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CHAPTER 1

Fourier Coeflicients of
Vector-Valued Modular Forms

of negative weight

1.1 Outline of the thesis

In Chapter 1 we will use the circle method as devised by Rademacher and
Zuckerman in [19] to obtain a formula (1.106) for the coefficients of the Fourier
expansion of a vector-valued modular form of negative weight that depends
on the principal part only. In Section 1.3 we get an estimate for the length of
a linear transformation in I'(1), that depends on the Euclidean algorithm. In
Chapter 2 we will see that if we apply the formula (1.106) with a given set of
column vectors, a representation p on I'(1) and a multiplier system v on I'(1)
in weight —k for k € Z* big enough, we do not necessarily get a vector-valued
modular form, but we get a vector-valued Eichler integral. This generalizes the
work of Knopp in [6]. In Section 2.2, generalizing the work of Knopp in [6] p.
183, we describe a way to construct vector-valued modular forms of negative
weight. In Section 2.3 we will define the vector-valued supplementary series in
the same way as Knopp did for the scalar case in [6] to get the generalization

of Theorem 4.9 of [6] to the vector-valued case. In Chapter 3 we generalize



the Eichler cohomology to the vector-valued case. In Section 3.2 we generalize
Theorem 3 of Husseini-Knopp [4] to obtain an Eichler cohomology theorem for
the vector-valued case. In Section 3.3 we state a generalization of Theorem 1
of [4]. We also state the same theorem restricted to the parabolic cohomology.
We conclude by using the generalized Poincare series [13, p. 164] to prove the

theorem when restricted to the parabolic cohomology.

1.2 Introduction

Knopp and Mason [11] obtained growth conditions for the Fourier coeffi-
cients of vector-valued modular forms of positive weight. In [12] they developed
a general theory of vector-valued modular forms.

Let F(1) = (FY(7),...,F®(7))* be a p-tuple of functions holomorphic
in the complex upper half-plane H and p : I' — GL(p,C) a p-dimensional
complex representation (F,p), or simply F, is a vector-valued form of real

weight —k on the modular group I' = SL(2,Z) if

a
1. forall V = (

b
) € I we have
c

(FO(r), .., FO (N | g, VIT) = (FO(7), ..., FP (1)) (1.1)

2. each component function F¥)(7) has a convergent g-expansion meromor-
phic at infinity:
FO(r)=q™ ) aq" (1.2)

V2 [t
with 0 < m; < 1 a positive rational number, p; an integer and ¢ = e*™'".
The slash operator |_x,, V in (1.1) is defined by:
F | V(7) = 0(V) ™ (er + ) p~ (V) F(VT), (1.3)

where v is a classical multiplier system on I' of weight —k. Thus v(V) is a

complex number independent of 7 such that



L jo(V)|=1forall V €T,

2. v satisfies the consistency condition

v(Vs)(csm + ds) ™" = v(V))u(Va) (el Vat + dy) *(cor + dy)7F, (1.4)

*

WhereVE;leVgandV;:< >x<),izl,2and3,8md

¢ d;

3. v satisfies the nontriviality condition

v(—1) = ™, (1.5)

In [11] Knopp and Mason show that the representation p can be normalized

so that

2mwima

(AL ]

2mim.

where 0 < m; <1, m; € Q for 1 < j < p. These are the m;’s given in the
Fourier expansion (1.2 ). In [11] Knopp and Mason assume 0 < m; < 1. We
prefer to change the interval for convenience. In the rest of the paper we will
assume that —r < argw < 7 for w € C, w # 0.

In the remainder of Chapter 1, we will generalize the method of [19] to find
the Fourier coefficients of vector-valued modular forms of sufficiently negative

weight (Theorem 1.9). We need to introduce some concepts:

Definition 1.1 The set of Farey fractions of order N, denoted by Fy, is the
set of irreducible fractions in the interval [—1,0] with denominator smaller

than or equal to N.

Definition 1.2 Given a rational number %l, where (¢,d) = 1, the Ford circle

C(c,d) associated to this fraction is a circle in the complex plane with radius

1
2c2

)

and center at the point % + 352



An important fact about Ford circles is that two consecutive Farey fractions
in Fy give rise to tangent Ford circles. Moreover two Ford circles intersect

only if the corresponding Farey fractions are consecutive in Fl, for some N.

