On rays of minimal growth for
elliptic cone operators

Juan B. Gil, Thomas Krainer, and Gerardo A. Mendoza

Abstract. We present an overview of some of our recent results on the exis-
tence of rays of minimal growth for elliptic cone operators and two new results
concerning the necessity of certain conditions for the existence of such rays.

1. Introduction

The aim of this article is twofold. On the one hand, we present an overview of
some of the results contained in [6, 7] on the subject in the title, and of the
geometric perspective we developed in the course of the investigations leading to
the aforementioned papers. We illustrate the main ideas of our approach by means
of examples concerning Laplacians on a compact 2-manifold. Already this simple
situation exhibits the structural richness and complexity of the general theory.

On the other hand, we offer some improvements, cf. Theorems 4.3 and 5.5,
regarding necessary and sufficient conditions for a closed sector A C C to be a
sector of minimal growth for a certain class of elliptic cone operators A and for
the associated model operator An.

Recall that a closed sector of the form

(1.1) A={AeC:A=re? forr>0,0cR, |0 -6 <a}
is called a sector of minimal growth (or of maximal decay) for a closed operator
A:DCH— H,

where H is a Hilbert space and D is dense in H, if there is a constant R > 0 such
that A — X is invertible for every A € Ag = {A € A : |A\| > R}, and the resolvent
(A — \)~! satisfies either of the equivalent estimates

12 A=V < /AL A=A
for some C > 0 and all A € Ag.

We are interested in cone operators on smooth manifolds with boundary.
Specifically, let M be a smooth n-manifold with boundary ¥ = OM and let £ —

)71H$(H,D) <C
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M be a Hermitian vector bundle over M. Fix a defining function z for Y. A
differential cone operator of order m acting on sections of £ — M is an operator
of the form A = z=™P with P in the class Diff;"(M; E) of totally characteristic
differential operators of order m, cf. Melrose [14]. We write A € =™ Diff;" (M; E).
More explicitly, in the interior M of M, A is a differential operator with smooth
coefficients, and near the boundary, in local coordinates (z,y) € (0,e) x Y, it is of
the form

(1.3) A=a™™ > akalw,y)(@Dy)* DY
k+|al<m
with coefficients axo smooth up to x = 0; here D, = —id/dx and likewise D,,.

We will say that A (or P) has coefficients independent of x near Y, if the co-
efficients a, in (1.3) do not depend on z (this notion depends on the choice of
tubular neighborhood map, defining function x, and connection on E. For a precise
definition see [6]).

This paper consists of 5 sections. In Section 2 we review some basic properties
of cone operators while in Section 3 we discuss the associated model operators.
The new results on rays of minimal growth can be found in Sections 4 and 5.

Apart from the works explicitly cited in the text, our list of references con-
tains additional items referring to related works on resolvents and rays of minimal
growth for elliptic operators. The investigation of spectral properties for elliptic
cone operators was initiated by Cheeger [4] in the seventies and has since under-
gone major developments. Concerning the large-parameter behavior of resolvents,
the interested reader is referred to [3, 5, 12, 13, 15], among others. A more detailed
account on the subject is provided in the introduction of the papers [6, 7].

2. Preliminaries on cone operators

Let A be a differential cone operator. As introduced in [6], the principal symbol of
A, ‘o (A),is defined on the c-cotangent “I™"M of M rather than on the cotangent
itself. Over M it is essentially the usual principal symbol, and equal to

Z Ak (I, y)’fk??a
k+|al=m
near the boundary Y, see (1.3).
Ezample. Let M be a compact 2-manifold with boundary Y = S*. Let gy (z) be
a smooth family of Riemannian metrics on S! such that gy (0) is the standard
metric, dy?. We equip M with a “cone metric” g that near Y takes the form

g = da? + 22gy (z) (g is a regular Riemannian metric in the interior of M). Then,
near Y, the Laplace-Beltrami operator A has the form

(2.1) x 72 ((acDac)2 +a(z,y)(xD,) + Ay(ac)),
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where a(z,y) is a smooth function with a(0,y) = 0 and Ay (z) is the nonnegative
Laplacian on S! associated with gy (z). In this case, near the boundary, we have

‘o(A) =& +a(Ay ().
Ellipticity and boundary spectrum
An operator A € 7™ Diff}"(M; E) is c-elliptic if ‘o (A) is invertible on T*M\0.
Moreover, the family A — X is said to be c-elliptic with parameter X € A C C if
co(A) — X is invertible on (“T*M x A)\O.
Associated with A = =" P there is an operator-valued polynomial
C 30+~ P(0) € Diff™(Y; Ely)
called the conormal symbol of P (and of A). If we write A as in (1.3), then

Po)= > ara(0,y)0"Dy.
k+|a|<m

If A is c-elliptic, then P(0) is invertible for all o € C except a discrete set spec, (A),
the boundary spectrum of A, cf. [14]; P(o) is a holomorphic family of elliptic
operators on Y and ¢ — P(o)~! is a meromorphic operator-valued function on C.

