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CHAPTER 1

Fourier Coefficients of

Vector-Valued Modular Forms

of negative weight

1.1 Outline of the thesis

In Chapter 1 we will use the circle method as devised by Rademacher and

Zuckerman in [19] to obtain a formula (1.106) for the coefficients of the Fourier

expansion of a vector-valued modular form of negative weight that depends

on the principal part only. In Section 1.3 we get an estimate for the length of

a linear transformation in Γ(1), that depends on the Euclidean algorithm. In

Chapter 2 we will see that if we apply the formula (1.106) with a given set of

column vectors, a representation ρ on Γ(1) and a multiplier system v on Γ(1)

in weight −k for k ∈ Z+ big enough, we do not necessarily get a vector-valued

modular form, but we get a vector-valued Eichler integral. This generalizes the

work of Knopp in [6]. In Section 2.2, generalizing the work of Knopp in [6] p.

183, we describe a way to construct vector-valued modular forms of negative

weight. In Section 2.3 we will define the vector-valued supplementary series in

the same way as Knopp did for the scalar case in [6] to get the generalization

of Theorem 4.9 of [6] to the vector-valued case. In Chapter 3 we generalize
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the Eichler cohomology to the vector-valued case. In Section 3.2 we generalize

Theorem 3 of Husseini-Knopp [4] to obtain an Eichler cohomology theorem for

the vector-valued case. In Section 3.3 we state a generalization of Theorem 1

of [4]. We also state the same theorem restricted to the parabolic cohomology.

We conclude by using the generalized Poincare series [13, p. 164] to prove the

theorem when restricted to the parabolic cohomology.

1.2 Introduction

Knopp and Mason [11] obtained growth conditions for the Fourier coeffi-

cients of vector-valued modular forms of positive weight. In [12] they developed

a general theory of vector-valued modular forms.

Let F (τ) = (F (1)(τ), . . . , F (p)(τ))t be a p-tuple of functions holomorphic

in the complex upper half-plane H and ρ : Γ −→ GL(p,C) a p-dimensional

complex representation (F, ρ), or simply F , is a vector-valued form of real

weight −k on the modular group Γ = SL(2,Z) if

1. for all V =

(
a b

c d

)
∈ Γ we have

(F (1)(τ), . . . , F (p)(τ))t |−k,v,ρ V (τ) = (F (1)(τ), . . . , F (p)(τ))t; (1.1)

2. each component function F (j)(τ) has a convergent q-expansion meromor-

phic at infinity:

F (j)(τ) = qmj

∑
ν≥µj

a(j)
ν qν (1.2)

with 0 ≤ mj < 1 a positive rational number, µj an integer and q = e2πiτ .

The slash operator |−k,v,ρ V in (1.1) is defined by:

F |−k,v,ρ V (τ) = v(V )−1 (cτ + d)k ρ−1(V )F (V τ), (1.3)

where v is a classical multiplier system on Γ of weight −k. Thus v(V ) is a

complex number independent of τ such that
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1. |v(V )| = 1 for all V ∈ Γ,

2. v satisfies the consistency condition

v(V3)(c3τ + d3)
−k = v(V1)v(V2)(c1V2τ + d1)

−k(c2τ + d2)
−k, (1.4)

where V3 = V1V2 and Vi =

(
∗ ∗
ci di

)
, i = 1, 2 and 3, and

3. v satisfies the nontriviality condition

v(−I) = eπik. (1.5)

In [11] Knopp and Mason show that the representation ρ can be normalized

so that

v

((
1 1

0 1

))
ρ

((
1 1

0 1

))
=


e2πim1

. . .

e2πimp

 , (1.6)

where 0 ≤ mj < 1, mj ∈ Q for 1 ≤ j ≤ p. These are the mj’s given in the

Fourier expansion (1.2 ). In [11] Knopp and Mason assume 0 < mj ≤ 1. We

prefer to change the interval for convenience. In the rest of the paper we will

assume that −π ≤ argω < π for ω ∈ C, ω 6= 0.

In the remainder of Chapter 1, we will generalize the method of [19] to find

the Fourier coefficients of vector-valued modular forms of sufficiently negative

weight (Theorem 1.9). We need to introduce some concepts:

Definition 1.1 The set of Farey fractions of order N , denoted by FN , is the

set of irreducible fractions in the interval [−1, 0] with denominator smaller

than or equal to N .

Definition 1.2 Given a rational number d
c
, where (c, d) = 1, the Ford circle

C(c, d) associated to this fraction is a circle in the complex plane with radius

1
2c2

and center at the point d
c

+ i
2c2

.
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An important fact about Ford circles is that two consecutive Farey fractions

in FN give rise to tangent Ford circles. Moreover two Ford circles intersect

only if the corresponding Farey fractions are consecutive in FN , for some N .

Definition 1.3 Let d1

c1
< d

c
< d2

c2
be three consecutive Farey fractions in FN .

We define χc,d(N) as the arc of C(c, d) that joins the point of tangency of

C(c1, d1) with C(c, d) and the point of tangency of C(c, d) with C(c2, d2), as

we move clockwise in C(c, d).

Definition 1.4 The Rademacher path of integration P (N) is the path joining

i−1 with i by moving clockwise from the arc χc,d(N) to the arc χc′,d′(N), where

c
d

and c′

d′
are two consecutive Farey fractions in FN .

i-1 i

0-1

Definition 1.5 The Farey dissection of the circle C(N), given by |x| = e−2πN−2
,

denoted by Fdiss(N), is a path around zero given by

e−2πN−2

e2πiP (N). (1.7)

Now, by the Cauchy formula, if f(x) is analytic in the unit circle except
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possibly at zero where there could be a singularity, we get

am =
1

2πi

∫
C(N)

f(x)

xm+1
dx

=
1

2πi

∫
Fdiss(N)

f(x)

xm+1
dx

=
1

2πi

∑
d
c
∈FN

∫
ξc,d(N)

f(x)

xm+1
dx,

(1.8)

where ξc,d(N) is the path given by

e−2πN−2

e2πiχc,d(N). (1.9)

In the remainder of Chapter 1, we will be interested in constructing ele-

ments of Γ from Farey fractions d
c

in FN , as follows. Since (c, d) = 1 we can

easily find an unique integer a, such that

ad ≡ 1 (mod c) (1.10)

and

0 ≤ a < c. (1.11)

We also define b = ad−1
c

which is an integer since (1.10) applies. Therefore,

given a Farey fraction d
c

in FN there exists a unique V ∈ Γ of the form

V =

(
a b

c d

)
, c > a ≥ 0, c > −d ≥ 0. (1.12)

Notice that under the above conditions, since V ∈ Γ, we have the following:

1. b ≤ 0. For,

ad− bc = 1 ⇒ bc = ad− 1, (1.13)

and since c > 0, d ≤ 0 and a ≥ 0, we have that b ≤ 0.

2. If d 6= 0 then c > −d ≥ −b ≥ 0. Assume that −b > −d. Then

ad− bc > d(a− c) ≥ 0. (1.14)
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The last inequality holds since b < d < 0 and c > a. d(a− c) will be zero only

if d = 0. But we assumed that d 6= 0. Therefore d(a− c) ≥ 1, and ad− bc > 1,

which is a contradiction.

3. If d = 0, then b = −1 and c = 1.

Therefore,

b =
ad− 1

c
, c > −d ≥ −b ≥ 0. (1.15)

Also given a vector-valued modular form (F, ρ), for x = e2πiτ we define

f (j)(x) = x−mjF (j)(τ) =
∞∑

ν≥µj

a(j)
ν xν , 1 ≤ j ≤ p, a(j)

µj
6= 0, (1.16)

which is analytic in the unit circle and has a zero at x = 0 of order µj, if

µj > 0, or a pole of order −µj, if µj < 0. We will use this function to get

the coefficients a
(j)
ν of the vector-valued modular form by way of the Cauchy’s

formula.

1.3 A new estimate for L(V )

Henceforth we will assume without loss of generality that c ≥ 0 for V =(
a b

c d

)
in Γ(1), since V and −V give the same transformation.

Lemma 1.1 Let V =

(
a b

c d

)
in Γ(1), such that c ≥ d ≥ 0 and let s be the

number of steps in the Euclidean algorithm applied to the pair c, d. Then

1. if s is odd, we can write

V = Tm

(
1 0

qs 1

)(
1 qs−1

0 1

)(
1 0

qs−2 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
,

(1.17)

and
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2. if s is even, we can write

V = TmS

(
1 qs

0 1

)(
1 0

qs−1 1

)(
1 qs−2

0 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
,

(1.18)

where q1, . . . , qs ∈ Z+ are the successive quotients given by applying the Eu-

clidean Algorithm to the pair c, d.

Proof 1.1

Therefore since V ∈ Γ(1) we have that there exists an integer m such that

V =

(
m+ 1 m

1 1

)
= Tm

(
1 0

1 1

)
. (1.19)

1. Let c > d ≥ 0 and s odd. We will prove (1.17) by induction. Since

V ∈ Γ(1), we already know that (c, d) = 1. Now, if s = 1, then

c = r0, d = r1 and c = q1d, (1.20)

and since (c, d) = 1, we have that d = 1. It is then easy to check that

V =

(
a b

c 1

)
= T b

(
1 0

c 1

)
=

(
∗ b

c 1

)
, (1.21)

and therefore (1.17) follows for s = 1 if we put m = b and q1 = c.

Now assume that (1.17) holds for all transformations in which c > d ≥ 0

and for s ≤ s∗ odd. We want to show that (1.17) will also hold if the number

of steps in applying the Euclidean algorithm to the pair c, d is s∗+2, provided

that c > d ≥ 0. In this case we have that

c = r0, d = r1, c = q1d+ r2 and d = q2r2 + r3, for r2 > r3 ≥ 0,

(1.22)

and the number of steps required to apply the Euclidean algorithm to the pair

r2, r3 is s∗. It is easy to check that

V =

(
a b

c d

)
=

(
∗ ∗
r2 r3

)(
1 q2

0 1

)(
1 0

q1 1

)
. (1.23)
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Thus, by the inductive hypothesis, and since r2 > r3 ≥ 0, it follows that we can

write the matrix

(
∗ ∗
r2 r3

)
in terms of the qj’s as in (1.17). This combined

with (1.23) proves the lemma for s odd.

2. Let c > d ≥ 0 and s even. We prove (1.18) first for s = 2. If s = 2, then

we have that V =

(
a b

c d

)
, where

c = r0, d = r1, c = q1d+ r2 and d = q2r2, (1.24)

and since (c, d) = 1, we have that r2 = 1 and d = q2. It is clear that

S

(
1 q2

0 1

)(
1 0

q1 1

)
= S

(
1 d

0 1

)(
1 0

q1 1

)
=

(
−q1 −1

c d

)
. (1.25)

Since the lower row of V and the lower row of (1.25)are the same, and since

both are in SL(2,Z), we have that a ≡ −q1 (mod c). Therefore there exists

an m such that a = −q1 + cm, and

TmS

(
1 q2

0 1

)(
1 0

q1 1

)
=

(
−q1 + cm ∗

c d

)
=

(
a b

c d

)
= V, (1.26)

as claimed.

Now assume that (1.18) holds for for all transformations in which c > d ≥ 0

and for s ≤ s∗ even. We want to show that (1.18) will also hold if the number

of steps in applying the Euclidean algorithm to the pair c, d is s∗+2, provided

that c > d ≥ 0. In this case we have that

c = r0, d = r1, c = q1d+ r2 and d = q2r2 + r3, for r2 > r3 ≥ 0,

(1.27)

and the number of steps required to apply the Euclidean algorithm to the pair

r2, r3 is s∗. It is easy to check that

V =

(
a b

c d

)
=

(
∗ ∗
r2 r3

)(
1 q2

0 1

)(
1 0

q1 1

)
. (1.28)
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Thus, by the inductive hypothesis, and since r2 > r3 ≥ 0, we conclude that

we can write the matrix

(
∗ ∗
r2 r3

)
in terms of the qj’s as in (1.18). This,

combined with (1.28), proves the lemma for s even, and therefore the proof is

complete.

We now consider the length of V with respect to the generators S =(
0 −1

1 0

)
and T =

(
1 1

0 1

)
of Γ. Namely, we write V as a product

V = ±V1 . . . VL, where each Vj is equal to either S or T nj , for some integer

nj, and no two consecutive Vj are both equal to S or a power of T . The way

to write V ∈ Γ is not unique since (ST )3 = −I and we can include the string

(ST )3 as many times as we want. However there exists a minimal length. Let

L(V ) be the minimal length for V .

Lemma 1.2 An upper bound for the minimal length of a transformation V =(
a b

c d

)
in Γ(1) with c ≥ 0 is

L(V ) ≤ 2

logα
(log c+ 1) + 3, (1.29)

where

α =
1 +

√
5

2
. (1.30)

Proof 1.2

Suppose first that c ≥ d ≥ 0. Then, since(
1 0

qj 1

)
= −ST−qjS, (1.31)

by Lemma 1.1 we can write V as

V = ±TmST (−1)sqs . . . [−ST−q3S]T q2 [−ST−q1S]. (1.32)

Therefore,

V = ±TmST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1S. (1.33)
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Therefore if c ≥ d ≥ 0, we have that

L(V ) ≤ 2s+ 2. (1.34)

If d > c or d < 0, then there exists n ∈ Z, such that

d = d′ + nc, 0 ≤ d′ < c. (1.35)

Therefore

V =

(
a b

c d

)
=

(
∗ ∗
c d′

)(
1 n

0 1

)
. (1.36)

Note that by (1.33) and (1.36), for all V ∈ Γ(1), we have that

V = ±TmST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1ST n. (1.37)

Therefore by (1.34) and (1.36), we have that

L(V ) ≤ L

((
∗ ∗
c d′

))
+ 1 ≤ 2s+ 3. (1.38)

Here s is the number of steps required to apply the Euclidean algorithm to

the pair c and d′.

Now by Lame’s theorem, as explained by Dixon in the introduction of [2],

we have that,

s ≤ log c+ 1

logα
, (1.39)

and by (1.34) and (1.38) we have that

L(V ) ≤ 2
log c+ 1

logα
+ 3. (1.40)

The proof is complete.

Now we are interested in bounding ρ(V ), where ρ is a representation on

Γ(1). Knopp and Mason [11] showed that

| ρ(j,m)(V ) |≤ pL(V )−1K
L(V )
1 , 1 ≤ m, j ≤ p, (1.41)
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where ρ(V ) = (ρ(j,m)(V )) and K1 is a constant that satisfies | ρ(j,m)(S) |≤ K1,

for all 1 ≤ m, j ≤ p. Therefore by Lemma 1.2 we have that

| ρ(j,m)(V ) |≤ K2c
δ, δ =

2

logα
log pK1, (1.42)

where K2 is independent of V . Note that since the minimal length of V −1 is

the same as the minimal length of V , we can use the same bound for

| ρ(V )−1 |=| ρ(V −1) | . (1.43)

In the remainder of this section we will prove some lemmas in order to

show that if q1, . . . , qs ∈ Z+, n ∈ Z, such that

V = ST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1ST n =

(
a b

c d

)
(1.44)

and if for 0 ≤ j ≤ s we define the matrix

Mj = T (−1)jqjST (−1)j−1qj−1S . . . T q2ST−q1ST n =

(
αj βj

γj δj

)
, (1.45)

with M0 = T n and SMs = V , then

|c| ≥ |αj|, |c| ≥ |γj|, |d| ≥ |βj| and |d| ≥ |δj|. (1.46)

These inequalities will be very useful in Section 3.4 to show convergence of the

generalized Poincare series (3.50).

Lemma 1.3 Let q1, . . . , qs ∈ Z+ and

V = ST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1S =

(
a b

c d

)
. (1.47)

Then if s is even we have

sgn(c) = sgn(d) = sgn(-a) = sgn(-b), (1.48)

while for odd s, we have

sgn(c) = sgn(d) = sgn(a) = sgn(b). (1.49)
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Proof 1.3

Since

−ST−qjS =

(
1 0

qj 1

)
, (1.50)

then

V = ±ST (−1)sqs . . . [−ST−q3S]T q2 [−ST−q1S], (1.51)

and we can rewrite V as

V =

{
±[−ST−qsS]T qs−1 . . . [−ST−q3S]T q2 [−ST−q1S], s odd,

±ST−qs [−ST−qs−1 ] . . . [−ST−q3S]T q2 [−ST−q1S], s even,
(1.52)

or, what is the same,

V =


±

(
1 0

qs 1

)(
1 qs−1

0 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
, s odd

±S

(
1 qs

0 1

)(
1 0

qs−1 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
, s even.

(1.53)

Now if s is odd, since all entries in(
1 0

qs 1

)(
1 qs−1

0 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
(1.54)

are positive, (1.49) follows automatically. On the other hand since all entries

in (
1 qs

0 1

)(
1 0

qs−1 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
(1.55)

are positive, then the upper and lower row of

S

(
1 qs

0 1

)(
1 0

qs−1 1

)
. . .

(
1 q2

0 1

)(
1 0

q1 1

)
(1.56)

have different signs and (1.48) follows automatically. The proof is complete.

Lemma 1.4 Let V as in Lemma 1.3, then |c| ≥ |d| and |a| ≥ |b|.
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Proof 1.4

It is easily proven by induction on s.

Lemma 1.5 Let q1, . . . , qs ∈ Z+ and

M = T (−1)s−1qs−1ST (−1)s−2qs−2S . . . T q2ST−q1S =

(
α β

γ δ

)
(1.57)

and

V = ST (−1)sqsSM =

(
a b

c d

)
. (1.58)

Then

1. |c| ≥ |γ|, |d| ≥ |δ|, |c| ≥ |α| and |d| ≥ |β|, (1.59)

2. |c| ≥ |a| and |d| ≥ |b|, (1.60)

3. |c− d| ≥ |γ − δ| and |c− d| ≥ |α− β|. (1.61)

Proof 1.5

First note that

|c| = |−γ + (−1)sqsα| and |d| = |−δ + (−1)sqsβ| . (1.62)

Now since SM =

(
−γ −δ
α β

)
has the form of the matrix in Lemma 1.3 with

q1, . . . , qs−1, we have that

sgn(−γ) = sgn((−1)sα) = sgn(−δ) = sgn((−1)sβ). (1.63)

Therefore we can rewrite (1.62) as

|c| = |−γ|+ |(−1)sqsα|

= |γ|+ qs |α|
(1.64)

and

|d| = |−δ|+ |(−1)sqsβ|

= |δ|+ qs |β| ,
(1.65)
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and (1.59) follows.

