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The unrestricted partition function p(n) counts the number of ways a positive

integer n can be expressed as a sum of positive integers ≤ n. The partition

function is generated by Euler’s infinite product

F (x) =
∞∏

m=1

(1− xm)−1 = 1 +
∞∑

n=1

p(n)xn |x| < 1 (1)

This establishes a relationship between the Dedekin Eta function defined as

η(τ) = e
πiτ
12

∞∏
n=1

(1− e2πinτ ) τ ∈ H (2)

and the partition function p(n), given by

η−1(τ) =
∞∑

m=−1

p(m + 1)e2πi(m+ 23
24

)τ τ ∈ H (3)

Since η(τ) is a modular form of weight 1/2, η−1(τ) has weight −1/2, and

the fact that η−1(τ) is meromorphic and (3) makes η−1(τ) a modular form

of negative weight. From (1) we can see that

p(n) =
1

2πi

∫
C

F (x)

xn+1
dx (4)

where C is a positively oriented simple closed curve on the unit circle con-

taining zero i its interior.
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The circle method consist of making the change of variable x = e2πiτ for

every N and choose a path of integration P (N) Joining i and i + 1 through

the upper arcs of the Ford circles of the Farey series FN . An then from (4)

p(n) =

∫ i+1

i

F (e2πiτ )e−2πinτdτ =

∫
P (N)

F (e2πiτ )e−2πinτdτ (5)

Rademacher [9] modified the circle method first introduced by Hardy and

Ramanujan to construct a new path of integration C in order to get an exact

formula for the partition function p(n)

p(n) =
1

π
√

2

∞∑
k=1

Ak(n)
√

k
d

dn

sinh
{

π
k

√
2
3

(
n− 1

24

)}√
n− 1

24

 (6)

where

Ak(n) =
∑

0 ≤ h < k
(h, k) = 1

eπis(h,k)−2πinh/k (7)

Knopp and Mason [3] obtained growth conditions of the Fourier coeffi-

cients of vector-valued modular forms. In [4] they developed a general theory

of vector-valued modular forms. The following definition is given in [4]: Let

F (τ) = (F1(τ), . . . , Fp(τ)) be a p-tuple of functions holomorphic in the com-

plex upper half-plane H and ρ : Γ −→ GL(p, C) a p-dimensional complex

representation.(F, ρ), or simply F , is a vector-valued form of real weight k

on the modular group Γ = SL(2, Z) if

1. For all V =

(
a b
c d

)
∈ Γ we have

(F1(τ), . . . , Fp(τ))t |k V (τ) = ρ(V )(F1(τ), . . . , Fp(τ))t (8)
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2. Each component function Fj(τ) has a convergent q-expansion mero-

morphic at infinity:

Fj(τ) =
∑
n≥hj

an(j)q
n

Nj (9)

with Nj a positive integer and q = e2πiτ . The Slash operator |k V in

(8) is defined by:

F |k V (τ) = F |vk V (τ) = v(V )−1(cτ + d)−kF (V τ). (10)

The goal of my thesis is to:

• Apply the circle method to vector-valued modular forms of negative

weight in order to get the exact formula for the Fourier coefficients.

• Show that exists a vector-valued modular form of negative weight.

• Find an upper and lower bound in the dimension of M(k, ρ, p), the

space of vector-valued modular forms when k is negative.
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