Definition 1.3 Let ‘Z—i < %l < i—; be three consecutive Farey fractions in Fy.
We define x.q(N) as the arc of C(c,d) that joins the point of tangency of
C(e1,dy) with C(c,d) and the point of tangency of C(c,d) with C(cq,ds), as

we move clockwise in C(c,d).

Definition 1.4 The Rademacher path of integration P(N) is the path joining
i—1 with i by moving clockwise from the arc x.q4(N) to the arc xo o (N), where

C

/ . . .
S and 5 are two consecutive Farey fractions in Fy.

i\

Definition 1.5 The Farey dissection of the circle C(N), given by |z| = e 2™,
denoted by Fyiss(N), is a path around zero given by

6—27rN_262m'P(N)' (1.7)

Now, by the Cauchy formula, if f(z) is analytic in the unit circle except



possibly at zero where there could be a singularity, we get

L[S,

mn 271 C(N) xm+1

1 fla),

" 2 Sy 2 (1.8)

1 / f(z)
= dz,

d
EEFN

where £ 4(N) is the path given by

o~ 2N 72 2mixc,a(N) (1.9)

In the remainder of Chapter 1, we will be interested in constructing ele-
ments of [ from Farey fractions % in Fy, as follows. Since (¢,d) = 1 we can

easily find an unique integer a, such that
ad=1 (mod c) (1.10)

and

0<a<e. (1.11)

We also define b = Lc_l which is an integer since (1.10) applies. Therefore,

given a Farey fraction % in Fly there exists a unique V' € I' of the form

a b
Vz( d>7 c>a>0,c>—d>0. (1.12)
c

Notice that under the above conditions, since V' € I', we have the following:

1. b <0. For,
ad —bc=1=bc=ad—1, (1.13)

and since ¢ > 0, d < 0 and a > 0, we have that b < 0.

2. If d #0 then ¢ > —d > —b > 0. Assume that —b > —d. Then

ad —bc>d(a—c) >0 (1.14)



The last inequality holds since b < d < 0 and ¢ > a. d(a — ¢) will be zero only
if d = 0. But we assumed that d # 0. Therefore d(a —c¢) > 1, and ad —bc > 1,

which is a contradiction.

3. If d =0, then b= —1 and ¢ = 1.

Therefore,
d—1
b="""" > _d>-b>0. (1.15)
c
Also given a vector-valued modular form (F, p), for x = €™ we define
fl ) =2 FO(r) =Y alz”, 1<j<p, df) #0, (1.16)

V2

which is analytic in the unit circle and has a zero at x = 0 of order pu;, if
w; > 0, or a pole of order —p;, if p; < 0. We will use this function to get
the coeficients a'’ of the vector-valued modular form by way of the Cauchy’s

formula.

1.3 A new estimate for L(V)

Henceforth we will assume without loss of generality that ¢ > 0 for V' =

a b
( p ) in I'(1), since V' and —V give the same transformation.
c

b
Lemma 1.1 LetV = < “ . ) in I'(1), such that ¢ > d > 0 and let s be the
c

number of steps in the Euclidean algorithm applied to the pair c,d. Then

1. if s is odd, we can write

1 0 1 q,_ 1 0 1 1 0
V=1 Is=1 . © ,
qs 1 0 1 ds—2 1 0 1 q1 1

(1.17)

and



2. if s is even, we can write

1 g, 1 0 1 q._ 1 1 0
vV =17"8 e =21 © ,
0 1 4s—1 1 0 ]_ O 1 q1 ].

(1.18)

where qq,...,q, € ZT are the successive quotients given by applying the Eu-

clidean Algorithm to the pair c,d.
Proof 1.1

Therefore since V' € I'(1) we have that there exists an integer m such that

V:<m+1 m):Tm<1 0). (1.19)
11 11

1. Let ¢ > d > 0 and s odd. We will prove (1.17) by induction. Since
V e I'(1), we already know that (¢,d) = 1. Now, if s = 1, then

c=rg, d=r; and c=qd, (1.20)

and since (¢,d) = 1, we have that d = 1. It is then easy to check that

(a b) b<1 0) (*b>
V= =T = : (1.21)
c 1 c 1 c 1

and therefore (1.17) follows for s = 1 if we put m =b and ¢; = c.