Now since a = −α and b = −β, by (1.59) it is clear that

|c| ≥ |α| = |a|, and |d| ≥ |β| = |b| (1.66)

and (1.60) follows.

Now by (1.63) and Lemma 1.4 applied to SM =

(
−γ −δ
α β

)
with

q1, . . . , qs−1, we have that

sgn(−γ) = sgn(−γ + δ) and sgn((−1)sα) = sgn ((−1)s (α− β)) . (1.67)

Therefore by (1.67) and (1.63) we have that

sgn(−γ + δ) = sgn ((−1)s (α− β)) . (1.68)

Thus,

|c− d| = |−γ + (−1)sqsα− (−δ + (−1)sqsβ)|

= |−γ + δ|+ |(−1)sqs (α− β)|

= |γ − δ|+ qs |α− β|

(1.69)

and (1.61) follows. The proof is complete.

Lemma 1.6 Let q1, . . . , qs ∈ Z+, n ∈ Z,

M = T (−1)s−1qs−1ST (−1)s−2qs−2S . . . T q2ST−q1ST n =

(
α β

γ δ

)
(1.70)

and

V = ST (−1)sqsSM =

(
a b

c d

)
. (1.71)

Then

1. |c| ≥ |γ| and |c| ≥ |α|, (1.72)

2. |d| ≥ |δ| and |d| ≥ |β|. (1.73)
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Proof 1.6

Put

M ′ = T (−1)s−1qs−1ST (−1)s−2qs−2S . . . T q2ST−q1S =

(
α′ β′

γ′ δ′

)
(1.74)

and

V ′ = ST (−1)sqsSM ′ =

(
a′ b′

c′ d′

)
, (1.75)

so that

M = M ′T n =

(
α′ α′n+ β′

γ′ γ′n+ δ′

)
and V = V ′T n =

(
a′ a′n+ b′

c′ c′n+ d′

)
.

(1.76)

(Note that the results of Lemma 1.5 apply to M ′ and V ′.)

Now since c = c′, α′ = α and γ′ = γ by (1.59), we have that

|c| = |c′| ≥ |α′| = |α| and |c| = |c′| ≥ |γ′| = |γ| (1.77)

and (1.72) is proved.

Since the matrices V ′ and SM ′ =

(
−γ′ −δ′

α′ β′

)
are like the ones in

Lemma 1.3 with q1, . . . , qs and q1, . . . , qs−1 respectively, we have that

sgn(c′) = sgn(d′), sgn(α′) = sgn(β′) and sgn(γ′) = sgn(δ′). (1.78)

Therefore if n ≥ 0 we have that

|c′n+d′| = |c′|n+ |d′|, |α′n+β′| = |α′|n+ |β′| and |γ′n+ δ′| = |γ′|n+ |δ′|.
(1.79)

By (1.59) and (1.79), we have that

|d| = |c′n+ d′| = |c′|n+ |d′|

≥ |α′|n+ |β′| = |α′n+ β′| = |β|
(1.80)
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and

|d| = |c′n+ d′| = |c′|n+ |d′|

≥ |γ′|n+ |δ′| = |γ′n+ δ′| = |δ|.
(1.81)

If n = −1 then by (1.61) we have that

|d| = | − c′ + d′| = |c′ − d′|

≥ |α′ − β′| = | − α′ + β′| = |β|
(1.82)

and

|d| = | − c′ + d′| = |c′ − d′|

≥ |γ′ − δ′| = | − γ′ + δ′| = |δ|.
(1.83)

It only remains to show (1.73) for n < −1. Note that Lemma 1.4, applied to

V ′ and to SM ′, implies that

|c′| ≥ |d′|, |α′| ≥ |β′| and |γ′| ≥ |δ′|. (1.84)

(1.84), (1.78) and the fact that n < −1 imply that

sgn(−c′) = sgn(c′(n+ 1)) = sgn(−c′ + d′),

sgn(−α′) = sgn(α′(n+ 1)) = sgn(−α′ + β′) and

sgn(−γ′) = sgn(γ′(n+ 1)) = sgn(−γ′ + δ′).

(1.85)

Thus,

|d| = |c′n+ d′|

= |c′(n+ 1)− c′ + d′|

= |c′(n+ 1)|+ | − c′ + d′|

= |c′||n+ 1|+ |c′ − d′|.

(1.86)

Similarly,

|δ| = |γ′||n+ 1|+ |γ′ − δ′| and |β| = |α′||n+ 1|+ |α′ − β′|. (1.87)
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(1.86) and (1.87) combined with (1.59) and (1.61) imply that for n < −1 we

have that

|d| = |c′||n+ 1|+ |c′ − d′|

≥ |α′||n+ 1|+ |α′ − β′| = |β|
(1.88)

and

|d| = |c′||n+ 1|+ |c′ − d′|

≥ |γ′||n+ 1|+ |γ′ − δ′| = |δ|.
(1.89)

Corollary 1.1 Let q1, . . . , qs ∈ Z+, n ∈ Z, and

V = ST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1ST n =

(
a b

c d

)
. (1.90)

For 0 ≤ j ≤ s define the matrix

Mj = T (−1)jqjST (−1)j−1qj−1S . . . T q2ST−q1ST n =

(
αj βj

γj δj

)
, (1.91)

with M0 = T n and SMs = V . Then

|c| ≥ |αj|, |c| ≥ |γj|, |d| ≥ |βj| and |d| ≥ |δj|. (1.92)

1.4 The Fourier coefficients of a vector-valued

modular form of negative weight

In this section we are going to use the method of Rademacher and Zucker-

man [19] to calculate the Fourier coefficients of vector-valued modular forms

of negative weight < −2δ, with δ defined in (1.42).

Lemma 1.7 Let (F, ρ) be a vector-valued modular form of weight −k and

V =

(
a b

c d

)
∈ Γ, with c > a ≥ 0 and c > −d ≥ 0. Then if z = cτ + d, we

have
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f (j)(e2πiτ ) = f (j)(e2πi z−d
c ) =

p∑
l=1

Ωc,d,l,jΨc,l,j(z)f
(l)(e2πi a

c e−2πi 1
cz ), (1.93)

where f(x) =
(
f (1)(x), . . . , f (p)(x)

)t
is given by (1.16),

Ψc,l,j(z) = zke−2πi
mjz+ml/z

c , (1.94)

ρ(V )−1 = (x(j,l)), (1.95)

Ωc,d = v−1(V )


e2πim1

d
c · · · o

...
. . .

...

o · · · e2πimp
d
c

 ρ(V )−1


e2πim1

a
c · · · o

...
. . .

...

o · · · e2πimp
a
c

 ,

(1.96)

and we have put

Ωc,d,l,j = (Ωc,d)
(j,l) = v−1(V )x(j,l)e2πi

mla+mjd

c . (1.97)

Proof 1.7

First note that if we let c > 0 and choose the unique a such that 0 ≤ a < c,

then V ∈ Γ is determined by d and c, and Ωc,d,l,j depends only on d and c.

From the definition of vector-valued modular form (1.1, 1.3), we get that

F (τ) = v(V )−1zkρ(V )−1F (V τ). (1.98)
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Thus,

f(x) =


f (1)(x)

...

f (p)(x)



=


e−2πim1τ · · · o

...
. . .

...

o · · · e−2πimpτ




F (1)(τ)
...

F (p)(τ)



=


e−2πim1τ · · · o

...
. . .

...

o · · · e−2πimpτ

 v−1(V )zkρ(V )−1F (V τ)

= v−1(V )zk


e−2πim1τ · · · o

...
. . .

...

o · · · e−2πimpτ

 ρ(V )−1

×


e2πim1V τ · · · o

...
. . .

...

o · · · e2πimpV τ

 f(e2πiV τ ).

(1.99)

Now since (cτ + d) = z, and since ad ≡ 1 (mod c),

τ =
z − d

c
, V τ =

a

c
− 1

cz
. (1.100)

Note that since c > 0 then =(z) > 0. Now it only remains to apply (1.100) in

(1.99) to prove the lemma.

Lemma 1.8 Let (F, ρ) be a vector-valued modular form of weight −k. Then

the Fourier coefficients am = (a
(1)
m , . . . , a

(p)
m )t are given by the following formula:

a(j)
m = e2πN−2m

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c

∫ θ
′′
c,d

−θ
′
c,d

Ψc,l,j(ic(N
−2 − iϕ))

f (l)
(
e

2πi
c (a+ic−1(N−2−iϕ)−1)

)
e−2πimϕdϕ,

(1.101)
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for any positive integer N , where θ
′

c,d and θ
′′

c,d are given by the Farey dissection

of the circle |x| = e−2πN−2
, with Farey series of order N .

Proof 1.8

Since the functions f (j)(x) are analytic inside the unit circle except possibly

at zero where there could be a pole, we can use the Cauchy formula to get

a(j)
m =

1

2πi

∫
C(N)

f (j)(x)

xm+1
dx, (1.102)

where C is the circle |x| = e2πN−2
, for N a positive integer. We can change

the path of integration by making the usual dissection of the circle C into arcs

ξc,d(N), using the Farey series of order N . Thus we have

a(j)
m =

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

1

2πi

∫
ξc,d(N)

f (j)(x)

xm+1
dx. (1.103)

We can make the change of variable

x = e−2πN−2−2πi d
c
+2iπϕ, −θ′c,d ≤ ϕ ≤ θ

′′

c,d (1.104)

and substitute in (1.103) to get

a(j)
m = e2πN−2m

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

e2πim d
c

∫ θ
′′
c,d

−θ
′
c,d

f (j)
(
e2πi(i(N−2−iϕ)− d

c )
)
e−2πimϕdϕ.

(1.105)

Now we apply (1.93) to f (j)
(
e2πi(i(N−2−iϕ)− d

c )
)
, where z = ic(N−2 − iϕ)

and the lemma is proven.

Theorem 1.9 Let F (τ) be a vector-valued modular form of weight −k with

k > 2δ > 0. (See (1.42) for the definition of δ.) Then for m ≥ 0 the

coefficients in (1.2) are given by the formula

a(j)
m = 2π

∞∑
c=1

ik

c

p∑
l=1

∑
ν<0

a(l)
ν Ac,ν,m,j,l Bc,ν,m,j,l. (1.106)
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Here,

Ac,ν,m,j,l =
∑
c, d

0 ≤ −d < c

(c, d) = 1

Ωc,d,l,je
2πi dm+aν

c , (1.107)

Ωc,d,l,j is given by (1.97) and Bc,ν,m,j,l is given by

Bc,ν,m,j,l =


(
−ν−ml

m+mj

) k+1
2
Ik+1

(
4π
c
(−ν −ml)

1
2 (m+mj)

1
2

)
, m+mj > 0

1
(k+1)!

(
2π(−ν−ml)

c

)k+1

, m = mj = 0 .

(1.108)

In (1.108),

Ik+1(z) =
( z

2
)k+1

2πi

∫ (0+)

−∞
t−ket+ z2

4t dt, z ∈ R

=
∞∑

n=0

(
z
2

)2n+k+1

n!(n+ k + 1)!
, z ∈ R.

(1.109)

Proof 1.9

We note first that f(x) in the neighborhood of x = 0 is dominated by the

principal part P (x), where P (x) and D(x) are the column vectors with com-

ponents

P (j)(x) =
∑
ν<0

a(j)
ν xν (1.110)

and

D(j)(x) =
∑
ν≥0

a(j)
ν xν , (1.111)

so that

f (j)(x) = P (j)(x) +D(j)(x). (1.112)

For that purpose we split the formula (1.101) for a
(j)
m into two parts

a(j)
m = Q(j)

m (N) +R(j)
m (N), (1.113)
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where

Q(j)
m (N) = e2πN−2m

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c

∫ θ
′′
c,d

−θ
′
c,d

Ψc,l,j

(
ic(N−2 − iϕ)

)

P (l)
(
e

2πi
c (a+ic−1(N−2−iϕ)−1)

)
e−2πimϕdϕ

(1.114)

and

R(j)
m (N) = e2πN−2m

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c

∫ θ
′′
c,d

−θ
′
c,d

Ψc,l,j

(
ic(N−2 − iϕ)

)

D(l)
(
e

2πi
c (a+ic−1(N−2−iϕ)−1)

)
e−2πimϕdϕ.

(1.115)

We will first show that limN→∞R
(j)
m (N) = 0. From the theory of Farey frac-

tions we have

1

2cN
≤ θ

′

c,d ≤
1

cN
,

1

2cN
≤ θ

′′

c,d ≤
1

cN
(1.116)

and we find for −θ′c,d ≤ ϕ ≤ θ
′′

c,d

<
(
c(N−2 − iϕ)

)
= cN−2. (1.117)

By (1.116) and −θ′c,d ≤ ϕ ≤ θ
′′

c,d we get

<
(

1

c(N−2 − iϕ)

)
=

N−2

c(N−4 + ϕ2)

≥ N−2

c(N−4 + c−2N−2)

=
c

c2N−2 + 1

≥ c

2
,

(1.118)

since c ≤ N . Also,

|c(N−2 − iϕ)| = c(N−4 + ϕ2)
1
2

≤ (c2N−4 +N−2)
1
2

≤ 2
1
2N−1,

(1.119)
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and by (1.118) and (1.117), we have that∣∣∣∣e− 2πi
c

“
ic(N−2−iϕ)mj+

ml
ic(N−2−iϕ)

”∣∣∣∣ ≤ e
2π
c (cN−2mj−

cml
2 )

≤ e2πκMN−2

e−πκm ,

(1.120)

where κM = max(m1, . . . ,mp) and κm = min(m1, . . . ,mp). Therefore by

(1.119) and (1.120) we have

|Ψc,l,j(z0)| ≤ 2
k
2N−ke2πκMN−2

e−πκm ,

where z0 = ic(N−2 − iϕ). Also,∣∣∣D(l)
(
e

2πi
c (a+ic−1(N−2−iϕ)−1)

)∣∣∣ ≤ ∞∑
ν=0

|a(l)
ν |e

−2πν
c

<(c−1(N−2+ϕ)−1)

≤
∞∑

ν=0

|a(l)
ν |e−πν .

(1.121)

Using these results we have

∣∣∣Ψc.l,j(ic(N
−2 − iϕ))D(l)

(
e

2πi
c (a+ic−1(N−2−iϕ)−1)

)∣∣∣
≤ 2

k
2N−ke2πκMN−2

e−πκm

∞∑
ν=0

|a(l)
ν |e−πν

= CN−ke2πκMN−2

.

Here

C = 2
k
2 e−πκm

∞∑
ν=0

|a(l)
ν |e−πν , (1.122)

which is finite since |e−π| < 1 and the series is convergent inside the unit circle.

Now in order to bound |Ωc,d,l,j|, we need to use the estimate for ρ discussed

before (1.42). For V =

(
a b

c d

)
∈ Γ where c > a ≥ 0, c > −d ≥ 0 we have

by (1.15) that

|
(
ρ−1
)(j,l)

(V )| ≤ K3c
2δ

≤ K3N
2δ,

(1.123)
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where δ, K2 and K3 are constants independent of V . Therefore

|Ωc,d,l,j| =
∣∣∣v−1(V )x(j,l)e2πi

mla+mjd

c

∣∣∣
≤ K3N

2δ.
(1.124)

Thus we have,

|R(j)
m (N)|

≤ e−2πN−2m
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

K3N
2δ

∫ θ
′′
c,d

−θ
′
c,d

CN−ke2πδN−2

dϕ

≤ K4e
−2πN−2(m−δ)N−k+2δ

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

∫ θ
′′
c,d

−θ
′
c,d

dϕ

= K4e
−2πN−2(m−δ)N−k+2δ ,

(1.125)

whereK4 is a constant independent of V . We conclude that limN→∞ |R(j)
m (N)| =

0 for k > 2δ.

Lemma 1.10 The following series converges absolutely for k > 2δ:

∞∑
c=1

ik

c
Ac,ν,m,j,lBc,ν,m,j,l, (1.126)

where Ac,ν,m,j,l is given by (1.107) and Bc,ν,m,j,l is given by (1.108).

Proof 1.10

From (1.123) and (1.107) we have that∣∣∣∣ ikc Ac,ν,m,j,l

∣∣∣∣ ≤ K4c
2δ. (1.127)
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On the other hand, for m+mj > 0 we have that

Bc,ν,m,j,l

=

(
−ν −ml

m+mj

) k+1
2

Ik+1

(
4π

c
(−ν −ml)

1
2 (m+mj)

1
2

)

=

(
−ν −ml

m+mj

) k+1
2

∞∑
n=0

(
4π
c
(−ν −ml)

1
2 (m+mj)

1
2

)2n+k+1

22n+k+1n!(n+ k + 1)!

=

(
−ν −ml

c

)k+1 ∞∑
n=0

(
4π2(−ν −ml)(m+mj)

c2

)n
1

n!(n+ k + 1)!

≤
(
−ν −ml

c

)k+1

e4π2(−ν−ml)(m+mj),

(1.128)

and for m = mj = 0, we have that

Bc,ν,m,j,l =
1

(k + 1)!

(
2π(−ν −ml)

c

)k+1

. (1.129)

In both cases the series (1.126) converge absolutely for k > 2δ.