Ezample. The Laplacian (2.1) is clearly c-elliptic. If y is the angular variable on
St then
P(o) =0+ Ay(0) = 0* + D2,
and the boundary spectrum of A is given by
spec, (A) = {£ik : k € No}.

Closed extensions

Let m be a positive b-density on M, that is, xm is a smooth everywhere positive
density on M. Let Lg(M; E) be the L? space of sections of E with respect to the
Hermitian form on E and the density m. Consider A initially defined on C§° (M; E)
and look at it as an unbounded operator on the Hilbert space
e~ ™2L2(M; E) = L*(M; E; 2™m).
The particular weight #="*/2 is just a convenient normalization and represents no
loss. If we are interested in A on 2# L} (M; E) for u € R, we can base all our analysis
on the space 2~™/2L2(M; E) by considering the operator z~#~™/2A gH+m/2,
Typically, A has a large class of closed extensions

(2.2) Ap:D C a ™?LX(M;E) — ™23 (M; E).

There are two canonical closed extensions, namely the ones with domains
Dhinin(A) = closure of C§° (1\04, E) with respect to || - || 4,
Dinax(A) = {u € 2™ ™2LHM; E) : Au € 2~ ™/2L}(M; E)},
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where ||u|| 4 = ||u|| + || Au|| is the graph norm in Dyp,ax(A). Both domains are dense
in x=™/2L2(M; E), and for any closed extension (2.2),

Dmin(A) g D g Dmax(A)
Let
D(A) = {D C Dmax(A) : D is a vector space and Dyin(A) C D}.
The elements of ®(A) are in one-to-one correspondence with the subspaces of

Dimax(A)/Dmin(A). If the operator A is fixed and there is no possible ambiguity,
we will omit A from the notation and will write simply Din, Pmax, and 9.

Theorem 2.1 (Lesch [12]). If A € =™ Difty"(M; E) is c-elliptic, then
dim Diax/Dmin < 00

and all closed extensions of A are Fredholm. Moreover,

(2.3) ind Ap =ind Ap_,, + dim D/Dyin.

min

Modulo Dy, the elements of Dy,.x are determined by their asymptotic be-
havior near the boundary of M. The structure of these asymptotics depends on
the conormal symbols of A and on the part of spec;(A4) in the strip {|So| < m/2}.
More details will be discussed in the next section.

Corollary 2.2. If A is c-elliptic and symmetric (formally selfadjoint), then

indAp = —ind Ap and ind Ap

max min min

1
=-3 dim Dyyax/Drnin-

Ezample. Consider the cone Laplacian A, cf. (2.1). Then (3.2) and (3.6) imply
it Dy (A)/Donin(A) = 2

and thus, by the previous corollary,

(2.4) indApin = —1 and ind Apax = 1.

If A € 27 Diff}*(M; E) is c-elliptic, the embedding Dyax — 2™/ 2LE(M; E)
is compact. Therefore, for every D € ® and A € C, the operator Ap — X is also
Fredholm with ind(Ap — A) = ind Ap. Consequently, if spec(Ap) # C, then we
necessarily have ind Ap = 0. For this reason, we will primarily be interested in the
set of domains

(2.5) &={De®D:ind Ap =0}
>0.Letd" = —ind Ap

max — min *

which is empty unless ind Ap, ., < 0 and ind Ap

Using that the map ® 3 D+ D/Dpin is a bijection, we identify & with the
complex Grassmannian of d”-dimensional subspaces of Dmax/Dmin-

Ezxample. For A we have
B(A) = CP! = 52
Note that by (2.3) and (2.4), ind Ap = 0 if and only if dim D/Dyyin = 1.

We finish this section with the following proposition that gives a first glimpse
of the complexity of the spectrum of elliptic cone operators.
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Proposition 2.3. If A is c-elliptic and dim & > 0, then for any A\ € C there is a
domain D € & such that A € spec(Ap). If, in addition, A is symmetric on Duin,
then for any A € R there is a D € & such that Ap is selfadjoint and A € spec(Ap).