Now assume that (1.17) holds for all transformations in which ¢ > d > 0
and for s < s* odd. We want to show that (1.17) will also hold if the number
of steps in applying the Euclidean algorithm to the pair ¢, d is s* + 2, provided
that ¢ > d > 0. In this case we have that

c=ry, d=ry, c=qd+ry and d=qry+rs, for 7y >r3>0,
(1.22)
and the number of steps required to apply the Euclidean algorithm to the pair

ro, 13 is s*. It is easy to check that

SECOEEY
c d Ty T3 0 1 q 1



Thus, by the inductive hypothesis, and since ry > r3 > 0, it follows that we can

* *

write the matrix ( ) in terms of the ¢;’s as in (1.17). This combined

2 T3
with (1.23) proves the lemma for s odd.

2. Let ¢ > d > 0 and s even. We prove (1.18) first for s = 2. If s = 2, then

b
we have that V = ( ¢ p ), where
c

c=ry, d=ry, c=qd+ry and d=qrs, (1.24)
and since (¢,d) = 1, we have that 7, = 1 and d = ¢y. It is clear that

DGO 7)o
0 1 g 1 0 1 g 1 c d

Since the lower row of V' and the lower row of (1.25)are the same, and since

both are in SL(2,Z), we have that a = —¢; (mod ¢). Therefore there exists

an m such that a = —¢; + c¢m, and
1 10 — b
T8 o (e ) e =V, (1.26)
0 1 1 c d c d
as claimed.

Now assume that (1.18) holds for for all transformations in which ¢ > d > 0
and for s < s* even. We want to show that (1.18) will also hold if the number
of steps in applying the Euclidean algorithm to the pair ¢, d is s* + 2, provided
that ¢ > d > 0. In this case we have that

c=ry, d=ry, c=qd+ry and d=qrs+r3, for ro>rs>0,
(1.27)
and the number of steps required to apply the Euclidean algorithm to the pair

ro, 13 is s*. It is easy to check that

OGN0 e
c d ry T3 0 1 q 1



Thus, by the inductive hypothesis, and since ro > r3 > 0, we conclude that

* *

we can write the matrix ( ) in terms of the ¢;’s as in (1.18). This,

T2 T3
combined with (1.28), proves the lemma for s even, and therefore the proof is

complete.

We now consider the length of V' with respect to the generators S =

0 -1 11
( ) and T = ( ) of I Namely, we write V as a product
1 0 01

V = £Vi... VL, where each Vj is equal to either S or 17/, for some integer
n;, and no two consecutive V; are both equal to S or a power of T'. The way
to write V' € T is not unique since (ST)? = —I and we can include the string
(ST)? as many times as we want. However there exists a minimal length. Let

L(V') be the minimal length for V.

Lemma 1.2 An upper bound for the minimal length of a transformation V =

a b\ , :
( ) in T'(1) with ¢ >0 s

c d
L(V) < —2(logc+1)+3 (1.29)
ogc .
~ loga & ’
where Y
1 5)
o= -1V (1.30)
2
Proof 1.2

Suppose first that ¢ > d > 0. Then, since
1 0 ‘
( ) =-=ST %8, (1.31)
g 1

by Lemma 1.1 we can write V' as
V =4TmSTC e [~ ST S| Te[—ST~S]. (1.32)

Therefore,

K]

V = 7 STV e gD g paegpag, (1.33)



10

Therefore if ¢ > d > 0, we have that
L(V)<2s+2. (1.34)
If d > cord< 0, then there exists n € Z, such that

d=d +nec, 0<d <ec. (1.35)

a b * ok 1 n
v_(cd>_(cd,)<01). (1.36)

Note that by (1.33) and (1.36), for all V' € I'(1), we have that

Therefore

V =41 ST Ve g T g e g a g, (1.37)

Therefore by (1.34) and (1.36), we have that

L(V)§L<<* ;/>>+1§23+3. (1.38)

Here s is the number of steps required to apply the Euclidean algorithm to
the pair ¢ and d'.
Now by Lame’s theorem, as explained by Dixon in the introduction of [2],

we have that,

1 1
<ot (1.39)
log
and by (1.34) and (1.38) we have that
L) <2ectl g (1.40)
— " loga ' '

The proof is complete.
Now we are interested in bounding p(V'), where p is a representation on

I'(1). Knopp and Mason [11] showed that

| pUm (V) |< pPITKEY) 1 <myj <p, (1.41)
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where p(V) = (pU™(V)) and K is a constant that satisfies | pU™(S) |< K7,
for all 1 < m,j < p. Therefore by Lemma 1.2 we have that

