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Knopp and Mason [2] obtained growth conditions of the Fourier coefficients
of vector-valued modular forms of negative dimension. In [3] they developed a
general theory of vector-valued modular forms.

Let F(1) = (Fi(7),..., Fp(7))* be a p-tuple of functions holomorphic in the
complex upper half-plane H and p : ' — GL(p,C) a p-dimensional complex
representation.(F, p), or simply F, is a vector-valued form of real dimension r

on the modular group I' = SL(2,7Z) if

1. Foralle(CCl Z)efwehave

(Fl(T)7 R F;D(T)) ‘T V(T) = IO<V)(F1(T)a R FP(T)) (1)

2. Each component function F}(7) has a convergent x-expansion meromor-
phic at infinity:

Fi(r)=2™ Y a,(j)z" (2)

with 0 <mj; < 1 a positive rational number, u; an integer and x = e

The Slash operator |- V in (1) is defined by:

Fl,V(n)=FEV()=e(V) (et +a) F(VT). (3)

In the rest of the paper we will only be interested in the elements of I' of the

form

h/ _hh'+1
V:(k F > k>0, 0<hh <k (4)



Note that since V' € I', we have that hh' = —1 (mod k), and therefore —L]jl
will be an integer, and it always exists an h’ such that 0 < A’ < k, and it is
unique and therefore V' is uniquely determined by h and &, i.e. V =V, ;. To
simplify the computations later it will be interesting to change the multiplicative

system ¢ for a new quantity v such that

F |IT) VkJ—L(T) = ”U(Vk,h)71 (7i(k7‘ - h))r F(thT) (5)

but first we have to make sure that we can do that. Since k& > 0, we have that

(6)

0 < arg(kr — h) <, fg <arg—i(kT —h) < g

and therefore

arg(kT — h) — g =arg —i(kT — h) (7

and we can define v(V) = ¢(V)(—i)™"
Also given a vector-valued modular form (F, p), we can define

oo

fil)=a " F(r) = ) a(jle’, 1<j<p (8)

V>
which are analytic in the unit circle and have a pole at x = 0 of order —puj;,
provided that p; is negative. We will use this function to get the coefficients of
the vector-valued modular form a, (j) by using Cauchy’s formula. But to do so
we will need later in the paper a bound for p(V).

To bound p(V') we introduce the Eichler length of V' [1] with respect to the
generators S, T of I'. Namely we write V as a product V' = £V; ...V}, where
each V7, is equal to either S or 7"/, for some integer n;, no two consecutive V;
are both equal to S or a power of T, and where L is minimal. Eichler proved
that

L(V) < nylog u(V) + na, (9)

N2
where pu(V) = h'* + (%) + k2 4+ h%, and nq, ny are constants independent
of V. Also Knopp and Mason [2] showed that

| pim (V) [< p"M KLY 1 <m,j<p (10)



where K is a constant that satisfies | pj,,(S) |< K; for all 1 < m,j < p.

Therefore if we use the usual norm

oW = [ Y [pm(V) 2 (11)

1<m,j<p

we see that

[ p(V) < Kop(V)®,  a=nilogpK, (12)

where K, is independent of V. Note that since the length of V! is the same
as the length of V', we can use the same bound for | p(V)~! |=| p(V~1) |

Theorem 1. Let (F,p) be a vector-valued modular form of dimension r > 2a,

where
o0

Fj(T) =z Z au(j)xya (13)

V2
where « is given by the Fichler estimate(12), then the coefficients a,(j) are
independent of ap(j), a1(j), - ...

To prove the theorem we will use the same technique used by Rademacher

and Zuckerman [1] applied to vector-valued modular forms.

Lemma 2. Let (F,p) be a vector-valued modular form of dimension r and

h/ _hh’—&-l
V= < 3 _]’; ) e, then if z = —i(kT — h), we have

Flem 25T ) = Qg (2) f(e2™F o277 ) (14)

where f(z) = (fi(@), ..., fo(x))",

627'rm.1 %

z—1/z
0 e277mp Ic/

. h'—h
2mimy ——
e 1% e 0

Qe =071 (V) (p(V) 1) : : (16)

. h' —h
0 . eQTrzmp =



Proof. First note that if we make k& > 0 and choose the unique h’ such that
0 <h <k, then V €T is determined by h and k, and Q, , only depends on h

and k. From the definition of the vector-valued modular (1 and 5), we get that

F(r) =v(V) 2 p(V) " F(V7) (17)
fi(z)
fz) = : (18)
fo(@)
e~ 2mimaT L. 0 Fi(7)
= : : . . (19)
0 cee e ZmimpT F,(7)
o—2mimaT o
= : v (W) p(V) LR (VT) (20)
0 ... e 2mimpT
e—2mimaT o Q2 Vr o
=o' W) ()| _ S NG
o o= 2mimpT o . e2mimy VT
(21)
Now since —i(kT — h) = z, and since hh/ = —1 (mod k),
r:%+%, VT:;—Z+% (22)

Note that since k& > 0 then R(z) > 0. Now it only remains to apply (22) into

(21) to prove the lemma O

Lemma 3. Let (F, p) be a vector-valued modular form of dimension r, then the

Fourier coefficients apy = (am(1), ..., an(p))t,are given by the following formula
-2 1 m 0;"/"6
P 627rN m Z Qh,keizmhf/ , \I/k(k(N*Q . Z(p))
-6
o<nhen mr (23)
(h, k) =1

f (e%(ih’—k’l(N’Lw)’l)) e~ 2mime g,

for any N positive integer, where G;L’k and Gg’k are given by the Farey dissection

N—2

of the circle |z| = €27 , using Farey series of order N.