A proof is given in [6, Propositions 5.7 and 6.7]. A surprising consequence of
the second statement is that for any arbitrary negative number A there is always
a selfadjoint extension of A having A as eigenvalue, even if A is positive on Dpip.-

3. The model operator

Let A € z=™ Diff}"(M; E) be c-elliptic. The model operator A, associated with
A is an operator on N,Y, the closed inward normal bundle of Y, that in local
coordinates takes the form

A/\ zxfm Z aka(07y)(xD1‘)kD’3’
ktla|<m

if A is written as in (1.3). A Taylor expansion in z (at = 0) of the coefficients of
the operator A induces a decomposition

N—1
(3.1) 2mA = Z Ppa® + 2N Py for every N € N,

k=0
where each Py has coefficients independent of x near Y. Thus the model operator
can be written, near Y, as Ax = =™ F,. In other words, A, can be thought of as
the “most singular” part of A.

We trivialize N4 Y as Y = [0, 00) Y. The operator A, € z~™ Diff;"(Y"; E)
acts on C§°(Y"; F) and can be extended as a densely defined closed operator in
x~™/2L2(Y"; E). The space L2(Y"; E) is the L? space with respect to a density
of the form % @ 7*my and the canonically induced Hermitian form on ©*(Ely),
where 7 : Y — Y is the projection on the factor Y. The density my is related to
m and, by abuse of notation, we denote 7*(E|y) by E, cf. [6]. Again, there are two
canonical domains D min and Da max and we denote by D, the set of subspaces
of DA max that contain Da min. There is a natural (and useful) linear isomorphism

0 : Dmax/Dmin - DA,max/DA,min;
cf. Section 5. As a consequence we have
(32) dim D/\,max/D/\,min = dim Dmax/Dmin

which by Theorem 2.1 is finite. It is known (cf. Lesch [12]) that Da max/D,min 1S
isomorphic to a finite dimensional space €5 max consisting of functions of the form

(3.3) p= Z <sz: ok (Y) logk :c) o

oespec, (A) \k=0
|So|<m/2
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where ¢, € C®(Y; E). More precisely, for every « € Da max there is a function
¢ € Enmax such that u(z,y) — w(z)p(x,y) € DA min for some (hence any) cut-off
function w € C§°([0,1)), w = 1 near 0. The function ¢ is uniquely determined by
the equivalence class © + Da min.

We identify

gA,max = DA,max/DA,min
and let

TA,max - D/\,max - 5/\,max
be the canonical projection.

Contrary to the situation in Theorem 2.1, the closed extensions of A5 do
not need to be Fredholm. However, if A — X is c-elliptic with parameter, then the
canonical extensions Az min — A and A max — A are both Fredholm for A # 0, cf.
[7, Remark 5.26]. Moreover, we have

(34) ind(A/\ymin - )\) = ind AD
cf. Corollary 5.35 in [7].
Ezample. On Y" = [0,00) x S! with the cone metric do? + z2dy?, the Laplace-

Beltrami operator is given by
(3.5) Ap=2"((xDs)* + Ay),

where Ay is the nonnegative Laplacian on S'. A, is precisely the model operator
associated with the cone Laplacian A discussed in the previous section, cf. (2.1).
It is easy to check that for any cut-off function w € C§°([0,1)), the functions

w(@) -1, Ap(w(z) - 1), w(z)logz, and Ax(w(x)logx)

are all in the space z 1 LZ(Y"). Thus w(x)-1 and w(x) log x are elements of D max-
In fact,

(36) g/\,max = Span{la logac}

Observe that A — )\ is c-elliptic with parameter A € (C_\R+ and therefore the closed
extensions of A, — A are Fredholm for every A € C\Ry.

min ?

The model operator has a dilation/scaling property that can be exploited to
analyze its closed extensions and their resolvents from a geometric point of view.
In order to describe this property we first introduce the one-parameter group of
isometries

Ry 30— ky:x ™2LEYMNE) — 2 ™2L2(YN, E)
which on functions is defined by
(3.7) (kof)(w,y) = 0™/ f (0w, y).
It is easily verified that the operator A, satisfies the relation
IiQA/\ = g_mA/\K,g.
This implies
(3.8) Apn = A= 0" Ro(An — A 0™ )k,
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for every o > 0 and A € C. This homogeneity property, called x-homogeneity,
will be used systematically to describe the closed extensions of A, with nonempty
resolvent sets.

It is convenient to introduce the set

bg-res Ay = {A € C: Ap min — A is injective and Ax max — A is surjective},
the background resolvent set of An, cf. [6].

Lemma 3.1 (Lemma 7.3 in [6]). If A € bg-res Ay and D € Dp, then Axp — A is
Fredholm. The set bg-res A, is a disjoint union of open sectors,

bg-res Ay = U /OXQ.
a€JCN

This lemma follows immediately from (3.8).
For \ € bg-res A and D € ©, we have

(39) ind(A/\,D — )\) = ind(A/\7min — )\) + dlm D/D/\,Inin.