Lemma 1.11 Let F (τ) be a vector-valued modular form of weight −k with

k > 2δ > 0. Then if m+mj > 0 the Fourier coefficients in (1.2) are given by

the formula

a(j)
m =

∞∑
c=1

(ic)k

p∑
l=1

∑
ν<0

a(l)
ν Ac,ν,m,j,l (Lc,ν,m,j,l +Hc,ν,m,j,l) . (1.130)

Here Ac,ν,m,j,l is given by (1.107),

L
(j)
c,ν,m,l =

1

i

∫ (0+)

−∞
g(j)(ω, c, ν, l)dω, (1.131)

and

Hc,ν,m,j,l = 2 sinπk

∫ ∞

0

g(j)(ω, c, ν, l)dω, (1.132)

where

g(j)(ω, c, ν, l) = ωke−
2π(ν+ml)

c2ω e2π(m+mj)ω, (1.133)
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and
∫ (0+)

−∞ is the integral on the keyhole path, which is the path that goes from

−∞ to 0, with the argument π, and then goes from 0 to −∞ with the argument

−π.

Proof 1.11

We evaluateQm(N), under the above conditions. If we substitute ω = N−2−iϕ
in (1.114), we have

Q(j)
m (N) =

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c
1

i

∫ N−2+θ
′
c,d

N−2−θ
′′
c,d

Ψc,l,j(icω)

×P (l)
(
e

2πi
c (a+ic−1ω−1)

)
e2πmωdω.

(1.134)

Therefore by (1.94) and (1.110), we have

Q(j)
m (N)

=
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c
1

i

∫ N−2+θ
′
c,d

N−2−θ
′′
c,d

(ic)kωke2πmjωe−
2πml
c2ω

×
∑
ν<0

a(l)
ν e

2πiaν
c e−

2πν
c2ω e2πmωdω

=
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c (ic)k
∑
ν<0

e
2πiaν

c a(l)
ν Ic,ν,m,j,l ,

(1.135)

where

Ic,ν,m,j,l =
1

i

∫ N−2+iθ
′
c,d

N−2−iθ
′′
c,d

ωke−
2π(ν+ml)

c2ω e2π(m+mj)ωdω

=
1

i

∫ N−2+iθ
′
c,d

N−2−iθ
′′
c,d

g(j)(ω, c, ν, l)dω.

Now we cut the complex plane from 0 to −∞ along the negative real axis,

and consider the path shown in the figure below, with ε, θ′ and θ′′ > 0.
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''2 ϑiN −−

'2 ϑiN +−

''ϑε i−−

'ϑε i+−

0
∞−

1J
2J

3J

4J

5J6J (N)

(N)

(N)

(N)

(N)

(N)

Then we can write

Ic,ν,m,j,l =
1

i

∫ (0+)

−∞
−1

i

∫ −ε

−∞
−1

i

∫ −ε−iθ
′′
c,d

−ε

−1

i

∫ N−2−iθ
′′
c,d

−ε−iθ
′′
c,d

− 1

i

∫ −ε+iθ
′
c,d

N−2+iθ
′
c,d

−1

i

∫ −ε

−ε+iθ
′
c,d

−1

i

∫ −∞

−ε

= Lc,ν,m,j,l − J1(N)− J2(N)− J3(N)− J4(N)− J5(N)− J6(N),

(1.136)

where the integrand in all the integrals is

ωke−
2π(ν+ml)

c2ω e2π(m+mj)ω. (1.137)

Note that the argument in J1(N) is −π and the argument in J6(N) is π.

We also assume that 0 < ε < N−2. Now in the integral J2(N) we have

ω = −ε+ iυ, 0 ≥ υ ≥ −θ′′c,d,
<(ω) = −ε, <

(
1
ω

)
= −ε

ε2+υ2 < 0,

and |ω| = (ε2 + υ2)
1
2 ≤ (N−4 + c−2N−2)

1
2 ≤ 2

1
2 c−1N−1.

(1.138)

Therefore

|J2(N)| ≤ θ
′′

c,d2
k
2 c−kN−ke−2π(m+mj)ε

< 2
k
2 c−k−1N−k−1.

(1.139)
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Similarly we have

|J5(N)| < 2
k
2 c−k−1N−k−1. (1.140)

In the integral J3(N), we have

ω = −u− iθ
′′

c,d, −N−2 ≤ −ε ≤ u ≤ N−2,

<(ω) = u ≤ N−2, <
(

1
ω

)
= u

u2+θ
′′2
c,d

≤ N−2

θ
′′2
c,d

≤ 4c2,

|ω| =
(
u2 + θ

′′2
c,d

) 1
2 ≤ (N−4 + c−2N−2)

1
2 ≤ 2

1
2 c−1N1,

(1.141)

and therefore,

|J3(N)| ≤
(
N−2 + ε

)
2

k
2 c−kN−ke2π(m+mj)N

−2−8π(ν+ml)

≤ 21+ k
2 c−k−1N−k−1e2π(m+mj)N

−2−8π(ν+ml).
(1.142)

Similarly,

|J4(N)| ≤ 21+ k
2 c−k−1N−k−1e2π(m+mj)N

−2−8π(ν+ml). (1.143)

Finally, we have

J1(N) + J6(N) =
e−πik

i

∫ −ε

−∞
+
eπik

i

∫ −∞

−ε

, (1.144)

where the integrand is given by

|ω|ke−
2π(ν+ml)

c2ω e2π(m+mj)ω. (1.145)

Thus we get

J1(N, ε) + J6(N, ε) = −2 sin πk

∫ ∞

ε

tke
2π(ml+ν)

c2t e−2π(m+mj)tdt. (1.146)

(Here, for clarity we have written J1(N) = J1(N, ε) and J6(N) = J6(N, ε).)

Combining (1.136), (1.139), (1.140), (1.142), (1.143), (1.146) and making ε→
0+, we get

Ic,ν,m,j,l = Lc,ν,m,j,l +Hc,ν,m,j,l + 6Θ12
k
2 c−k−1N−k−1e2π(m+mj)N

−2−8π(µ+ml),

(1.147)
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where µ is the smallest ν such that aµ(h) 6= 0 for some h, |Θ1| < 1,

Lc,ν,m,j,l =
1

i

∫ (0+)

−∞
ωke−

2π(ν+ml)

c2ω e2π(m+mj)ωdω (1.148)

and

Hc,ν,m,j,l = 2 sinπk

∫ ∞

ε

tke
2π(ml+ν)

c2t e−2π(m+mj)tdt. (1.149)

Now by (1.135) , (1.124), the fact that
∑N

1 c
−1 ≤ N and (1.123), we obtain

Q(j)
m (N) =

∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c (ic)k

×
∑
ν<0

e
2πiaν

c a(l)
ν (Lc,ν,m,j,l +Hc,ν,m,j,l)

+
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c (ic)k

×
∑
ν<0

e
2πiaν

c a(l)
ν 6Θ12

k
2 c−k−1N−k−1e2π(m+mj)N

−2−8π(µ+ml)

=
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c (ic)k

×
∑
ν<0

e
2πiaν

c a(l)
ν (Lc,ν,m,j,l +Hc,ν,m,j,l)

+
∑
ν<0

|a(l)
ν |6Θ22

k
2N−k−1e2π(m+mj)N

−2−8π(µ+ml)
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

x(j,l)c−1

=
∑
c, d

0 ≤ −d < c ≤ N

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c (ic)k

×
∑
ν<0

e
2πiaν

c a(l)
ν (Lc,ν,m,j,l +Hc,ν,m,j,l)

+O(N−k+2δe2π(m+mj)N
−2

),
(1.150)



30

where |Θ2| < 1 and |Θ1| < 1 . Thus by (1.150), (1.113) and (1.125), we have

a(j)
m =

N∑
c=1

(ic)k
∑

0 ≤ −d < c

(c, d) = 1

p∑
l=1

Ωc,d,l,je
2πid m

c

×
∑
ν<0

e
2πiaν

c a(l)
ν (Lc,ν,m,j,l +Hc,ν,m,j,l)

+O(N−k+2δe2π(m+mj)N
−2

).

(1.151)

Now let N → ∞. Since k > 2δ, by Lemma 1.10 we have that the series

converges absolutely and therefore

a(j)
m =

∞∑
c=1

(ic)k

p∑
l=1

∑
ν<0

a(l)
ν Ac,ν,m,j,l (Lc,ν,m,j,l +Hc,ν,m,j,l) , (1.152)

where Ac,ν,m,j,l is given by (1.107). Now from the theory of Bessel functions

we have that

Lc,ν,m,j,l +Hc,ν,m,j,l =
2π

ck+1

(
−ν −ml

m+mj

) k+1
2

Ik+1

(
4π

c
(−ν −ml)

1
2 (m+mj)

1
2

)
=

2π

ck+1
Bc,ν,m,j,l,

(1.153)

well defined since m+mj > 0. Here Ik+1(z) is given by (1.109). This reduces

(1.152) to

a(j)
m = 2π

∞∑
c=1

ik

c

p∑
l=1

∑
ν<0

a(l)
ν Ac,ν,m,j,l Bc,ν,m,j,l, (1.154)

where Bc,ν,m,j,l is given by (1.108). This completes the proof of Theorem 1.9

for the case m+mj > 0.
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In order to complete the proof of Theorem 1.9 for the case m = mj = 0,

we note that

lim
ε→0

lim
m,mj→0

{Lc,ν,m,j,l + J1(N, ε) + J6(N, ε)}

= lim
m,mj→0

lim
ε→0

{Lc,ν,m,j,l + J1(N, ε) + J6(N, ε)}

= lim
m,mj→0

{Lc,ν,m,j,l +Hc,ν,m,j,l}

= lim
m,mj→0

2π

ck+1

(
−ν −ml

m+mj

) k+1
2

Ik+1

(
4π

c
(−ν −ml)

1
2 (m+mj)

1
2

)
=

2π

(k + 1)!

(
2π(−ν −ml)

c2

)k+1

.

(1.155)

Also we note that the estimates (1.139), (1.140), (1.142) and (1.143) hold.

Therefore,

Lemma 1.12 Let F (τ) be a vector-valued modular form of weight −k, with

k > 2δ > 0. Then if mj = 0,

a
(j)
0 = 2π

∞∑
c=1

ik

c

p∑
l=1

∑
ν<0

a(l)
ν Ac,ν,0,j,l Bc,ν,0,j,l (1.156)

where Ac,ν,0,j,l is given by (1.107) when m = 0, and

Bc,ν,0,j,l =
1

(k + 1)!

(
2π(−ν −ml)

c

)k+1

. (1.157)

Theorem 1.9 follows from (1.154) and Lemma 1.12.
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CHAPTER 2

Construction of Vector Valued

Modular Forms of negative

weight

2.1 Introduction

In the first chapter we saw that the Fourier coefficients of vector-valued

modular forms (1.2) of negative weight are given by (1.106). Now the question

is: whether, given a set of column vectors b−1, . . . , bµ, a representation ρ on

Γ(1) and a multiplier system v on Γ(1) in weight −k for k > 2δ (1.42) and

k ∈ Z, the formula (1.106) gives rise to a vector-valued modular form of

negative weight−k. The answer: not necessarily. The transformation law (1.1)

does not necessarily hold, although it does hold up to an aditive polynomial

of degree at most k. This is the content of our next theorem.

Theorem 2.1 Let b−1, . . . , bµ be a set of column vectors such that bν ∈ Cp,

bµ 6= 0, ρ : Γ(1) −→ GL(p,C) a p-dimensional complex representation , v

a multiplier system on Γ(1) and weight −k, and k > 2δ (see 1.42), with
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k,−µ ∈ Z+. Define

F (τ) =


∑

µ≤ν<0 b
(1)
ν e2πi(m1+ν)τ +

∑∞
m=0 b

(1)
m e2πi(m+m1)τ

...∑
µ≤ν<0 b

(p)
ν e2πi(mp+ν)τ +

∑∞
m=0 b

(p)
m e2πi(m+mp)τ

 , (2.1)

where for m ≥ 0 we define bm as the column vector with components given by

b(j)m = 2π
∞∑

c=1

ik

c

p∑
l=1

∑
µ≤ν<0

b(l)ν Ac,ν,m,j,l Bc,ν,m,j,l. (2.2)

with Ac,ν,m,j,l given by (1.107) and Bc,ν,m,j,l by (1.108).

Then

1. F (τ) is regular in the complex upper half-plane H, and

2. F (τ) satisfies

F (τ)− v−1(M)(γτ + δ)kρ−1(M)F (Mτ) = QM(τ, k, v, ρ), (2.3)

for all

M =

(
α β

γ δ

)
∈ Γ, (2.4)

where QM(τ, k, v, ρ) is a column vector of polynomials in τ of degree at most

k.

Lemma 2.2 For k > 2δ the series

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l (2.5)

converges absolutely, and as m→∞, we have

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l = O

(
(m+ κm)−

3
4
− k

2 e4π(ν−κm)
1
2 (m+κM )

1
2

)
, (2.6)

where

κm = min(m1, . . . ,mp) and κM = max(m1, . . . ,mp). (2.7)
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Proof 2.2

The strategy is the same as in [5]. First we will show that∣∣∣∣∣2π
∞∑

c=2

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l

∣∣∣∣∣ ≤ C(m+mj)
− 1

2 e2π(m+mj)
1
2 (−ν−ml)

1
2 . (2.8)

Then we show that as m→∞ the summation on c is dominated by the term

for c = 1.

In order to bound Ac,ν,m,j,l, we use (1.123) to get

|Ac,ν,m,j,l| =

∣∣∣∣∣∣∣∣∣∣∣
∑
c, d

0 ≤ −d < c

(c, d) = 1

Ωc,d,l,je
2πi dm+aν

c

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣
∑
c, d

0 ≤ −d < c

(c, d) = 1

v−1(V )x(j,l)e2πi
mla+mjd

c e2πi dm+aν
c

∣∣∣∣∣∣∣∣∣∣∣
= O

(
c2δ+1

)
.

(2.9)

On the other hand, from the power series definition of Ik+1(z) (1.109) we have

that

Ik+1(z) ≤ zk sinh z. (2.10)

Also, we have

sinh z ≤ z

B
sinhB, for 0 ≤ z ≤ B. (2.11)
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Now by (2.9), (2.10), (2.11), (1.108) and the fact that k > 2δ, we have, for

m+mj > 0,∣∣∣∣∣2π
∞∑

c=2

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l

∣∣∣∣∣
≤ 2π

∞∑
c=2

1

c

∣∣∣∣∣∣∣∣∣∣∣
∑
c, d

0 ≤ −d < c

(c, d) = 1

v−1(V )x(j,l)e2πi
mla+mjd

c e2πi dm+aν
c Bc,ν,m,j,l

∣∣∣∣∣∣∣∣∣∣∣
≤ C1

(−ν −ml)
k+ 1

2

(m+mj)
1
2

sinh
(
2π(m+mj)

1
2 (−ν −ml)

1
2

) ∞∑
c=2

c−k+2δ−1

≤ C2(m+mj)
− 1

2 e2π(m+mj)
1
2 (−ν−ml)

1
2 .

(2.12)

Also from (2.9), (1.108) and the fact that k > 2δ, we have for m+mj = 0 that

2π
∞∑

c=2

∣∣∣∣ ikc A(l,j)
c,ν,0 B

(j)
c,ν,0,l

∣∣∣∣ ≤ C3
(−ν −ml)

(k + 1)!

∞∑
c=2

c2δ−3. (2.13)

The term for c = 1 is

2πikA1,ν,m,j,l B
(j)
1,ν,m,l

= 2πv−1(V )x(j,l)e2πi(mla+mjd)e2πi(dm+aν)

(
−ν −ml

m+mj

) k+1
2

Ik+1

(
4π(−ν −ml)

1
2 (m+mj)

1
2

)
.

(2.14)

Also, by [20], we have

Ik+1(z) ∼
ez

√
2πz

. (2.15)

Thus, the behavior for the term c = 1 is given by

2πikA1,ν,m,j,l B1,ν,m,j,l = O
(
(m+mj)

− k
2
− 3

4 e4π(−ν−ml)
1
2 (m+mj)

1
2

)
. (2.16)

Thus we see that the series

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l (2.17)
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converges absolutely, and that

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,l = O

(
(m+ κm)−

3
4
− k

2 e4π(−ν−κm)
1
2 (m+κM )

1
2

)
. (2.18)

Corollary 2.3 The series

∞∑
m=0

∣∣∣∣∣2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ

∣∣∣∣∣ (2.19)

converges uniformly in τ on Iw = {τ : I(τ) > w > 0}.

Proof 2.3

For m > 0 and I(τ) > w, we have that∣∣∣∣∣2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ

∣∣∣∣∣ ≤ C1

∣∣∣(m+ κm)−
3
4
− k

2 e4π(−ν−κm)
1
2 (m+κM )

1
2 e2πi(m+mj)τ

∣∣∣
≤ C2m

− 3
4
− k

2 e−2πmw+4πµ
1
2 (m+1)

1
2 .

(2.20)

Proof 2.1

Let Rν(τ) be the matrix function defined by

R(j,l)
ν (τ) =

∞∑
m=0

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ . (2.21)

By Corollary 2.3 and Lemma 2.2, we have that R(j,l)
ν (τ) converges absolutely

in m and in c, and therefore we can change the order of summation in (2.1)

and rewrite the jth component of F (τ) in the form

F (j)(τ) =
∑

µ≤ν<0

b(j)ν e2πi(mj+ν)τ + 2π
∞∑

m=0

∞∑
c=1

ik

c

p∑
l=1

∑
µ≤ν<0

b(l)ν Ac,ν,m,j,l Bc,ν,m,j,le
2πi(m+mj)τ

=
∑

µ≤ν<0

b(j)ν e2πi(mj+ν)τ +
∑

µ≤ν<0

p∑
l=1

b(l)ν

∞∑
m=0

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ

=
∑

µ≤ν<0

b(j)ν e2πi(mj+ν)τ +
∑

µ≤ν<0

p∑
l=1

b(l)ν R(j,l)
ν (τ).

