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1 Construction of a vector-valued modular form
of positive dimension r

So far we have that for M = ( ?; ? > eI'(1)
e (M)p™ (M) (—i(yr +6))" Fy(M7) = Fy(7) = Puo(mre,p) - (1)

where Py, (7,7,€,p) is a column vector of polynomials of degree at most r.

which automatically implies that
e  (M)p~ (M) (—i(y7 +8))" F(MT) = F(1) = Qu(7. 7,2, p) (2)

where Qs (7,7, €, p) is a column vector of polynomials of degree at most r, since

5:1 bu(1)627ri(mlfz/)-r + Z:;=O am(l)GQﬂ'i(m+m1)T 5:1 b,
F(r) = : .
/::1 by(p)e%ri(mp—y)‘r + Zi:o a’m(p)eQTri(m—&-mp)‘r 5:1 bl/
(3)
1 1 0 -1 . o
now let S = 01 and T' = L o0 ) By the definition of F(7) it is
easy to see that for n € Z we have
eQTrinml
F(S"T) = F(r) =e(S")p(S") (—i)" F(r)  (4)
e27rinmp

(D F,(m)(1)

(P) (7))



and therefore Qgn(7,7,2,p) = 0, and since all the elements of I'(1) can be
written as a product of S and T for n € Z, now we want to find by, ...,b, such
that e Y(T)p~Y(T) (—it)" F(T1) — F(r) = 0, or what is the same
5:1 by (1) Pry (7, 7,8, p)(1)
U T)p N (T) (—ir) F(T7) = F(r) = g 5)
v=1bu(P)Pro (7,72, p)(D)
QT(T7T75>p)(1) 0

: - (6)
QT(Tv r,s,p)(p) 0

because if we do so we will have a function F(7) with the transformation law
F(r) =e " (M)p™ (M) (=i(y7 +6))" F(Mr) (7)

and since it is regular in H, and has the expansion at oo (3), then F(7) is a
modular form of dimension r.
Now if we replace 7 by T'7 in (5), we see that
Qr(5H.r,e,p)(1) —Qr(7,7,€,p)(1)
N (T)p (T (—ir) s - z (®)
Qr(=,re,0)(p) —Qr(r,7,¢,0)(p)
and if Qr(7,,7,£,p) = 0 then we have an homogeneous system of p equations in
the p unknowns QT(;—j, roe,p)(1),... ,QT(;—L}, r,€,p)(p), and since det(p~1(T)) #
0, we have that QT(;—},T,E,p)(j) = 0 for 1 < j < p. Therefore the zeros of
Qr(7,7,€,p) occur in pairs except for 7 = 4i now suppose that exists a set
T1,..., Ty of distinct roots of Qr(7,7,¢,p), such that n = [r/2] + 1, also that
—1/Tj is not included in that set for any 1 < j < n and neither does +i, then
since Qr (7,7, €, p) = 0 for all the elements in the set, the number of zeros of each
of the p polynomials will be 2([r/2] + 1) > r, and therefore Qr (7,7, ¢, p) = 0.
Now consider the homogeneous linear system corresponding to the k" ele-

ment in Qr(7;,7,¢,p)

> b, (k)Pr, (75,2, p) (k) = 0 9)



of 2([r/2] + 1) equations in the p unknowns by (k),...,b,(k), and if p is greater
than 2([r/2] 4+ 1), we can find solutions for by (k),...,b,(k). Therefore we can

state the following theorem

Theorem 1. Let i be an integer greater than 2([r/2]+1). If we define F(T) as
in (8) with r > 2« and by, ..., b, being column vectors of dimension p such that
the k' element satisfies (9) for each 1 < k < p then F(7) is a vector-valued

modular form of dimension r

2 The supplementary series

Let m/, and v/ be defined by

mi=1-ms, vV =1—v ifms>0

/

m., =0 V=—-v ifmg=0 (10)

g(V)=e™e V), and p'(V)=p(V) (11)
since r is an integer and e is a multiplier system for I, it follows that &’ is also
a multiplier system for I". On the other hand since p is a representation for I',
we have that p’ is also a representation. Now let a,,(v/,r, &', p’) be defined as

in (2, Part I), therefore
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(12)

now we define the supplementary series £, (1) of the series F, (1) by

627”'(7”/17’/)7 ZTO:ZO am(V,, r, 8/, p/)(1)627ri(m+m’l)'r

Fy(r) = : + : (13)