Moreover, the map
Ao > A= ind(Axp — )

is constant since the embedding D — x_m/QLﬁ(YA;E) is continuous. Now, in
analogy with (2.5) we define

Gro={DEDr:ind(Arp —A) =0 for A € Ay}

and let d) = —ind(Ap min — A) for X € /OX(X We identify &, o, with the complex
Grassmannian of d-dimensional subspaces of Ex max-

The canonical domains D min and D max are both k-invariant. Thus the
group action x, induces an action on £z max. In general, x, does not preserve the
elements of ® 5. In fact, the set of k-invariant domains in D, is an analytic variety
because it consists of the stationary points of a holomorphic flow, cf. Section 7 in
[6]. To better analyze the resolvents of the closed extensions of A, over the open
sector Ay, we will consider the manifold &, , together with the flow generated by
the induced action of k, given by £,(D/Da min) = Ko(D)/Da, min-

Ezxample. The background resolvent set of A, is the open sector C\R,; this is
easily seen after noting that A, is the standard Laplacian in R? written in polar

coordinates. Moreover, since ind(Ax min — A) = —1 for every A € C\EJF, we have
that D € ©, belongs to B, if and only if dim D/D min = 1. Thus
®, = CP = 52

We identify Ex max With DA max/Da,min and use (3.6) to write
Enmax = span{l,logx}.
For D € &, we then have
(3.10) TamaxD = span{(p -1+ (1 logx} for some (o, (1 € C, (¢o, 1) # 0.
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Hence, with x as defined in (3.7), we get

(3.11) WA’maxlig_lp = span{({p — (1 log o) - 1 + (1 logx}.

Clearly, the only s-invariant domain in &, is the domain Dp such that
TAmaxDp = span{1};

Dr is precisely the domain of the Friedrichs extension of Ax, cf. [8]. Every domain
D € &, with {; # 0 in (3.10) generates a nontrivial orbit as given by (3.11). In
order to describe the flow of £ on these nonstationary points, rewrite (3.10) as

Ta,max D = span {g—(l’ -1+ 1ogac} .
Then the projection to Ex max of the dilation REID is given by
(3.12) 7T/\7maxlﬁg_1p = span { (g—(l’ —logo) -1+ 1og$} .

If [Co : (1] € CP! is the point corresponding to D, then HEID is represented by
[Co — C1log o : (1]. In other words, in the situation at hand, the flow generated by
k on B, = CP! consists of curves that in projective coordinates are lines parallel
to the real axis, see Figure 1.

v

~

/

A

//CO/Q

FIGURE 1. Orbit in &,(An) generated by D « (p/¢ € C.

Observe that the Friedrichs extension corresponds to the point [1 : 0] € CP'.
Using
7T/\7maxl"€g_1'D = span {1 + m log x} if o £ eSo/G1
we see that
(3.13) 7T/\7maxlig_1p — span{l} = A maxDr as ¢ — oo or g — 0.

Let Dy € &4 be such that ma maxDo = span{logz}. This domain gives a
selfadjoint extension of A, which on the sphere corresponds to the point [0 : 1].
The circle consisting of the orbit of Dy together with Dp is the set of domains of
selfadjoint extensions of Ax.
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4. Ray conditions on the model cone

In this section we will discuss the existence of sectors of minimal growth for the
model operator A, € =™ Diff" (Y”; E) associated with a c-elliptic cone operator.
We fix a component A, of bg-res A and let &4 = GAa-

Let A be a closed sector such that A\O C Ag, cf. (1.1), let res Ax p be the
resolvent set of A5 p. The k-invariant domains are the simplest domains to analyze.

Proposition 4.1 (Proposition 8.4 in [6]). Suppose D € &, is k-invariant. If there
exists Ao € Ao such that Axp — Ao is invertible, then A, C resAxp and A is a
sector of minimal growth for Axp.

If D € &, is not x-invariant, the situation is more complicated. Nonetheless,
in [6] we found a condition necessary and sufficient for a sector A to be a sector of
minimal growth for A, p. This condition is expressed in terms of finite dimensional
spaces and projections that we proceed to discuss briefly.

For X\ € bg-res Ap we let

IC/\)\ = ker(AAymaX — )\)

Then

res Ay p = bg-res Ay N{X: KxxND =0},
and for A € res A\ p we have
(41) D/\,max = IC/\,)\ @ D.
Projecting on Ex max, this direct sum induces the decomposition
(42) gA,max = 7T/\,maxlc/\,)\ ¥ WA,maxpa
and the projection on ma max/Ca,x according to (4.2) is given by the map
(43) ’ﬁlCAYA,'D : 5/\,max - 5/\,max
(U + D/\,min) = KA, DU + D/\,mirn

where 7k, , p is the projection on ICx \ according to (4.1).

