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Theorem 1. Let by, ...,b, be a set of column vectors such that by € CP, b, # 0,
p: ' — GL(p,C) a p-dimensional complexr representation , £ a Multiplier

System , and v > 2c (77), v, € 7T then if

5:1 by(l)GQﬂ'i(mlfl/)T 4 Z::O am(1)62ﬂ'i(m+ml)r
F(r)= . o

5:1 b, (p)ezm'(mp—u)T + Z:::o Ao, (p)ezwi(erm,,)T

where a,,(v,r,€) is a column vector in which the j*" component is given by
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where
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571 bV(l)am(Va Ty 5)(1) am(l)
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then
1. F(7) is regular in the complex upper half-plane H
2. F(7) satisfies
F(r) — e Y (M) (=i(er +d))"p~ (M)F(M7) = pr(7) (9)

, for all
M(i Z)er (10)

where ppr(T) is a column vector of polynomials on 7 of degree at most r.

Lemma 2. Forr > 2a as m — oo, we have
] = 0 () H-etmtmem oo ) -y

where

Km =minms,...,m, and Ky =maxma,...,m, (12)

Proof. In [1] Marvin Knopp proves that given 0 < ms; < 1 and ¢ > 0

om0 =0 (1) .
where
A (m) = S0 7} (V, g)emims ot g 2mitnts (14)
o Sd,c 3
(d,c) =1



the strategy is the same as the one in the proof of Knopp first we can fix s and

show that

(o]
! i = cdm+4d' v
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C ’ b
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0Sd‘<(:
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< C(m+ mq)7%e2ﬂ(m+ms)%(ufms)%
and show that the summations behaves as the first term as m — oo. Here

B: can be understood as B? with a MS ¢ and a representation p

c,v,m,r C, VM, p,E,T)
such that
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e27rim,,

Also in the previous paper I showed that [p(V.4)| = O(c®*®), which means that
|z;j| = O(c**). And since r > 2a, we can write 7 = ¢ + o where ¢ > 0

In the same fashion as the mentioned proof we can see that
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therefore we can see that the series
=1
27 ZZ EAC,vas (lrn’)BCS,l/,’ln,T (22)
c=

converges uniformly on compacts and absolutely. So can conclude that
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O

Corollary 3. The following series converges uniformly on I, = {7 : Z(7) >

w >0}

o0
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Proof.
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O

Proof of the Theorem. Let F,(7) be a column function defined in the following



Fy(7)
e27ri(m1—1/)‘r N am (V, r, 5)(1)627ri(m+m1)7'
- . + : : .
e2mi(mp—v)T m=0 am(V, r, 6) (p)627ri(m+mp)7—
e27ri(m1—l/)'r N 627r1',(m+m1)7- am(Va r, 6)(1)
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627Ti(’ﬂ7,171/)7' e27r7,'(m+m1)7'
9] >~ 4
= + 2 g g - E
. ) c
eQrm(mp—u)‘r m=0 627”(7n+mp)7- c=1 ) <d;ic< .
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By the previous corollary and lemma we have that F(7)(j) converges absolutely

on m and on ¢, and therefore the above interchanges are justified. Also we can
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d' —d
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627Timp

37)
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see that F'(7) can be written in the following form

v=1 bu (D E,(7)(1)
F(r) = E (41)

b1 bu(P)Fu(7) (p)
also since the series converges, F'(7) is regular in H. We will prove the result
for 7 = iy and y > 0, and by analytic continuation the result will follow for 7

on H.

Now let us rewrite the function F,(7)(j) in the following manner
FV(T) (]) - 27ri(mj7u)7

— 9 Z Z Z 5_1(‘/(:,(1) (Zl Jst(C, d)eQﬂ'ims dal—

mOcl

)

’
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€
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d
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c,V,m,p,e,T

to continue with the proof we will need the Lipschitz summation formula for

p>—1,0<ms<1land R(t) >0

D (n e myyremitnme) @)
n=0
1 o0
2]:1:“ Z ™M (t—qi) P ifmg+p >0 (43)
1 1 o
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Lemma 4. If mgs > 0 we have
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and if ms = 0 we have