(2.22)
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Since the series converges uniformly on compacts of H by Corollary 2.3, F (τ)

is regular in H. Now by (2.22) we can rewrite the function F (τ) as

F (τ) =
∑

µ≤ν<0

Tν(τ)


b
(1)
ν

...

b
(p)
ν

 , (2.23)

where Tν(τ) is the matrix given by

T (j,l)
ν (τ) = δjle

2πi(mj+ν)τ +R(j,l)
ν (τ). (2.24)

We will prove the result for τ = iy and y > 0, and by analytic continuation

the result will follow for all τ in H.

Now by (2.21), (1.107) and the absolute convergence of the double series

R(j,l)
ν in m and c we have that

R(j,l)
ν (τ) =

∞∑
m=0

2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ

=
∞∑

m=0

2π
∞∑

c=1

ik

c

∑
c, d

0 ≤ −d < c

(c, d) = 1

v−1(V )x(j,l)e2πi
mla+mjd

c e2πi dm+aν
c Bc,ν,m,j,le

2πi(m+mj)τ

= 2π
∞∑

c=1

1

c

∑
c, d

0 ≤ −d < c

(c, d) = 1

v−1(V )x(j,l)e2πia
ml+ν

c ik
∞∑

m=0

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
).

(2.25)

To proceed we need the Lipschitz summation formula.

For n > −1, 0 < mj < 1 and I(τ) > 0, (2.26)

∞∑
m=0

(m+mj)
ne2πiτ(m+mj) =

Γ(n+ 1)

(2π)n+1

∞∑
q=−∞

e2πiqmj (−i (τ − q))−n−1 . (2.27)

If n = 0, mj = 0 and I(τ) > 0, (2.28)
∞∑

m=1

(m+mj)
ne2πiτ(m+mj) = −1

2
+

1

2π

∞ ∗∑
q=−∞

(−i (τ − q))−1 , (2.29)

where
∑∞ ∗

q=−∞ = limN→∞
∑N

q=−N .
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Lemma 2.4 If mj > 0, we have

2π

c
ik

∞∑
m=0

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
) =

∞∑
q=−∞

e2πimjq (cτ + d− cq)k
∞∑

n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

,

(2.30)

and if mj = 0 we have

2π

c
ik

∞∑
m=0

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
)

=
−πik

c
Bc,ν,0,j,l +

∞ ∗∑
q=−∞

e2πiqmj (cτ + d− cq)k
∞∑

n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

.

(2.31)

Proof 2.4

The proof is a simple application of the Lipschitz summation formula (2.27),

(2.29), the definition of Bc,ν,m,j,l (1.108) and of the power series expansion of

Ik+1(z) (1.109). For m+mj > 0, we have:

2π

c
ik

∞∑
m=0

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
m=0

(
−ν −ml

m+mj

) k+1
2

∞∑
n=0

(
4π
c
(−ν −ml)

1
2 (m+mj)

1
2

)2n+k+1

22n+k+1n!(n+ k + 1)!
e2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
m=0

∞∑
n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1(m+mj)
n

n!(n+ k + 1)!
e2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1

n!(n+ k + 1)!

∞∑
m=0

(m+mj)
ne2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1

n!(n+ k + 1)!

Γ(n+ 1)

(2π)n+1

∞∑
q=−∞

e2πiqmj

(
−i
(
τ +

d

c
− q

))−n−1

=
∞∑

q=−∞

e2πiqmj (cτ + d− cq)k
∞∑

n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

.

(2.32)
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Now for mj = 0, we have that

2π

c
ik

∞∑
m=1

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
m=1

(
−ν −ml

m+mj

) k+1
2

∞∑
n=0

(
4π
c
(−ν −ml)

1
2 (m+mj)

1
2

)2n+k+1

22n+k+1n!(n+ k + 1)!
e2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
m=1

∞∑
n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1(m+mj)
n

n!(n+ k + 1)!
e2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

∞∑
n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1

n!(n+ k + 1)!

∞∑
m=1

(m+mj)
ne2πi(m+mj)(τ+ d

c
)

=
2π

c
ik

{
−1

2

(
2π

c

)k+1
(−ν −ml)

k+1

(k + 1)!

+
∞∑

n=0

(
2π

c

)2n+k+1
(−ν −ml)

n+k+1

n!(n+ k + 1)!

Γ(n+ 1)

(2π)n+1

∞ ∗∑
q=−∞

e2πiqmj

(
−i
(
τ +

d

c
− q

))−n−1
}

= −πi
k

c
Bc,ν,0,j,l +

∞ ∗∑
q=−∞

e2πiqmj (cτ + d− cq)k
∞∑

n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

.

(2.33)

Therefore we have that

2π

c
ik

∞∑
m=0

Bc,ν,m,j,le
2πi(m+mj)(τ+ d

c
)

=
πik

c
Bc,ν,0,j,l +

∞ ∗∑
q=−∞

e2πiqmj (cτ + d− cq)k
∞∑

n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

,

(2.34)

and we are done. (2.25) and Lemma 2.4 imply that

R(j,l)
ν (τ) = K(j,l)

ν +
∞∑

c=1

∑
d∈Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c

∞ ∗∑
q=−∞

e2πimjq (cτ + d− cq)k×

∞∑
n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d− cq)

)n

,

(2.35)
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where

K(j,l)
ν =

{ ∑∞
c=1

πik

c
Ac,ν,0,j,lBc,ν,0,j,l, mj = 0

0, otherwise
, (2.36)

and

Dc =

{
d| ∃Vc,d =

(
a b

c d

)
∈ Γ(1), 0 ≤ −d < c, 0 ≤ a < c

}
. (2.37)

Now let d′ = d− cq and

Vc,d′ = Vc,d

(
1 −q
0 1

)
=

(
a ∗
c d′

)
. (2.38)

As q runs through all integers and as d runs through the set Dc, d
′ assumes

exactly once each value in Dc, where

Dc =

{
d′| ∃Vc,d′ =

(
a ∗
c d′

)
∈ Γ(1), 0 ≤ a < c

}
. (2.39)

Now by (2.38) we have that

v−1(Vc,d)ρ
−1(Vc,d)

= v−1

(
Vc,d′

(
1 q

0 1

))
ρ−1

(
Vc,d′

(
1 q

0 1

))

= v−1(Vc,d′)


e−2πim1q

. . .

e−2πimpq

 ρ−1(Vc,d′)

= v−1(Vc,d′)


e−2πim1q

. . .

e−2πimpq




x
(1,1)
c,d′ · · · x

(1,p)
c,d′

...
. . .

...

x
(p,1)
c,d′ · · · x

(p,p)
c,d′

 .

Therefore

v−1(Vc,d)x
(j,l)
c,d = v−1(Vc,d′)e

−2πimjqx
(j,l)
c,d′ . (2.40)

Now put

W(j,l)
ν = δjle

2πi(mj+ν)τ +R(j,l)
ν −K(j,l)

ν

= T (j,l)
ν (τ)−K(j,l)

ν ,
(2.41)
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and write W(j,l)
ν (τ) using (2.35) (with d′ replaced by d):

W(j,l)
ν (τ)− δjle

2πi(mj+ν)τ =
∞∑

c=1

lim
N→∞

N∑
d = −N

d ∈ Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k×

∞∑
n=k+1

1

n!

(
2πi(−ν −ml)

c(cτ + d)

)n

.

(2.42)

To continue we will show that the series

∞∑
c=1

lim
N→∞

N∑
d = −N

d ∈ Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c

ck+1(ciy + d)
(2.43)

converges. To do so we write (2.43) as

∞∑
c=1

∞∑
q=−∞

∑
d∈Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c e2πimjq

ck+2
(
iy + d

c
− q
) , (2.44)

and apply the Lipschitz summation formula (2.27), for mj > 0, n = 0 and

τ = iy + d
c

to get

∞∑
c=1

∑
d∈Dc

−2πi

ck+2
v−1(Vc,d)x

(j,l)
c,d e

2πia
ml+ν

c

∞∑
m=0

e2πi(m+mj)(iy+ d
c
). (2.45)

For mj = 0, we get a similar result. Now we see easily that (2.43) converges

by applying a modified version of Lemma 2.5 in [6]:

Lemma 2.5 If k > 2δ > 0, then the sum

∞∑
c=1

∣∣∣∣∣∑
d∈Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c

∣∣∣∣∣ c−k−2 (2.46)

converges.

Proof 2.5

In the proof of Lemma 2.5 in [6], Knopp shows that for k > 0

∞∑
c=1

∑
d∈Dc

c−k−2 (2.47)
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converges. This, combined with the fact that k > 2δ and (1.42), proves the

lemma.

Now we will show that the following series

∞∑
n=k+2

∞∑
c=1

lim
N→∞

N∑
d = −N

d ∈ Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k 1

n!

(
2πi(−ν −ml)

c(cτ + d)

)n

(2.48)

is an absolutely convergent triple sum. To do so we rewrite (2.48) as

∞∑
n=k+2

1

n!
(2πi(−ν −ml))

n
∞∑

c=1

∑
d∈Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c

c2n−k

∞∑
q=−∞

e2πimjq

(τ + d
c
− q)n−k

.

(2.49)

Now applying Lemma 2.5 we see that (2.48) is an absolutely convergent triple

sum, and since (2.43) converges we can rewrite (2.42) as

W(j,l)
ν (τ)− δjle

2πi(mj+ν)τ =
(2πi(−ν −ml))

k+1

(k + 1)!

∞∑
c=1

lim
N→∞

N∑
d = −N

d ∈ Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c

ck+1(ciy + d)

+
∞∑

c=1

lim
N→∞

N∑
d = −N

d ∈ Dc

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k×

∞∑
n=k+2

1

n!

(
2πi(−ν −ml)

c(cτ + d)

)n

.

(2.50)

To continue we need Lemma 2.13 in [7], with some modifications to be

aplicable in the vector-valued case.

Lemma 2.6 Let τ = iy, with y > 0, k > 2δ, ν a negative integer and t a

positive integer. Then

∞∑
c=1

lim
N→∞

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c

ck+1(cτ + d)
= lim

K→∞

∑
c ∈ Z

0 < c ≤ tK

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c

ck+1(cτ + d)
.

(2.51)
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Proof 2.6

Following Rademacher’s proof [17], we will show that

lim
K→∞

∑
c ∈ Z

0 < c ≤ tK

lim
N→∞

∑
d ∈ Dc

K < |d| ≤ N

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c

ck+1(cτ + d)
= 0. (2.52)

Note that

v−1(Vc,d−cq)x
(j,l)
c,d−cq = v−1(Vc,d)x

(j,l)
c,d e

2πiqml . (2.53)

First we will show the result for ml > 0. Replace d by d− cq and rewrite

the inner sum as

1

ck+1

∑
d ∈ Dc

K < |d| ≤ N

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c [S1 + S2] , (2.54)

where

S1 =
∑

−∞≤q<−K+d
c

e2πiqml

cτ + d− cq
(2.55)

and

S2 =
∑

K+d
c

<q≤∞

e2πiqml

cτ + d− cq
. (2.56)

Then,

|S1|+ |S2| <
2(t+ 1)t1−s

| sin πml|c1−s
K−s, (2.57)

where

s = min

{
1,
k − 2δ

2

}
. (2.58)

Therefore we have that∣∣∣∣∣∣∣∣∣ lim
N→∞

∑
d ∈ Dc

K < |d| ≤ N

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c

ck+1(cτ + d)

∣∣∣∣∣∣∣∣∣
<

2(t+ 1)t1−s

| sin πml|c2δ+2+s

∑
d ∈ Dc

K−s|x(j,l)
c,d |

< C∗K−s
∑

d ∈ Dc

1

c2+s
,

(2.59)
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where C∗ is a constant. The rest of the argument is the same as in [7].

If ml = 0, write

lim
N→∞

∑
d ∈ Dc

K < |d| ≤ N

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c

ck+1(cτ + d)
=

1

ck+1

∑
d∈Dc

v−1(Vc,d)x
(j,l)
c,d e

2πi
a(ml+ν)

c [S ′1 + S ′2 + S ′3] ,

(2.60)

where

S ′1 = lim
N→∞

∑
K−d

c
≤|q|≤N+d

c

(ciy + d− cq)−1, (2.61)

S ′2 = lim
N→∞

∑
−N+d

c
≤q<−N−d

c

(ciy + d− cq)−1 (2.62)

and

S ′3 =
∑

K+d
c

<q≤K−d
c

(ciy + d− cq)−1. (2.63)

Now apply the same argument as in [7] using the estimate (1.42) and the fact

that k > 2δ.

Now using Lemma 2.6 with t = 1, we can rewrite (2.50) as

W(j,l)
ν (τ)− δjle

2πi(mj+ν)τ

= lim
K→∞

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (2πi(−ν −ml))
k+1

ck+1(cτ + d)(k + 1)!

+ lim
K→∞

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k×

∞∑
n=k+2

1

n!

(
2πi(−ν −ml)

c(cτ + d)

)n

.

(2.64)

This is

W(j,l)
ν (τ)− δjle

2πi(mj+ν)τ = lim
K→∞

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k×

(
e

2πi(−ν−ml)

c(cτ+d) −
k∑

n=0

1

n!

(
2πi(−ν −ml)

c(cτ + d)

)n
)
.

(2.65)
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Put

S(j,l)
ν,K (τ)

= δjle
2πi(mj+ν)τ +

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d e

2πia
ml+ν

c (cτ + d)k e
2πi(−ν−ml)

c(cτ+d) .

(2.66)

Since Vc,d =

(
a b

c d

)
∈ SL(2,Z), we have that

−a
c

+
1

c (cτ + d)
=
−acτ − ad+ ad− bc

c (cτ + d)
= −Vc,dτ, (2.67)

and therefore

e2πia
ml+ν

c e
2πi(−ν−ml)

c(cτ+d) = e2πi(ν+ml)Vc,dτ . (2.68)

Thus

S(j,l)
ν,K (τ) = δjle

2πi(ml+ν)τ +
∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ν+ml)Vc,dτ .

(2.69)

Now we include the first term in the summation. Since v(I)ρ(I) = I, we

have that

δjle
2πi(ml+ν)τ = v−1(I)x

(j,l)
0,1 e

2πi(ml+ν)Iτ . (2.70)

Next we include the pair (c, d) = (0, 1) and we get

S(j,l)
ν,K (τ) =

∑
c ∈ Z

0 ≤ c ≤ K

∑
d ∈ Dc

|d| ≤ K

(c, d) 6= (0,−1)

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ν+ml)Vc,dτ . (2.71)

For every transformation Vc,d, included in (2.71), we next include the trans-

formation −Vc,d = V−c,−d. Since we have that

v−1(Vc,d)ρ
−1(Vc,d) (cτ + d)k = v−1(−Vc,d)ρ

−1(−Vc,d) (−cτ − d)k (2.72)

and

e2πi(ml+ν)Vc,dτ = e2πi(ml+ν)(−Vc,dτ), (2.73)
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we see that if we make the summation including the transformations −Vc,d =

V−c,−d, every term of S(j,l)
ν,K (τ) occurs twice and therefore

S(j,l)
ν,K (τ) =

1

2

∑
c ∈ Z
|c| ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ν+ml)Vc,dτ .(2.74)

Now let Sν,K(τ) be the matrix with components given by (2.74). Then we

define the matrix MS,ν,K(τ) = v−1(S)ρ−1(S)τ kSν,K(Sτ), given by

M(j,l)
S,ν,K(τ)

=
1

2

∑
c ∈ Z
|c| ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(S)v−1(Vc,d)

p∑
s=1

x
(j,s)
S x

(s,l)
c,d τ

k (cSτ + d)k e2πi(ml+ν)Vc,dSτ

=
1

2

∑
c ∈ Z
|c| ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,dS)x
(j,l)
Vc,dS (dτ − c)k e2πi(ml+ν)Vc,dSτ .

Now we make the transformation c′ = d, and d′ = −c. This is a 1-1 corre-

spondence between the pairs {(c, d)|c ∈ Z, d ∈ Dc} and the pairs {(c′, d′)|c′ ∈
Z, d′ ∈ Dc′}. Then

M(j,l)
V,ν,K(τ)

=
1

2

∑
c′ ∈ Z
|c′| ≤ K

∑
d′ ∈ Dc′

|d′| ≤ K

v−1(Vc′,d′)x
(j,l)
c′,d′ (c

′τ + d′)
k
e2πi(ml+ν)Vc′,d′τ

= δjle
2πi(ml+ν)τ +

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ml+ν)Vc,dτ .

Now put

US,ν(τ) = v−1(S)ρ−1(S)τ kWν(−
1

τ
), (2.75)

where Tν(τ) is given by (2.24), Wν(τ) by (2.41) and Kν is the matrix given by

(2.36). Then we have
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U (j,l)
S,ν (τ)

= lim
K→∞

 M(j,l)
S,ν,K(τ) −

∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,dS)x
(j,l)
Vc,dSτ

k

(cSτ + d)k e2πi
a(ml+ν)

c

k∑
n=0

1

n!

(
2πi(−ν −ml)

c(cSτ + d)

)n
}

= δjle
2πi(ml+ν)τ + lim

K→∞


∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ml+ν)Vc,dτ

−
∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,dS)x
(j,l)
Vc,dSτ

k (cSτ + d)k

e2πi
a(ml+ν)

c

k∑
n=0

1

n!

(
2πi(−ν −ml)

c(cSτ + d)

)n
}
.

(2.76)

Also Lemma 2.6 implies

W(j,l)
ν (τ)

= δjle
2πi(ml+ν)τ + lim

K→∞


∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi(ml+ν)Vc,dτ

−
∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi

a(ml+ν)

c

k∑
n=0

1

n!

(
2πi(−ν −ml)

c(cSτ + d)

)n

 .

Therefore
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W(j,l)
ν (τ)− U (j,l)

S,ν (τ)

= lim
K→∞


∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,dS)x
(j,l)
Vc,dSτ

k (cSτ + d)k

e2πi
a(ml+ν)

c

k∑
n=0

1

n!

(
2πi(−ν −ml)

c(cSτ + d)

)n

−
∑
c ∈ Z

0 < c ≤ K

∑
d ∈ Dc

|d| ≤ K

v−1(Vc,d)x
(j,l)
c,d (cτ + d)k e2πi

a(ml+ν)

c

k∑
n=0

1

n!