The following theorem gives a condition on the operator norm of (4.3) for a
sector A to be a sector of minimal growth for As p. Define

ullX = [lull? + A2 Anul?
for A # 0 and u € Dp max-
Theorem 4.2. Let D € G,, let A be a closed sector with A\O C /O\a. Then A is

a sector of minimal growth for Ax p if and only if there are C, R > 0 such that
AR CresAxp, and

(4.4) < C for A € Ag,

170 n Dl 2 e i)

where 7ixc, , p is the projection (4.3).
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This theorem is a rephrasing of [6, Theorem 8.7]. There the condition (4.4)
appears in the equivalent form

, .
(4.4') T, sty Dl 280 o S C for A€ Ar,

where A = A/[A|, and Ty okl p S the projection on K,  induced (following
A 1 /m ,

the steps (4.1)—(4.3)) by the direct sum
(4.5) Dpmax = Kpg-mr ® ki, "D

for A € res Ax,p and ¢ > 0. This decomposition is a consequence of (4.1) and the
k-invariance of D max, as follows. First, the xk-homogeneity of Ay — A, cf. (3.8),
implies
/@gl(ICA,,\) =K p-mx for o> 0.
Furthermore, if D € &, and A € bg-res A5, then
oA Eres A, wylp A €res App.
In particular,
Kno-ma Nk, "D = {0} <= KaxND = {0},
as claimed.
The equivalence of (4.4) and (4.4") follows immediately from the identity

—1
K T, Ri)\|1/m = T -1
[A|1/m KaxD N1/ ’C/\,SUK‘Ml/m,D

using the relation (3.8) and the fact that # is an isometry on 2=™/2L2. The virtue
of (4.4’) is that the norm is fixed, while the advantage of (4.4) lies in that it gives
a more explicit dependence on A and deals with a projection on a subspace of
Enmax With fized complement ma maxD.

In [6, Corollary 8.22] it is proved that A is a sector of minimal growth for
Aa p if and only if there are constants C, R > 0 such that Ar C res A5 p and

"H‘A|1/7’L (A/\7D - >\) Hff(l‘*m/?L;DA,max) S C/|)\|, )\ G AR.
It can be shown that this estimate is equivalent to (4.4) and (4.4").

Ezample. We consider again the model Laplacian A from the previous section.
Recall that bg-res Ay = C\R,. For A € C\R,, we have

A, max/a x = span{—kolog(—A) + ki logz} for some ko, k1 > 0,
where log means the principal branch of the logarithm. Moreover, by (3.12),

WA,max/iglp = span { (g—‘l’ —log Q) 14 1ogm} .
The projection in (4.4") can be computed explicitly. Namely, if u = ag+ a7 logx €
En max = span{1,logz} and A = g™\, then
—ag + a1 (§ —log o)

4.6) = —1pl =
(4.6) Kaxgowe D ko log(—Xo) + kl(g—f —log o)

(—kolog(—Xo) + k1 logx) .
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Let A be a closed sector in C\Ry containing the half-plane {8\ < 0}. Since
the family of projections (4.6) is bounded as ¢ — oo, uniformly for [Ag| = 1 in A,
regardless of the specific choice of ag, a;, Theorem 4.2 implies that every closed
extension Ap p, D € B4, of the model Laplacian admits A as a sector of minimal
growth.

Equivalent geometric condition

We identify & with the Grassmannian Grg» (En,max) where d” = —ind(Ax min—A)
for A € Ay, C bg-resAx. Let d' = dim K4 ». The condition that in the Grassman-
nian Grg (Ea max), the curve

[R,00) 20— 7T/\7maxl"€gl'D
does not approach the set
V)ka = {D € Grygr (EA,max) :DnN WA,max/C/\y)\ 7é 0}

as 0 — 0o, is sufficient for the validity of (4.4"). This is [6, Theorem 8.28]. The
following theorem states that the condition is also necessary.
For D € Grgv(Ea max) let

Q (D) = {D’" € Grar(Enmax) : I{ok}rZ1 C Ry such that
o — oo and /@gle — D" as k — oo}.

Theorem 4.3. Let \g € /o\a. The ray through Ao is a ray of minimal growth for
Anp if and only if Q7 (A maxD) N Vi, 5, = D

Proof. Let \g € /o\a and D € &,. For simplicity, we use the notation
D= 7T/\,max])a V= A//ICA,)\O; K= 77/\,maxlc/\,/\0 and TKK,D = ﬁ-ICA,)\O,D-

Suppose Q- (D) NY = &. Since O~ (D) and ¥ are closed sets, there are a neigh-
borhood U of ¥ and a constant R > 0 such that if o > R then nng ¢ U. Then
Lemma 5.24 in [6] gives that ||7TK7H971D|| is uniformly bounded as o — oo, and
therefore, by Theorem 4.2 the ray through g is a ray of minimal growth for A p.

