipticity conditions pertaining the symbol of A and the model
operator Ax, cf. (2.6), there exists a sector

min

A={z€C:z=re? r>0, |0 -6 <a}
of minimal growth, i.e.,
A—\:D — L*(M;E)
is invertible for A € A with |A| large, and
[(Ap = N) " Mlzrzaney) = O(A ™) as |A| = occ.

More precisely, we require that A is free of spectrum of the homogeneous principal
c-symbol “a(A) of A on “T*M\{0}, and that the model operator

AN — A : Dy — LS(YA;W;DEW)
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is invertible for large A € A with inverse bounded in the norm as |A| — oo, where
Y =R, x Y is the stretched model cone with boundary ¥ = 9M, and D, is a
domain for A, associated with D in a natural way (see [5]).
The proof of this result relies on the construction of a parameter-dependent
parametrix
B(\) : L2(M; E) — Diin(A), (1.5)
which is a left-inverse for the operator Ap_, — A for large |A|. Then, in order to
deal with the finite dimensional contribution of the domain D beyond Dy, we
follow the idea of reduction to the boundary motivated by the point of view that
the choice of a domain corresponds to the choice of a boundary condition for the
operator A.
More precisely, we add a suitable operator family K (\) to Apmin — A such that

Dmin(A)
(Ap — XA K(N): @ — L*(M; E) (1.6)
c?’

is invertible for large |A|, and consider (1.6) a “Dirichlet problem” for the operator
A — ). Following Schulze’s viewpoint from the pseudodifferential edge-calculus
[18, 19] we invert (1.6) in the context of operator matrices by adding generalized

Green remainders to the parametrix B(A). We then multiply the inverse (?8\;)

from the left to the operator Ap — A, reducing the problem of inverting Ap — A to
the simpler problem of inverting the operator family

F(A) =T(A\)(A—=A) : D/Dpin — C¥. (1.7)

The operator F'(A) can be interpreted as the reduction to the boundary of A — A
under the boundary condition D by (1.6), and it plays a similar role as, e.g., the
Dirichlet-to-Neumann map in classical boundary value problems.

We prove that the resolvent can be written as

(Ap = A) 7" = B(\) + (Adp — \)T'TI(Y)

with B(\) from (1.5) and a finite dimensional smoothing pseudodifferential projec-
tion II(\) onto a complement of the range of Ap,_, — X in L2(M; E). The operators
B(A) and II(A) have complete asymptotic expansions as |A| — oo into homogeneous
components in the interior and x-homogeneous operator-valued components near
the boundary, respectively, cf. Definition 2.9.

The structure of the paper is as follows: In Section 2 we recall basic facts about
cone operators and their symbols. Section 3 is devoted to closed extensions in L?
and in higher order Sobolev spaces. Section 4 concerns some relations between
A and its symbols regarding the discreteness of the spectrum and the existence
of sectors of minimal growth. In Section 5 we perform the construction of the
parametrix (1.5) and establish the “Dirichlet problem” (1.6). Finally, in Section 6,
we prove the results about the existence and norm estimates of the resolvent by
investigating the operator (1.7).

2. PRELIMINARIES

Let M be a smooth compact n-manifold with boundary and fix a defining func-
tion x for OM with x > 0 in M. Let E — M be a complex vector bundle and let



4 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

Diff"™(M; E) be the space of differential operators on C*°(M; E) of order m. By

Diff;"(M; E) we denote the subspace of totally characteristic operators of order m.
The elements of =™ Diffy"(M; E), that is, differential operators of the form

A =z~ ™P with P € Diff)"(M; E), are the differential cone operators of order m.
According to [5] we associate with A an invariantly defined c¢-symbol

‘o(A) € C(°T*M\0; End( 7" E))

on the c-cotangent bundle “T*M — M, where “r : ¢“T*M — M is the canonical
projection map. Recall that “T*M is the smooth vector bundle over M whose
space of smooth sections is

CR(M;T*M)={neC®(M, T*M) :*n=0},
the space of 1-forms on M which are, over M, sections of the conormal bundle of
OM in M.
Let x~ ' : ¢T*M — ®T*M be the natural isomorphism that is induced by the

defining function x. Then the c-symbol of A and the b-symbol of " A are related
as

‘o (A)(n) = "o (z™ A)(x"(n)).
Definition 2.1. The operator A € =" Diff)"(M; E) is called c-elliptic if
Co(A) € C*(°T*M\0;End(“7n*E))
is an isomorphism. The family A — A — X is called c-elliptic with parameter in a
set A C Cif
Co(A) — A€ C®((°“T*M x A)\0; End(“r}y E))
is an isomorphism. Here “rp : (°T*M x A)\O — M is the canonical map.

Let E — M be Hermitian, and m be a positive b-density. Recall that the Hilbert
space Ly (M; E) is the L? space of sections of F with respect to the Hermitian form
on E and the density m. Thus the inner product is

(u,v)2 = /(u,v)Em if u, v e LY(M; E).

For a nonnegative integer s the Sobolev space H(M; E) is defined as
Hi(M;E)={u€ L}(M;E): Puc L}(M; E) VP € Diffj(M; E)}.

The spaces Hj (M; E) for general s € R are defined by interpolation and duality,
and we set

H*(M; E) = (Hj(M;E), H,>*(M;E) = H;(M;E).

The weighted spaces
2 HY (M E) = {a"u:u e H (M; E)}
are topologized so that H(M;E) 5> u — ztu € o' Hj(M; E) is an isomorphism.
In the case of s = 0 one has
e HY(M; E) = 2" L} (M; E) = L*(M,z~*m; E),

and the Sobolev space based on L?(M,z~?#m; E) and Diff;(M; E) is isomorphic
to " H{(M; E).
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To define a Mellin transform consistent with the density m, pick a collar neigh-
borhood Uy 2 Y x [0,1) of the boundary Y = OM in M, and a defining function
x : M — R such that

d
m=2grimy in Uy (2.2)
X

for some smooth density my on Y, where my : Y x [0,1) — Y is the projection.
Let 0, be the vector field tangent to the fibers of Uy — Y such that 9,z = 1.

Fix w € C§°(—1,1) real valued, nonnegative and such that w = 1 in a neighbor-
hood of 0. Also fix a Hermitian connection V on E. The Mellin transform of an
element u € C§°(M; E) is defined to be the entire function @ : C — C*(Y; Ely)
such that for any v € C*°(Y; Ely)

(@77 wu, T 0) 2y = ((0), V) L2(v:Ely)

By 73v we mean the section of F¥ over Uy obtained by parallel transport of v
along the fibers of my. The Mellin transform thus defined extends to the spaces
" HP (M; E) so as to give holomorphic functions on {0 : So > —pu} with values
in H*(Y;E|y). As is well known, the Mellin transform extends to the spaces
2" LZ(M; E) in such a way that if u € *L?(M; E) then (o) is holomorphic in
{So > —p} and belongs to L2({Jo = —u} x Y) with respect to do @ my.

Let A =2~™P with P € Diff"(M; E), and let

C 30+ P(0) € Diff™(Y; Ely) (2.3)

be the conormal symbol of P. Recall that P(o) is elliptic for every o € C if A is
c-elliptic. The boundary spectrum of A is

spec,(A) = {o € C: P(0) is not invertible},

which is discrete if A is c-elliptic, and the conormal symbol of A is defined to be
that of the operator P.
Near Y one can write

P=Y Plo(Vap.)!
£=0

where the P; are differential operators of order m — ¢ (defined on Uy ) such that for
any smooth function ¢(x) and section u of E over Uy, Pj(¢(x)u) = ¢(x)P;(u), in
other words, of order zero in V;p, .

Definition 2.4. P is said to have coefficients independent of x near Y, or simply
constant coefficients near the boundary, if

Vo, P(u) = P(Vza,u)

for any smooth section u of E supported in Uy. Correspondingly, A is said to have
coefficients independent of x near Y if this holds for P.

For P € Diff]’(M; E) and any N € N there are operators Py, Py € Diffy*(M; E)

such that
N-1

P=> Pua*+a2"Py (2.5)
k=0
where each Pj has coefficients independent of z near Y. If P, has coefficients
independent of x near Y, then so does its formal adjoint P'.
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With A = 2~™P we associate on the model cone Y =R, x Y the operator
Ax =2 Py, (2.6)

where Py € Diff}"(Y"; E) is the constant term in the expansion (2.5) and has
therefore coefficients independent of .

For ¢ > 0 we consider the normalized dilation group action from sections of £
to sections of E on Y” defined by

(Rou)(x,y) = 0™ *u(om, y). (2.7)
The normalizing factor ¢™/2 in the definition of ko is added only because it makes
ko :x ™PL2(YNE) — o™ LA (YN E)

an isometry, where the measure on L? refers to the b-density m = df ®@my on Y.
Let A* denote the formal adjoint of A acting on 2~"/2L2(M; F). Then

(An)" = (A%)A-
The family A — A — A satisfies the homogeneity relation

Ap = 0" A= 0" ko(An — Nk, for every o> 0. (2.8)

Definition 2.9. A family of operators A(\) acting on a k-invariant space of dis-
tributions on Y will be called x-homogeneous of degree v if

A(0™N) = 0"k ANk, !

4

for every o > 0.

This notion of homogeneity is systematically used in Schulze’s edge-calculus.

On Y it is convenient to introduce weighted Sobolev spaces with a particular
structure at infinity consistent with the structure of the operators involved. Let
w € C§°(R) be a nonnegative function with w(r) = 1 near r = 0. We follow Schulze
(cf. [18]) and consider the space HE . (Y"; E) consisting of distributions u such
that given any coordinate patch €2 on Y diffeomorphic to an open subset of the
sphere S"~!, and given any function ¢ € C§°(£2), we have (1 —w)pu € H*(R"; E)
where R} x S™71 is identified with R™\{0} via polar coordinates.

For s, € R we define £**(Y"; E) as the space of distributions u such that

n

wu € z*H (YN E) and (1 —w)u ez 2 HS, (Y™ E)

cone

for any cut-off function w. Note that HO, (Y "; E) = 2= "/2LZ(Y"; E).
It turns out that C§°(Y"; E) is dense in £5%(Y"; E), and

Ap  K2*(YN E) — K7™ (YN E) (2.10)

is bounded for every s and a. The group {k,}eer, is a strongly continuous group
of isomorphisms on K% for every s, € R. As pointed out before, x, defines an
isometry on the space

KO=m2(Y " B) = = ™PLE(Y " E),

which we will take as our reference Hilbert space on Y.
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3. CLOSED EXTENSIONS
If Aex™Diff)"(M;E), then for any s and p,
A:atHy(M;E) — ot " H ™ (M; E)

is continuous. In order not to deal with the index p, we normalize in such a way
that if our original interests are in z#LZ(M; E), then we work with the operator
pTHTM/2 At m/2 ¢ o= Diff)" (M; E) and base all the analysis on z="/2L2(M; E).
The latter operator has the same c-symbol as A, so it is c-elliptic if and only if A is
so, and it has the same spectral properties. This said, we assume that p = —m/2.

The closed extensions of elliptic cone operators on =™/ 2L3(M; E) have been
studied by Lesch [11] and by two of the authors of the present work in [7], among
others. It is important for our purposes to admit arbitrary regularity. In analogy
with the z—™/ 2L2-case, two canonical closed extensions of the operator

A:CP(M;E) C 2~ ™?Hy (M E) — x~™/?H{ (M; E), (3.1)
are singled out. Its closure
A: D (A) C 2 ™2 H(M; E) — 2~ ™/2H; (M; E), (3.2)
and
A:D3, (A) Ca ™2H(M;E) — o~ ™?H;(M; E) (3.3)
with
D (A) ={ueca ™2 H;(M;E) : Au € x~™/?Hy(M; E)}.
Both D2 (A) and Dg . (A) are complete in the graph norm
lulla,s = lullg-m/2p; + | AU/ p=m/2 gy, (3.4)
and Dg;, (A) C D (A). Clearly, for any closed extension

A:DcCa ™2H}(M;E) — " "™/*H{(M;E)

of (3.1) we have D, (A) C D C D: . (A), and D is closed (with respect to the
graph norm of A). These facts do not involve c-ellipticity.

We will usually abbreviate DF . (A) to D; ., and D (A) to Dj,. when the
operator is clear from the context. The operator A with domain D will be denoted
by AD.

The proof of the following proposition characterizing D;,; , when A is c-elliptic
and s is arbitrary, is a small variation of the characterization of DY, as given in
Gil-Mendoza [7].

Proposition 3.5. Let A € x~™ Dift}"(M; E) be c-elliptic. Then
(i) Diin = D 0 (Moo @™/~ Hy 7 (M; E))

(i1) Dl = a™/2HT™(M; E) if and only if spec,(A) N {So = —m/2} = 2.

min

n

The following theorem is also a straightforward generalization of the correspond-
ing results for the case s = 0, cf. Lesch [11], Gil-Mendoza [7].

Theorem 3.6. Let A € x7 ™ Diff)"(M; E) be c-elliptic.

(1) The closed extensions Aps —and Aps_ of (3.1) are both Fredholm. Thus the

space Dy .../ Dssn 18 finite dimensional.
(13) There is a one to one correspondence between the domains D of the closed

extensions of (3.1) and the subspaces of D% .../ D;

max min*



8 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

(#i7) For any sufficiently small € > 0, the embeddings
g™ 2HIT (MG E) - D s o™ EHS T (M E)

are continuous.