2
log o

| pUm(V) |< Ky, 6= log pK7, (1.42)

where K, is independent of V. Note that since the minimal length of V! is

the same as the minimal length of V', we can use the same bound for

| o(V) =l p(VTh) ] (1.43)

In the remainder of this section we will prove some lemmas in order to

show that if ¢q,...,q, € ZT, n € Z, such that

s s—1 b
V = ST(*l) (ISST(*l) %‘715 L qusT*m STn — ( a > (144>
c d
and if for 0 < 57 < s we define the matrix
M; =TCVasTEY g pegp-agr — ( % 0 ) ;o (1.45)
Vi 0
with My =T" and SM, =V, then
| = layl, el = [yl, |dl = 18;] and |d| > |d;]. (1.46)

These inequalities will be very useful in Section 3.4 to show convergence of the

generalized Poincare series (3.50).

Lemma 1.3 Let q,...,qs € Z" and

V= ST e s T e g pegroag — ( ¢ Z ) : (1.47)
C

Then if s is even we have

sgn(c) = sgn(d) = sgn(-a) = sgn(-b), (1.48)

while for odd s, we have

sgn(c) = sgn(d) = sgn(a) = sgn(b). (1.49)
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Proof 1.3
Since
1 0
ST 48 = ( ) : (1.50)
q 1
then
V=487 [ ST B8 T2[-ST- "9, (1.51)

and we can rewrite V as

+[-ST %S| T4 .. [-ST - BS|T?[-ST~"S], s odd,
v (1.52)

ST~ ST0] . [-ST-S|T%[~ST-95], s even,

or, what is the same,
(
1 0 1 qs 1 1 0
i( )( Q)( Q)( ) s 0dd
Vo qs 1 0 1 0 1 g 1
1 qs 1 0 1 1 0
+S 1 e o~ , S even.
\ 0 1 Gs—1 1 0 1 g 1

(1.53)

Now if s is odd, since all entries in

COE) GO0 e
gs 1 0 1 0 1 o 1

are positive, (1.49) follows automatically. On the other hand since all entries

GG e
0 1 qs—1 1 0 1 q 1

are positive, then the upper and lower row of

GO0 e
0 1 Gs—1 1 0 1 g 1

have different signs and (1.48) follows automatically. The proof is complete.

in

Lemma 1.4 Let V' as in Lemma 1.3, then |c| > |d| and |a| > |b|.
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Proof 1.4

It is easily proven by induction on s.

Lemma 1.5 Let q1,...,qs € Z" and

M =T s gp(E) P2 g pegrag — ( a b ) (1.57)
o)
and
V =STV g0 = ( o b ) : (1.58)
c d
Then
Lo el =l ldl=18], e =lal and [d =]}, (1.59)
2. || >lal and |d| > 0], (1.60)
3. |e=d|=|y=9] and |c—d| >|a—p|. (1.61)
Proof 1.5

First note that
lc| = =7+ (=1)°¢sa| and [d| = [0+ (=1)°¢0]. (1.62)

Now since SM = (
«

) has the form of the matrix in Lemma 1.3 with

qi,--.,qs—1, we have that

sgn(—7) = sgn((—1)"a) = sgn(=0) = sgn((-1)"0). (1.63)

Therefore we can rewrite (1.62) as

cl =1—v+1|(—1)°gsx
| = =7+ [(=1)*gse] (1.64)
=[] + g5 |a|
and
d| = =8| + |(~1)°a.0
|d| = [=d] + [(=1)°gsB| (165)

= [0l +qs 171,
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and (1.59) follows.
Now since a = —a and b = —f3, by (1.59) it is clear that

c[ = |a] =lal, and |d| = [B] = [b] (1.66)
and (1.60) follows.
-y =0
Now by (1.63) and Lemma 1.4 applied to SM = ( K ) with
qi,---,qs—1, we have that
sgn(—7y) = sgn(—y +94) and sgn((—1)’a) = sgn ((=1)*(a = §)). (1.67)
Therefore by (1.67) and (1.63) we have that
sgn(—=7 +6) = sgn ((—=1)° (a = B)). (1.68)
Thus,

lc—d| = |-y + (=1)°¢sa — (=6 + (=1)"¢:3)]|
= =7+ +[(—-1)%¢s (a — B)] (1.69)
= |7_5|+QS|O{_ﬁ|

and (1.61) follows. The proof is complete.