., 4 ’ 1 2y r+1 1
B* 27mi(m—4mg)(t—<) = - | — Y
D Bumpere 2\ ) wroif
N >~ 2miv i o
lim Y (—iler+d—cq)” Y = ()
— 00 ' ’ B
v q=—N p=rt1 P NET ed —eq

Proof. 1t is a simply application of the Lipschitz formula and the power series

expression for I, 1, in the same way done by Knopp in [1]. O

The above result implies that

F,(7)
e27ri(m171/)‘r .
= +K+Z Z e Vea)p (Vo)
e?ﬂ‘i(mpfl/)T c=1 , <d;lc< i
(d,e) =1
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' (mp—v) . . 2y — P
627T P thHoo qufN 627mmpq (_Z(CT + d— cq))r Z;ir#»l % (c;r:::ljcdibé);

where K is a column vector independent of 7 given by
.d (mq—v)
)

:%Z Z e (Vea)p M (Vea) : (50)

d, .d/(anfz/)
PSSt AT ()
where
2\t 1
— - f = 1
QD(]) < c > (7“ + 1)' 1 mJ O (5 )
= 0 ifm; >0 (52)

Now let G, (1) = F,(7) — K then

o L '(ms—v
GV<T)(j) _ e27ri(mj—u)7— + Z Z 5_1(‘/541) Z xjs(Q d)e%id ( 2 ) (53)

s=1

d < c

(d e =1
N
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now let 6 = d — cq, as ¢ runs through all integers and as d runs through the
set

D, = {d|3 ( z Z‘l ) eT(1), with 0 < —d < c} (55)

0 assumes exactly once, each value 6 € D = {§ € Z|(¢c,d) = 1}, and we can

define V, 5 = S79V, 4, we have

e (Ve,d)p™ (Vea) (56)
z11(e,d) -+ zip(e,d)
= Y(Ve,d) : : (57)
rpi(c,d) - wpp(c,d)
=& (VesSp~ ! (Ve,sS7) (58)
6727r72m1q
=& '(Ves) P (Vo) (59)
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e~ 2mimig z11(c,0) -+ wip(e, )
=e (Vo) : . - (60)
e~ 2mimpq Tp1(e,8) o wpp(c,d)
and therefore
8_1(Vc’d)l‘js(0, d) = 5_1(Vc’(;)e_%i””sqxjs(c, J) (61)

Note also that 0’ = d’, and then we have

_ 2mid’ (v—my) _ 2mid/ (v—my)
: c

€ =€



now we can rewrite G, (7)(j), but instead of writing 6 we write d

G (7)(5)
2mi(m;—v)T =, — . . —1 2 d’ (mg—v)
=e J + Z Z lim Z e (Ve,a)zjs(e, d)e c

N—oo
s=1c=1 d=—N
d e D¢

Ciler )T Y ;(W)p

p=r+1

N
.d (mgs—v)

p 0
_ eQWi(mj—V)T + Z lim Z E_l(V::,d)xjs(ca d)e%m

N—o0
s=1c=1 d=—-N
d € D¢

iy ()™

P o N ,
.d (mg—v)

#200 fim o 3 e (Vedaj(e e

s=1c=1 d=—-N
d e D¢

p=r+2

(—i(er +d))"

The separation into two sums is justified since the first converges by Lemma
(2.10) in [1], which is applicable since 7 = iy with y > 0, and the second is
absolutely convergent triple sum, which can be proven by using Lemma (2.5) in
[1], and therefore the second sum can be rearranged in any manner.

Now let
a
V(7 6>6F(1), a>0, <0 d>7y>0 (63)

and t = (v — g)éil, and define Jy (K) to be the trapezoid in the c-d plane
bounded by the lines

c=0, ac+~vyd=tK, dd+ fc==+K (64)



we obtain

Gu(m)(J)

. (mb v)
R SR S I S S () N () o

s=1 c=1 (c,d) € Ty (K)
d € D¢
o0
1 [ 27i(v —ms)\”
(—iler+d)" > = (
p:r+2 p! U cler +4d)
(ms—v)
27r1(m] V)T+ lim Z Z Eil(w,d)zjs(ﬁd) o dlms —v) -
1 K72 @oc oy

d € D¢

r

(—i(er +d)) (e (er ) pz_%p!( cler + d) ))