(iv) For any D with DS, C D C D% .., the operator A: D — 2~ ™/2H(M; E) is

Fredholm with index
ind Ap = ind Ap: + dim D/ Dy, (3.7)

i can be identified with a

Assuming that A is c-elliptic, the space D2 /D
(finite dimensional) subspace &3, C D . complementary to D; ;.. Thus, the
domains of the various extensions of A based on x~™/2H(M; E) are of the form
Diin ® & with € C &7 ,. In fact, the complementary space can be chosen to be

independent of s, a subspace Eyax of x_m/2H§°(M; E),
Dfnax = Dfnin @ Emax Vs €R.

A possible choice for Epax is the orthogonal complement of DY, (A) in DY
with respect to the inner product

(w,v)a = (U, 0)p-ms2pz + (Au, AV)y-m/2 2, (3.8)

in other words, Emax = ker(A*A+1)NDY .. Another way to describe the comple-
mentary space is by means of singular functions, see also Section 6.
Granted this, one can then speak of the “same” extension of A for different s;

namely, if £ C Enax, let the extension of A based on x*m/zHlf (M; E) have domain
D =D, ®E. (3.9)

min

X

(4)

Then (3.7) reads
ind Aps = ind ADfmn + dim €.

The index of Ap:_ isin fact independent of s. To see this, we first observe that the
kernel of A in x=™/2H, °>°(M; E) is contained in x~™/2H*(M; E) and is therefore
finite dimensional and contained in each space x~"/2H, S(M;E). Next, using the
nonsingular sesquilinear pairing

a2 H(M; E) x afm/QHbfs(M;E) 3 (u,v) = (U, 0)y-m/2p2 € C,
we see that the annihilator of the range of Aps is the kernel K* of the formal
adjoint A* of A acting on :C_m/2Hb_S(M; E). Since A* is also c-elliptic, its kernel in
x~™/2H, *°(M; E) is a finite dimensional subspace of z="/2H°(M; E). Thus K*
is independent of s. Since the range of Ap: is closed, this range is the annihilator
in 2=™/2H*(M; E) of K*, so its codimension is independent of s. Hence ind Ap:_
is independent of s. Thus: o

Proposition 3.10. Let £ C Enax and define D* as in (3.9). The index of
A:D° Ca ™2H}(M;E) — «~™/?*H{(M;E) (3.11)
is independent of s.

Let P = 2™A, an operator in Diffy"(M; E), and let A € C. Since A — X =
x”™(P — Ax™) € a7 Diff}"(M; E), Proposition 4.1 of [7] gives that the minimal
and maximal domains of A — X are those of A. Since A — A € z~™ Dift}"(M; E) is
c-elliptic if A is c-elliptic, also the kernel of

A—\:D° Ca ™?H;(M;E) — « ™/*H;(M;E)
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is independent of s if D? is the domain in (3.9). Thus:
Proposition 3.12. The spectrum of (3.11) is independent of s.

Sometimes it is useful to approximate a c-elliptic operator A € =™ Diff}" (M; E)
by operators having coefficients independent of x near the boundary Y of M, see
Definition 2.4. A simple and efficient approximation of A can be obtained as follows.

Let Uy be a collar neighborhood of Y. For small 7 > 0 let

wr(x) =w(xz/T)
where w € C§°(R.) is a cut-off function with w = 1 near 0. Given A let
Ar =w; AN+ (1 —wyr)A. (3.13)

For small enough 7 > 0 the operator A, is well defined, c-elliptic, and has the
same conormal symbol and therefore the same boundary spectrum as A. Thus
Diin(A7) = Dmin(A4). The following lemma was given in [6]. Related results can
also be found in [11, Section 1.3].

Lemma 3.14. As 7 — 0, A; — A in L (Dyin, x~™/2L2(M; E)).

Proof. Since A is c-elliptic, there is a bounded parametrix B : 2" H; — a:’”mHlfJ“m
such that
R=1—-BA:2"H; — 2"H;°

is bounded for all s and v. Write A = ™™ P and expand P = P, + xPy as in (2.5).
Then =™ Py = A, and with A = =™ P, we get

A— A, = 2w, A= 2w, ABA + 2w, AR = 70, ABA + :zer/IR,

where O, (z) = (z/7)w(z/7). Now, AB : x~™/2L? — x~™/2L? is bounded, so if
U € Dmin(A), then

HTJ)TABAU||Cfm/2L§ < e7l|Aullp-m/2pz < e7llulla.
Let 0 < o < 1 and write 2w, AR = 717%(2)1=%w, 2*AR. The operator
AR : xm/27“L127 — afm/ng
and the embedding (Dmin(A), || - [|4) — 2"/2~*L? are both continuous, so
g b
waTflRqufm/ng < 67’170‘Hu|\xm/27%§ < e Y ulla.

Altogether,
I(A = Ar)ullg-m/apz < CT 7 |ulla (3.15)
and thus A, — Aas 7 — 0. [l
In a similar way it can be shown that, for the formal adjoints, we also have the
convergence Ax — A* as 7 — 0.

An immediate consequence of this lemma is the following result originally given
in [11, Section 1.3].

Corollary 3.16. For A and A, as above, T sufficiently small, we have
dim Diax(A)/Dmin (A) = dim Diax(A+)/Dmin(A+).
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Proof. We use the relative index formula (3.7) to obtain
ind AT;Dmax = ind AT7Dnlin + dim Dinax (AT)/Dmin (Ar)a
ind Ap,,, = ind Ap,,;, + dim Diax(A)/Dumin(A).
By construction, ind A, p,,, = ind Ap,,,, and similarly ind A7 , —~=ind A} for
7 sufficiently small. This implies ind A; p,,,, = ind Ap,,,, since AY  and Ap

are the Hilbert space adjoints of A, p, .. and Ap,__ , respectively. In conclusion,
the quotient spaces must have the same dimension. O

max

Similarly to the above, we consider extensions of the model operator
An C’go(}of/\; E)C x_m/zLi(YA; E) — x_m/ng(Y/\; E).

Let DA min = Pmin(A4A) be the completion of CgO(f/A; E) with respect to the norm
induced by the inner product

(u,v)a, = (U, 0)p-m/2p2 + (ApU, ANV) p-m/2 2, (3.17)
and let
Dpmax = Dmax(An) = {u € 27" PLI(Y E) : Ayu € 2 ™2 L (Y™ E)},
Then
Ap i Dpmax C a7 2LAY N E) — 2 ™/ 2L (Y E)
is closed and densely defined, and D min C DA max- We have proved in [5] that
(1 = @)D max = (1 = w)Pamin = (1 = w)K™ ™2 (Y"; E)

for all cut-off functions w € C§°(Ry) near zero, i.e., w = 1 in a neighborhood of
zero and w = 0 near infinity.
Consequently, near infinity all domains Da min C Da C Da max of Ax coincide

n—m

with 72 HZ (Y";E). On the other hand, near the boundary, the closed ex-
tensions of A, are determined by its boundary spectrum which is the same as
the boundary spectrum of A. For this reason, many of the results concerning the
closed extensions of A find their analogs in the situation at hand. In fact, using an
approximation A, as in (3.13) with 7 small, one can easily describe the minimal
and maximal extensions of Ax on Y” in terms of those of A, on the manifold
M. For instance, 4 € Dpax(An) if and only if (1 —w)u € 22 HZ,(Y"; E) and
Wt € Diax(A;) for some cut-off function w with small support and such that w =1
near the boundary.
In particular, we have the embeddings

K2V B) < Digin(An) < Danac(An) = K2 (YA B).

for some small € > 0.
Because of (2.8) (with A = 0), both Dyin(Ax) and Dpax(An) are s-invariant.
By the previous discussion, the following proposition is a direct consequence of
Proposition 3.5 and Corollary 3.16.

Proposition 3.18. Let A € x~™ Diff;"(M; E) be c-elliptic. Then
(Z) D/\,min = D/\,max N (ﬂ5>0 K:m,m/?—a(y/\; E));

(i1) Dpmin = K™™2(Y"; E) if and only if specy(A) N {So = —m/2} = @;
(’LZ’L) dun DA,max/DA,min - dlm Dmax(A)/Dmin(A)'
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Finally, we define the background spectrum of A, as
bg-spec Ay = {A € C: A\ p, ... — A is not injective, or
AN Dy max — A 18 DOt surjective}.

The complement bg-res Ay = C\ bg-spec A, is the background resolvent set.

4. RAY CONDITIONS

The following theorem establishes the necessity of ray conditions on the symbols
of A in order to have rays of minimal growth for A on some domain D.

Theorem 4.1. Let A € =™ Diff;"(M; E) be c-elliptic. Suppose that there is a
domain D, a ray
F={z€C:z=re forr >0},

and a number R > 0 such that A — X\ : D — x~™/2L2(M; E) is invertible for all
X € T with |A\| > R. Suppose further that for such A, the resolvent

(Ap — A"t a7/ 2LE(M;E) - D
is uniformly bounded in . Then
bg-spec A\ NT'= @ and spec(“a(A)NT = on “T*M\0. (4.2)
Proof. The hypotheses imply that A — A : Dyin(A) — 2~ ™/2L2(M; E) is injective
for A € T and that, in fact, if u € Dyin(A), then
[(A=Nul = Cllulla (4.3)

for some constant C' > 0. Here || - || denotes the norm in 2=™/2L2 and || - || 4 is the
graph norm. We first prove that

Ap = X : Dpin(Ap) — 27 ™2L2(Y" E) is injective.

Note that Diin(An) and Diax(Aa) are invariant under the dilation k,. If v €
C3°(Y"; E), then for ¢ > 0 small, k;'v € Dpin(Ax) is supported near Y, the
boundary of Y, and gives an element n;lv of Dpin(A4). We have

(0™ kAR, — M|l = 0™ [|ko(A — 07 ™ Nk, Mo
= 0" (A — o "Nk,

because r, is an isometry. Next, if A— X is injective, then obviously so is A—p™ ™\
for o <1, and by (4.3),

" (A= 07" Ny ] = Co™ g Mo a
But
0" g vlla = o™ llrg Mol + o™ | Ary ]
= "|v]| + o™ Ko Ary o
using again that &, is an isometry. Thus
(™ Ko Ary " = Mol = C (o™ [[vll + [l ko Ary "v]])

for some C' > 0 and all small ¢. In view of the definition of A, taking the limit as
o — 0 we arrive at

[(Ax = Aol = Cl[Anv]| (4.4)
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for all v € Cg°(}°/A;E). Now, for v € Dpin(Aa) there is a sequence {vy} C
CP (Y™, E) such that vy, — v and Ajvp — Axv in x_m/QLﬁ as k — 00, so
(An — Nvg — (Ax — N)v in 27™/2L2. Thus, since (4.4) holds for the vy, it holds
for any v € Dpin(An).

The estimate (4.4) implies the injectivity of Ax — A on Dpin(Ax) for A # 0.
Indeed, if (Ax — A)v =0, then Apv =0, so Av = 0. Thus v = 0 since A # 0.

The surjectivity of Ay — A : Dyax(An) — 27 ™/2LA(Y ", E) follows from the
injectivity of A% — X : Dpin(A%) — 2~ ™/2L3(Y"; E). The latter is a consequence
of the injectivity of (A* — ) on Dpin(A*) for A € T and the above argument. This
proves the first assertion in (4.2).

We now prove the second assertion. Since A is c-elliptic, A is elliptic in the
usual sense in the interior of Y. So the usual elliptic a priori estimate holds in
compact subsets of Y. Thus there is a constant C' > 0 such that

[vllcmmrz < C (1A + [l0]])
for v € K™™/2(Y", E), suppv C {1 < x <2} x Y. The inequality (4.4) now gives
[vllicmomrz < C(II(AN = X)v]| + [[v]]) (4.5)

for v € K™™/2(Y"; E), suppv C {1 <z <2} x Y, with some C independent of .
By standard arguments (see e.g. Seeley [22]) this gives that o(Ax) — A is invertible
for AeI" when 1 <z < 2. But

o(Ap) (@, y:6m) — A =27 (“a(Ap)(y; 26, 1) — 2™ N).
In this formula we made use of the fact that the c-symbol of A, is independent of
x. Replacing z€ by £ and 2™\ by A, and using that ‘o (Ax) = ‘o (A4)|y we reach
the conclusion that
‘o(A) — A\

is invertible over Y, and therefore over a neighborhood of Y in M, when A € T
The hypothesis on A also implies estimates like (4.5) for A on compact subsets of
the interior of M. Thus also o(A) — A is invertible over compact subsets of the
interior of M when A € I". This gives the second statement in (4.2). O

The following is a partial converse of Theorem 4.1.

Theorem 4.6. Let A € =™ Diff}"(M; E) be c-elliptic. If (4.2) holds, then there
exists a domain D such that spec Ap is discrete.

Proof. We will use the parametrix from Section 5 to prove the statement. First of
all, the compactness of M and the spectral condition on the symbol “o(A) imply
that there exists some closed sector A with I" C A such that spec( ‘o (A))NA = & on
°T*M\0. Consequently, A— X is c-elliptic with parameter A € A, cf. Definition 2.1.
We choose A in such a way that A\{0} C bg-res A\ also holds; this is possible
because bg-res A, is a union of open sectors, see [5]. Then, for A € A\{0}, we
also have that Ay — X : Dpin(An) — :v_m/2Ll2) (Y"; E) is injective and therefore, by
Theorem 5.29,
A—X:Dpin(A) — 2~ ™2L2(M; E)

is injective for A sufficiently large.