(
2πi(−ν −ml)

c(cSτ + d)

)n

 .

(2.77)

Since the factor τ k combines with (cSτ + d)k−n, it produces a polynomial of

degree at most k. On the other hand, the limit of a sequence of polynomials

of degree at most k converging at k + 1 points is a polynomial of degree at

most k. Now put

YS,ν(τ) = Kν − v−1(S)τ kρ−1(S)Kν . (2.78)

Clearly Y(j,l)
S,ν (τ) is a polynomial in τ of degree at most k, and so is

Q(j,l)
S,ν (τ) = W(j,l)

ν (τ)− U (j,l)
S,ν (τ) + Y(j,l)

S,ν (τ)

= T (j,l)
ν (τ)− v−1(S)τ k

p∑
s=1

x
(j,s)
S T (s,l)

ν (Sτ).
(2.79)

By (2.24) we see that

F (τ)− v−1(S)τ kρ−1(S)F (Sτ)

=
∑

µ≤ν<0

(Wν(τ)− US,ν(τ))


b
(1)
ν

...

b
(p)
ν

+
∑

µ≤ν<0

YS,ν(τ)


b
(1)
ν

...

b
(p)
ν

 (2.80)

is a column vector of polynomials of degree at most k. Now, for all V =(
α β

γ δ

)
∈ Γ(1), put

UV,ν(τ) = v−1(V )ρ−1(V ) (γτ + δ)kWν(τ), (2.81)
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YV,ν(τ) = Kν − v−1(V )(γτ + δ)kρ−1(V )Kν (2.82)

and

Q(j,l)
V,ν (τ) = W(j,l)

ν (τ)− U (j,l)
V,ν (τ) + Y(j,l)

V,ν (τ)

= T (j,l)
ν (τ)− v−1(V ) (γτ + δ)k

p∑
s=1

x
(j,s)
V T (s,l)

ν (V τ).
(2.83)

We want to show that the matrix QV,ν(τ) = Tν(τ)− Tν |−k,v,ρ V (τ), given by

(2.83), is a matrix of polynomials of degree at most k. We will prove this by

induction on L(V ), the length of V when written in terms of S and T . By

(2.79), we know it is true for S. By (2.24) and the normalization (1.6) it is

clear that Tν(τ) = Tν |−k,v,ρ T (τ). Now, assume for M =

(
a b

c d

)
∈ Γ(1)

that QM,ν(τ) is a matrix of polynomials of degree at most k, we want to show

that:

1. Tν(τ)−v−1(MS)ρ−1(MS) (dτ − c)k Tν(MSτ) = QMS,ν(τ), whereQMS,ν(τ)

is a matrix of polynomials of degree at most k, and

2. Tν(τ) − v−1(MT )ρ−1(MT ) (cτ + d+ c)k Tν(MTτ) = QMT,ν(τ), where

QMT,ν(τ) is a matrix of polynomials of degree at most k.

1. Since QM,ν(τ) and QS,ν(τ) are matrices of polynomials of degree ≤ k,

we have that

Tν(τ)− v−1(MS)ρ−1(MS) (dτ − c)k Tν(MSτ)

= Tν(τ)− τ kv−1(S)ρ−1(S)
(
(cSτ + d)k v−1(M)ρ−1(M)Tν(M(Sτ))

)
= Tν(τ)− τ kv−1(S)ρ−1(S) (Tν(Sτ)−QM,ν(Sτ))

= QS,ν(τ) + τ kv−1(S)ρ−1(S)QM,ν(Sτ).

(2.84)

The first term is a matrix of polynomials. In the second term τ k combines

with
(
− 1

τ

)k−n
, for 0 ≤ n ≤ k, forming a matrix of polynomials.
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2. Similarly, using the fact that QT,ν(τ) ≡ 0, we have

Tν(τ)− v−1(MT )ρ−1(MT ) (cτ + d)k Tν(MTτ)

= Tν(τ)− v−1(T )ρ−1(T )
(
(cTτ + d)k v−1(M)ρ−1(M)Tν(M(Tτ))

)
= Tν(τ)− v−1(T )ρ−1(T ) (Tν(Tτ)−QM,ν(Tτ))

= v−1(T )ρ−1(T )QM,ν(Tτ),

(2.85)

which is a matrix of polynomials of degree at most k, sice QM,ν(τ) is.

Therefore we have shown that if QM,ν(τ) is matrix of polynomials in τ

of degree at most k, so are QMS,ν(τ) and QMT,ν(τ). We have also shown

that QS,ν(τ) is a matrix of polynomials in τ of degree at most k, and that

QT,ν(τ) ≡ 0. It is clear by (2.85) that QT n,ν(τ) ≡ 0, and therefore if L(V ) = 1,

we have that either V = S or V = T n, in either case we have that QV,ν(τ) is

matrix of polynomials in τ of degree at most k. Assume that for L(V ) = r,

we have that QV,ν(τ) is matrix of polynomials in τ of degree at most k. Then

since QV S,ν(τ) and QV T n,ν(τ) are also matrices of polynomials in τ of degree

at most k, we have that the result is also true for L(V ) = r+ 1. Therefore for

all V =

(
α β

γ δ

)
∈ Γ(1), we have that

QV,ν(τ) = Tν(τ)− Tν |−k,v,ρ V (τ), (2.86)

which is a polynomial of degree at most k. Thus by (2.83) and (2.23), we have

F (τ)− v−1(V )(γτ + δ)kρ−1(V )F (V τ)

=
∑

µ≤ν<0

(Wν(τ)− UV,ν(τ))


b
(1)
ν

...

b
(p)
ν

+
∑

µ≤ν<0

YV,ν(τ)


b
(1)
ν

...

b
(p)
ν



=
∑

µ≤ν<0

QM,ν(τ)


b
(1)
ν

...

b
(p)
ν


= QM(τ, k, v, ρ),

(2.87)
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which is a vector of polynomials of degree at most k, since the right hand

side is a linear combination of polynomials of degree at most k. The proof of

Theorem 2.1 is complete.

2.2 Construction of a vector-valued modular

form of negative weight −k

So far we have that

F (τ)−v−1(M)ρ−1(M) (γτ + δ)k F (Mτ) = QM(τ, k, v, ρ), M =

(
∗ ∗
γ δ

)
∈ Γ(1),

(2.88)

where QM(τ, k, v, ρ) is a column vector of polynomials of degree at most k.

We ask whether we can construct a vector-valued modular form of negative

weight −k by choosing appropriately the coefficients of the principal part in

(2.1). It turns out that if there are enough coefficients in the principal part,

this is in fact possible. Note that the number needed depends on k.

Let T =

(
1 1

0 1

)
and S =

(
0 −1

1 0

)
. By (2.22) , it is easy to see that

for n ∈ Z we have

F (T nτ) =


e2πinm1

. . .

e2πinmp

F (τ) = v(T n)ρ(T n)F (τ). (2.89)

This implies that QT n(τ, k, v, ρ) ≡ 0.

Since all the elements of Γ(1) can be written as a product of T n and S for

n ∈ Z, we want to find b
(j)
−1, . . . , b

(j)
µ such that

v−1(S)ρ−1(S)τ kF (Sτ)− F (τ) = 0, (2.90)
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or what is the same

v−1(S)ρ−1(S)τ kF (Sτ)− F (τ) =
∑

µ≤ν<0

QS,ν(τ)


b
(1)
ν

...

b
(p)
ν



=


Q

(1)
S (τ, k, v, ρ)

...

Q
(p)
S (τ, k, v, ρ)



≡


0
...

0

 .

(2.91)

If we do so, by the proof that the right hand side of (2.83) is a polynomial of de-

gree at most k, we will have a function F (τ) with the following transformation

law, for all M ∈ Γ(1),

F (τ) = v−1(M)ρ−1(M) (γτ + δ)k F (Mτ). (2.92)

Also since F (τ) is regular in H, and has the Fourier expansion at ∞ given by

(2.1):

F (j)(τ) =
∑

µ≤ν<0

b(j)ν e2πi(mj+ν)τ+
∞∑

m=0

∑
µ≤ν<0

p∑
l=1

b(l)ν 2π
∞∑

c=1

ik

c
Ac,ν,m,j,l Bc,ν,m,j,le

2πi(m+mj)τ ,

(2.93)

it follows that F (τ) is a vector-valued modular form of weight −k.
Now if we replace τ by Sτ in (2.91), we see that

v−1(S)ρ−1(S)τ k


Q

(1)
S (−1

τ
, k, v, ρ)
...

Q
(p)
S (−1

τ
, k, v, ρ)

 =


−Q(1)

S (τ, k, v, ρ)
...

−Q(p)
S (τ, k, v, ρ)

 , (2.94)

or, what is the same,

v−1(S)ρ−1(S)τ k

r∑
s=1

QS,−s

(
−1

τ

)
b
(1)
−s

...

b
(p)
−s

 = −
r∑

s=1

QS,−s(τ)


b
(1)
−s

...

b
(p)
−s

 .

(2.95)
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By (2.94), we see that the zeros of Q
(j)
S (τ, k, v, ρ) occur in pairs, except for

τ = ±i, since det(ρ−1(S)) 6= 0.

Now, since


QS,−1(τ1) QS,−2(τ1) . . . QS,−r(τ1)

QS,−1(τ2) QS,−2(τ2) . . . QS,−r(τ2)
...

. . .
...

QS,−1(τn) QS,−2(τn) . . . QS,−r(τn)





b
(1)
−1

...

b
(p)
−1

b
(1)
−2

...

b
(p)
−2

...

b
(p)
−r


=



Q
(1)
S (τ1, k, v, ρ)

...

Q
(p)
S (τ1, k, v, ρ)

Q
(1)
S (τ2, k, v, ρ)

...

Q
(p)
S (τ2, k, v, ρ)

...

Q
(p)
S (τn, k, v, ρ)


,

(2.96)

we set up the following system of equations:


QS,−1(τ1) QS,−2(τ1) . . . QS,−r(τ1)

QS,−1(τ2) QS,−2(τ2) . . . QS,−r(τ2)
...

. . .
...

QS,1(τn) QS,−2(τn) . . . QS,−r(τn)





b
(1)
−1

...

b
(p)
−1

b
(1)
−2

...

b
(p)
−2

...

b
(p)
−r


=


0
...

0

 . (2.97)

It is clear that if n > k and r > n, then this system is a homogeneous system

with a nontrivial solution since the number of unknowns, pr, is bigger than

the number of equations, pn. Also if n > k, we have that all polynomials

Q
(j)
S (τ, k, v, ρ) have n > k roots and therefore they are identically zero. How-

ever we can use the fact that the zeros of Q
(j)
S (τ, k, v, ρ) occur in pairs, so that

if τs is a root of Q
(j)
S (τ, k, v, ρ) , so is − 1

τs
. So let S be a set of distinct points,

S = {τ1, . . . , τn}, such that if τs ∈ S, then − 1
τs

is not in S. Now we set up the

linear equation (2.97) using exclusively elements in S. Then if n =
[

k
2

]
+ 1,
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we will have that all polynomials Q
(j)
S (τ, k, v, ρ) have more than k zeros, and

therefore are identically zero.

We can now state the following theorem:

Theorem 2.7 Let r be an integer greater than [k/2] + 1. If we define F (τ)

as in (2.1) with k > 2δ and b−1, . . . , b−r column vectors of length p satisfying

(2.97), then F (τ) is a vector-valued modular form of weight −k.

2.3 The supplementary series

Let m′
s and ν ′ be defined by

m′
j = 1−mj, ν ′ = −1− ν, if mj > 0

m′
j = −mj, ν ′ = −ν, if mj = 0.

(2.98)

Note that m′
j + ν ′ = −(mj + ν). Further we can define

v′(V ) = v(V ) and ρ′(V ) = ρ(V ). (2.99)

Since k is an integer and v is a multiplier system in weight −k for Γ(1), it

follows that v′ is also a multiplier system for Γ(1) in weight −k. On the

other hand, since ρ is a representation for Γ(1), we have that ρ′ is also a

representation. Note that

v′

((
1 1

0 1

))
ρ′

((
1 1

0 1

))
=


e2πim′

1

. . .

e2πim′
p

 . (2.100)

Now we define the series supplementary to R(j,l)
ν (τ) as

R̂(j,l)
ν (τ) =

∞∑
m=0

2π
∞∑

c=1

ik

c
Âc,ν,m,j,l B̂c,ν,m,j,le

2πi(m+m′
j)τ , (2.101)

where

Âc,ν,m,j,l =
∑
c, d

0 ≤ −d < c

(c, d) = 1

Ω̂c,d,l,je
2πi dm+aν′

c , (2.102)
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B̂c,ν,m,j,l =


(
−ν′−m′

l

m+m′
j

) k+1
2
Ik+1

(
4π
c
(−ν ′ −m′

l)
1
2 (m+m′

j)
1
2

)
, m+m′

j > 0

1
(k+1)!

(
2π(−ν′−m′

l)

c

)k+1

, m = m′
j = 0

(2.103)

and

Ω̂c,d,l,j = Ωc,d,l,j. (2.104)

Note that R̂(j,l)
ν (τ) is given by (2.21),and Ωc,d,l,j by (1.96) but with v′, ρ′, ν ′

and m′
s replacing v, ρ, ν and ms respectively. Similarly we can define the

supplementary series T̂ (j,l)
ν (τ) (2.24), K̂(j,l)

ν (2.36), Ŵ(j,l)
ν (τ) (2.41), Ŷ(j,l)

V,ν (τ)

(2.82) and Û (j,l)
V,ν (τ) (2.81).

Using exactly the same arguments as before, we see that:

1. T̂ (j,l)
ν (τ) is regular for τ ∈ H.

2. For every M =

(
α β

γ δ

)
∈ Γ(1) we have

T̂ν(τ)− v′−1(M)ρ′−1(M) (γτ + δ)k T̂ν(Mτ) = Q̂M,ν(τ). (2.105)

3. The polynomials Q̂(j,l)
M,ν(τ) are given by formulas analogous to those in

(2.83):

Q̂(j,l)
M,ν(τ) = Ŵ(j,l)

ν (τ)− Û (j,l)
M,ν (τ) + Ŷ(j,l)

M,ν (τ)

= T̂ (j,l)
ν (τ)− v′−1(M) (γτ + δ)k

p∑
s=1

xV
(j,s)T̂ (s,l)

ν (Mτ).
(2.106)

Here we have some facts:

1. From (2.42) we see that Ŵ(j,l)
ν (τ) = W(j,l)

ν (τ).

2. From (2.81) we see that Û (j,l)
V,ν (τ) = U (j,l)

V,ν (τ).

3. From (2.102) we see that Âc,ν,0,j,l = Ac,ν,0,j,l.
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4. From (1.108) we see that B̂c,ν,0,j,l = (−1)k+1Bc,ν,0,j,l.

5. From (2.36) and the above results we see that K̂(j,l)
ν = −K(j,l)

ν .

6. From (2.82) and the above results we see that Ŷ(j,l)
V,ν (τ) = −Y(j,l)

V,ν (τ).

7. From (2.106) and the above results we see that

Q̂(j,l)
M,ν(τ) = Q(j,l)

M,ν(τ)− 2Y(j,l)
M,ν (τ). (2.107)

Now let b−1, . . . , bµ be a set of column vectors such that bν ∈ Cp, b
(j)
µ 6= 0, for

some 1 ≤ j ≤ p, ρ : Γ −→ GL(p,C) a p-dimensional complex representation,

v a multiplier system, and k > 2δ, k,−µ ∈ Z+. Let F (τ) be defined as in

Theorem 2.1. Then by (2.23), we have that

F (τ) =
∑

µ≤ν<0

Tν(τ)


b
(1)
ν

...

b
(p)
ν

 . (2.108)

We define the series F̂ (τ) supplementary to F (τ) by

F̂ (τ) =
∑

µ≤ν<0

T̂ν(τ)


bν

(1)

...

bν
(p)

 . (2.109)

For M ∈ Γ(1) we have that

F (τ)− v−1(M)ρ−1(M) (γτ + δ)k F (Mτ) = QM(τ, k, v, ρ), (2.110)

where by (2.87),

QM(τ, k, v, ρ) =
∑

µ≤ν<0

QM,ν(τ)


b
(1)
ν

...

b
(p)
ν

 . (2.111)
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Similarly,

F̂ (τ)− v′−1(M)ρ′−1(M) (γτ + δ)k F̂ (Mτ)

=
∑

µ≤ν<0

(
Ŵν(τ)− ÛM,ν(τ) + ŶM,ν(τ)

)
bν

(1)

...

bν
(p)



=
∑

µ≤ν<0

Q̂M,ν(τ)


bν

(1)

...

bν
(p)


= Q̂M(τ, k, v′, ρ′).

(2.112)

We are now interested in studying the relationship between Q̂S(τ, k, v′, ρ′)

and QS(τ, k, v, ρ). As discussed before, if QS(τ, k, v, ρ) = 0 then F (τ) is a

vector-valued modular form on Γ(1) of weight −k, multiplier system v and

representation ρ. Also, it is trivial that if F (τ) is a modular form then

QS(τ, k, v, ρ) = 0. Analogously we see that if Q̂S(τ, k, v′, ρ′) = 0, then F̂ (τ) is

a modular form on Γ(1) of weight −k, multiplier system v′ and representation

ρ′, and vice versa.

By the definition of Q̂S(τ, k, v′, ρ′) (2.112), we have that

Q̂S(τ, k, v′, ρ′) =
∑

µ≤ν<0

Q̂S,ν(τ)


bν

(1)

...

bν
(p)

 ,

and by (2.107) we can rewrite Q̂S(τ, k, v′, ρ′) as

Q̂S(τ, k, v′, ρ′) =

( ∑
µ≤ν<0

QS,ν(τ)− 2YS,ν(τ)

)
bν

(1)

...

bν
(p)



= QS(τ , k, v, ρ)− 2
∑

µ≤ν<0

YS,ν(τ)


bν

(1)

...

bν
(p)

 .