Assume now that there are C, R > 0 such that Ap C resA, p and the
condition (4.4") is satisfied. Suppose Q~(D)N¥ # & and let Dy € Q~ (D) N V.
Since Dy € ¥, we have Dy N K # {0}. On the other hand, Dy € (D) implies
that there is a sequence {o;}72; C R4 such that g — co and Dy, = Ii;le — Dy
as k — oo. Note that for g, large we have ;' Ag € res Ax p, s0 A9 € res A/\,n;,jD
and therefore, Dy, & V.

Pick v € Do N K with ||v|| = 1. Let 7p, denote the orthogonal projection on
Dy,. Since Dy, — Dy as k — oo, we have mp, — 7Tp,, SO Uy = Tp,V — TP,V = U
as k — oo. Since Dy, € V', vy — v # 0 and 7k, p, vr, = 0. Hence

W/C,Dk<vvk> Y — o0 as k — oo,
lo=well ) [lo = gl
since ||v|| = 1 and vy — v as k — oo. But this implies that |7k p,| — o

contradicting the boundedness of the norm in (4.4"). Thus Q= (D)N¥ =@. O



12 Juan B. Gil, Thomas Krainer, and Gerardo A. Mendoza

Example. Let Ax be the model Laplacian and let D € &,. In this case, the
limiting set Q7 (7a,maxD) consists of the one element of CP! corresponding to the
Friedrichs extension of A, cf. (3.13). From this new perspective, it is evident that
every closed extension A, p of Ay with D € &, must admit a sector of minimal
growth.

5. Rays of minimal growth

We continue to assume that A € x~™ Dift}"(M; E) is c-elliptic.

Unlike the case of a differential operator with smooth coefficients on a closed
manifold, that a ray I' is a ray of minimal growth for the principal symbol ¢a(A) of
A is not expected to imply that I is a ray of minimal growth for A. In this context,
it is useful to think of A as a symbol (the wedge symbol) associated with A, cf.
Schulze [16], so that it is natural to impose ray conditions on A,. For this to work,
however, we need a procedure to transfer the information on the given domain D
of A on M to equivalent information for A, on Y/, and vice versa.

Theorem 5.1 (Theorem 4.12 in [6]). There is a natural isomorphism
971 : DA,max/DA,min - Dmax/Dmin

given by a finite iterative procedure that involves the boundary spectrum of A and
the decomposition (3.1). In particular, if A has coefficients independent of x near
Y, then 0 is the identity map.

A constructive proof of this theorem can be found in [6]. For illustration
purposes, we will give here only a simplified description of 6~ and will make some
convenient identifications that can be justified via the Mellin transform, cf. [6, 7].

According to the decompositions (1.3) and (3.1) we define

Pulo)= 3 (@hasn)(0.)( + k) D5,

Jtlal<m

Note that 130(0) is the conormal symbol of A. Again, we identify Da max/DPA min
with the space En max of singular functions of the form (3.3). As in loc. cit., we let
En,oq be the space of all functions in Ea max that are of the form

Mo

(5.1) Y= (Z Coo.k(Y) logk :L') 270,
k=0

These spaces give a splitting
5/\,max - @ 5/\,0'05
opED

where
Y =spec,(A)N{oc e C:—-m/2 < (o) <m/2}.
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Every function ¢ € € 4, of the form (5.1) corresponds (via the Mellin trans-
form) to a meromorphic function of the form

o R () R ey k()
¢(U) = kz::O (0 — 00)k+1 :

We use this correspondence 1) — 15 to define linear operators

ook : Enoy — CZ (Y E)
through the following inductive algorithm. For ¢ € Ex o, we let eq 0(¢) = ¥,
and given €440, - - -,€s,,9—1 for some ¥ € N, we define e,, y()) to be the unique
singular function of the form

Mo —iv

( Z Cop— 119k 1Og $> i(o0—9)

such that
€000 (1) () + Po(o (ZPk Jeo0-1(¥) (0 + i)

is holomorphic at o = o¢ — . Finally, we define 0= on €, o, as the sum
N(o0)

(52) 971|5A,00 = Z €o0,k>

where N(0o) € Np is the largest integer such that Jog — N(o9) > —m/2.
Analogous to Section 3, the range Epax of 671 in C"O(Y/\ E) can be identified
with the quotient Dimax/Dmin via the mapping
gmax > d) = Wl/f + Dmina
where w € C§°([0,1)) is an arbitrary cut-off function near zero.
Example. Let M be a compact 2-manifold with boundary ¥ = S'. Let A be a

differential operator in x 2 Difff (M) that over the interior of M coincides with
some Laplacian, and near Y, is of the form