Proof. Since the functions f;(x) are analytic inside the unit circle except pos-
sibly at zero where there could be a pole, we can use the Cauchy formula to

get

o) =55 | L) o (24)

where C is the circle |z| = 62”N_2, for N a positive integer. We can change the
path of integration by making the usual dissection of the circle C' into arcs &, i,

using the Farey series of order N. thus we have

T 1 fi(x)
N J
am(]) - i $m+1 dx (25)
h, k fh,k
0<h<k<N
(h, k) =1

We can make the change of variable

__—2aN~"%42milyon ! "
T=e R O S @ < Ohy (26)
1
2rN 2 2mim L O 2wk — 2 (N "2 —ip) 2mi
- — 4T m —ZTim 5 L7, — 4T —1 — 4T
am(j) = e > ek [ e #))e=2mime g
-0
h, k h,k
0<h<k<N
(h,k) =1
(27)

and therefore if we write the same expression in column vectors, we get

"

Ok
— -2 — im ? ih -2_ — i
a e 27N~ “m § e 2mim / f-(e27m E—2m(N ip) )e 27rzmtpd(p

’
hy k Ok
0<h<k

h N
(h, k)

=IA

(28)
now we can apply the result of the previous lemma (14) on the column vector

f(ezm%’%(]v_?’“")), where z = k(N2 —ip) and the lemma is proven. O

Proof of the Main Theorem. We will show now that f(z) in the neighborhood
of x = 0 is dominated by the principal part P(x), where P(x) is the column

vector with components



For that purpose we split a,, in two parts
am = Qum + R (30)

where

—2 S M ik — .
Qm — e27rN m § Qh,keiwmh? / \Ifk(k(N 2 Z(p))
oo ' (31)
=1

Oh .k
—2 21 m ’ — .
Rm 627TN m § /‘ Qh,k6727”h7€/ \I/k(k'(N 2 i ))
h<)kli N ok (32)

h
h, k)

o
~IN
=IA

D (6%(ih’—k’1(N’27iso)’l)> e~ 2mime g,

to prove the theorem we will show that R,, = 0. From the theory of Farey

fractions we have

L<g' <L L<9” <L (33)
2kN — MR = kN 2kN = M= kN
and therefore since k£ < N, we find for —G;L,k <ep< 0;;7k
R (K(N"2—ip)) = kN2, (34)
N2 N2 k k
R : = > = > =
k(N—2 —ip) E(N=*4+¢2) = E(N~*+k=2N-2) k2N-2417 2
(35)

27

i (k(N”—w))—u(k(z\r*?—w))| < 62";"'1 (kNT2=%) _ 2mm;N™2 —mm; (37)

e



Therefore

W (z0)]
< |(ZO)|7‘\/|627’T1 ZO*I/ZO‘Q +...+ ‘eh;np 20*1/20|2

g 2% N_T\/ﬁezﬂ'mmaz N726_7"mmin

where zg = k(N 2—ip), Mmaz = maz{my,...,my} and mp, = min{ma,...,m,}

Also, using the fact that if a,b > 0, then (a + b)? = a® + 2ab + b* > a® + b?

|D (e%’(ihlfk_l(N_27i<p)_l)> |

< S fa [ SEER (N i) )

v

2 1[M]3

0
‘ayle—m/

<
v=0

- Z \/|al/(1)|2 +...+ |au<p)‘26—m/
v=0

< Z (|ay(1)| + ...+ |au(p)‘) e~V
v=0

=D la,(M)e™™ + .. 4+ fav(p)le™™
v=0 v=0

the last equality holds since all the series converge absolutely because |[e~™| <
Using these results we have

W k(N2 — i) D (o5 (W =RV Eie) D)

< 2B N fpeRTmmenN T = mmin (Z lay(D]e™™ + |au(2)|e7”’>
v=0 v=0

— CN_T€27Tm7nar N72

where
o0 o0
O = 25 Jpe"mmin (Z jau (D™ +...+ Y |ay<p>|e—”) (38)
v=0 v=0



Which is finite since |e™™| < 1 and both series are convergent inside the unit

circle

Now in order to bound |2, x|, we need to use the Eichler estimate discussed

before (12), and therefore we have that

lp(V)]

hh! +1\2
§K2<h’2+< k+ ) +k2+h2>

< K3k2a

[0}

S KBNQDL

(39)
(40)

(41)

(42)

Where o = nq log(pK1), and Ko, K3 are a constants independent of V. Note

that (41) holds since in our case we have that 0 < h, b’ < k for all V’s

Therefore
||
e2mim M 0
=o' (V) ()7’
0 e
< K3N?**\/p

= K,N**

thus we have,

| B
12

_ On,k _
< e27rN 2m Z K4N2a / CN—re27raN Qd(p
9/

h, k “Vhk
0<h<k<N
(h,k)y=1

1"
27 N2 (m+ 2 On
< K™ lmte) yorzes Y dg
’
h, k _911‘19
0<h<k<N
(h, k) =1

— K5627rN72(m+a)N7r+2a



where K5 is a constant independent of V', and since N can be very large, we

can conclude that |R,,| = 0 for r > 2a. O
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