2mi(m!. —v' )T e o] / VAN 2mwi(m—+m’ )T
€ ( v ) Zm:O am(z/ 3T78 7p)(p)€ ( p)

we can see using exactly the same arguments as before that

1. F,(7) is regular for 7 € H



2. ﬁl,/(T) — Y M) p' Y (M) (—i(yT +6))" ﬁ,,x(MT) = ﬁM,,r(T, r.e’, p'), for

everyM:(: g)el“(l)

3. The column vector of polynomials ﬁM’l,/(T, r,e’, p’) is given by the follow-

ing formula
Paro(mymep)) = Hurw(ryme p) 4+ Ky (1, M) (14)

where IA(VI,T,E/,p/ (1, M) is given by (50 part I)

~

Ky e (1, M) = (I = (=i(y7 +6))" =1 (M)p'~ (M) %GS(V’m e’ p')
(15)

where
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=1 e Yl — ! 11
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(16)

here [z] is the greatest integer less than or equal to z. And ﬁMW/ (r,r, e, p)

is given by (104 part I)
ﬁM,D/(Tv T, Elvp/) (17)
= G (r) — £ (M) (M) (=i + 8)) o (M) (18)

= ﬁ,,/ (7’) — Elil(M)plil(M) (—i(’yT + 6))r ﬁy’ (MT) - [?u’,V',e’,p/(Ta(M)
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It is easy to see from the formulas that for all M € I" we have
1' ﬁjw,l//(Tv T, 6,7 pl) - HMW(?? T, 57 p)
2. al(V,r e p) = —ak(v,re,p)

3. Kot (1, M) = — K, e (7, M)

4' ﬁMﬂ" (T7 T, 6/”0/) - PM,V(?’ T,@,p) o 2KV,7‘787[)(?7 M)

Now let by,...,b, be a set of column vectors such that b; € CP, b, # 0,
p: ' — GL(p,C) a p-dimensional complex representation , e a Multiplier
System , and r > 2«, 7, € Z" and let F(7) be defined as in (41 part I)

1 b (D) F(7)(1)
P(r) = : (24)
b1 0o () Fy (1) (p)

~

then we can define the supplementary series F(7) of F(7) by

oo b (DE(7)(1)

Pr) = : (25)
S0P (1))

)

For M € I'(1) we have that
e (M)p™ (M) (—i(yr +6))" F(M7) = F(1) = Qu(7,r,6,p)  (26)

where
25:1 bV(]')PM,V(T7 707 57 p)(].)

Qum(T,7,6,p) = ; (27)
5:1 bV(p)PMW(T? e, p) (p)

and
&' M)p' (M) (—i(y7 + )" F(M7) — F(r) = Qu(r.71.¢', p) (28)

where B N
;:1—# by (1)PM,V’ (7, g, pl)(l)

QM(T7 r, Elap/) - (29)
;:1_# 51/ (p)PM,U’ (7_7 T, 5/7 pl)(p)



Theorem 2.
i 2570y B ()R (7 1)1
F(r) e{T(1),re,p} & F(r) = — (30)
2 25:1 E(p)KV,T‘,EP(?7 T) (p>

Proof. We saw that F(7) € {T'(1),r,¢&, p} if and only if Qr (7,7, ¢,p) = 0.

Qr(r,r,e,p) R (31)
L b)) Pro (rr e p) (1)
= : (32)
b1 0 (p)Pros (e’ ) (p)
80 () (Pro (e, 0)(1) = 2Ko e (7, T)(1))
= : (33)
L) (Pro (e p)(0) = 2K (7, 1) ()

23 b (D) Ky e (7, T)(1)
Qr(T,r e, p) — (34)
2 25:1 E(p)KV,T7E,p(?7 T) (p)

On the other hand we can see that since F,, () is regular in M, so is F(7),

also by (13) we can see that each F,,(7) is bounded at oo, and therefore so is

F(r) O
(35)
(36)
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