A= 9572((30D3L.)2 + q(m)Ay),

where Ay is the standard nonnegative Laplacian on S* and ¢ is a smooth function.
We assume ¢ to have the form

q(z) = o® + Bz + 2%v(x),
where «, (8 are constants with % <a<1,B#0,and 7 is smooth up to z = 0.
The associated model operator is then given by

A\ = 1_2((:ED1)2 + a2Ay),

and spec,(A) = {xiak : k € No}. Since 3 < a < 1, only the set {—ia,0,ia} is
relevant for the spaces Emax and Ea max, cf. (3.3).
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If 3 denotes the angular variable on S!, then
En—ia = span{e_iy:co‘, eiy:c“},
En,o =span{l,logx},
Enioa = span{e” Wr~* Wz},
and Ea max = En,—ia D En0 D En ia. Moreover, we have
Py(0) = 0%+ &®Ay and Pi(0) = BAy.
Since every ¢ € € ¢ is independent of y, we have ]51(0)1/;(0) =0. Thus ep1(¢p) =0

and so 07 !|g, , = eq o is the identity. On the other hand, N (—ic) = 0 and therefore
9_1|5Aﬂ.a = €_ja,0 is also the identity. Finally, for ¢ = et 2~ we have

p

1"

e_in1(¥) = P,

SO

B
200 — 1

o1 — (1 x)z/;.

In other words,

Emax = Span {17 log z, etz et = (1- mﬁilx) }

The map 6 induces an isomorphism
0:90—-9 A

that we use to define D, = OD for any given D € ©. The operator A, p, is the
closed extension of A, in x~™/2L2(Y"; E) uniquely associated with Ap.

As in [7, Section 6], and motivated by the importance of s, in studying the
model operator A,, we introduce on Dyyax(A)/Dmin(A) the one-parameter group

fio=0"ko0 for o> 0.

Similar to the situation on the model cone, the spectrum and resolvent of the
closed extensions of A can be geometrically analyzed by considering the manifold
&, cf. (2.5), together with the flow generated by &,.

An interesting consequence of Theorem 5.1 is the following.

Proposition 5.2. If A — \ is c-elliptic with parameter A # 0, then
ind(A/\,DA - )\) = ind AD.
Proof. The existence of 6 implies dim Dp /Da min = dim D/Dyyin. Now, the propo-

sition follows by combining this identity with the relative index formulas (2.3) and
(3.9), together with the equation (3.4). O

The following theorem describes the pseudodifferential structure of the resol-
vent of a cone operator A and gives tangible conditions over a given sector A on
the symbols “o(A) and A, for A to have A as a sector of minimal growth.
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Theorem 5.3 (Theorem 6.9 in [7]). Let A € ~™ Diffy"(M; E) be such that A — X
is c-elliptic with parameter A € A. If A is a sector of minimal growth for Axp,,
then it is a sector of minimal growth for Ap. Moreover,

(Ap — N1 = B(\) + Gp(N),

where B(X) is a parametrixz of Ap,,,, —A with B(A)(Ap,,,, —\) = 1 for X sufficiently
large, and Gp(A) is a pseudodifferential reqularizing operator of finite rank.

min

The following lemma gives further information about the behavior at large
of the resolvent along a sector of minimal growth.

Given two cut-off functions wg and wi, the notation w; < wg will indicate
that wy = 1 in a neighborhood of the support of w;y.

Lemma 5.4. Let A € x~™ Diff}" (M; E) be c-elliptic and let A be a sector of minimal
growth for Ap. For every pair of cut-off functions w1 < wq, supported near the
boundary, we have

(1 —wo)(Ap — N rwr € L (A, L (z7™/?LE, D) ).

where . stands for Schwartz (rapidly decreasing as |\ — o0).
Proof. Since A is a sector of minimal growth for Ap, the family A — A must be
c-elliptic with parameter A € A, and A min — A must be injective for every A € A,
A # 0. A proof of this can be found in [7, Theorem 4.1].

As a consequence (cf. [7, Section 5]), there is a parametrix B(A) such that
B(A\)(Ap,,, —A) =1 for large A € A, and
(5.3) (1 —wo)B\wi € (A, L(x7™2L}, Dinax))

for all cut-off functions w; < wy supported near the boundary. We now make use
of the identity

(Ap =N~ =B\ + (1 - B (A=) (Ap — ).