Lemma 1.6 Let ¢i,...,qs € Z1, n € Z,

M = T 0 gD aag  qegp-agm — (@7 (1.70)
v 0
and
s b
V=srt0esy = 47 . (1.71)
c d
Then
L. el =1y and || > o, (1.72)

2. |d| =8| and |d|>13l. (1.73)
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Proof 1.6

Put

/ /
M =T e gD T a2 g e gpoag — ( o P > (1.74)

,yl 5/
and
V' = STV g = a“ v : (1.75)
cd d
so that
/ ! / ! / + bl
M= [ @ ents and Vevr=|[ " .
,y/ ,)//,n/_i_ 5/ Cl C/n + dl
(1.76)

(Note that the results of Lemma 1.5 apply to M’ and V".)
Now since ¢ = ¢, o = a and ' = 7 by (1.59), we have that

el = ¢l = o] = laf and |c| = || = 7| = ]| (1.77)

and (1.72) is proved.

_ ! _6/
Since the matrices V/ and SM' = ( :y / > are like the ones in
a B
Lemma 1.3 with ¢,...,qs and ¢qq, ..., qs_1 respectively, we have that

sgn(c) = sgn(d’), sgn(a’) =sgn(f’) and sgn(y') = sgn(d’). (1.78)
Therefore if n > 0 we have that
[dn+d| =|dIn+|d], |an+f|=|dIn+]F] and |yn+d|=|y[n+|0.

(1.79)
By (1.59) and (1.79), we have that

jd] = |c'n +d'| = |c[n +|d|

(1.80)
> |o/|n+ |3 = |a'n + ] = ||



and
d| = |c'n+d'| = |d|n+|d|
> Y n+ 10" = |y'n+ | = |4].

If n = —1 then by (1.61) we have that

ld=|—-d+d|=|d—-d]
> o' = =]—a' + 5 =1p]
and
dl = - +d]=|d - d|
> ===+ =14l

16

(1.81)

(1.82)

(1.83)

It only remains to show (1.73) for n < —1. Note that Lemma 1.4, applied to

V' and to SM’, implies that
[ = |d'], [o/[ =5 and [¥[ =15

(1.84), (1.78) and the fact that n < —1 imply that

sgn(—a') = sgn(a’(n+ 1)) = sgn(—a’ + ') and

Thus,
|d| = |c'n+d|
=|dn+1)—-d+d|
=|d(n+1)|+ |- +d]
= |c|ln + 1] + | = d'].
Similarly,

6 = Ylln+ 1+ =& and [B] =[o/|ln+1] +|a’ = 7.

(1.84)

(1.85)

(1.86)

(1.87)
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(1.86) and (1.87) combined with (1.59) and (1.61) imply that for n < —1 we
have that

[d] = |clln + 1]+ | — d

(1.88)
> |o||n + 1] + |0’ = '] = |3]
and
jd = ||In+ 1] + | — d'|
(1.89)
> y|ln+ 1]+ [y =& =1d].
Corollary 1.1 Let ¢i,...,q, € Z*, n € Z, and
s s— b
V= §TC0egrD g pegrragme = (47 )0 (1.90)
c d
For 0 < 7 < s define the matrix
(~1Y7; gp(=1) ;- g [ Y
M; =17"""48T G=1S ., . TRST ST = , (1.91)
Vi 9
with Mg =T" and SMy, =V . Then
el = lagl, el = |yl ldl = (8] and |d] = 5. (1.92)

1.4 The Fourier coefficients of a vector-valued

modular form of negative weight

In this section we are going to use the method of Rademacher and Zucker-
man [19] to calculate the Fourier coefficients of vector-valued modular forms
of negative weight < —20, with § defined in (1.42).

Lemma 1.7 Let (F,p) be a vector-valued modular form of weight —k and

b
V= (a d) el’, withec>a>0andc>—d>0. Then if z =cr + d, we
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z—d

p
f(])(€27r7,7') _ f(])(627rz - ) _ ZQc,d,l,jkllc,l,j(z)f(l)(627”C6 2 Cz>’ (193)
=1

where f(x) = (f(l)(x),...,f(p)(x))t is given by (1.16),

,mjz+m /z
oy (z) = he e (1.94)
p(V)™t = (2U), (1.95)
627rim1 g 0 627rim1 % 0
Qea=v (V) p(V)~! ’
0 eQﬂimpg 0 . 627rimp%
(1.96)

and we have put

mla+'m,jd
c

Qc,d,l,j = (Qcyd)(j’l) = U_I(V)Jf(j’l)62m (197)

Proof 1.7

First note that if we let ¢ > 0 and choose the unique a such that 0 < a < ¢,
then V' € I' is determined by d and ¢, and 2. 4;; depends only on d and c.