Now let
S, k(1) (65)
eQwi(ml—u)T .
- ; £ e (Vea)p™ (Vo) (—i(er + diB6)
e27ri(mp—z/)‘r c=1 (e, d; E ~[7)\F{(K)
2772’% e%
: (67)
and since V. 4 € SL(2,Z) we can sce that
62771"1/(""637")627:1((:7-+7;)5 _ 627ri(ms—l/)Vc,d‘r (68)
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and therefore

Sy k(T) (69)

627ri(m171/)'r

- : w3 Y e Vea)p (Vo) (—iler + diYO)

eQﬂi(mp—y)T c=1 (e, d

eQTri(?’nl—V)VC‘dT

eQTri(mp—V)Vc,dT

now we can include the first term in the summation, since e(I)p(I)(—i)~" =1

and we have that

2mi(my—v)T 2mi(my—v)IT

€ (&

— e (D) (D) (i) : (72)

e27ri(77.1p—1/)'r eQW’i(m;g—V)IT
now we can include the pair (¢,d) = (0,1) and therefore we get
Sor(t) = Y > e Vea)p ' (Vea) (miler +d))"  (73)
c=0 (c-,d()i€ gv(K)
IS c

(e d) # (0, —1)

e27ri(m17V)VC,d‘r

(74)

62772'(an —v)Ve,aT

we can now extend the region Jy (K) to Py (K), consisting in reflecting Jy (K)
through the origin by including with V. 4 and -V, 4, and since we have that

e (Vea)p™ (Veud) (—iler +d))" = €71 (=Vea)p™ (= Vea) (=i—cr — d))" (75)

and

eQTri(mj—V)chdT _ eQﬂ'i(mj—u)—Vc,dT (76)

we see that if we make the summation over Py (K), every term of S, g (7) occurs
twice and therefore
1 . T
Sur() = 5> DL & (Vea)p ' (Vea) (miler +d)" (77)
CEZ (e1d) € PY(K)

e27ri(m17u)Vc,dT

(78)

627ri(mp7V)chdT
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now Py (K) is bounded by
ac+vyd=+tK, dd+ fc==+K
Therefore we get

e~ (V)p~ (V) (=i(yr + 8))" Sy (VT)
- %Z Z e WM ' (Ve)p ' (V)p™ H(Vea)

CEZ (c,d) € Py (K)
d € D¢

e27ri(m1 —v)VeaVT

(—i(yr +0))" (—i(cVT +d)) :
e27ri(mp7V)chdV‘r

Y Y ) VeV

cEZ (c,d) € Py (K)
d € D°

e27r71(m1 —v)Ve,aVT

(—i((ac +vd)T + (Be + dd))"

62‘/1'1’(171p —v)VeaVT

now we can make the transformation ¢’ = ac + vd and d’ = 3¢ + dd which is a

1-1 transformation from Py (K) to the rectangle

|| < tK, |d'| < K

(85)

also this map is a 1-1 correspondence between the pairs {(c¢,d)|c € Z,d € D¢}
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and the pairs {(¢,d')|¢' € Z,d' € D}, and then

e (V)p~H (V) (—i(y7 +8))" Sux (VT) (86)
1 _ _
— 5 Z £ 1(‘/(:/7(1/)[) (‘/C/,d') (87)
ez d’ € D¢
e/ < tK |d'| < K
eQﬂi(mlfu)VC/‘d/T

(—i(dT+d))" : (88)
eZTri('rnp V)V a7

62772'(777,171/)7'