On the other hand, the surjectivity of Ax — A : Dpax(An) — x_m/QLg(YA; E)
implies the injectivity of A} — A on Dpin(A%). Since A* — \ is also c-elliptic with
parameter \ in the complex conjugate of A, we can use Theorem 5.29 with A*
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instead of A to conclude that A* — X : Din(A*) — 2~™/2L2(M; E) is injective for
A sufficiently large. Thus, for such A\, we get the surjectivity of

A= \:Dpax(A) — 7™/ 2L (M; E).

In conclusion, for A large, A — X is injective on Dy,i, and surjective on Dy ax, hence
there exists a domain D such that

Ap —X:D — z ™2L2(M; E)
is invertible. Thus spec Ap # C, so it must be discrete. O

Observe that for A € T', |A| > R > 0, the norm ||(Ap — )\)’1||$(rm/zL§(M;E)1D)
is uniformly bounded if and only if

[(AD = Nl g@-mrerzanmy) = O(NTY) as |A] — oc.

Stronger and more precise statements about resolvents of elliptic cone operators
will be given in Section 6.

5. PARAMETRIX CONSTRUCTION
In this section we assume A to be a closed sector in C of the form
A={z€C:z=re" forr>0, 0 R, |0 — 0| <a}

for some real 6y and a > 0. We assume that A — A is c-elliptic with parameter
A € A according to Definition 2.1, and that

Ap = X : Dpin(Ap) — 27 ™2LE(Y"; E) is injective if A € A\{0}. (5.1)
Our goal is to construct a parameter-dependent parametrix of
A= X\:Dyin(A) — 2~ ™2LE(M; E) (5.2)
by means of three crucial steps that we proceed to outline.

STEP 1: The first step is concerned with the construction of a pseudodifferential
parametrix Bi(A) of A — X\ : C§°(M; E) — C§°(M; E) taking care of the degen-
eracy of the complete symbol of A — X\ near the boundary of M. The parametrix
Bi1(A) is constructed within a corresponding (sub)calculus of parameter-dependent
pseudodifferential operators that are built upon degenerate symbols.

STEP 2: In the second step the parametrix Bi(\) is refined to a parametrix
Bo(\) : 2~ "2 LE(M; E) — Dinin(A)
which is continuous and pointwise a Fredholm inverse of A — A. The remainders
Ba(M)(A = A) = 1: Dyyin(A) — Drin(A), (5.3)
(A= N)By(\) —1: 2 ™2L3(M; E) — 2~ ™/2L}(M; E) (5.4)
are parameter-dependent smoothing pseudodifferential operators in
C° (M E) — C(M: E)

since B2(A) is a refinement of Bj(A), but the operator norms in the spaces (5.3)
and (5.4) are not decreasing as |\| — oo.
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STEP 3: While in the first two steps we only make use of the c-ellipticity with
parameter, we now need the additional requirement that (5.1) holds. In view of the
k-homogeneity of Ax — A,

An — 0" A= 0" Ko(An — )\)/@gl for A\#£0, 0> 0,

we only need to require (5.1) for |A| = 1. Recall that the minimal domain Dyin (AA)
is invariant under the action of x,.

Under the additional assumption (5.1) we will refine B () to obtain a parameter-
dependent parametrix B(\) such that

BOY(A—A) =1 : Dunin(A) — Dunin(A)

is compactly supported in A € A. In particular, for A sufficiently large the operator
family A — X : Dyin(A) — 27"/2L2(M; E) is injective, and the parametrix B()) is
a left-inverse. Moreover, for \ large, the smoothing remainder

T(\) =1 — (A — N)B(\)

is a projection on z="/2L2(M; E) to a complement of the range of A—\ on Dyin(A),
i.e., (A—X)B()) is a projection onto rg(Amin — A).

For the final construction of B(\) we adopt Schulze’s viewpoint from the pseudo-
differential edge-calculus, see e.g. [19, 20|, and add extra conditions of trace and
potential type within a suitably defined class of Green remainders.

We now proceed to construct a suitable parametrix of A — A as outlined above.
The first step is the parametrix construction in the interior of the manifold, assum-
ing only that A — A is c-elliptic with parameter in a closed sector A C C.

On M we fix a collar neighborhood diffeomorphic to [0,1) x Y, Y = OM, and
consider local coordinates of the form [0,1) x © C Ry x R"~! near the boundary,
where Q@ C R™! corresponds to a chart on Y. Moreover, these coordinates are
chosen in such a way that the push-forward of the vector bundle E is trivial on
[0,1) x © (e.g., choose Q contractible).

In these coordinates the operator A — X\ takes the form

A—\= xm< > akalw,y) DY (xDy)* — xmA>, (5.5)

k+|al<m

where the ago are smooth matrix-valued coefficients on [0,1) x Q. The c-ellipticity
with parameter of the family A — X\ implies that, in the interior of M, it is elliptic
with parameter in the usual sense, and in local coordinates near the boundary,

> akalz,yn e — A

k+|al=m

is invertible for all (£,7,A) € (R x R"™! x A)\{0} and (z,y) € [0,1) x Q.

From equation (5.5) we deduce that the complete symbol of A — X in (0,1) x Q
is of the form = ™a(x,y,xz&,n, ™) for some parameter-dependent classical sym-
bol a(z,y,&,m,\) of order m, and the c-ellipticity condition near the boundary is
equivalent to the invertibility of the principal component a(,)(z,y,&,1,A) of a.
These observations give rise to the class of parameter-dependent pseudodifferential
operators that we will consider below.

For the rest of this section we will work (without loss of generality) with scalar
symbols; the general case of matrix-valued symbols is straightforward.
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Sometimes we will denote the variablesin (0,1)xQ by z = (x,y) and 2’ = (2, y'),
and the corresponding covariables in R” by ¢ = (£,7) € R x R?~ 1,

Definition 5.6. For p € R let U#(A) denote the space of all pseudodifferential
operators
AN) : C§((0,1) x Q) — C*°((0,1) x £)
depending on the parameter A € A of the form
1 X ,
(2m)" J[ e ats e nu @ dc+ ey (6)
T

for z,2" € (0,1) x Q, ¢ € R", where the family C(\) € T~°°(A) is a parameter-
dependent smoothing operator of the form

C(Nu(z) = /k(z,z’,)\)u(z’) dz'

with rapidly decreasing integral kernel k(z, 2/, A) € (A, C*°((0,1)xQ2x(0,1)xQ)),
and where the symbol a(z,(, A) = a(z,y,&,n, \) satisfies

AMNu(z) =

a(z,y,&m,\) = 2 a(z,y, 2€,n, 2N
with a(z,y,&,n,A) € C*([0,1) x Q x R x R"~1 x A) satisfying for all multi-indices
«, (3, and 7, the symbol estimates

« —|8|—d
108, )00y O, y, €0, M) = O((1+ [€] + | + A[L/4)" 717

as |(§,m, )| — oo, locally uniformly for (x,y) € [0,1) x Q. Here d € N is a fixed
parameter for the class W*°(A) which refers to the anisotropy; in the case of the
operator A — X\ we have d = m = ord(A). Moreover, the symbol a(z,y,&,n, ) is
assumed to be classical: It admits an asymptotic expansion

a~ ZX(§7n7)‘)a(,ufj)(xayugarh)‘)v (58)

§=0
where y € C*®°(RxR" "1 x A) is a function such that x = 0 near the origin and y = 1

for [(§,m, A)| large, and the components a(,_;) (x,y,{,n, A) satisfy the homogeneity
relation

agu—j) (@, y, 06, 0n, 0"A) = " au—j (,y,£,m, )
for 0 > 0 and (£,7,)) € (R x R"™! x A)\{0}. The parameter-dependent principal
symbol of A()) is then given by ™ *a(,)(z,y, z&, n, z4)).
Note that the symbol a(z,y,&,n, A) is smooth in  up to = 0.

Proposition 5.9. Let A(\) € UH(A) and B(X) € WUH2(A) with either A(N) or

B(X) being properly supported, uniformly in X € A. Then the composition
AMN)B(A) : C5°((0,1) x Q) — C*((0,1) x Q)

belongs to WHrTH2(A).

Proof. Let a(x,y,&,n,\) and l;(x,y,g,n,)\) be complete symbols associated with
A(X) and B()\) according to (5.7). Then the corresponding complete symbol of the
composition has the asymptotic expansion

= 1 ax ar

Z magana(:v,y,g,n,)\)DiDyb(a@,y,f,n,)\). (5.9a)
k+|a|=0
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Now write
a(z,y,€,n,A) = &~ a(z,y, x€, 1, 2N),
b(x,y,&m,A) = 7 "2b(x,y, €, n, 27N)
with a and b as in Definition 5.6. This gives
6?83‘&(90,34,5,777 A=z (8?82‘(1) (z,y, z€,m, 24 N\)z".
Since (D) Dyb(x,y,&,m,\) equals
a2 ((ipz + 2Dy + £D¢ + dA\1 Dy, + dA2 Dy, ) D3b) (2, y, 2€,m,2%N),

k
and since *D¥ = " ¢x;(xD,)? with some universal constants cx;, we see that
7=0
each term in the asymptotic expansion (?7a) is of the form

1
kla!
with a parameter-dependent symbol py, o of order p; + p2 — k — |o| that satisfies
the conditions of Definition 5.6. In conclusion, if p is such that

o0

p(Iayvganv)‘) ~ Z pk,a(xvyafvnvA)v
k+|a]=0

Of02a(x,y, &, m, \)DEDSb(w, y, &,m, N) = 2~ W) (,y, 26, m, 24N)

then x~(M1+i2)p(z, y, 2€,n, %)) is a complete symbol of the composition A(X\)B(\
and the proposition follows. O

Definition 5.10. Let A(\) € U#(A) have principal symbol ™ #a, (z,y, x€, 7, z?N).
The family A()) is said to be c-elliptic with parameter A € A if a(,(z,y,&,1,A) is
invertible for all (z,y) € [0,1) x Q and (§,7,\) € (R x R*™1 x A)\{0}.

Proposition 5.11. For A(\) € U#(A) the following are equivalent:
(1) A(X) is c-elliptic with parameter A € A.
(it) There exists a parametriz Q(\) € WH(A), properly supported (uniformly in
A), such that A(N)Q(X) — 1 and Q(N\)A(N) — 1 both belong to ¥~°°(A).

Proof. For the proof we need the auxiliary operator class WHO(A) = xHUH(A).
From the proof of Proposition 5.9 it is easy to see that composition gives rise to a
map

WHLO(A) x WH2O0(A) — Wratrz0(p)
provided that one of the factors is properly supported (uniformly in A). Actually,
it is not necessary to couple the weight factor and the order of the operators as it
is done for the elements of U (A).

Let A(X) € ¥#(A) be c-elliptic with parameter. Without loss of generality
assume that A(A) is properly supported, uniformly in A. Let Q'(A\) € U7#(A) be
properly supported with complete symbol a:”(x-a(_#l))(x, y, 2€,n, z%\), where y is as
n (5.8). Thus A(A\)Q'(A) — 1 and Q'(\)A()\) — 1 both belong to ¥~1%(A) and are
properly supported, uniformly in A. For k € N let ri(z,y,£,7,A) be of order —k
such that ry(z,y, z&, 1, 29)) is a complete symbol of (Q'(A)A(X) — 1)F € T—=FO0(A).
Let r(x,y,&,m,A) be of order —1 such that

T(‘Tv v,8:1, )‘) ~ Z(—l)krk(:v, Y, §,m, )‘)7

k=1
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and let R'(\) € $~10(A) be a properly supported operator having r(x, y, z€, 1, %))
as complete symbol. Then

(1+ RO)Q VAN — 1 e () T50(8) = w==(4),
keN
o (1+ R'(N)Q'(N) € #(A) is a left parametrix of A(A\). In the same way we
obtain a right parametrix. The other direction of the proposition is immediate. [

We now pass to the collar neighborhood [0,1)xY C M: The restriction of
the bundle E to [0,1)xY is isomorphic to the pull-back of a bundle on Y. For
simplicity, we also denote this bundle by E. The sections of E over [0,1)xY are then
represented as C*°([0,1),C>®°(Y; E)). We consider families of pseudodifferential
operators

A(N) - C52((0,1), C= (Y3 E)) — €((0,1), C=(Y; E))
on (0,1)xY which depend anisotropically on the parameter A\ € A. With respect
to the fixed splitting of variables these operators can be written as

1

— eie=2)8G u(z’) da’ u(z )
/] (@€ Vule!) de! d + COJulx) — (512)

forz,z' € (0,1), £ € R, where C'(\) € ¥~>°(A) is a parameter-dependent smoothing
operator

AN u(z) =

CNu(z) = /k(x,x’,)\)u(x’) dx’

with integral kernel k(z, 2, \) € Z (A, C*°((0,1)x(0,1), L=°°(Y))). As in the local
case, cf. Definition 5.6, we use here the notation ¥ ~°°(A) for the remainder class.
Moreover, the symbol a(z, &, \) is a smooth function of « € (0,1) taking values
in the space L*(149 (YR x A) of pseudodifferential operators of order 4 € R on Y
depending on the parameters (£, \) € R x A. Recall that a family of operators

BN : C®(Y;E) — C®(Y; E)
belongs to L*(1D(Y; R x A) if, in a local patch Q, it is of the form

BENuly) = Gy Gt [ b n Nty dy’ dn + DI Nut)
fory,y' € Q,n € R" 1, where
D(E Nuly) = / (w4 € Nuly) dyf

with integral kernel c(y,y’,&,A) € L (R x A, C®(Q x Q)), and where the sym-
bol b(y,&,n, ) satisfies the symbol estimates of Definition 5.6 (but here of course
independent of x).