From the definition of vector-valued modular form (1.1, 1.3), we get that

F(r) =v(V) (V) E(VT). (1.98)
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Thus,
fO(z)
flz) = :
f(p)(x)
e~ 2mimiT o) FO(7)
o . pm2mimpT F®)(r)
o= 2mimaT o
= : . : v (V) 2P p(V)LFE(VT) (1.99)
o ce e 2mimpT
o—2mimiT o
=v (V)2 p(V)!
o o—2mimyT
2mimiVr o
y F(e27VT),
o o2Timp VT

Now since (¢r + d) = z, and since ad = 1 (mod ¢),

—d 1
=" vr=2_— (1.100)

c c  cz

Note that since ¢ > 0 then &(z) > 0. Now it only remains to apply (1.100) in
(1.99) to prove the lemma.

Lemma 1.8 Let (F,p) be a vector-valued modular form of weight —k. Then

the Fourier coefficients a,, = (a%), e ,aﬁg))t are given by the following formula:

17

p 0
; 2rN—2m omidm [ ¢ Car—2
a) = ™" > > Qear;e™ / o Ve (ie(NT7 —ip))
9
c,d =1

“VYe,d
0<—d<c<N
(c,d) =1

f(l) <6%<a+ic*1(N*2_igo)*l>) 6727rim<pdg07
(1.101)
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for any positive integer N, where 9;7d and Hgd are given by the Farey dissection

27 N2

of the circle |z| = e~ , with Farey series of order N.

Proof 1.8

Since the functions fU)(z) are analytic inside the unit circle except possibly
at zero where there could be a pole, we can use the Cauchy formula to get

G0 = L S ()
m 271 C(N) $m+1

da, (1.102)

where C is the circle |z| = e*™V ~? for N a positive integer. We can change
the path of integration by making the usual dissection of the circle C' into arcs

&..4(N), using the Farey series of order N. Thus we have

. 1 f(j)(x)
() — i d (1.103)
ay’ , x. :
; 21 Je, oy "
0<—-d<c<N
(c,d) =1

We can make the change of variable
T = 6727TN—2727ri%+2i7r<p7 0 <p<d, (1.104)

and substitute in (1.103) to get

i

0
0 N Z i / ed 70 <62m(z‘(]\/—27w)7§)> e~ 2mime g,
_o

c,d c,d
0<—-d<c<N
(c,d) =1

(1.105)
Now we apply (1.93) to f©) (eQ’”(i(N_2—i<P)—%)>, where z = ic(N~2 — ip)

and the lemma is proven.

Theorem 1.9 Let F(7) be a vector-valued modular form of weight —k with
k > 20 > 0. (See (1.42) for the definition of §.) Then for m > 0 the
coefficients in (1.2) are given by the formula

(e 9]

L P
a%) =2m ; % Z Z a,(,l)Ac,u,m,j,z Bevm,j- (1.106)

c=1 =1 v<0
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Here,

i dm+tav

Acpmigl = Z Qc,d,l,jGQ <, (1.107)
c,d

0< —-d<ec
(c,d) =1

Qeaj s given by (1.97) and Beym ;1 is given by

k+1

. B (;”;%l)71k+1 (%(—y—ml)%(m—l—mj)%), m+m; >0
c,ym,gl — ) (=) k+1
(k+1)!< c > ’ m=m;=0.
(1.108)
In (1.108),
(g)k-i—l (0+) 2
Iia(2) = 22 - / t*etwdt, zeR
™ —0o0
00 (E)Qn—l—k—&—l (1109)
2
= —s R.
;n!(n—l—k—kl)!’ Z €
Proof 1.9

We note first that f(x) in the neighborhood of x = 0 is dominated by the

principal part P(z), where P(x) and D(x) are the column vectors with com-

ponents
PO(z) =" al)z” (1.110)
v<0
and
DY (z) =Y aa", (1.111)
v>0
so that
f9(z) = PY)(2) + DY) (). (1.112)