(2.113)
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Now we have that if F (τ) is a modular form then

Q
(j,l)
S (τ, k, v, ρ) = Q

(j,l)
S (τ , k, v, ρ) = 0, (2.114)

and by(2.113), we have that

Q̂S(τ, k, v′, ρ′) = −2
∑

µ≤ν<0

YS,ν(τ)


bν

(1)

...

bν
(p)

 . (2.115)

On the other hand, we have that if Q̂S(τ, k, v′, ρ′) is given by the equation

(2.115), then we have that

Q
(j,l)
S (τ, k, v, ρ) = Q

(j,l)
S (τ , k, v, ρ) = 0. (2.116)

We have already shown that Q
(j,l)
T (τ, k, v, ρ) = 0. On the other hand , for M1,

M2 ∈ Γ(1), such that for

M1 =

(
∗ ∗
γ1 δ2

)
, M2 =

(
∗ ∗
γ2 δ2

)
and M3 = M1M2 =

(
∗ ∗
γ3 δ3

)
,

(2.117)

we have that

QM1M2(τ, k, v, ρ)

= F (τ)− v−1(M1M2)ρ
−1(M1M2) (γ3τ + δ3)

k F (M1M2τ)

= v−1(M2)ρ
−1(M2) (γ2τ + δ2)

k
(
F (M2τ)− v−1(M1)ρ

−1(M1) (γ1M2τ + δ1)
k F (M1M2τ)

)
+ F (τ)− v−1(M2)ρ

−1(M2) (γ2τ + δ2)
k F (M2τ)

= v−1(M2)ρ
−1(M2) (γ2τ + δ2)

k QM1(M2τ, k, v, ρ) +QM2(τ, k, v, ρ)

= QM2(τ, k, v, ρ) +QM1 |k,v,ρ M2(τ),

(2.118)

where the slash operator |k,v,ρ was defined in (1.3). Thus, by (2.118), we have

that for every M ∈ Γ(1)

Q
(j,l)
M (τ, k, v, ρ) = 0, (2.119)



59

and therefore F (τ) is a vector-valued modular form on Γ(1) of weight −k,
multiplier system v and representation ρ.

Now we can state the following theorem:

Theorem 2.8 The function F (τ) defined in Theorem 2.1 is a vector-valued

modular form on Γ(1) of weight −k, multiplier system v and representation ρ

if and only if

Q̂S(τ, k, v′, ρ′) = −2
∑

µ≤ν<0

YS,ν(τ)


bν

(1)

...

bν
(p)

 . (2.120)
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CHAPTER 3

Eichler cohomology and vector

valued modular forms

3.1 The cohomology group H1
v,ρ,p(Γ, Pk)

In Chapter 2 we indicated how to choose the coefficients b
(j)
−1, . . . , b

(j)
µ in

formula (2.1) to obtain a vector-valued modular form of negative weight −k.
However, in general formula (2.1) does not give rise to a vector-valued modular

form, since for all V ∈ Γ we have that

F (τ)− F |−k,v,ρ(V τ) = QV (τ), (3.1)

where QV (τ) is a polynomial on τ of degree at most k. The vector polynomials

QV (τ) are called period polynomials.

Let k > 2δ > 0, k ∈ Z, F(Γ, k+2, v, ρ), the space of vector-valued modular

forms of dimension p, weight k+2 and multiplier system v, with the represen-

tation ρ over Γ = Γ(1), that are holomorphic inH. Let f(τ) ∈ F(Γ, k+2, v, ρ),

and let F (τ) be any (k + 1)-fold indefinite integral of f(τ). Then, since F (τ)

is differentiable, it satisfies Bol’s identity:

dk+1

dτ k+1

(
(γτ + δ)kF (Mτ)

)
= (γτ + δ)−k−2F (k+1)(Mτ)

= (γτ + δ)−k−2f(Mτ),

(3.2)
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for τ ∈ H and all M =

(
∗ ∗
γ δ

)
∈ Γ(1). Therefore,

v−1(V )(cτ + d)kρ−1(V )F (V τ) = F (τ) + pV (τ), (3.3)

for τ ∈ H and all V =

(
∗ ∗
c d

)
∈ Γ, where pV (τ) is a vector polynomial of

degree at most k. The vector polynomials pV (τ) are called period (or Eichler)

polynomials of f(τ). We call F (τ) a vector-valued Eichler integral of weight

−k with respect to Γ.

As before, put (F |−k,v,ρV )(τ) = v−1(V )(cτ + d)kρ−1(V )F (V τ). Then we

have

F |−k,v,ρV = F + pV . (3.4)

Let V1, V2 ∈ Γ, V3 = V1V2, and Vi =

(
∗ ∗
ci di

)
. Then by (3.3), we see that

v−1(V3)(c3τ + d3)
kρ−1(V3)F (V3τ) = F (τ) + pV3(τ). (3.5)

Also by the consistency condition (1.4) we get that

v−1(V3)(c3τ + d3)
kρ−1(V3)F (V3τ) (3.6)

= v−1(V1)v
−1(V2)(c1V2τ + d1)

k(c2τ + d2)
kρ−1(V3)F (V3τ) (3.7)

= v−1(V2)(c2τ + d2)
kρ−1(V2)

(
v−1(V1)(c1V2τ + d1)

kρ−1(V1)F (V3τ)
)
(3.8)

= v−1(V2)(c2τ + d2)
kρ−1(V2) (F (V2τ) + pV1(V2τ)) (3.9)

= F (τ) + pV2(τ) + (pV1|−k,v,ρV2) (τ). (3.10)

Therefore,

pV1V2(τ) = pV3(τ) = pV2(τ) + (pV1|−k,v,ρV2) (τ). (3.11)

Now suppose that {pV : V ∈ Γ} is any collection of vector polynomials of

degree at most k satisfying (3.11). Then we call {pV : V ∈ Γ} a cocycle. A

coboundary is a set {pV : V ∈ Γ} of vector polynomials of degree at most k

such that

pV (τ) = (q|−k,v,ρV )(τ)− q(τ), (3.12)
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for all V ∈ Γ with q(τ) a fixed vector polynomial of degree at most k. The

cohomology group H1
v,ρ,p(Γ, Pk) is defined as the vector space obtained by

forming the quotient of the cocycles by the coboundaries, where p is the length

of the vector of polynomials and Pk is the vector space of vector polynomials

of length p and degree at most k.

Note that given f(τ) ∈ F(Γ, k+2, v, ρ), then F (τ), a (k+1)-fold indefinite

integral of f(τ), is determined up to a vector polynomial of degree ≤ k. Then

if we replace F (τ) by F (τ) + q(τ) we find that the cocycle {pV (τ) : V ∈
Γ} associated to F (τ) is replaced by the cocycle {p∗V (τ) : V ∈ Γ}, where

p∗V (τ) = pV (τ) + ((q|−k,v,ρV )(τ)− q(τ)), so the cocycle {pV (τ) : V ∈ Γ} is in

the same cohomology class as is the cocycle {p∗V (τ) : V ∈ Γ}. Thus f(τ) ∈
{Γ, k + 2, v, ρ, p} determines uniquely an element of H1

v,ρ,p(Γ, Pk).

3.2 The supplementary function

Knopp and Mason [12] defined the vector-valued Poincaré series P (τ, ρ, k, v, ν,Γ, r)

in the following fashion. Fix ν an integer and r, 1 ≤ r ≤ p, and put

P (τ, ρ, k, v, ν,Γ, r) =
1

2

∑
M∈Γ

e2πi(ν+mr)Mτ

v(M)(cτ + d)k
ρ−1(M)er, (3.13)

where er is the column vector consisting of zeros except for the rth component

which is a 1. HereM =

(
a b

c d

)
ranges over some set of coset representatives

for Γ∞\Γ.

A normal representation ρ is a representation that satisfies two conditions

[12, p.1351]:

1. ρ(T ) is diagonal, and

2. ρ(S2) = I.

Let us list some facts about vector-valued Poincaré series. Let ρ be a

normal representation of Γ(1) and k > 2δ (1.42). Then,
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1. P (τ, ρ, k+2, v, ν,Γ, r) ∈ F(Γ, k+2, ρ, v) is a vector-valued modular form

of weight k + 2 [12, p1355].

2. The space of cusp forms S(Γ, k, ρ, v) is spanned by Poincaré series [12,

p.1360].

3. The Fourier expansion for a Poincare series P (τ) = P (τ, ρ, k+2, v, ν,Γ, r))

is given by:

P (τ) = T ∗
ν (τ)er. (3.14)

Here er is a column vector of zeros, except for the rth component which is a

1, and T ∗
ν (τ) is a matrix defined by

T ∗(j,l)
ν (τ) = δjle

2πi(mj+ν)τ +R∗(j,l)
ν (τ), (3.15)

where

R∗(j,l)
ν (τ) =

∞∑
m=0

2π
∞∑

c=1

i−k

c
Ac,ν,m,j,l B

∗
c,ν,m,j,le

2πi(m+mj)τ . (3.16)

In (3.16) B∗
c,ν,m,j,l is given by

B∗
c,ν,m,j,l =



(
−ν−ml

m+mj

)− k+1
2
Ik+1

(
4π
c
(−ν −ml)

1
2 (m+mj)

1
2

)
, ν +ml < 0

1
(k+1)!

(
2π(m+mj)

c

)k+1

, ν = ml = 0(
ν+ml

m+mj

)− k+1
2
Jk+1

(
4π
c
(ν +ml)

1
2 (m+mj)

1
2

)
, ν +ml > 0,

(3.17)

with Ik+1(z) defined by (1.109) and Jk+1(z) by

Jk+1(z) =
∞∑

n=0

(−1)n
(

z
2

)2n+k+1

n!(n+ k + 1)!
, z ∈ R (3.18)

[12, pp. 1355-1356].

Suppose that g(τ) ∈ S(Γ, k+2, ρ, v), and let s = dimS(Γ, k+2, ρ, v). Then

there exist complex numbers b1, . . . , bs, along with a set of positive integers
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ν1, . . . , νs, not necessarily distinct, and a set of positive integers r1, . . . , rs,

where 1 ≤ rj ≤ p, such that

g(τ) =
s∑

i=1

biP (τ, ρ, k + 2, v, νi,Γ, ri). (3.19)

Now we are going to define the function supplementary to a cusp form in a

way similar to the definition in Section 2.3:

ν̂ = −1− ν if mj > 0,

ν̂ = −ν if mj = 0,
(3.20)

and
m̂j = 1−mj if mj > 0,

m̂j = −mj if mj = 0.
(3.21)

Also as we did in Section 2.3, let

v̂(M) = v(M), ρ̂(M) = ρ(M) (3.22)

and define ĝ(τ), the function supplementary to g(τ) as

ĝ(τ) =
s∑

i=1

biP (τ, ρ̂, k + 2, v̂, ν̂i,Γ, ri). (3.23)

Note that, although the values for ν̂, m̂j, v̂ and ρ̂ are the same as ν ′, m′
j, v

′

and ρ′ in Section 2.3. Here we form a nonentire vector-valued modular form

given a cusp form, while in Section 2.3 we formed an Eichler integral given an

Eichler integral.

Now let Ĝ(τ) be the (k + 1)-fold integral of ĝ(τ), defined by integrating

term-by-term in the expansion at i∞. Note that Ĝ(τ) is the (k + 1)-fold

integral of the function
s∑

i=1

T ∗bνi
(τ)eri

bi, (3.24)

normalized so that

Ĝ(Tτ) = v̂(T )ρ̂(T )Ĝ(τ) =


e2πi bm1

. . .

e2πi bmp

 Ĝ(τ), (3.25)
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with T =

(
1 1

0 1

)
. Also we have

v̂ −1(V )(cτ + d)kρ̂ −1(V )Ĝ(V τ) = Ĝ(τ) + p̂V (τ), (3.26)

for all V ∈ Γ, where p̂V (τ) is a vector polynomial of degree at most k. Now let

G(τ) be the (k + 1)-fold integral of g(τ), defined by integrating term-by-term

in the expansion at i∞ as we did before with ĝ(τ). We see that

v−1(V )(cτ + d)kρ−1(V )G(V τ) = G(τ) + pV (τ), (3.27)

for all V ∈ Γ.

Now we want to consider the relationship between pV (τ) and p̂V (τ). To do

so we take the same steps as we did in Chapter 2. Let R
∗(j,l)bν (τ) be defined as

the (k+1)-fold integral of R∗(j,l)bν (τ). Therefore after changing the order of the

summation as we did in (2.25), we have that

R
∗(j,l)bν (τ) =

(2π)−k

i2k+1

∞∑
c=1

1

c

∑
c, d

0 ≤ −d < c

(c, d) = 1

v̂ −1(V )x̂(j,l)e2πia
bml+bν

c

∞∑
m=0

B∗
c,bν,m,j,le

2πi(m+ bmj)(τ+ d
c
)

(m+ m̂j)k+1
.

(3.28)

Applying the Lipschitz summation formula (2.27), as we did in Lemma 2.4,

we get that

(2π)−k

ci2k+1

∞∑
m=0

B∗
c,bν,m,j,le

2πi(m+ bmj)(τ+ d
c
)

(m+ m̂j)k+1

=
(2π)−k

ci2k+1

∞∑
m=0

∞∑
n=0

(
2π

c

)2n+k+1
(−ν̂ − m̂l)

n(m+ m̂j)
n

n!(n+ k + 1)!
e2πi(m+ bmj)(τ+ d

c
)

=
(2π)−k

ci2k+1

∞∑
n=0

(
2π

c

)2n+k+1
(−ν̂ − m̂l)

n

n!(n+ k + 1)!

∞∑
m=0

(m+ m̂j)
ne2πi(m+ bmj)(τ+ d

c
)

=
(2π)−k

ci2k+1

∞∑
n=0

(
2π

c

)2n+k+1
(−ν̂ − m̂l)

n

n!(n+ k + 1)!

Γ(n+ 1)

(2π)n+1

∞∑
q=−∞

e2πiq bmj

(
−i
(
τ +

d

c
− q

))−n−1

=
(2π)−k−1

i3k+1

∞∑
q=−∞

e2πiq bmj (cτ + d− cq)k

(−ν̂ − m̂l)k+1

∞∑
n=k+1

1

n!

(
2πi(−ν̂ − m̂l)

c(cτ + d− cq)

)n

.

(3.29)
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(Note that in this case we do not get a different formula if m = mj = 0,

because P (τ, ρ, k + 2, v, ν,Γ, r) is a cusp form. Thus either the the coefficient

for m = 0 is zero, or mj > 0 and therefore if we follow the same steps as we

did in Chapter 2, we get a result similar to (2.107). The difference here is that

we do not have the term 2Y(j,l)
M,ν (τ) (2.36, 2.82), that comes from applying the

Lipschitz summation formula.) Therefore we have that

p̂V (τ) = pV (τ), for all V ∈ Γ. (3.30)

Now following Husseini-Knopp [4] we can state the following theorem which

is proved exactly in the same way as Theorem 3 in [4].

Theorem 3.1 Let k > 2δ, g(τ) ∈ S(Γ, k + 2, ρ, v) and Ĝ(τ) the function

supplementary to g(τ). Then g(τ) ≡ 0 if and only if Ĝ(τ) ∈ F(Γ,−k, ρ̂, v̂).

Proof 3.1

If g(τ) ≡ 0, then its (k+1)-fold integral G(τ) is also identically zero, and

therefore pV (τ) = 0 for all V ∈ Γ. Thus by (3.30), we have that p̂V (τ) = 0,

and therefore

v̂ −1(V )(cτ + d)kρ̂ −1(V )Ĝ(V τ) = Ĝ(τ). (3.31)

Also, since ĝ(τ) ∈ F(Γ, k + 2, ρ̂, v̂), we have that ĝ(τ) is holomorphic on H
and meromorphic at i∞. Therefore Ĝ(τ) ∈ F(Γ,−k, ρ̂, v̂).

On the other hand, if Ĝ(τ) ∈ F(Γ,−k, ρ̂, v̂), then p̂V (τ) = 0 for all V ∈ Γ,

and by (3.30), we have that pV (τ) = 0 for all V ∈ Γ, and therefore Ĝ(τ) ∈
F(Γ,−k, ρ, v). Now since g(τ) is a cusp form, then it is holomorphic on H
and at i∞, and so is its (k+1)-fold integral G(τ). By Lemma 4.1 in [11], we

have that G(τ) ≡ 0.

3.3 Eichler cohomology and a mapping

of H1
v,ρ,p(Γ, Pk)

¯
Definition 3.1 A parabolic cocycle {pV : V ∈ Γ} is any collection of vector

polynomials of degree at most k and length p satisfying (3.11), in which for
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every parabolic class B in Γ there exists a fixed polynomial pB(τ) of degree ≤ k

such that

QB(τ) = pB |−k,v,ρ B(τ)− pB(τ), ∀B ∈ B. (3.32)

(Note that coboundaries are parabolic cocycles.)

Definition 3.2 The parabolic cohomology group H̃1
v,ρ,p(Γ, Pk) is defined as the

vector space obtained by forming the quotient of the parabolic cocycles by the

coboundaries.

In Γ(1) the only parabolic class is the class of T . Note that in H̃1
v,ρ,p(Γ, Pk)

we can always find a cocycle in which QT (τ) = 0. For, suppose that QT (τ) 6= 0;

then there exists a polynomial pT (τ) such that (3.32) with B = T . Therefore

the following polynomial is also in the same cohomology class:

Q∗T (τ) = QT (τ)− (pT |−k,v,ρ T (τ)− pT (τ))

= 0.
(3.33)

Theorem 3.2 Let k a positive integer such that k > 2δ, v a multiplier system

in weight k and ρ a normal representation of Γ = Γ(1). Then,

S(Γ, k + 2, ρ̂, v̂)⊕ S(Γ, k + 2, ρ, v) ∼= H̃1
v,ρ,p(Γ, Pk), (3.34)

with the same mapping as in Theorem 3.1.