As before, we do not consider general families of pseudodifferential operators on
(0,1)xY and restrict ourselves to operators in ¥#(A) where the symbol a(x, &, \)
in (5.12) is required to be of the form

a(x, &, \) = 27 Ha(z, €, z0N),
where a(z, £, \) is smooth in x € [0,1) with values in L*1® (YR x A). Observe
that this is precisely the class of operators that is obtained via globalizing the local
classes from Definition 5.6 to the collar neighborhood (0,1)xY".
The parameter-dependent homogeneous principal symbol of an operator in U#(A)
extends to an anisotropic homogeneous section on (7*([0,1)xY) x A)\0, and the



18 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

global meaning of the c-ellipticity from Definition 5.10 is the invertibility of the prin-
cipal symbol there. By patching together local parametrices from Proposition 5.11,
we get the following:

Proposition 5.13. There exists a parametriz Q(N\) € W~™(A) of A — X\ which is
properly supported (uniformly in \) and has the form

QNu(z) = % // ei(zfz/)gﬁ(a?,f,)\)u(:c’) dx’ dé + C(N\)

for xz,2’ € (0,1), £ € R, with p(z,&, ) = 2™p(z, €, ™) and C(X) as in (5.12).

We are finally ready to construct a parameter-dependent parametrix By(A) of
A — X on M. The important aspect of the following theorem is the structure of the
complete symbol of By () close to the boundary of M.

Theorem 5.14. Let Qint(A) be a standard parameter-dependent parametriz of A—\
on M and let Q(N\) € W~™(A) be the parametriz of A — X\ from Proposition 5.13.
Then for any cut-off functions w, wo, w1 € C§([0,1)) withw; < w < wq, the properly
supported pseudodifferential operator

Bl ()\) = wQ()\)(AJQ + (1 - W)Qim()\)(l - wl)
is a parametriz of A — X on M.

Recall that a cut-off function w € C§°(]0,1)) is a function which equals 1 in a
neighborhood of the origin. Observe that these functions can also be considered
as functions on M supported in the collar neighborhood [0,1)xY of the boundary.
Moreover, we use the notation ¢ < 1 to indicate that the function ¥ equals 1 in a
neighborhood of the support of the function ¢, in particular, @i = .

The second step in our parametrix construction concerns the refinement of By ()
from Theorem 5.14 to a Fredholm inverse of A — \. First of all, we want to modify
B1(A) in order to get a family of bounded operators

Bi(\) : 2~™*H{(M;E) — D;

min

(4)
for any s € R, where D%, (A) denotes the minimal domain of A in z=™/2H3(M; E),
cf. Section 3. Recall that for every ¢t € R,
LL‘m/2H£+m(M;E) AN Dfrnin AN x_m/2+8H;+m(M;E).
Also, we use the notation Dpyin(A) = DY, (A).
By Mellin quantization, one can easily modify B;()) in such a way that
Bi(\) : 2 ™ 2H(M; E) — &™/*H; ™ (M; E)

is bounded for every s € R. Mellin representations of pseudodifferential operators
are standard. The following proposition is a direct consequence of known results
about the Mellin quantization that can be found for instance in [8].

Proposition 5.15. Let Q(\) be the parametriz of A — X from Proposition 5.13
defined via the symbol p(x,&, \). Let

.o ) = 5= [ [ D4 p(, g 3 dr de

™
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forr,z, £ € R, o € C, where ¢ € C§°(Ry) is a function such that ¢ =1 nearr = 1.
If we redefine Q(N) as

1 T\ m . da’
QN u(z) = 5 / / (;) 2" h(x, 0,2 Nu(z) - do,
So=m/2 (0,1)

then the corresponding family B1(\) from Theorem 5.14 is again a properly sup-
ported parametriz of A — X\ such that, in addition,

Bi(\) : 2 ™2 H(M; E) — a™2H;T™(M; E) — D5y (A)

min
is bounded for every s € R.

Our goal in this second step is to refine this parameter-dependent parametrix
in such a way that the remainders are elements of order zero in a suitable class
of Green operators that will be defined below. To this end we consider scales of
Hilbert spaces {£°}ser on M and associated scales {Ei"s}S,geR on Y as follows:
Either €% = 2YH;(M; E) for some weight v € R, or £° = D; " (A). With the
Sobolev spaces £ = 7V H we associate

EN =w(@HF(YNE)) + (1 —w)(z 2 P H (YN B)),
and for the scale of minimal domains £ = D,;n we define
EXY = WD (AR) + (1= w) (272" O HS,, (Y7 E)).

Here w € C§°([0,1)) denotes, as usual, a cut-off function near the origin. Note that
in the latter case we have 5?’0 = Dmin(A4A). Recall that n = dim M.

Definition 5.16. An operator family G(X) : C§° (]\O/[, E) — O°°(1\04; E) is called a
Green remainder of order u € R with respect to the scales (€, F) if for all cut-off
functions w,w € C§°([0,1)) the following holds:

(i) 1-w)G), GNA-w)e N L (AKE,F));
o s,teR .
(it) g(A) =wGN)w : CP (YN E) — C=(Y"; E) is a Green symbol, i.e., a classical
operator-valued symbol of order x4 € R in the sense that
g e () CxAKE”FL),

5,£,8,0'€R

and for all multi-indices o € N3,

g 9591320 = O(|A/mlel)y (5.17)

K(ERFRT)

as |A| — oo. Here K(€°, F") denotes the space of compact operators from £*

to F!, and [] is a strictly positive smoothing of the absolute value | - | near

the origin. Without loss of generality we may assume [A] > 1 for every A.
Moreover, for j € Ny there exist

Ju-pN e [ C=A\0}, KEY, FL))

s,t,0,0’€R

such that

9y (™) = 0" Kpg(u—jy (N, for o >0,
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and for some function x € C°°(A) with x = 0 near zero and x = 1 near oo, and
all j € Ny, the symbol estimates (5.17) hold for g(\) — Z?c;é X(N)G(u—1)(A)
with u replaced by p — j.

As usual, the cut-off functions in C§°([0,1)) are considered as functions on both
M and Y, and {k,},ecr, is the dilation group from (2.7). The s-homogeneous
components g,—;(A) are well-defined for the Green remainder G()), i.., they
do not depend on the particular choice of cut-off functions (see also Lemma 5.19
below). Hence a Green remainder is determined by an asymptotic expansion

GO) ~ 3 Gy (M) (5.18)

up to Green remainders of order —oo, where G ,_;y(\) = g(u—;)(A). The principal
component of G(A) in this expansion will be denoted by

GA(N) = Gy(A).

Note that in view of Definition 5.16(i) every Green remainder G()) is a parameter-
dependent smoothing pseudodifferential operator over the manifold M.

It should be pointed out that the choice of the compact operators as operator
ideal for the Green remainders is just for convenience; we could also pass to the
Schatten classes (7(£5, FL) for arbitrary p > 0, or even to s-nuclear operators in
Npso P(EX, FR). This is useful for applications to index theory, especially the case
of trace class remainders.

Lemma 5.19. Let g()\) be a Green symbol of order i € R, and w € C(Ry) a
cut-off function near zero. Then (1 —w)g(A\) and g(A\)(1 —w) are Green symbols of
order —oo, i.e.,

(1-w)g(V), g1 —w) € (A KE, FLY)).
Proof. We only need to prove that
(1—-w)g(A\) =O(NF) as |\| — oo, forall L €R.

The argument for higher derivatives and for g(A)(1 — w) is analogous.
Write (1 — w(z)) = pi(z)x for every k € Ng. Note that ¢ € C°(Ry) is
supported away from the origin, and ¢y (z) = # for sufficiently large x. Then, for

any given s,t,d,8 € R, and denoting the norms in X(Ei’é, fi’é/) and f(]:i’y) by
I - lls,s- and || - |57, respectively, we have

H“[;]ll/m (1= w)g(N)Epp/m Ha,a,
— i) AT 5 g g
< 0] or (i)

< 0w (i)

5,8/

—1 —k/m
K Hﬁ[/\]”mg()‘)ﬁ[’\]”mH(s,af—k Ja

5/_

p—k

. [)\]T

&' —k

for some constants C' and C. As the norm of g (z/[\]/™) is O(1) as |\| — oo, the
assertion follows for (1 — w)g(A). O
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A direct consequence from Lemma 5.19 is that the space of Green remainders
form an operator algebra. The homogeneous components of the product of two
Green remainders are determined by formally multiplying the asymptotic sums
(5.18). In particular,

(Gng)/\()\) = GL/\()\)GQ)/\()\).
Lemma 5.20. Let G(X\) be a Green remainder of order u € R. Then
(1) (A= XN)G(N) and G(A\)(A — X) are Green remainders of order p + m;
(17) B1(A)G(X) and G(N)B1(X) are Green remainders of order p — m.
In all four cases the principal components are the composition of the principal com-
ponents of the factors.

Recall that the principal component of A — X is Ay, — A. On the other hand, the
principal component of By(A) is given by
1 ic dz’
Bia(Vu(z) = xm(%) / /(%) h(0, 0, 2™ N)u(z') xi do  (5.21)
So=m/2 R4
for u € C§°(R4,C>®(Y; E)), where h(z,0, ) is the symbol from Proposition 5.15.
For the above compositions to make sense, we are tacitly assuming that G(\) acts
on corresponding scales.

Proof. Let us consider (A — A)G(X). The product G(A\)(A — A) can be treated in a
similar way. In the collar neighborhood (0,1)xY we have

A=z"™ Z aj(z)(xD,)?,
=0
where a;j(z) € C>([0,1),Diff "7/ (Y; E)). We set A(y(A) = Ay — A, and for k € N,

AgngO) =273 5 (0ha) 0) (D),

=0
Observe that for each j, Ag;()) : Oﬁo(ff’\; E)— C’OO(}O/’\; E), and

N—-1
w((A -3 A(m,,@(x))@ € o~ DIt (V) B)
k=0

for any cut-off functions w, @ € C§°([0,1)).

Let w € C§°([0,1)) be an arbitrary cut-off function. Then, as the operator
norm of A — A grows polynomially, it follows immediately that (A — A\)G(M\)(1 —w)
is rapidly decreasing in A. On the other hand, using a suitable cut-off function
w' € C§°([0,1)), we may write

1-w)(A=XGN) =1 —w)(A=N(1—-u")G).
Thus also (1 — w)(A — A\)G(N) is rapidly decreasing in A.

It remains to consider w(A — X\)G(A)@ for cut-off functions w, @ € C§°([0,1)).

Choose cut-off functions wg and w;y such that w < wy; < wg. Then

WA =XNGN)® = w(A = NwiweG(A\)w

N—-1
= w(z A(m—k) (A))wlwoG()\)@ + w/inlwoG()\)(D
k=0
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for N € No, where Ay € =N Diff{*(Y"; E). Since g(\) = woG(\)@ is a Green
symbol, it is easy to see that wAywig(\) is an operator-valued symbol of order
i+ m — N, ie., the estimates (5.17) hold with p + m — N instead of pu. The
argument here is to consider separately the terms w(z)w(z[\"™)Aywig()\) and
w(@)(1 — w(@X™) Aywr g(N).

Now, using the x-homogeneity

Am—r) (@"A) = 0" " RpAm—ry (N5, !
for o > 0 and A € A\{0}, and because of Lemma 5.19, we finally conclude that

(A = N)G(N) is a Green remainder of order p + m. Moreover, the homogeneous
components of (A — A\)G(X) are given by

(A=NCMN) (smiy = 2 A NGV
k=3
The analysis for the products G(A\)B;(A) and B;(A)G(A) follows the same lines.
At the places where the locality of (A — \) was used, we can still draw the desired
conclusions for By (A), noting that for cut-off functions w < @ in C§°([0,1)), the
operator families wB1(A)(1 —©) and (1 — @)B1(A)w are Green remainders of order
—o00. Moreover, on Y we expand 31 ()\) into components given by

m+k1 / / 951 (0, 0, 2™ N)u(z )d—/do k € No,

So=m/2 Ry

for u € C§°(Ry,C®(Y; E)), and proceed as above. O

Proposition 5.22. For an operator family
G\ : CSO(J\%;E) — COO(]\Oi;E)
the following are equivalent:

(1) G(X) is a Green remainder of order u € R in the scales (€, Din)-
(i1) G(\) is a Green remainder of order u € R in the scales (€,2™/>"¢H) for
every e > 0, and (A — \)G()\) is Green of order pn+m in (€,27™/2H).

Proof. The direction (i) = (ii) follows from Lemma 5.20 noting that

D) = Dha() 1 ( (a2 O ) ).
e>0
Let us now assume (ii). Then it is evident that for every cut-off function w €
C§°(]0,1)) the operator families (1 —w)G(A) and G(A)(1 —w) are rapidly decreasing
in A with values in the scale Dy,;, of minimal domains. Hence it remains to consider
wG(AN)w for cut-off functions w, € C§°([0,1)).