For that purpose we split the formula (1.101) for a%) into two parts

o = QUI(N) + RD(N), (1.113)
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where

| . P [P
Q%)(N) — 627TN 2m Z Z Qc,d,l,je%md? / ‘Ilc,l,j (iC(N_Q . Z(,O))

c.d =1 _9;,d

0<-d<c<N
(c,d) =1
pO (e%(a—kic—l(N—?_w)_l)) e—27rim<pdgp
(1.114)
and

. . P bl
R%) (N) - 627TN 2m Z Z Qc’d’l7j€27md? / \chalvj (ZC(N_2 - Z()O))

e d =1 79c,d

0<—d<c<N
(c,d) =1

D(l) <6%<a+ic*1(N*2,igo)*l)) 6_2Wim¢dg0.
(1.115)
We will first show that limy_..c R% (N) = 0. From the theory of Farey frac-

tions we have

1 / 1 1 " 1
— <40, ,<— — <., < — 1.116
2cN = 1= eN? 2cN — 1= ¢N ( )
and we find for —6, ; < ¢ < Hg’d
R (c(N?—ip)) =cN2 (1.117)

By (1.116) and —6, , < ¢ < 0, we get

"(=m) =

>
T (Nt 42N (1.118)

since ¢ < N. Also,
|e(N72 — i) = c(N 4 + %)
< (AN 4+ N3 (1.119)
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and by (1.118) and (1.117), we have that

=22 (se(N it ) | o 2 (N2 )

e c
(1.120)
< 627I’I'~€]\/1]\772e—7rl‘cm7
where k) = max(ms,...,m,) and K, = min(ms,...,m,). Therefore by
(1.119) and (1.120) we have
|\Ilc,l,j<ZO)| S 2§N—k€27rliNIN—2€_7er’
where 2y = ic(N~2? —ip). Also,
‘D(l) (e%(aﬂ'c—l(fv—?fwrl))‘ < Z la z)|6*2ﬂ”é)%(c—1(zv—2+<p)—1)
v (1.121)
<D _lafle™
v=0
Using these results we have
Werjlic(N 2 = i) DO ("8 (rrie i) |
< 2§N7ke27mMN_2€77mm Z |al(/l) ’efm/
v=0
— ON—kGQWRMN_Q'
Here o
C =25y oV, (1.122)
v=0

which is finite since |e~™| < 1 and the series is convergent inside the unit circle.

Now in order to bound | 4, ;|, we need to use the estimate for p discussed

b
before (1.42). For V = ( ¢ d) € I’ where ¢ > a > 0,¢c > —d > 0 we have
c

by (1.15) that

’ (p—l)(jvl) (V)\ < K3025

S (1.123)
~ 3 )
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where 0, K5 and K3 are constants independent of V. Therefore

1 .mpa+m;d
|Qc7d7l7j| = ’U_l(V)x(]’l)ezm%
26 (1.124)
< K3N~*°.
Thus we have,
[RY(N))]
2N72 y 2 e k 2mdN—2
< e " m K3N / ON ko2 dy
CZ; ; 79;,d
0<—-d<c<N
(e,d) =1
(1.125)

e
< K46727rN’2(m75)N7k+25 2 / dg@
.y
c,d c,d

0<—d<c<N
(c,d) =1

_ —27N~2(m—4¢ —k+26
= Kye (m=9) \y ,

where K is a constant independent of V. We conclude that limy_, ]R%) (N)| =
0 for k£ > 26.

Lemma 1.10 The following series converges absolutely for k > 26:

=~ i

Z Ac,v,m,j,ch,z/,m,j,la (1126)
where Acym i s given by (1.107) and B, m i1 is given by (1.108).
Proof 1.10

From (1.123) and (1.107) we have that

Z'k

Acmji| < Kac®. (1.127)
C
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On the other hand, for m +m; > 0 we have that

l\J\»—l

2n+k+1
(—v —my)? (m 4+ m;) >

)

m) ni(? 2l (n + k4 1)]
)
)

(v —my k“i 4 (—v —my)(m +m;)\" 1
B c o c? nl(n+k+1)!
k+1
< <_V_ml 47r2(71/7ml)(m+m3)’
c
(1.128)
and for m = m; = 0, we have that
1 o (—v —my)\ "
Beymii = ) 1.129
e (k;+1)!( c ) (1.129)

In both cases the series (1.126) converge absolutely for k > 2.