Multiplying by (1 — wp) from the left and by wy from the right, (5.3) proves the
assertion for the first term involving B(\). On the other hand, since 1—B(A)(A—\)
vanishes on Dy, for large A, we have for such A,

(1 —wo)(1=BA)(A—-A))=(1-wo)(l—BA(A—A)w2
=—(1—wo)BA\)(A — Nws
= —(1 — wO)B()\)wl (A — )\)&)2
whenever wy < wy. Thus, by (5.3),
(1 —wo)(1—B(A)(A—=X)): Dmax — Drmax

is rapidly decreasing as |A| — oo. Finally, the assertion of the lemma can be
completed using the fact that (Ap — \)7lw; : x_m/2L§ — Dmax is uniformly
bounded. O
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Necessity of the conditions

The converse of Theorem 5.3 involves proving that the minimal growth of the
resolvent (Ap — A\)~! over a sector A implies a corresponding behavior for the
inverse of ‘@ (A) — A\ and for the resolvent (A, p, —A)~L.

While in [7, Theorem 4.1] we established the necessity of the condition on
co(A), we did not address the question whether A must necessarily be a sector of
minimal growth for A, p,. In the next theorem we prove that this is indeed the
case when A has coefficients independent of & near Y = OM.

Theorem 5.5. Let A € x~™ Diff}"(M; E) be c-elliptic with coefficients independent
of x near Y. If A is a a sector of minimal growth for Ap, then A — X is c-elliptic
with parameter A € A, and A is a sector of minimal growth for Axp,.

Proof. As stated in the proof of Lemma 5.4, the assumption on the resolvent of
Ap implies that A — X is c-elliptic with parameter A € A and that Ax min — A is
injective for every A # 0. Thus we only need to prove the statement about Ax p,.

By Proposition 5.2, and since ind Ap = 0, we have ind(Ax p, —A) = 0 for
A # 0. For this reason, in order to show that A is a sector of minimal growth for
Anp,, it suffices to find (for large A € A) a right-inverse of Ax p, — A that is
uniformly bounded in .# (z=™/2L2,D,) as |A| — oc.

Since A is assumed to have coefficients independent of x near the boundary,
there is a cut-off function wg such that

Awg = Apwg and  weD = wgD.
Let wy, we be cut-off functions with wy < wi < wg. Then the operator
B()\) = wl(AD - A)_lwg
can be regarded as an operator on M with values in D or as an operator on Y/
with values in Dx. Depending on the context we will write B()) as
Bp(\) : 2 ™2LE(M;E) =D or Bp,(\):z ™2 LY, E) — Dp.
On M we consider
(AD — )\)B’D(A) = wO(AD — )\)wl (AD - )\)710«)2
= Wy — wo(AD — )\)(1 — wl)(AD — A)_lwg
= W2 —+ R()\)
with R(\) = —wo(Ap — A\)(1 —w1)(Ap — A)"lws. By Lemma 5.4, R()) is rapidly
decreasing in the norm as |A| — cc.

Because of the presence and nature of the cut-off functions wy and wa, R(X)
can also be regarded as an operator on Y”\, say Ra(\) € (A, ZL(x~™/2L})).
Now, using that (Ap — Nwi = (Ar,p, — Nw1, we get on Y the identity
(5.4) (Arpr —A)Bp, (A) = wa + RA(N).

Furthermore, we have

1Bo, (M| .2(@=m/202,Dp ) = O(1) a8 [A] = o0,
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since, by assumption, || Bp(A)|| ¢ (z-m/212 D,,,,) has the same asymptotic behavior.

On the other hand, as A— X is c-elliptic with parameter, by [7, Theorem 5.24]
there is a family of pseudodifferential operators Ba A(A) : x_m/QLﬁ — DA min
(uniformly bounded in A) such that (Ax — A)Ba A(X) — 1 is regularizing, and for
w3 < wy, the families wgBy A(A)(1 — w2) and [(Ax — A)B2a(A) — 1](1 — w) are
rapidly decreasing in the norm as |A\| — co. Thus, as A p, (1 —ws3) = Ar(1 —w3),

(55) (A/\,DA — )\)(1 — LU?,)BQ,/\()\)(l — wg) = (1 —wa) + S/\()\)
with Sy(A) € (A, Z(xz~™/2L})). Finally, the operator family
Qr(\) = Bp, (\) + (1 —w3)Bo a(A)(1 — w2) : 27 ™/2L — Dp max
is bounded in the norm as |A| — oo and by (5.4) and (5.5) we have
(Arp, = NQAM) =1 € (A, L@ 2LE)).

By a Neumann series argument, it follows that Ay p, — A : Dp — :E*m/QLIQ) has a
uniformly bounded right-inverse for large A € A. O
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