Note first that the assertion of the proposition is obviously valid at the level
of Green symbols, i.e.; g(\) is a Green symbol of order ;1 € R with values in the
Dmin-scale on Y if and only if g(\) is a Green symbol of order u € R with values
in the scale /27 H of Sobolev spaces on Y for every ¢ > 0, and (A, — \)g()) is
a Green symbol of order p + m with values in the scale z="/?H on Y (note that
we are concerned with the associated scales on Y in the sense of Definition 5.16).

Now let wy be another cut-off function such that w < wy. Thus wow = w and so

(An = N (WGN)@) = wo(A — Nwo (WG(N@) + woAwo (WG(N)@)
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for some A € =1 Diff"(Y"; E). Hence wyAwy (wG(N\)@) is a Green symbol of
order p+m—1 with values in the scale z="/2H on Y. Observe that this argument
makes use of our assumption that G(X) is a Green remainder of order p € R in the
scales (€, 2™/27¢H) for every ¢ > 0.
On the other hand, we may write
wo(A — Nwo (WG(N)D) = wo(A — NwG(N)©

= wow(A — N)GAN)@ + wo[(A = N),w]G(\)@

=w(A = NGN)@ + wo[(A = N),w]G(N)@,
where wo[(A — A),w]G(X)@ is rapidly decreasing in A. Thus we have proved

(Ar = N) (WGN)@) = w(A = NGN)@

modulo a Green symbol of order p+m —1 with values in the scale of Sobolev spaces
z™™/2H on Y, and as w(A — \)G(\)@ is a Green symbol of order p 4+ m by our
assumption (ii), the proposition follows. O

Let Py(o) : C=(Y; Ely) — C=(Y; E|y) be the conormal symbol of A = z~"P,
cf. (2.3). Since A is assumed to be c-elliptic, we know that the inverse Py (o)
of Py(o) is a finitely meromorphic Fredholm function on C, and there exists a
sufficiently small 9 > 0 such that Py(o) is invertible in

{0€C:—m/2 -9 <So < —m/2+¢eg, So #-—m/2},
with a holomorphic inverse there. Define
ho(o) = Pyt (o —im) — (0, 0,0), (5.23)
where h is the holomorphic Mellin symbol from Proposition 5.15. Then ho(co) is
finitely meromorphic in C taking values in L=°°(Y") and it is rapidly decreasing as
|Ro| — oo, uniformly for So in compact intervals. Moreover, the strip
{c€eC:m/2—¢co <So <m/2+egy, So #m/2},
is free of poles of ho(c).
For arbitrary 0 < € < g and cut-off function w € C§°([0,1)) we define
M(X) : C&°(M; E) — C(IM; E)
via
m 1/m 1 T\ 1y11/m ’ da’
u = 2w (@Y™ [ — (;?) ho(o)w(@ N ™u(z') = do

2mi T
So=m/2+e Ry

with the Mellin symbol hg(o) from (5.23). M (A) is a parameter-dependent smooth-
ing operator, and since the function w(x[A\]'/™) is supported in the collar [0,1)xY’,
M (X) can be regarded as an operator on both M and Y.

For A # 0 we also define

My(\) : G5 (Y E) — C=(Y; E)
via
1 x \io dx’
m 1/m 1/m
w — 2w (x| \[Y )<% / /(;?) ho(o)w(a’ [\ ™u(a) = da>.
So=m/2+e Ry

Observe that M, (A) is k-homogeneous of degree —m.
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Theorem 5.24. Set Ba(A) = B1(A) + M(\). Then
Bo(\) : 27 ™2 H (M; E) — D3, (A)

is a parameter-dependent parametriz of A — X, and the remainders
Gi1(N) = (A= N)By(\) —1: 2™/ 2H(M; E) — 2~ ™/2H}(M; E),
Ga(A) = B2(A)(A = ) = 1: Dy (A) — Diyin (A)
are Green families of order zero in the sense of Definition 5.16 with principal com-
ponents given by

Gl)/\(}\) = (A/\ — )\)Bg)/\()\) —1 and GQ)/\()\) = .827/\()\)(14./\ — )\) — 1,
where
Ba A(A) = By a(A) + Ma(N) (5.25)
with B A(A\) as in (5.21).
Proof. Let us begin by noting that
By(\) : 2™ Hy(M; E) — () 2™/ Hy "™ (M; E)
e>0

is continuous. Hence, in order to show that B2(A) maps indeed into D ;. (A), it
suffices to check that

(A= XN)Ba(\) : 2™/ 2H{(M; E) — 2~ ™/2H (M; E).

We will prove that this operator is in fact of the form 1+ G1(A).
By the standard composition rules for (parameter-dependent) cone operators in
cone Sobolev spaces (see e.g. [4], [8], and [20]), we know that

(A= X)Bi(\) =1+ M)+ G(\),

where G(A) is a Green remainder of order zero in the scales (x=™/2H,o=™/2H),
and M () is a smoothing Mellin operator given by

S10)ua) =) (o [ [(5) Ralodeta W ute') 2 do
So=m/2 Ry
with a holomorphic Mellin symbol
ho(0) = Py(o — im)h(0,0,0) — 1 = —Py(o — im)ho(0) (5.24a)
with hg as in (5.23). Moreover, the principal components satisfy the identity
(A = A)Bia(A) =14 MaA(N) + GA(N),

where M ()) is defined by replacing [A] by |A] in M(\).

Next we consider the composition (A — A\)M(A). As M()) is a Green remainder
of order —m in the scales (z~™/2H,z™/?>=¢H) for every ¢ > 0, we conclude that
up to a Green remainder of order 0 in (z=™/2H,z~™/2H) we may write

(A= XM = wolxAY™)Apwo(z[A]Y™)M(X) — AM(N)
= wo(z[NY™) Apwo (x[A]Y ™) M(N),
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where wq is a cut-off function with w < wg, so wow = w. Because of the relation
(??a), and since the commutator [Ax,w(z[A]Y™)] = [Ax, w(z[A]Y™)|wo (z[A]Y/™)
produces arbitrary flatness near the origin, we have

wo(@[A]Y™) Anwo (@[N] ™) M(A) = —M()

modulo a Green remainder of order zero in (z~™/2H,z~™/?H).
Hence we have proved that (A — A)M(A) = —M(A) + G(A) for some Green
remainder G(\) of order zero in (z~™/2H,2~"/?H). Consequently,

(A= NBy(\) =1+ G1(N)

with G1(\) = G(A) + G()), and by s-homogeneity the principal components nec-
essarily satisfy (An — A)Ba A(A) =14 Gy A(A). Thus the assertion of the theorem
regarding the composition (A — X\)Bz(\) is proved.

It remains to analyze the composition Ba(A)(A — A). Again, we first apply
the standard composition rules of (parameter-dependent) cone operators in cone
Sobolev spaces to see that Ba(A)(A — A) =1+ Ga(X), where G2()) is a Green re-
mainder of order zero in the scales (Dpin, /2 g ) for arbitrary € > 0. Moreover,
the principal components satisfy the desired identity Ba a(A)(Ax—A) = 14+Ga A (V).
As (A —XN)G2(X) = G1(N)(A — \), we obtain from Lemma 5.20 that (4 — A\)Ga())
is a Green remainder of order m in (Dyin, z~"/?H). Proposition 5.22 now implies
that Ga(\) is a Green remainder of order zero in the scales (Dmin, Pmin)- O

Remark 5.26. The parametrix Ba(A) has the following properties.
(i) For A € A\{0},
Ax — XN Dpin(44) — xfm/QLg(Y/\; E)
is Fredholm and Bz »(A) is a Fredholm inverse.
(ii) The principal component By A(A) is x-homogeneous of degree —m, i.e.,
Ban("N) = 0" woBaa(Nry " G (VS E) — C%(Y E)

for o > 0 and A € A\{0}.

(iii) Let G(X) be a Green remainder of order 4 € R. Then By(A)G(A) and
G(M\)Bz2()) are both Green remainders of order u — m with principal com-
ponents Bz A(A)Ga(A) and Ga(A)Ba A (N), respectively.

(iv) For every s € R the following equivalent norm estimates hold:

1Ba(Wl a1z < comst - (2111, (5.27)
B2 2 (@-mr2ms Dz, (a)) < const - [AJ2lel/m. (5.28)
If G(X) is an arbitrary Green remainder of order —m, then Ba(X\) + G(A) is

also an admissible parameter-dependent parametrix of A — A satisfying the
same norm estimates as Ba(\).

Proof. The statement (i) is a consequence of Theorem 5.24, (ii) follows by con-
struction. Let us prove (iii). By Lemma 5.20 we only need to deal with the terms
M(N)G(N) and G(A)M(X). Now, since M (N) : C§° (Y™ E) — C°(Y"; E) satisfies

M(™N\) = 0 "KM (N)k,*

e

for |A| > 0 and p > 1, the assertion for these terms is evident.
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We now prove (iv). The group action {r,},cr, satisfies the estimate

HH[A]”’" ||_g(;<s,fm/2) < const - [)‘]M/m

on the space K3~ ™/2(Y"; E). Recall that {r,}eecr, is defined to be unitary in
x~™/2L2(Y"; E). Hence every Green remainder G(\) of order zero in the scales
(x=™/2H, 2~™/2 H) satisfies the norm estimate

|G- ray) < const - X251/,

Together with Theorem 5.24 this implies that the asserted estimates are actually
equivalent. Moreover, (5.27) follows from the estimates for the group action and the
standard estimates for parameter-dependent pseudodifferential operators in Sobolev
spaces, cf. Shubin [23, Section 9]. O

As outlined at the beginning of this section, our goal is the construction of a
parametrix B(A) that is a left-inverse of A — A for A sufficiently large. To achieve
this, we additionally require that the family

Apn = X Duin(Ap) — 2 ™2 L2 (YN E)

be injective for all A € A\{0}.
In the remaining part of this section we will prove the following theorem:

Theorem 5.29. Let By(\) be the parametrix from Theorem 5.24. Then there exists
a Green remainder G(\) of order —m in the scales (x~™/?H, Dpin) such that

B(A) = B2(A) + G(X)

is a parameter-dependent parametriz of A—\ with B(A\)(A—X) =1 for X sufficiently
large. In particular, for these values of A\, (A=X)B(\) is a projection onto rg(A—\),
the range of

A—X\:D3. (A — 2 ™ 2H(M;E).

Thus the Green remainder
A\ =1-(A—-X)B(}\)

is a projection onto some complement of rg(A — \) in 2™/ 2H{(M; E) which is
finite dimensional, is contained in x_m/QHg’o (M; E), and is independent of s.

For the proof of this theorem we first introduce the following class of generalized
Green remainders.

Definition 5.30. We consider scales of Hilbert spaces {€°}ser on M and associated
scales {5/5\’6}5756R on Y/ as in Definition 5.16. Moreover, let N_, N, € Ny.
An operator family
C&(M;E)  C®(M;E)
G\ : ® — @
(CN, (CN+

is called a generalized Green remainder of order p € R in the scales of spaces
(€ ® CN-,F @ CN+), if for any cut-off functions w,® € C§°([0,1)) it holds:
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(i) For every s,t € R the families
(1-w) 0 1-a) 0
( 0 0 G(\) and G()) 0 0

are rapidly decreasing in A with values in the compact operators mapping

Es _7:t
& - o .
(CN’ (CN+

(ii) The family g(\) given by
CE(YE)  C*(YE)

=G ow s 9 TET -

is a generalized Green symbol, i.e., it is a classical operator-valued symbol of
order 1 € R in the sense that

gNe [ ox(AKEY e, F acht)),
s,t,0,0’€R

and for all multi-indices o € N3,

-1
Km0 o Km0 melo
(" ) amaon (o )| =omemy - san
as |A\| — co. Moreover, for j € Ny there exist
Ju-pN e [ C=(Afo},K(EY &N, i e Ch)),
5,6,0,6'€R

such that

-1
m _i(K, O K, O
9(u-3) (" A) = " (09 1) =) (09 1)

for every g > 0, and for some function xy € C°°(A) with y = 0 near zero and
j—1

X = 1 near oo, the symbol estimates (5.31) hold for g(A) — >° x(A)g(u—r) ()
k=0

with p replaced by p — j.

Note that when N_ = N, = 0, we recover the class of Green remainders from
Definition 5.16. Also for generalized Green remainders, the x-homogeneous com-
ponents g¢,—;) () are well-defined for G()), i.e., they do not depend on the choice
of the cut-off functions. Thus a generalized Green remainder is determined by an
asymptotic expansion

G\ ~ > GV (5.32)
j=0

up to generalized Green remainders of order —oco, where G(,_;)(A) = g(u—;)(N).
The principal component will again be denoted by G () = G,,)(A).
We will be particularly concerned with the operators

<A 0 A 8) +G(N), (BQéA) 8) +G'(\)
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for generalized Green remainders G(\) and G’(\) of order m and —m, respectively.
We will also need their k-homogeneous principal components

(AAO_ A 8) GO, (32’8“) 8) INEARY

Lemma 5.20 (as well as (iii) in Remark 5.26) continues to hold in this more general
framework, and Theorem 5.24 implies

<(A 0 A 8) + G(M) (<BQ(§)‘> 8) + G’(A)) =14+ Gi(N),
((BQSA) 8) + G'()\)> ((A 0 8) - G()\)) =1+ Gy())

with generalized Green remainders G1(\) and Ga()) of order zero, provided the
scales are such that the composition makes sense. Moreover, the principal compo-
nents satisfy the same relations.