Theorem 3.3 Let k a positive integer, such that k > 2α, v a multiplier system

in weight k and ρ a normal representation of Γ = Γ(1). Then,

S(Γ, k + 2, ρ̂, v̂)⊕M(Γ, k + 2, ρ, v) ∼= H1
v,ρ,p(Γ, Pk), (3.35)

and the construction of the mapping is independent of Γ, k, v and ρ. Moreover

the map is the same as in Theorem 3.2.

Following Husseini and Knopp [4], we define the mapping

µ : S(Γ, k + 2, ρ̂, v̂)⊕M(Γ, k + 2, ρ, v) → H1
v,ρ,p(Γ, Pk) (3.36)
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by

µ(g(τ), f(τ)) = α(g(τ)) + β(f(τ)), (3.37)

where β(f) is the cohomology class of the cocycle of the the vector of period

polynomials {pV : V ∈ Γ} of the (k + 1)-fold integral F (τ) of f(τ), while

α(g) is the cohomology class of the cocycle of the vector of period polynomials

{qV : V ∈ Γ} of Ĝ(τ), the (k + 1)-fold integral of the supplementary function

of g(τ).

Remark 3.1 To avoid confusion note that

1. g(τ) ∈ S(Γ, k + 2, ρ̂, v̂),

2. ĝ(τ) ∈ F(Γ, k + 2, ρ, v),

3. G(τ) is the (k + 1)-fold integral of g(τ),

4. {q̂V : V ∈ Γ} is the cocycle of vector polynomials corresponding to G(τ),

5. Ĝ(τ) is the (k + 1)-fold integral of ĝ(τ) and

6. {qV : V ∈ Γ} is the cocycle of vector polynomials corresponding to Ĝ(τ).

It may seem that the map α depends on the choice of the basis for S(Γ, k + 2, ρ̂, v̂).

However our mapping is in fact independent of this choice, since the periods,

{q̂V : V ∈ Γ}, of the (k + 1)-fold integral of g ∈ S(Γ, k + 2, ρ̂, v̂), G(τ), are

related to those of Ĝ(τ), the (k + 1)-fold integral of ĝ(τ), the function sup-

plementary to g(τ), by (3.30):

qV (τ) = q̂V (τ), (3.38)

regardless of the choice of the basis.

To show that the map is 1-1 it is enough to show that the kernel of µ

is (0, 0). Suppose that µ(g, f) = 0. Then there exists a vector polynomial

p(τ), of degree smaller than or equal to k, such that F (τ) + Ĝ(τ) + p(τ) ∈
F(Γ,−k, ρ, v). This is holomorphic on H, and since F (τ) is the (k + 1)-fold
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integral of f(τ) ∈ M(Γ, k + 2, ρ, v) and p(τ) is a vector polynomial, we have

that the principal part of F (τ) + Ĝ(τ) + p(τ) is the same as the principal part

of Ĝ(τ), the (k + 1)-fold integral of ĝ(τ). This principal part is
s∑

i=1

bi

(−2πi(νi +mri
))k+1

q−(νi+mri )eri
. (3.39)

Since k+2 > 2+2δ, the Fourier coefficients of F (τ)+ Ĝ(τ)+p(τ) are given by

the formula (2.2) and when we apply it to (3.39) we get the Fourier coefficients

of Ĝ(τ) as stated by Knopp and Mason [12, Theorem 3.2]. Therefore Ĝ(τ) =

F (τ) + Ĝ(τ) + p(τ), so F (τ) = −p(τ). Since the degree of p(τ) is less than or

equal to k, the (k + 1)th derivative is zero, and therefore f(τ) ≡ 0. Also since

Ĝ(τ) ∈ F(Γ,−k, ρ, v), we have that g(τ) ≡ 0 by Theorem 3.1. Thus µ is 1-1.

Now let µ̃ be the map µ, restricted to the space of cusp forms S(Γ, k + 2, ρ, v).

We want to show that

µ̃ : S(Γ, k + 2, ρ̂, v̂)⊕ S(Γ, k + 2, ρ, v) → H̃1
v,ρ,p(Γ, Pk). (3.40)

Let f(τ) ∈ S(Γ, k + 2, ρ, v), then

f (j)(τ) =
∑

m+mj>0

a(j)
m e2πi(m+mj)τ , for 1 ≤ j ≤ p, (3.41)

and the (k + 1)-fold integral is

F (j)(τ) =
∑

m+mj>0

a
(j)
m

(2πi(m+mj))k+1
e2πi(m+mj)τ + p(j)(τ), for 1 ≤ j ≤ p.

(3.42)

Here p(j)(τ) is a polynomial of degree at most k. We saw at the end of Section

3.1 that the cohomology class of F (τ) is the same as the cohomology class of

F (τ) − p(τ), so we can assume without loss of generality that p(j)(τ) = 0. It

is clear that if p(τ) = 0, we have that

F |−k,v,ρ T (τ) = F (τ), (3.43)

which implies that pT (τ) = 0. Therefore β(f) ∈ H̃1
v,ρ,p(Γ, Pk). On the other

hand if g ∈ S(Γ, k + 2, ρ̂, v̂), then

g(τ) =
s∑

i=1

biP (τ, ρ̂, k + 2, v̂, ν̂i,Γ, ri), (3.44)
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and

ĝ(τ) =
s∑

i=1

biP (τ, ρ, k + 2, v, νi,Γ, ri). (3.45)

In all the expansions of the Poincare series P (τ, ρ̂, k+ 2, v̂, ν̂i,Γ, ri) ∈ S(Γ, k+

2, ρ̂, v̂), we have that m + m̂j > 0, for all 1 ≤ j ≤ p and all 1 ≤ i ≤ s.

Therefore in the expansions of P (τ, ρ, k + 2, v, νi,Γ, ri) we will also have that

m+mj > 0, for all 1 ≤ j ≤ p and all 1 ≤ i ≤ s. Thus

ĝ(j)(τ) =
∑

m+mj>0

c(j)m e2πi(m+mj)τ , for 1 ≤ j ≤ p, (3.46)

and the (k + 1)-fold integral is

Ĝ(j)(τ) =
∑

m+mj>0

c
(j)
m

(2πi(m+mj))k+1
e2πi(m+mj)τ + q(j)(τ), for 1 ≤ j ≤ p.

(3.47)

Here q(j)(τ) is a polynomial of degree at most k. We assume without loss of

generality that q(j)(τ) = 0. It is clear that if q(τ) = 0, we have that

Ĝ |−k,v,ρ T (τ) = Ĝ(τ), (3.48)

which implies that qT (τ) = 0. Therefore α(g) ∈ H̃1
v,ρ,p(Γ, Pk). Thus

µ̃(g(τ), f(τ)) = α(g(τ)) + β(f(τ)) ∈ H̃1
v,ρ,p(Γ, Pk). (3.49)

Therefore we have shown not only that µ̃maps the given spaces into the Eichler

cohomology H̃1
v,ρ,p(Γ, Pk), but also that µ̃ is 1-1, since µ is.

It remains to show that the maps µ and µ̃ are onto. We use the vector-

valued generalized Poincaré series, to show that µ̃ is onto.

3.4 The vector-valued generalized Poincaré se-

ries Ψ(τ ; {pV (τ )}, r, w)

Lehner [13] defined a vector-valued generalized Poincaré series. Let {QV (τ)}
be a parabolic cocycle of vector polynomials of degree ≤ k on Γ(1), with
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k ∈ Z+, v a multiplier system in Γ(1) and ρ a normal representation. Assume

also that QT (τ) = 0. We define the vector-valued generalized Poincaré series

as

Ψ(j)(τ ; r) =
∑
V ∈L

Q
(j)
V (τ)

(cτ + d)r
, V =

(
a b

c d

)
, (3.50)

where r is a large positive even integer and L is any set in Γ(1) containing

all transformations with different lower rows. Now we note that if M and M∗

have the same lower row, then we can write M = T lM∗ and therefore

QM(τ) = QT lM∗(τ)

= QT l |−k,v,ρ M
∗(τ) +QM∗(τ)

= QM∗(τ),

(3.51)

so that Ψ(j)(τ ; r) does not depend on the choice of coset representatives.

To study the convergence of Ψ(τ ; r), we need the following facts:

1. Lemma 4 in [9]: For real numbers c, d and τ = x+ iy, we have

y2

1 + 4|τ |2
(c2 + d2) ≤ |cτ + d|2 ≤ 2(|τ |2 + y−2)(c2 + d2). (3.52)

2. Let a
(j)
0 , . . . , a

(j)
k be the coefficients of Q

(j)
S (τ). Then if

K1 =

p∑
j=1

k∑
t=0

∣∣∣a(j)
t

∣∣∣ , (3.53)

we have that∣∣∣Q(j)
S (τ)

∣∣∣ < K1

(
|τ |k + y−1

)
, for τ ∈ H and 1 ≤ j ≤ p. (3.54)

3. Since QT (τ) = 0, we have that

QT m(τ) = QT |−k,v,ρ T
m−1(τ) +QT |−k,v,ρ T

m−2(τ) + . . .+QT (τ)

= 0.

(3.55)
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4. Since QT m(τ) = 0, we have that

QT mV (τ) = QT m |−k,v,ρ V (τ) +QV (τ)

= QV (τ).
(3.56)

5. Let q1, . . . , qs ∈ Z+, n ∈ Z,

V = ST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1ST n =

(
a b

c d

)
(3.57)

and for 0 ≤ j ≤ s define the matrix

Mj = T (−1)jqjST (−1)j−1qj−1S . . . T q2ST−q1ST n =

(
αj βj

γj δj

)
, (3.58)

with M0 = T n and SMs = V , then

|c| ≥ |αj|, |c| ≥ |γj|, |d| ≥ |βj| and |d| ≥ |δj|. (3.59)

6. For V ∈ Γ(1), by (3.11) we have that

Q−V (τ) = Q−I(τ) +QV |−k,v,ρ (−I(τ))

= v−1(−I)ρ−1(−I)(−1)kQV (τ) +Q−I(τ)

= QV (τ).

(3.60)

7. Finally,

QI(τ) = Q−I(τ) = 0. (3.61)

Note that by (3.55), we can rewrite (3.50) as

Ψ(j)(τ ; r) =
∑
V ∈ L
c 6= 0

Q
(j)
V (τ)

(cτ + d)r
, V =

(
a b

c d

)
.

(3.62)

Now we want to find a bound for the cocycle QV (τ) for V ∈ Γ(1). By

(1.37), we have that

V =

(
a b

c d

)
= ±TmST (−1)sqsST (−1)s−1qs−1S . . . T q2ST−q1ST n. (3.63)
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Recall (Lemma 1.1) that s is the number of steps in the Euclidean algorithm

applied to the pair c, d.

From the definition of a cocycle and by (3.55), (3.11), (1.37) and (3.60) we

have that

QV (τ) = Q±T mST (−1)sqsST (−1)s−1qs−1S...T q2ST−q1ST n(τ)

= Q
ST (−1)sqsST (−1)s−1qs−1S...T q2ST−q1ST n(τ)

= QSMs(τ)

= QS |−k,v,ρ Ms(τ) +QMs(τ)

= QS |−k,v,ρ Ms(τ) +QT (−1)sqsSMs−1
(τ)

= QS |−k,v,ρ Ms(τ) +QSMs−1(τ)

= QS |−k,v,ρ Ms(τ) +QS |−k,v,ρ Ms−1(τ) +QMs−1(τ)

= QS |−k,v,ρ Ms(τ) + . . .+QS |−k,v,ρ M1(τ) +QS |−k,v,ρ M0(τ) +QM0(τ)

=
s∑

h=0

QS |−k,v,ρ Mh(τ) +QT n(τ)

=
s∑

h=0

QS |−k,v,ρ Mh(τ)

=
s∑

h=0

v−1(Mh)ρ
−1(Mh)(γhτ + δh)

kQS(Mhτ).

(3.64)

Now by (1.42) and the fact that |γh| ≤ |c| (3.59), we get∣∣∣Q(j)
V (τ)

∣∣∣ ≤ p∑
l=1

s∑
h=0

∣∣(ρ−1(Mh))
(j,l)
∣∣ |γhτ + δh|k | Q(l)

S (Mhτ) |

≤ K∗
1

p∑
l=1

s∑
h=0

|γh|2δ |γhτ + δh|k | Q(l)
S (Mhτ) |

≤ K∗
1c

2δ

p∑
l=1

s∑
h=0

|γhτ + δh|k | Q(l)
S (Mhτ) |,

(3.65)

and from (3.54) we obtain

|γhτ + δh|k
∣∣∣Q(l)

S (Mhτ)
∣∣∣ ≤ K∗

2 |γhτ + δh|k
(
|Mhτ |k + y−1 |γhτ + δh|2

)
= K∗

2

(
|αhτ + βh|k + y−1 |γhτ + δh|k+2

)
.

(3.66)
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By (3.52) we have that

|αhτ + βh|k ≤ 2
k
2

(
|τ |2 + y−2

) k
2
(
α2

h + β2
h

) k
2 (3.67)

and

|γhτ + δh|k+2 ≤ 2
k+2
2

(
|τ |2 + y−2

) k+2
2
(
γ2

h + δ2
h

) k+2
2 . (3.68)

Thus, (3.66) becomes

|γhτ + δh|k
∣∣∣Q(l)

S (Mhτ)
∣∣∣ ≤ K∗

3

(
|τ |2 + y−2

) k+2
2

((
α2

h + β2
h

) k
2 + y−1

(
γ2

h + δ2
h

) k+2
2

)
,

(3.69)

and by (3.59) we have that

|γhτ + δh|k
∣∣∣Q(l)

S (Mhτ)
∣∣∣ ≤ K∗

3

(
|τ |2 + y−2

) k+2
2

((
c2 + d2

) k
2 + y−1

(
c2 + d2

) k+2
2

)
≤ K∗

3

(
c2 + d2

) k+2
2
(
|τ |2 + y−2

) k+2
2
(
1 + y−1

)
.

(3.70)

Therefore we rewrite (3.65) applying (3.70) as∣∣∣Q(j)
V (τ)

∣∣∣ ≤ K∗
4c

2δ

s∑
h=0

(
c2 + d2

) k+2
2
(
|τ |2 + y−2

) k+2
2
(
1 + y−1

)
≤ K∗

4(s+ 1)c2δ
(
c2 + d2

) k+2
2
(
|τ |2 + y−2

) k+2
2
(
1 + y−1

)
.

(3.71)

Also, by (1.39) we have that

s+ 1 ≤ 2
(
c2 + d2

)
(3.72)

and clearly

c2δ ≤
(
c2 + d2

)δ
. (3.73)

Thus, we rewrite (3.71) as∣∣∣Q(j)
V (τ)

∣∣∣ ≤ K∗
5

(
c2 + d2

) k+2δ+4
2
(
|τ |2 + y−2

) k+2
2
(
1 + y−1

)
. (3.74)

Now by (3.52) we rewrite (3.74)∣∣∣Q(j)
V (τ)

∣∣∣ ≤ K∗
5

(
|cτ + d|2 1 + 4|τ |2

y2

) k+2δ+4
2 (

|τ |2 + y−2
) k+2

2
(
1 + y−1

)
≤ λ(τ) |cτ + d|k+2δ+4 .

(3.75)
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Here,

λ(τ) = K∗
5

(
1 + 4|τ |2

y2

) k+2δ+4
2 (

|τ |2 + y−2
) k+2

2
(
1 + y−1

)
. (3.76)

Thus, by (3.62), (3.75) and (3.76) we have that∣∣Ψ(j)(τ ; r)
∣∣ ≤ λ(τ)

∑
V ∈ L
c 6= 0

|cτ + d|k+2δ+4−r .
(3.77)

Now we want to show that Ψ(j)(τ ; r) converges uniformly on

S =

{
τ = x+ iy : |x| ≤ 1

2
, y ≥M > 0

}
. (3.78)

First we note that for τ ∈ S we can bound the function λ(τ) (3.76),

λ(τ) ≤ K1(S)(1 + yk+2), (3.79)

where K1(S) is a constant that depends on S. Also, since c 6= 0, we have that

|cτ + d|k+2 ≥ |c|k+2yk+2 > yk+2. (3.80)

By (3.79), (3.80) and (3.77) and for τ ∈ S we have

∣∣Ψ(j)(τ ; r)
∣∣ ≤ K1(S)

1 + yk+2

yk+2

∑
V ∈ L
c 6= 0

|cτ + d|2k+2δ+6−r

≤ K2(S)
∑
V ∈L

|cτ + d|2k+2δ+6−r .

(3.81)

Since the summation converges absolute-uniformly on S for r > 2δ+2k+8 [1,

pp. 15-16], so does Ψ(j)(τ ; r). Therefore Ψ(j)(τ ; r) is holomorphic on H and at

i∞. Moreover we have that

lim
τ→i∞

Ψ(j)(τ ; r) =
∑
V ∈ L
c 6= 0

lim
τ→i∞

Q
(j)
V (τ)

(cτ + d)r
= 0,

(3.82)

since we can put the limit inside the summation by the uniform convergence

on S.
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Note that for every M in Γ(1) there is a one-to-one correspondence between

L and LM . Therefore, M =

(
∗ ∗
γ δ

)
, VM =

(
∗ ∗
γ̃ δ̃

)
∈ Γ, and using the

absolute convergence and the fact that r ∈ 2Z+, we have

Ψ |−k,v,ρ M(τ) (3.83)

= v−1(M)(γτ + δ)kρ−1(M)Ψ(Mτ ; r) (3.84)

=
∑
V ∈L

v−1(M)(γτ + δ)kρ−1(M)QV (Mτ)(cMτ + d)−r (3.85)

=
∑
V ∈L

(QV |−k,v,ρ M(τ)) (cMτ + d)−r (3.86)

=
∑
V ∈L

(QV M(τ)−QM(τ)) (cMτ + d)−r (3.87)

= (γτ + δ)r
∑

V M∈L

(QV M(τ)−QM(τ))
(
γ̃τ + δ̃

)−r

(3.88)

= (γτ + δ)r (Ψ(τ ; r)− ψ(τ ; r)QM(τ)) . (3.89)

Here ψ(τ ; r) is the classical Eisenstein series

ψ(τ ; r) =
∑
V ∈L

(cτ + d)−r, (3.90)

which converges absolutely for r > 2. Also we have the transformation law

ψ(Mτ ; r) = (γτ + δ)rψ(τ ; r), for all M ∈ Γ, (3.91)

provided r is an even integer bigger than 2.