= : oY Y T (Veap H(Vea)  (89)

e2ﬂi(mp—V)T ) <CC€SZtK ‘rfi‘ESD;(
eQﬂi(’!‘rLlfD)chdT
(—i(er +d))" : (90)
eZwi(mp—l/)VC,dT
Now
e (V) H(V) (=i(yr +6))" G (V) (91)
= lim (7 (V)p™" (V) (=i(y7 + )" S (VT) (92)
:— 00
XY W Ve (V) V) (—iaT +0)) (93)
c=1 (c,d) € Ty (K)
d e D¢
ﬂiw r 2mwi(v—maq) p
e’ ‘ Zp:O % ( c(c(VT+d1) )
(—i(cVT +d))" ) (94)
ﬂ_i‘i,(mp*”) r 2mi(v—myp) p
TRy o d ()
6271'2'(777,171/)7' eQTri(mlfu)VcwdT
_ | : +klingc( Z Z e ' (Vea)p (Vo) (—ier +d))" | : (93)
eQﬂl(mI’_u)T 0 <CcE§ZtK \(fiIESDK e27r1(m,,—u)Vc,dT
=Y e VeaV)p  (VeaV) (—i(yT +6)) (—i(cVT +d))" (96)

c=1 (e, d) € Ty (K)
d € D¢

Qﬂim Zr 1 [ 2mi(v—ma) p
€ “ p=0 p! \ c(cV7+d)

Qﬂim Zr 1 [ 27mi(v—myp) p
€ ‘ p=0 p! \ c(cV71+d)
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also using lemma (2.13) in [1].

G, (7) (98)
627ri(m1—l/)'r eQTri(ml—u)VC,dT
- . . -1 —1 . r .
o e Y Y e e (e + ) _—
e27ri(mp—1/)‘r ) <CCE<ZzK @|€<D; eQTr'L'(mp—V)VC,dT

it e 1 (2milv—ma) )P
p=0 p! c(et+d)

- Y Ve Vo) (—iler + ) s ) (100)

cez d e D¢ s (mp—v) mi(v—my) \P
0<estK S K T Y o (%)
therefore
G (r) —e ' (V)p~ ' (V) (—i(y7 +6))" Gu(VT) (101)
T -1 -1 g T(_; "
S (Y Y e V) (VeaV) (i £ 8)) (il 4 d)) (102)
c=1 (c,d{)li.g‘c/(l()

27 dl(mcliy) ZT 1 [ 2mi(v—m1) v
€ p=0 p! c(cVr+d)

(103)
d/(m,p —v)

i g (2wl mmy) )
p=0 p! c(cVT+d)

B D (M)p

p=0 p! c(et+d)
- > Y Ve (Vo) (Hiler + ) ; (101)
0<Cc€§ZtK \Z\ESD; eQﬂW Z;:O i (27;1‘((;—17;,)1,))7’

now since the factor(y7+4)" combine with (¢V7+d)" P produces a polynomial
of degree at most r. On the other hand the limit of a sequence of polynomials

of degree at most r converging at r + 1 points is a polynomial of degree at most

r.

Now since F,(7) = G, (1) + K, then we have that F, (V1) = G, (V1) + K,

therefore we have that

Fy (1) = {(V)p~ (V) (=i(yT +8))" F,(VT) = py,u(7,7,€, p) (105)
for

V:(j §>er(1)7 a>0, B<0 §>v>0 (106)
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to prove it for every M = < (CI Z ) e I'(1), first we see that if M = S, we
have )
627rzqm1
F,(S%T) = F, (1) (107)
627riqmp

which follows from the fourier expansion of F, (1), otherwise it is easy to show

thatexistm,neZandV:(?; g)ef(l) such that
M=5VS" a>0, B<0 6>7y>0 y=¢, d=d—cn  (108)

and therefore

627rik:m1
F,(MT) = F,(S*VS"r) = F,(VS"7r) (109)
627rikmp
e27rik’m1
= e(V)p(V) (=i(yS" + 0)(110)
e27rik7np
(FV(SRT) _pV,V(SnTvgvp)) (111)

and since (—i(yS™"7 +6))" = (—i(cT +d))", we have

6727r2nm1

F,(r) - pv.u(S"T, €, p) (112)

—2minmy

(&

e—2‘n’inm1

= Y (V) (=i(er +d)" (113)

6727r7,'nmp

e—27rikm1
p~H(V) F, (M) (114)
e—27rikmp

=& {(M)p~H (M) (=i(er +d))" F,(M7) (115)

and since )

e—27rznm1
pV,V(SnTv g, p) (116)
6727rinmp

is a column vector of degree at most r the proof is complete |
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