Lemma 5.33. Let G(\) be a generalized Green remainder of order zero in the
scales (€ © CN,E @ CN) for some N € Ny. If

£ £
1+GA(N): @& — @
cN cN

is invertible for all A € A\{0} and some s,6 € R, then there exists a generalized
Green remainder G(\) of order zero such that

(1+GA\)A+GN) =1 and (1+GN)1+GN) -1

are generalized Green remainders of order —oo. Moreover, é()\) can be arranged
in such a way that these remainders are compactly supported in A, thus (14 G(N))
inverts (1 + G(\)) for every X sufficiently large.

Proof. The inverse of 1 + GA(\) can be written as
(1+GAN) ' =1+Ga(N)

where GA(X\) = GA(A)(1+GA (V) GA(N) = Ga(N) is a homogeneous Green symbol
of order zero. For A € A set

iy (w0 ~ w 0
where w € C§°(]0, 1)) is a cut-off function and x € C*°(A) is a function with x =0

near 0 and x = 1 near co. Hence G'()) is a generalized Green remainder of order
zero, and by construction we obtain

1+ GA)A+G V) =1+G1(2), A+GN\)1+GCGN) =1+GCa2(N)

with generalized Green remainders él(/\) and Gy (M) of order —1.
As the class of generalized Green remainders is asymptotically complete, there
exists a generalized Green remainder Gr(\) of order —1 with
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This asymptotic expansion holds up to generalized Green remainders of order —oo.
Hence

(1+GWN)A+ G N)1+Gr(N) =1+ G_ay(N)
with a generalized Green remainder G(_OO)(/\) of order —oco. In particular, the

operator norm of G(_OO)(/\) is decreasing as |A\| — oo and therefore 1 + é(_oo)(/\)
is invertible for A large. Moreover, the inverse can be written as

(14 GoyN) T =14+ G(N),

where G () = G(_ooy (V) (1 + G(_ayN) T G Loy (N) = G(_ae)(A). Note that
if x € C*°(A) is a suitable function with x = 0 near 0 and x = 1 near oo, then
X(A)G(=>)()\) is a generalized Green remainder of order —co. Summing up, we
have proved that

1+ GO+ G N1+ GrO)(1+xNGT> (V) —1
is compactly supported in A. Finally, we define G(\) by
1+ G = (1+ G W)L+ GrON)(1 +x(NGT ().

By construction, G (\) is a generalized Green remainder of order zero and 1+ G (A)
inverts 1 + G(\) from the right for large values of .

In the same way, we can prove that 1 4+ G()\) has a left-inverse for A sufficiently
large. This inverse must be necessarily 1 + G(\) and the lemma is proved. O

The following theorem implies Theorem 5.29.

Theorem 5.34. For A € A\{0} let d’ = —ind(Anx p,,, — ), There exists a gener-
alized Green remainder (0 K (X)) of order m in the scales (Dyin ® Cc?’, x=m/2H)
such that
DISIHI](A)
(A-=Xx KO\): &  —a ™2H}(M;E)
(Cd//
is invertible for \ sufficiently large. Moreover, the inverse can be written as

(Ao KO = (BQ(A%&)G(A)> |

where <283> is a generalized Green remainder of order —m in the corresponding

scales (2~ ™/2H, Dyin ® C¥). In particular, the parameter-dependent parametriz
B(A) = B2(A) + G(A)
satisfies the conditions of Theorem 5.29.

Proof. From Theorem A.1 (see also Remark A.2 and Corollary A.3) we conclude
that there exists ka(A\) such that

Dmin(AA)
(An =X ka(V) : = — 2 m2L2(YN E)
Cd//
is invertible for A € A\{0}, and kx(\) can be arranged to be a x-homogeneous
principal Green symbol of order m.
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Let w € C§°([0,1)) be a cut-off function and let x € C*°(A) be a function with
x = 0 near 0 and x = 1 near co. If we set K(\) = wx(A)ka(A), then (0 K())) is
a generalized Green remainder of order m. We will prove that the theorem holds
with this particular choice for K (X).

As By A(X) is a Fredholm inverse of Ax — A for A € A\{0}, we may apply once
again the results from Appendix A to conclude the existence of families I;A()\),
ta()), and Ga()) such that

N ETRRONE) Dain(An)
)

Boa(A) k(A ~
( E/\ ()‘) qn ()‘ (CE]?L (Ci‘\ghr
0 ka(N)

is invertible for A € A\{0}, and | - - is a homogeneous principal Green
N ) gencous princip

symbol of order —m. Note that by construction N — N_ = ind Bo A(A\) = d".
According to CNV+ = C?" ¢ CN- we decompose (arbitrarily)

=y (taa () =y [Ana(N)
t/\(/\) = <t~/\12()\)> and Q/\(/\) = <Z~A72()‘)> )
and let 3
w 0 0 0 W\ /o
G'AN=[0 1 0)xN) [tr1(N) Gra(N) ,
0 0 1) \ia) draly @ J

where w and y are as above. Then G’()) is a generalized Green remainder of order
—m in the scales (x_m/QH @ CN= Dpin @ CN+). We now let

Bx(M\) | 0
AN = AN K0 B()) = 0 o +G'(\)
0 0 | 1o :

and consider the compositions

ANBN) =14 G1(\) on ™ ™2L2(M; E) ® CN-,

BOA)A) =14 Ga(A) on (Dmin(4) ®C?") @ CN-.
K\ 0

0 [
principal component

0
Note that ( 0 ) is a generalized Green remainder of order m with

0 E (V)] 0
0o 0 ||N/

Hence G1(X\) and Go()\) are generalized Green remainders of order zero, and by

construction both 1+ G A(A) and 1 4+ Ga A()A) are invertible for A € A\{0}.
Lemma 5.33 now implies the invertibility of A(A) for A large. Consequently,

the diagonal matrix structure of A(X) gives the invertibility of (A—X K(X)).

Moreover,
L (A=x KW o0\ )
AM1=< e “M> = BOY(1L+G)
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for some generalized Green remainder G(\) of order —m. Thus (A=A K(/\))_l

must be of the form
By(A\) + G(N)
)
which proves the theorem. O

Corollary 5.35. For A € A\{0} we have ind(Ax p,,, —A) =ind Ap_,, .

As stated above, the parameter-dependent family B(A) = Ba(\) + G(}\) is a
parametrix of (A — \) satisfying the conditions of Theorem 5.29. Let us draw some
consequences of that theorem.

Corollary 5.36. There exists a discrete set A C C such that
A—X:D3, (A) — z ™2H(M; E)

is injective for X € C\A, and it has a finitely meromorphic left-inverse.
Proof. Due to Theorem 5.29,
A—X:D3, (A) — z ™2H(M; E)

min
is injective for A € A sufficiently large, and the parametrix B()) is a left-inverse.
Fix some large Ag € A and consider the operator function

F:C3 A B\)(A—\) € Z(D5(A)).

Then F is a holomorphic Fredholm family on C, and F(A¢) = 1 is invertible. The
well known theorem on the inversion of holomorphic Fredholm families now implies
that the inverse C\A > X\ — F(\)~! is a finitely meromorphic operator function,
where A C C is discrete. Hence A — X is injective for A € C\A, and F(\)~1B(\o)
is a finitely meromorphic left-inverse. O

Corollary 5.37. Let A\g € A and assume there exists some domain D*® such that
A—Xo:D° — a2 ™2H(M;E)
is invertible. Then it is invertible for all s € R, and we have
(A—Xo)"t = B(X\o) + (A —Xo) 'TI(No)
with the parametriz B(\) and the projection II(\) from Theorem 5.29.

6. RESOLVENTS

The elements of the quotient

gmax = Dmax/Dmin

can be conveniently identified with singular functions as follows. Let u € Dy ax.
Then there is a finite sum of the form

= Z (Z o (y) log" :C) b (6.1)
—m<Y(0)< B k=0

with ¢ 1 (y) € C*(Y; E) such that u—wi@ € Dyin, where w € C§°([0, 1)) is a cut-off
function near zero. The function @ is uniquely determined by the equivalence class
% + Din, and in this way we may identify £y.x with a finite dimensional subspace
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of C’OO(}O/’\; E) consisting of singular functions (6.1). Analogously, we also obtain
an identification of }

g/\,max = DA,max/DA,min
with a finite dimensional space of functions of the form (6.1).

In order to prove the existence of sectors of minimal growth for a given extension
Ap, we are led to consider a particular extension A, p, of the model operator.
Thereby, the domain Dy is associated to D via

DA/DA,min = H(D/Dmin)u (62)
where 3 3
9 : Emax - EA,max
is the natural isomorphism introduced in [5].
Using the identification of the quotients with spaces of singular functions, we
briefly recall the definition of §. To this end, we split
m—1
A=z Z Pk + P, (6.3)
k=0
near Y, where each P, € Diff}'(Y”; E) has coefficients independent of x, and
P,, € Diff*(Y"; E). Let Py(0) be the conormal symbol associated with Pj. In
this section, all arguments involving (6.3) will refer to functions that are supported

near Y, so we may assume that the coefficients of P,, vanish near infinity. In slight
abuse of the notation from [5] we now write

émax = @ gao and g/\,max = @ (cj/\,a'oa

opEX ooEX
where
Y =spec,(A)N{oc e C:—m/2 < (o) <m/2}. (6.4)
The space 5/\,00 consists of all singular functions of the form
Maog
(Z Cook(y) log" a:) Pl
k=0

that are associated with elements of ENA7max. The operator 6 acts isomorphically
between ggo — E:'Am). Both, the space ggo and the operator itself, are easiest
understood from its inverse

N(oo)

6‘_1|£~A,00 = Z Coo,k :g/\;ao - 5007 (6.5)
k=0

where N (o) € Ny is the largest integer such that Sog — N(0g) > —m/2, and the
operators
€og.k f:'Am) — COO(}O/A;E)
are inductively defined as follows:
® ¢4,.0 = I, the identity map.
o Given ey, 0, .. ,€0,9—1 for some ¥ € {1,..., N(0¢)}, we define e, 4(¢) for
P € ENAJO to be the unique singular function of the form

Moo —iv

( Z Coo—ivk(y) log" ;[;);Ei(dofiﬂ)
k=0
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such that
9
(weoy.0 (1)) () + Po(0) ™! (Z P1(0)809—i9 (Wey,0-1(1))" (0 + ik))
k=1

is holomorphic at o = o¢ — i, where (wes, 9—£(10))" (o) is the Mellin
transform of the function wey, 9—x (1), and sy, —iv(Wesy, 09—k (V)" (o + ik) is
the singular part of its Laurent expansion at oo — i). Here, w € C5°(R)
is an arbitrary cut-off function near zero. Recall that the Mellin transform
of wegs, 9—1(1)) is meromorphic in C with only one pole at o9 — i(¥ — k).

It is of interest to note that this construction yields

[

Z(Pkﬂik)(eao,ﬁ—kw)) =0
k=0
for every 1 € x4, and every ¥ = 0,..., N (o).
In conclusion, every space &4, consists of singular functions of the form

N(O’()) Moy—iv

4= Z ( Z Caofw,k(y) 1ng x):Ei(ao_m)7
k=0

¥=0

and we have
mgo

(Z Cook(Y) logk x) x'o0. (6.6)

k=0

01
The main result of this section concerns the existence of sectors of minimal
growth for closed extensions of a c-elliptic cone operator A. Recall that a sector
A={AeC:A=re? forr>0,0cR, |§—6<a},
with 6y € R and a > 0, is called a sector of minimal growth for the extension
Ap:D C 2 ™2L2(M; E) — 2 ™2L}(M; E)
if for A € A with |A| > R sufficiently large,
Ap —X:D — x ™2LY(M; E)
is invertible, and the resolvent (Ap — \)~! satisfies the equivalent norm estimates
[(Ap — /\)71”3(1*7“/2[@) =O(A™) as |\l = oo, 6.7)
|(Ap — /\)71"3(1*7”/2L§,Dmax) =0(1) as [A] = co. '
Analogously, we call A a sector of minimal growth for A, p, if
App, =N Dpy = "LV E)
is invertible for large |A| > 0 in A, and the inverse satisfies the equivalent estimates
|(AnD, — A)flug(rm/ug) =O(]A7") as |A| = oo,

_ (6.8)
H(A/\,DA - )\) IH_f(m*mﬂLg,Dmax) = 0(1) as |/\| — 0.
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Theorem 6.9. Let A € =™ Difty)"(M; E) be c-elliptic with parameter in A. Let
D C x~™/2L2(M; E) be a domain such that Ap is closed and let Dy be the asso-
ciated domain defined via (6.2). Assume that A is a sector of minimal growth for
the extension Axp,. Then A is a sector of minimal growth for the operator Ap.
Moreover, the resolvent of Ap satisfies the equation

(Ap —N) "' = B(\) + (Ap — M) HI(N) (6.10)
with the parametriz B(\) and the projection II(\) from Theorem 5.29.

Before we prove this theorem, we discuss some interesting properties of the re-
solvent conditions on A,. For more details see [5].