Now we define the vector valued function

F (τ) = −Ψ(τ ; r)

ψ(τ ; r)
. (3.92)

By (3.89) and (3.91) we get

F |−k,v,ρ M(τ)

= −Ψ |−k,v,ρ M(τ)

ψ(Mτ ; r)

= −Ψ(τ ; r)

ψ(τ ; r)
+QM(τ)

= F (τ) +QM(τ).
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Since Ψ(τ ; r) converges absolute-uniformly on compacts of H for r sufficiently

large, it is holomorphic on H and therefore Ψ(τ ; r) does not have any pole on

H.

In order to avoid a pole in F (τ) at τ = i, and at τ = 1±
√

3i
2

, we can choose

a convenient r. Basically we want to avoid a zero of ψ(τ ; r) at those points.

To do so note that by (3.52) for τ = i, 1±
√

3i
2

we have that∣∣∣∣∣∣∣∣∣
∑
V ∈ L
|c| > 1

1

(cτ + d)r

∣∣∣∣∣∣∣∣∣ ≤
∑
V ∈ L
|c| > 1

∣∣∣∣ 1

(cτ + d)r

∣∣∣∣
≤ 2

∞∑
c=2

∑
0 ≤ d < c

(c, d) = 1

∞∑
m=−∞

∣∣∣∣ 1

(cτ + cm+ d)r

∣∣∣∣
≤ K

(1 + 4|τ |2) r
2

yr

∞∑
c=2

∑
0 ≤ d < c

(c, d) = 1

∞∑
m=−∞

1

cr
(
1 +

(
m+ d

c

)2) r
2

≤ K
(1 + 4|τ |2) r

2

yr

∞∑
c=2

1

cr−1

(
∞∑

m=0

1

(m2 + 1)
r
2

+
−1∑

m=−∞

1

((m+ 1)2 + 1)
r
2

)

= 2K
(1 + 4|τ |2) r

2

yr

∞∑
c=2

1

cr−1

∞∑
m=0

1

(m2 + 1)
r
2

,

(3.93)

and we can choose an r large enough to make the above summation less than

1 for τ = i, 1±
√

3i
2

. We can also choose r large enough so that∣∣∣∣∣∣∣∣∣
∞∑

d = −∞
d 6= 0

1

(i+ d)r

∣∣∣∣∣∣∣∣∣ < 1,

∣∣∣∣∣∣∣∣∣
∞∑

d = −∞
d 6= 0

1

(−i+ d)r

∣∣∣∣∣∣∣∣∣ < 1 (3.94)

and ∣∣∣∣∣∣∣∣∣
∞∑

d = −∞
d 6= 0

1

(1±
√

3i
2

+ d)r

∣∣∣∣∣∣∣∣∣ < 1,

∣∣∣∣∣∣∣∣∣
∞∑

d = −∞
d 6= 0

1

(−1±
√

3i
2

+ d)r

∣∣∣∣∣∣∣∣∣ < 1. (3.95)
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Now if r ≡ 0 (mod 12) we have that

ψ(i) = 1 +
1

(−1)r
+

1

ir
+

1

(−i)r
+

∞∑
d = −∞

d 6= 0

1

(i+ d)r
+

∞∑
d = −∞

d 6= 0

1

(−i+ d)r
+
∑
V ∈ L
|c| > 1

1

(ci+ d)r

= 4 +
∞∑

d = −∞
d 6= 0

1

(i+ d)r
+

∞∑
d = −∞

d 6= 0

1

(−i+ d)r
+
∑
V ∈ L
|c| > 1

1

(ci+ d)r
,

(3.96)

and therefore |ψ(i)| > 0. Also ,

ψ

(
1±

√
3i

2

)
= 1 +

1

(−1)r
+

1(
1±
√

3i
2

)r +
1(

−1±
√

3i
2

)r +
∞∑

d = −∞
d 6= 0

1

(1±
√

3i
2

+ d)r

+
∞∑

d = −∞
d 6= 0

1

(−1±
√

3i
2

+ d)r
+
∑
V ∈ L
c > 1

1(
c
(

1±
√

3i
2

)
+ d
)r

= 4 +
∞∑

d = −∞
d 6= 0

1

(1±
√

3i
2

+ d)r
+

∞∑
d = −∞

d 6= 0

1

(−1±
√

3i
2

+ d)r

+
∑
V ∈ L
c > 1

1(
c
(

1±
√

3i
2

)
+ d
)r ,

(3.97)

and therefore
∣∣∣ψ (1±

√
3i

2

)∣∣∣ > 0. Thus for r a large integer divisible by 12, we

have that F (τ) does not have a pole at τ = i or 1±
√

3i
2

.

3.5 Construction of a convenient vector val-

ued modular form of negative weight −k <

−2δ on Γ(1)

Next we want to modify the function F (τ) by substracting a form with

the same principal part at all poles of F (τ) on H, so that we get an Eichler
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integral with poles only at i∞ and the same periods as F (τ). To do so, we

want to construct a function Iτ0,r(τ) which has a pole of order s at τ0 in the

fundamental region of Γ(1) and possibly at i∞, and which is holomorphic

everywhere else on the fundamental region.

In Theorem 2.7 we showed how to construct a vector-valued modular form

H(τ) on Γ(1) which is analytic in H. We define H(τ) as in (2.1), with k > 2δ

and µ sufficiently large.

Now we want to modify the function H(τ) so that we have a pole of order

s at τ0.in the rth component. Let h the order of the zero of H(τ) at τ0 in the

rth component. We can consider the function

I(j)
τ0,r(τ, s) =

 H(j)(τ) if j 6= r
H(j)(τ)

(J(τ)−J(τ0))s+h if j = r
(3.98)

It is easy to see that Iτ0,r(τ, s) ∈ F(Γ,−k, ρ, v), sinceH(τ) ∈ F(Γ,−k, ρ, v),
and J(τ) is invariant under the action of |−k,v,ρ.

Since J(τ) attains every complex value only once in the fundamental region,

we see that J(τ) − J(τ0) will be zero of order 1 in the usual variable τ − τ0,

except for τ = i, 1±
√

3i
2

, where the function J(τ)− J(τ0) does not have a zero

of order 1 in the usual variable τ − τ0.

The function defined in (3.92)

F (τ) = −Ψ(τ)

ψ(τ)
(3.99)

could have poles at H. Those poles correspond to zeros of ψ(τ), since we chose

r large enough to make Ψ(τ) converge in H. Also we chose r ≡ 0 (mod 12),

to make sure that ψ(τ) has no zeros at τ = i, 1±
√

3i
2

. Therefore F (τ) will not

have a pole at τ = i, 1±
√

3i
2

. Now if F (τ) has a pole of at τ0 at the compoonent

r, and the principal part of F (τ) at the component r is given by∑
no≤n<0

c(r)n (τ − τ0)
n (3.100)

we will construct a form Iτ0,r(τ) with the same principal part as F (τ) in the
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component. Put

Iτ0,r(τ) =
∑

no≤n<0

c
(r)
n

a(τ0, n, r)
Iτ0,r(τ, n), (3.101)

where a(τ0, n, r) is given by

lim
τ→τ0

I(r)
τ0,r(τ, n)(τ − τ0)

n, (3.102)

and I
(r)
τ0,r(τ, n) is given by (3.98). We note that the principal parts of F (τ) and

Iτ0,r(τ) are the same in the component r.

We repeat the process as many times as necessary to construct an auto-

morphic vector-valued form Q(τ) ∈ F(Γ,−k, ρ, v), such that both F (τ) and

Q(τ) have the same poles with the same principal parts on a fundamental

region for Γ(1). Therefore,

F (τ)−Q(τ) (3.103)

is holomorphic on H and for all M ∈ Γ(1) we have that

(F −Q) |−k,v,ρ M(τ) (3.104)

= F |−k,v,ρ M(τ)−Q |−k,v,ρ M(τ) (3.105)

= F (τ)−Q(τ) + pM(τ). (3.106)

(3.107)

Now let W (τ) be defined as

W (τ) =
dk+1

dτ k+1
(F (τ)−Q(τ)) , (3.108)

where the derivative can be calculated term-by-term on the expansion at i∞,

since it is analytic everywhere else. By the discussion in section 1 we see that

W (τ) ∈ F(Γ, k+ 2, ρ, v). Now let
∑−1

νj=−µ0
b
(j)
νj e

2πi(νj+mj) be the principal part

of W (j)(τ) at i∞, where b
(j)
ν ’s are a complex numbers. Then we can write

W (τ) =

p∑
j=1

−1∑
νj=−µ0

b(j)νj
P (τ, ρ, k + 2, v, νj,Γ, j) +B(τ), (3.109)
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where P (τ, ρ, k + 2, v, νj,Γ, j) is a Poincare series with νj + mj < 0, and

therefore the first term has the same poles as W (τ). B(τ) is therefore in

M(Γ, k+ 2, ρ, v). For all j, νj +mj < 0, and thus the function supplementary

to P (τ, ρ, k + 2, v, ν,Γ, i) is a cusp form. So let β(B(τ)) be the cohomology

class of the cocycle of the the period vector polynomials {pV : V ∈ Γ} of the

(k + 1)-fold integral of B(τ). Now put

A(τ) =

p∑
j=1

−1∑
ν=−µ0

bν
(j)
P (τ, ρ̂, k + 2, v̂, ν̂j,Γ, j) ∈ S(Γ, k + 2, ρ̂, v̂), (3.110)

and let α(A(τ)) be the cohomology class of the cocycle of the the period vector

polynomials {qV : V ∈ Γ} of the (k + 1)-fold integral of

p∑
j=1

−1∑
ν=−µ0

b(j)ν P (τ, ρ, k + 2, v, νj,Γ, j). (3.111)

It only remains to show that the function B(τ) is indeed a cusp form in

S(Γ, k + 2, ρ, v). We already saw at the end of Section 3.3, that the cohomol-

ogy class α(A(τ)) is parabolic. We will show that if B(τ) is not a cusp form,

then β(B(τ)) will not be parabolic, and therefore α(A(τ)) + β(B(τ)) will not

be parabolic, which is a contradiction, since we started with a parabolic coho-

mology class and showed that α(A(τ)) + β(B(τ)) equals the given parabolic

cohomology class.

Suppose that B(τ) ∈M(Γ, k + 2, ρ, v)− S(Γ, k + 2, ρ, v), then for some j,

we have that mj = 0 and

B(j)(τ) =
∞∑

m=0

a(j)
m e2πimτ , a

(j)
0 6= 0, (3.112)

and its (k + 1)-fold integral will be

C(j)(τ) =
∞∑

m=0

a
(j)
m e2πimτ

2πim
+
a

(j)
0 τ k+1

(k + 1)!
+ p(j)(τ), (3.113)

and

(C(τ)− C |−k,v,ρ T (τ))(j) =
a

(j)
0

k!
τ k + . . . ,

a
(j)
0

k!
6= 0. (3.114)
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Therefore all cocycles of the cohomology class of (3.113) will have a polynomial

of degree k, in which the coefficient of τ k in the jth component will never be zero

since the coefficient of τ k of p(j)(τ) cancels with the coefficent of τ k of p(j)(τ+1).

And therefore β(B(τ)) is not parabolic. Thus B(τ) ∈ S(Γ, k + 2, ρ, v).

Therefore the map

µ̃ : S(Γ, k + 2, ρ̂, v̂)⊕ S(Γ, k + 2, ρ, v) → H̃1
v,ρ,p(Γ, Pk). (3.115)

is onto. The proof of Theorem 3.2 is complete.

3.6 End of proof of Theorem 3.3

Now we want to show that the map µ of theorem 3.3 is onto. We have

already seen that

µ̃ : S(Γ, k + 2, ρ̂, v̂)⊕ S(Γ, k + 2, ρ, v) → H̃1
v,ρ,p(Γ, Pk). (3.116)

is onto. Let {QV (τ) : V ∈ Γ} be a cocycle in a nonparabolic class, with the

polynomial corresponding to the translation given by

Q
(j)
T (τ) = b

(j)
k τ k + b

(j)
k−1τ

k−1 + . . .+ b
(j)
1 τ + b

(j)
0 . (3.117)

We will construct a vector-valued modular form l(τ) ∈M(Γ, k+ 2, ρ, v), such

that the cohomology class of the (k + 1)-fold integral, L(τ), will give rise to a

cocycle {pV (τ) : V ∈ Γ}, where

pT (τ) = QT (τ). (3.118)

Let

l(τ) = −k!
p∑

i=1

b
(j)
k P (τ, ρ, k + 2, v, 0,Γ, j), (3.119)

where b
(i)
k is given by (3.117), and P (τ, ρ, k + 2, v, 0,Γ, i) by (3.13). Now the

(k + 1)-fold integral of l(τ) is given by

L(j)(τ) = −k!b(j)
∑

m≥mj

c(j)m (2πi(m+mj))
−k−1 e2πi(m+mj)τ + δjτ

k+1 + p(j)(τ),

(3.120)
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where cm are the Fourier coefficients of P (τ, ρ, k+2, v, 0,Γ, j), p(j)(τ) is a poly-

nomial of degree at most k, whose coefficients can be chosen at our convenience

and δj is given by

δj =

{
− b(j)

(k+1)
, mj = 0

0, mj 6= 0
. (3.121)

Now we choose the coefficients of p(j)(τ):

p(j)(τ) = a
(j)
k τ k + a

(j)
k−1τ

k−1 + . . .+ a
(j)
1 τ + a

(j)
0 . (3.122)

If mj 6= 0, we want to choose the coefficients so that

p(j)(τ)− (p(τ) |−k,v,ρ T (τ))(j) = Q
(j)
T (τ). (3.123)

Note that

p(j)(τ)− (p(τ) |−k,v,ρ T (τ))(j) = p(j)(τ)− e−2πimjp(j)(τ + 1)

= p(j)(τ)− e−2πimj

k∑
h=0

h∑
s=0

(
h

s

)
a

(j)
h τh−s.

(3.124)

Therefore we can set up the following linear system:

1− e−2πimj d(1,2) d(1,3) . . . d(1,k+1)

0 d(2,2) d(2,3) . . . d(2,k+1)

0 0 d(3,3) . . . d(3,k+1)

. . .
...

0 0 0 . . . 1− e−2πimj





a
(j)
0

a
(j)
1

...

a
(j)
k−1

a
(j)
k


=



b
(j)
0

b
(j)
1

...

b
(j)
k−1

b
(j)
k


,

(3.125)

where d(h,l) is given by

d(h,l) =


1− e−2πimj

(
l − 1

l − h

)
h = l

−e−2πimj

(
l − 1

l − h

)
h 6= l.

(3.126)

This linear system has a unique solution for the a(j)’s, and satisfies (3.123).
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If mj = 0, we want to choose the coefficients so that

δjτ
k+1 + p(j)(τ)−

(
δjτ

k+1 + p(τ) |−k,v,ρ T (τ)
)(j)

= Q
(j)
T (τ). (3.127)

Note that

δjτ
k+1 −

(
δjτ

k+1 |−k,v,ρ T (τ)
)(j)

= −δj
k∑

s=0

(
k + 1

s+ 1

)
τ k−s. (3.128)

Now we can set up the system of equations



0 d(1,2) d(1,3) . . . d(1,k+1)

0 0 d(2,3) . . . d(2,k+1)

0 0 0 . . . d(3,k+1)

. . .
...

0 0 0 . . . 0





a
(j)
0

a
(j)
1

...

a
(j)
k−1

a
(j)
k


=



b
(j)
0 + δj

b
(j)
1 + δj

(
k + 1

k

)
...

b
(j)
k−1 + δj

(
k + 1

2

)
b
(j)
k + δj(k + 1)


,

(3.129)

where

d(h,l) = −

(
l − 1

l − h

)
. (3.130)

This system of equations has a solution for the a(j)’s, since by (3.121) we see

that

b
(j)
k + δj(k + 1) = 0. (3.131)

And by the choice of the coefficients we have that (3.127) holds. Note that

this solution is unique except for a
(j)
0 , which can be chosen to be whatever

we want since mj = 0. Sumarizing, we have found a vector-valued modular

form l(τ) ∈ M(Γ, k + 2, ρ, v), such that the cohomology class, β(l), of the

(k+1)-fold integral, L(τ), has the same cocycle for T as the given nonparabolic

cohomology class. Therefore we can say that a given nonparabolic cohomology

class can be written as

β(l) + p̃, (3.132)
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where p̃ is a parabolic cohomology class in H̃1
v,ρ,p(Γ, Pk). We saw in Theo-

rem 3.2 that

S(Γ, k + 2, ρ̂, v̂)⊕ S(Γ, k + 2, ρ, v) ∼= H̃1
v,ρ,p(Γ, Pk); (3.133)

therefore, there exists g ∈ S(Γ, k + 2, ρ̂, v̂) and h ∈ S(Γ, k + 2, ρ, v) such that

p̃ = α(g) + β(h). (3.134)

Hence the given nonparabolic cohomology class in H1
v,ρ,p(Γ, Pk) is

α(g) + β(h) + β(l), (3.135)

or, what is the same,

α(g) + β(h+ l), (3.136)

where g ∈ S(Γ, k + 2, ρ̂, v̂) and h+ l ∈M(Γ, k + 2, ρ, v). Therefore the map

µ : S(Γ, k + 2, ρ̂, v̂)⊕M(Γ, k + 2, ρ, v) → H1
v,ρ,p(Γ, Pk) (3.137)

is onto and the proof is complete.
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