Proposition 6.11. If D, is s-invariant, then the invertibility of Axp, — A for
X € A with |A| > R implies the invertibility of Axp, — A for all A € A\{0}, and A

is a sector of minimal growth for Aa p, .

Proposition 6.12. If A is a sector of minimal growth for the operator An with
domain Dx, then A is also a sector of minimal growth for A, with domain k,Da
for any 0 > 0. In particular, the resolvent By a(N) of An kD, Satisfies

Bon(N) =0 " ko(AnD, — Q_m/\)_llig_l.

In general, the norm estimates (6.8) are not easy to check. However, the following
proposition shows that this resolvent condition only needs to be verified for the pro-
jection of (A p, —\)~! onto the finite dimensional space Ex max = DA max/Da. min-

Proposition 6.13. Let A be c-elliptic with parameter in A. The sector A is a
sector of minimal growth for A p, if and only if

Apnp, —A:Dp — ™22V E)

is invertible for large |A| > 0, and the inverse satisfies the estimate

Hli‘;ﬁl/mq/\(A/\)pA - A)ilux(rm/%g,émmx) =O(A™") as |\ —oo.  (6.14)
Here gn : Da max — g/\,max denotes the canonical projection.
Proof. We first observe that the k-homogeneity of A, implies

AnkSym(Anp, = N7 = K5 AT AN (AN D, = A) 7
as operators in .Z(z~"/2L?). Using this identity and the fact that #, is an isometry
in Z(xz™/2L?%), one can easily see that the estimates (6.8) are equivalent to
b (An s = N e mass sy = OUAIT) as Al =00, (6.15)

and therefore (6.14) holds. Note that K,gn = gaky.
Conversely, assume that we have (6.14). Let Bo(A) be the principal part of the
parametrix B(A) from Theorem 5.29. Then, for A € A\{0}, we have

1- B/\()‘)(A/\ - )‘) =0 on D/\,minu
and we may write

(Axp, =N =BA(N) + (1 = BAA)(An = A)gna(Anp, —A) 7!
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as operators in £ (z""/2L2 Dp max). Since B()\) and (A5 —\) are xk-homogeneous
of degree —m and m, respectively, we have the identities

K‘;\Tl/mB ( ) |)‘| 1B/\(‘)\|) |)\Tl/7n7
—1 —1
’i‘Ml/m(A/\ ) |)‘|(A/\ - m) [A[L/m>

which imply
I{‘:\Tl/m(A/\,’D/\ ) |/\| 1B/\(%|) I)\‘l/m
+ (1= BAB) (Ar = A1) )Aitman (Anp, = N7

Passing to the norm in £ (z"/2L2 Dp max) and using (6.14) we obtain (6.15)
which is equivalent to the estimates (6.8). O

For the proof of Theorem 6.9 we need further ingredients. First of all, using the
operator 6 defined via (6.5) and (6.6), we now define on Epnax the group action

fio=0""K,0 for o> 0. (6.16)
We may write R, = k,L,, where
L,= /@519_11199 ¢ Emax — COO(}O//\; E)
is the direct sum of the operators L,|s  given by
70

N(o0) ~
Ly = Z 0 Veqy.9(0)(00) for @ € &y, (6.17)

where ey, ¢(0) is defined as
eao’ﬂ(g) = Qﬂﬁgleao,ﬂﬁg : ‘cj/\,ao - COO(YA; E)
In particular, eq, 0(0)(@) = @ for all ¢ € Ry and @ € Ex,q,.

Lemma 6.18.

(i) For every 1 € En 5, and every ¥ € {0,...,N(og)} there exists a polynomial
q9(y,logz,log o) in (logz,log o) with coeﬁczents in C*(Y; E) such that

Coy,0(0)(1) = qu(y, log z, log 0)a'(70 =), (6.19)

and the degree of qy with respect to (logx log o) is bounded by some u € Ny
which is independent of oo € X, 1 € En o0s and ¥ € {0,...,N(op)}.

(i) Letw € C$(Ry) be any cut-off function near the origin, i.e., w = 1 near zero
and w = 0 near infinity. Then the operator family

w(LQ - 9) : Emax — Koo’fm/Q(Y/\; E)
satisfies for every s € R the norm estimate
||W(Lg - 0) ||_g(£‘max)lcs,—m/2) — O(Q_l 10gu Q) as 9 — o0,

where p € Ny is the bound for the degrees of the polynomials qy in (i), and
KC5=m/2(Y N, E) is the weighted Sobolev space defined in Section 2.
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Proof. As ¥ is a finite set and all spaces E:'Am are finite dimensional, it suffices to

show that (6.19) holds for a basis of € ,,. We pick a basis {1, . ..,%x} C En.co
which is a Jordan basis for the infinitesimal generator (% + x0,) of the group

Kolg, . €% (En.0y)- Recall that Ex max is k-invariant, and so are necessarily all
,00 ~ N
the spaces € 5,. Note that the only eigenvalue of (% +x0,) on € 4, is m/2 + ioy.
Consequently, for each j we may write
K

Koty = 0"*T170 N " pjk(log 0) ¢k,
k=0

where p;;, is a polynomial, and thus

€oo,0(0) (1) = 0’ Ko ) (Kot5) ijk log 0)o’ (0=0) gm/2; er 9 (Vr).

Every eq, 9(%r) is a singular function of the form

mU()fiﬁ
( Z cfylz)fm ,/( )log ;C) 1(00—119)7
v=0
and so
m(k)
og—1i9
QZ(UO—Zﬂ) m/2 ea'()7 (wkl) = ( Z c((J’]z)i’L’L? IJ( )(logx —log Q) ) 7,(0—0_“9)'

v=0

Hence (i) is proved. )
For the proof of (ii) note that according to (6.17) and (i), we have for @ € &,,

B Z 0 Pwqy (y,log x,log o)z i(o0—i?)

and consequently

lw(Zo — 0)l

s —ms2 < const - (g_l log" g)
for o > 1, which then in fact holds for all @ € Emax. As
w(Ly—0) : Emax — K>"™2(YN E)

is continuous for every g > 0, we obtain (ii) from the Banach-Steinhaus theorem.
O

Lemma 6.20. Fiz a cut-off function w € C§°([0,1)) near 0. For ¢ > 1 consider
the operator family

K(Q) = WQ’%Q : gmax - D;.rfax ﬂ Dmax
teR
where w,(r) = w(0x). If ¢ : Dmax(A) = Emax is the canonical projection, then

qu(Q) = Ky,
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and we have the norm estimates

IRl e, ommrznzy = OL) as o — oo, (6.21)

1K)l (¢, Dy = O(2™) a5 0 — 0. (6.22)
Moreover, for every t € R there exists My € R such that

1K)l 2(2pnemr, ) = O"M) as 0 — oo (6.23)
Proof. That K(o) is a lift of &, to D, (A) is evident from the definition. In

order to show the norm estimates, it is sufficient to consider for each oy € ¥ the
restriction

Koy (0) = K(0)lz,, * €ny — Dixun(A)

max

and prove the estimates for this operator. Recall that &, = #,L, so that for @ € &,
we have K, (0)& = ko(wL,pt). On the other hand, by Lemma 6.18, wL, — wf in
f(f,’max,x’m/QLg) as 0 — 00, so the family wL, is uniformly bounded for o > 1.
Thus

Koo (0)ull-m/2r2(ar,m) < const|[rg (WLgﬁ)HrmﬂLg(YA;E) < const||wip

max

since the norm ||w- ||p,,.. is an admissible norm on the finite dimensional space &, .
Recall that #, is an isometry in 2~"/2L2. Finally, the above estimate gives (6.21).
For proving (6.22) we need to show that

IAK o, (0)ll (&, o-mr2r2) = O(e™) as @ — oo,

Thus we will prove that there exists a constant C' > 0, independent of @ € ggo and
o > 1, such that

max *

A (WL g@) g2 (v 0.1 < Co™ il
To this end we split A near the boundary as in (6.3) and use (6.17) to obtain
A(kg(wLot))

m—1
= (:v_m Z kak)lig (wL,t) + Pty (wL,t)
k=0

N(oo)

= 0"k (év_m Q"“Pk:v’“) (w > Q‘jeao,j(g)(%)) + Pk (wLotl)
0 7=0

3

b
Il

2m—2

= 3 (e Y (Pa®) (e, 3(0)(09)) ) + Py (L)
¥=0 k-j=0
0<k,j<m—1

(6.24)

with the convention that ey, ;(0) = 0 for j > N(op).
For every ¥ € {0,...,2m — 2} we consider the family of linear maps

™™ Z (Pez®) (weo,,; (0)(00)) - £y — x PL2(YNE). (6.25)
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We will prove that (6.25) is well-defined, i.e., every @ € &, is indeed mapped into
x_m/QLg(YA; E), and that the operator norm of each map is bounded by a constant
times log! p as ¢ — oo with u as in Lemma 6.18. Then, for every ¢ € {1,...,2m—2},

Jo oz X2 (Puat) (wern s(o)(0m))

k+j:19 m—m/2L§
0<k,j<m—1
< const - (¢ log" o) [|wii]| ..
while for ¥ = 0,
0" ko " Poweg, 0(0)(04) = 0" kg Apw(01) = Apk,(whi), (6.26)

so for this term we have a norm estimate without log.
Let © € C§°(R4) be a cut-off function near 0 with w < @. Then there are
suitable ¢, ¢ € C§°(R4) such that for all @ € &,,,

S (Bt (weoy 5 (0)(67))

k+j=0
0<k,j<m—1
=ox ™ Z (Pea®)eq,,;(0)(00) + g™ Z (Pe®) peq,,;(0)(07).
ketj=0 k+j=0
0<k,j<m—1 0<k,j<m—1

(6.27)

Using Lemma 6.18 we get that the second sum in (6.27) is a polynomial in log o
of degree at most y with coefficients in =™/2L2(Y"; E). As both A(k,(wL,@))
and P, (k,(wL,@)) belong to 2~ ™/2L3(Y"; E), we get from the equations (6.24)
and (6.27) that necessarily

2y (Pt (weoy ;(0)(00)) € 27 PLY (Y E)

k4 j=10
0<k,j<m—1

for all p € R} and all @ € 50.0, and, moreover, that
wr™™ Z (kak)ego)j(g)(&]) =0

ketj=9
0<k,j<m—1

for Sog — ¥ > —m/2. Observe that these functions are actually of the form
w (Z ccmfi(ﬁfm),v(y) log” .’L‘) giloo=i(d=m)),

For Sog — 1 < —m/2 every single summand @z =™ (Pyz*)es, ;(0)(0a) clearly be-
longs to 2~"™/2L2(Y"; E), and by Lemma 6.18 it is a polynomial in log ¢ of degree
at most g with coefficients in x=™/2L2(Y"; E).
Summing up, we have shown that for every u € &, the function
™ Z (kak) (weoy,; (0)(0))

k4j=10
0<k,j<m—1

is a polynomial in log ¢ of degree at most y with coefficients in =™/2L2(Y"; E).
The desired norm estimates for (6.25) follow from the Banach-Steinhaus theorem.
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On the other hand,
Hpm/qg(wLQﬁ)Hmfm/ng = ||H;1Pm/§g(wL‘gﬂ)Hm—m/2Lg
< ||w0l€g—1pml€gwl|‘$(/Cm,—m/2ﬁzfm/2ll§) HwLQ’ELH/Cm,fm/2

for cut-off functions wg,w; € C§°([0,1)) with w < w1 < wp. Lemma 6.18 implies
lwL | cm,~m/2 < const ||wi||p S0

max ?

| Prkig (wL,t) [ z-m/2p2 < const||wilp

max

since ||(AJQKJElmeJQ(U1||$(/Cm,—m/21z—m/2L§) = 0(1) as ¢ — co. Thus (6.22) is proved.
Finally, an inspection of the proof reveals that for t € R we obtain

()l 2(6,n-mr2mry = Olllell it -miz)) as 0 — oo,

IK(0)l| (8,0, = O™ el (it -mr2)) as @ — o0,

and consequently (6.23) follows because the norm ||%,| ¢ (.~ m/2) behaves polyno-
mially as 0 — 0. ([

Proof of Theorem 6.9. Fix some complement Epax Of Dpin in Dipax and let € C
Emax be a subspace such that D = Dy,  E. With respect to this decomposition
the operator Ap — A can be written as
Dmin
(Ap = A) = (A= Nlpp, (A=Nle): &  —a ™2LY(M; E).
&

Let d” = dim€&. Under the ellipticity condition on A — A and the injectivity of
A — A on Dp min we already proved in Theorem 5.34 the existence of a parametrix
B(X) of A— X on Dy, and a generalized Green remainder (O K()\)) of order m
such that

Dmin

(A=Nlpp KXN): &  —a ™2LY(M;E)

Cd//

is invertible for A\ sufficiently large with inverse

(A= Nl K™ = (70)). (6.25)

where (T ( )\)> is a generalized Green remainder of order —m. Since

(B (A~ Vo BOKX)
I‘(T(A)) (A= Nlow, KO)) = <<A>< >|§m T(A)K(A))’
)

we have B(A)(A — \)|p,.,, =1 and T(\)(A — A\
B(X) N JA=Ne
(200) (= Nipee a=200) = (5 20 (6.29)
which implies that ((A — A)|p,,,, (A —A)|¢) is invertible if and only if
FOO) =T\ (A=) :&—CV (6.30)

is invertible. Moreover, we get the explicit representation

(Ap = N) ' =B(\) + (1 = B (A = N)FN)'T(N), (6.31)

Dmin = 0. Then
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and (6.10) follows from Corollary 5.37.
As F(A\) and 1—B(A)(A—A\) vanish on Dy for large A, they descend to operators

F(N) : Emax — C¥ and 1 — BA)(A = A) : Emax — Dmax. If € = D/Dynin, then the
invertibility of (6.30) is equivalent to the invertibility of
F(\):€— c?,
and in this case, (6.31) still makes sense in this context.
Let q : Dimax — Emax be the canonical projection. The resolvent (Ap — )™t and

F(\)~L: C?" — £,ax are related by the formulas
FOA) ™' =q(Ap — N) KN 1 €Y = Eax,
g(Ap = NP = F) T 1 27" PLE — Emax
in view of T(A)K(\) =1, cf. (6.28).

Under the assumptions of Theorem 6.9 we will prove that F(\) : £ — C% is

invertible for large A\, and that the inverse satisfies the estimate
||l%[_)jl/mF()\)7l||$((Cd”1gmax) =0(1) as |\ — oco. (6.32)

Observe that the parametrix construction from Theorem 5.34 gives the relation

(4r =N 520) " = (3)
for the k-homogeneous principal parts of (6.28). Thus with the same reasoning as
above we conclude that
An— A :Dp — 2 ™2L2(YNE)
is invertible if and only if the restriction of the induced operator
FA(A) = TA(A) (A = A) : Enmax — CF

to 5~A = DA/Dp,min is invertible. Let gn : Da max — SA,maX be the canonical
projection. From the relations

FAN) ™" = aa(Anp, = N KA 1 €Y = Enma,
qn (A/MD/\ - )\)_1 = F/\(/\)_lT/\(A) : I_m/2L§ - g/\,maxa
and Proposition 6.13, we deduce that our assumption on A, is equivalent to

155 m FA) ™ e £y = O(1) 85 A — o0 (6.33)

Note that || KA(A)]| = O(|A]) and [|TA(N)|| = O(J]A]71) as |A| — oo when considered

11

as operators C* — x_m/QLg and x—m/ng — respectively.
Write the operator F(\)0~1Fy(A\)~!: C?" — C" as

FOO'FA(N) =1+ (F(\) — FA(A)e)klwme*ﬁ‘;}umFA(A)*l,
and let
R(A) = (F(A) = Fa(N)0)&)xp/m8 7 i m FAN)
We will prove in Lemma 6.34 that
||(F()\) — F/\(}\)e)l%‘Ml/m ||$(£~max1cd”) — 0 as |)\| — OQ.

Thus together with (6.33) we obtain that ||R(A\)|| — 0 as |A| — oco. Hence 14+ R(A) is
invertible for large |A| > 0, and the inverse is of the form 1+ R(X) with [|[R(A)|| — 0
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as |A\| — co. This shows that F()\) : £ — C%" is invertible from the right for large A,
and by (6.33) the right-inverse 01 F,(\)~!(1 + R()\)) satisfies the estimate (6.32).
Since

dim€ = dim &, = d”,

we conclude that F'()) is also injective, hence the invertibility of F'()) is proved.
In particular, the operator

Ap —X:D — z ™2L2(M; E)

is invertible for large A. It remains to show the estimates (6.7).
In order to prove (6.7) we make use of the family K(¢) from Lemma 6.20 and
the representation (6.31) of the resolvent. Thus we may write

(Ap =X = BV + (1 = BAY(A = K (A& FO) TN
=B + K(AY™)R G FO) T
= BO(A = VKA ™Ry FO) TN,

By Remark 5.26 we have [|[B(A)|| ¢ (y-m/202 D) = O(1) as [A] — co. In view of
1T g (o-mr2p2,comy = O(|]A\|~1) and (6.32) we further obtain

1775 PO T a ez .,y = OUA) a5 A — o0,
and consequently, using (6.22) we get
||K(|)\|1/m)/~<’|_)\1‘1/mF()\)71T(A)||$(1*7”/2L§,'Dmax) = 0(1) as |)\| — Q.
On the other hand, by (6.32) and the estimates (6.21) and (6.22) we have
1A = KA ™) EO) g omrazzy = O(A) as [A] = oo

I view of [|BO| g (a—r212 prnsy = O) and [T - /aga ey = OUAI),
we conclude that, as [A\| — oo,

IBO)(A = KA ™)E 51/ FO) TN | (@ m/212 Dy = O(1).
Summing up, we have proved
1(AD = N gamrzz pony = O(1) as A — oo,
and the estimates (6.7) follow. O

The following lemma completes the proof of Theorem 6.9.
Lemma 6.34. With the notation of the proof of Theorem 6.9, let
F(O) = TA)(A = X) : Emax — C,
F/\()‘) = T/\()‘)(A/\ - )\) : g/\,max - (Cd”.

Then
IFO) = FAOIORpr | 6 oy — 0 as N =00, (635)
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Proof. For proving (6.35) it is sufficient to consider the restrictions
(F(\) — F/\(/\)9)/~€|M1/m : gcro —c?
for all o9 € X. First of all, observe that
F(\)Ryjm = TN (A= NK(ANY™), and
En(N)OR zj1/m = FA(N)F 1m0 = TA(XN)(An = Ny 1/mwl

with the operator family K(o) = w(ox)#, from Lemma 6.20. If wy € C§°([0,1)) is
a cut-off function near zero with w < wyp, then

(F(N) = FANO)ppy/m = T (A = NK(A™) = Ta(A)(An = A)fijyja/meb
= T(N)wo(A = NK(IAM™) = Ta(Mwo(An — A)k|xj1/mwb
= T(N)wo (A= NR(AM™) = (Ap = Njsjo/mt)
+(T(A) = TA(N)wo(An = A)kpp/mwt
= T(N\)wo (AR(NY™) = Ansysji/mt)

T (ROA™) ~ hpppmich)
+ (T'(A) = TaA(N))wo(Ax = Ak pj1/mwb.
By (6.24), (6.26), and Lemma 6.18 it follows that the norm of
AK(AM™) = Apkpymwd = AK(AY™) = Al yj1/m Apwd
and
AEAM™) = Kpjpmwb) = Asjyp/mw(Ljyp/m — 6)

in Z(E,,, 2 ™/?L?) are both O(|A|*~"/™log" |\|) as |A| — occ. Finally, because of
the norm estimates ||T(A)wol| = O(IA|™"), [[(Ax = A& |yjpmwb]| = O(|A]), and also
[(T(A) = Ta(A))wo | = O(JA|7171/™) as |A] — oo, the lemma follows. O

Finally, we want to point out that under the assumptions of Theorem 6.9 we get

the existence of the resolvent with polynomial bounds for the norm also for closed
extensions in Sobolev spaces of arbitrary smoothness.

Theorem 6.36. Let A € =™ Diffy"(M; E) be c-elliptic with parameter in A C C,
and let D° C x’m/QHlf(M;E) be a domain such that Aps is closed. Assume that
A is a sector of minimal growth for the closed extension A, po of Ax in x’m/QLg,

where DY C x’m/QLﬁ is the domain associated with D° according to (6.2). Then
for A € A sufficiently large,

Aps —\:D° — 2z ™/2H(M; E)
is invertible and the resolvent satisfies the equation
(Aps = X)71 = B()\) + (Aps — A)7HI(N)

with the parametriz B(X\) and the projection TI(X) from Theorem 5.29. Moreover,
for every s € R there exists M(s) € R such that

14D = N7 iy = QUM as A = o,

- (6.37)
(4D =27 o mzprz s,y = OUAM) s |A] — oo
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Proof. We know from Proposition 3.12 that the spectrum does not depend on the
regularity s € R. Consequently, from Theorem 6.9 we obtain the existence of the
resolvent (Aps — \)~! for large .

Moreover, as in the proof of Theorem 6.9 we may write

(Ap: = N)7" = BO) + (1 = BA)(A — \K(AY ™)L FO) T,

According to what we have proved in this and the previous section we obtain that
the norms of all operators

B(\) : 2 ™/2H = D3,
T\ : a:fm/QHIf — (Cd,,,
Rl PO € = G,

K(NY™) : Enax — D2

max?

)
)

(1 - B()‘)(A - )‘)) : Dfnax - ,Dfnax
behave polynomially as |A] — oo. This proves the theorem. O

APPENDIX A. INVERTIBILITY OF FREDHOLM FAMILIES

The theorem of this section is essential for the existence of extra conditions in
order to make the family Ar — )\ invertible on the model cone Y”. The main
application of Theorem A.1 concerns the Fredholm family

a(N) = Ap — X : Din(Ap) — 2 ™2L2 (YN EB),

where A € Q = {z € A :|z| = 1} (see also Corollary A.3).

Theorem A.1 is rather standard and widely used throughout the literature. How-
ever, since several of our key arguments in the parametrix construction given in
Theorem 5.34 rely on this result, we decide to give here an independent proof.

Theorem A.l. Let Q be a compact connected space (C°°-manifold), and let a :
0 — ZL(Hy,Hs) be a continuous (smooth) Fredholm family in the Hilbert bun-
dles Hy and Hy. Then there exist (smooth) vector bundles J_, J4 € Vect(Q2) and
continuous (smooth) sections t,k,q such that

H, H,
(CZ k> Q=& ® , @
1 gy

is a family of isomorphisms. The difference [J4] — [J-] € K(Q) equals the index
indg(a) of a. If a is onto or one-to-one, we can choose J_ = 0 or Jy = 0,
respectively. If Q is contractible, then we have Jy = CN* with Ny € Ny.

Proof. Let x € Q be arbitrary. Choose (smooth) sections si, ..., sy(;) of Hy such
that {s1(2),...,5Nn() ()} forms a basis of a complement of rg(a(x)) in Hy. Define
! N(z)
ky: Q — 2(CN@ Hy), — Z cjS;.
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It follows that

(a(x) ke(x)): @ — Hy
(CN(;E)

is surjective and so (a kx) is surjective in an open neighborhood U(x) C Q. Let
Q= U,Igvil U(xi) be a covering of © by such neighborhoods and set

M
k= (koo huy) Q= & <@(CN(””k),H2> :

k=1
Then
H,y
(a(z) k(z)): & — Hy
(CN’

is surjective for all z € €2, where N_ = Ei\il N(zg).
So suppose without loss of generality that a(z) is a surjective Fredholm family.
Then dim ker a(z) is independent of z and the disjoint union

Jy = |_| ker a(x)
€N

is a locally trivial finite rank continuous (smooth) vector bundle. Let 7, : H; — J4
be the orthogonal projection. Then

a Hy
(ﬂ_) Hy— &
Jy

is invertible.

If a is pointwise injective, we obtain from the above argument, applied to a*,
that we may choose J; = 0. This finishes the proof of the theorem. O

Remark A.2. Let Hy, Hy be Hilbert spaces and let

Hy Hy
<Z k) Q=% e , @
q CcN- N+
be a smooth family of isomorphisms as in Theorem A.1. Moreover, let D] C Hj
and Dy C H3 be dense subspaces. Then we can modify ¢ and k such that

ke C®(Q)®(CN-)*® Dy and t € C*®(Q) ® D) @ CN+.

Corollary A.3. Let A be a closed sector in C as defined in Section 5. Let Hy and
Hy be Hilbert spaces with strongly continuous groups {k,}eer, and {Ko}ocr, , and
let a € C*°(A\{0}, . Z(Hy, H3)) be a Fredholm family that satisfies

a(gd)\) = Q“,%Qa()\)fi;l

for every 0 > 0, where d € Ny and p € R are given numbers. Then there exist t, k,
and q such that

H, Hy

(‘Z k>eO°° anNoLe| e L e
q CcN- N+
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is pointwise an isomorphism, and it satisfies

i i) = (3 3) () o) (5 )

for every 0 > 0. Ifa is onto or one-to-one, then we may choose N_ =0 or Ny =0,
respectively.

Proof. Let Q ={z € A :|z] =1} and let & = a|]q. According to Theorem A.1 there
exist ¢, k, and ¢ such that the operator function

- H, Hy
(‘f > cece oz o , o
t q CN- N+
is pointwise bijective and we may choose N_ = 0 or N = 0 provided that a is

everywhere surjective or injective, respectively. We will be done if we can show
that the extension by k-homogeneity
-1
("”“w/d O) (A4)

a(N) k)Y _ v (Fape 0 (a(py) E(ay)
(6 o) =me (o DGR o) (R

[Al Al

for A € A\{0} depends smoothly on X; note that the group actions are assumed to
be only strongly continuous.

In fact, ¢ is clearly C'*° and a was assumed to be smooth. Thus we only have
to check the smoothness of ¢ and k. According to Remark A.2 we may take ke
C>®(Q) ® (CN-)* ® Dy and £ € C°(Q) ® D} ® CN+, where D} C H} is the space
of C*-elements of the dual group action {x,} on Hj, and Dy is the space of C'>°-
elements of the group action {%,} on Hs. With these choices the operator function
defined in (A.4) is smooth, as desired. O

Remark A.5. In our applications the group action involved is always the dilation
group defined in (2.7). The space of compactly supported smooth functions is then
an admissible choice for the spaces D} and Dy in the proof of Corollary A.3 (see
also Remark A.2).
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