Lemma 1.11 Let F(7) be a vector-valued modular form of weight —k with
k> 26> 0. Then if m+m; > 0 the Fourier coefficients in (1.2) are given by

the formula

Z ZC Z Z a,, cum]l cu,m,j,l + Hc,u,m,j,l) . (1130)

=1 v<0

Here Ac,m i is given by (1.107),

(4) 1 [O0 )
LC,V,Tn,l = Z gj (W,C, V7 l)dw7 (1131)
and
Heym,ji = QSimk‘/ 9V (w, ¢, v, l)dw, (1.132)
0
where
27 (v+mp)

09 (w, e, 1) = whe A rlmm e (1.133)
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and ffg) 1s the integral on the keyhole path, which is the path that goes from
—o0 to 0, with the argument 7, and then goes from 0 to —oo with the argument

—Tr.
Proof 1.11

We evaluate Q,,(N), under the above conditions. If we substitute w = N~2—ip

in (1.114), we have

. i w1 N_Q"‘e;,d
QY(N) = Z Z Qg€ = / Weyj(icw)
c,d =1

v IN=2-g],
0< -d<c<N (1.134)

(c,d) =1

XP(Z) (e%(a+ic_lw_1)> 627rmwdw.

Therefore by (1.94) and (1.110), we have

(4)
Q3 (N)
p 1 Nl _—
- Z ZQC?d?l7je2deC_'/ (ic)kwkezﬂ-mjwei 2w
7 _ "
c,d =1 N 2_01:,d
0<—-d<c<N
(c,d) =1
2miay _ 2TV
X g CL,(/l)e c e Cw ezﬁm“’dw (1'135)
v<0
p .
E g 2mid ™ /. k Tiav l
- Qc,d,l,je ¢ (ZC> § € ¢ al(/)IC7V7m7j7l Y
c,d =1 v<0
0<—-d<c<N
(c,d) =1
where
N=24if
1 cd _ 2n(vdmy) ,
]C,V,m,j,l = = wke 2w GQW(m‘*‘my)wdw
LIN=2—0,
1 N=24ib, ,
= _./ g(’)(w,c, v,l)dw.

b IN=2—i0,

Now we cut the complex plane from 0 to —oo along the negative real axis,

and consider the path shown in the figure below, with ¢, 8’ and 6" > 0.
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—e+ig  J,N) N2y

JsN) J M)

— 0 Y
0
J,N) J, M)

-2 _ign

—e—ig" 3N N

Then we can write

A _ R/
1 (0+) 1 == 1 [~ca 1 [N 2=, 4
Ic,z/,m,j,l = = - - -
v S v S tJ_¢ ? —a—w;”d
1 /E+i9/c,d 1 /E 1 /OO
tIUN-24i6, S —etio,, VS

= Leymjs — J1(N) = Jo(N) = J3(N) — Jy(N) — J5(N) — J(N),

(1.136)
where the integrand in all the integrals is
Whem T gamlmtmy e (1.137)

Note that the argument in J;(N) is —7 and the argument in Jg(NV) is 7.
We also assume that 0 < ¢ < N72. Now in the integral Jo(N) we have

w= —¢+ 1w, OZUZ—G;CI7
R(w) = —¢, x (%) = 52181;2 <0,
and |w| = (% + 02)% < (N~ + c_2N_2)% < 2:¢7INL
(1.138)
Therefore
(V)| < 0 2N ke mem): s

< 25kl Nk
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Similarly we have

| J5(N)| < 22 ¢ FIN—HL, (1.140)

In the integral J3(N), we have

w:—u—wcd, —N?2< —e<u<N~
— 1) U N2
Rlw) =u< N7 R(2) = <7 <
" 1 1
w| = (u? +6,2)7 < (N~ +c2N"2)% <237 'NY,
(1.141)
and therefore,
(V)] < (N2 4 ¢) 2k Ne2nlmsm N =2=sa(wsm) L
< 21-1—%C—k—lN—k—1627T(m+mj)N’2—87r(1/+ml). ( ' )
Similarly,
|J4(N)| < 21+§C—k—1N—/c—1€2n(m+mj)N*2—8w(u+mz)_ (1'143)
Finally, we have
e—wik € emk —0o0
JiI(N)+ Js(N) = - / + ; / , (1.144)
—00 —&
where the integrand is given by
w(v+myp)
jw|Fe™ et g2mlm+my)e (1.145)

Thus we get
w(my+v)
Ji(N,e) + Jo(N,e) = —2sin7k / the ™ g ammmy)t gy (1.146)

(Here, for clarity we have written Jy(N) = J1(N,¢) and Js(N) = Jg(N,¢).)
Commbining (1.136), (1.139), (1.140), (1.142), (1.143), (1.146) and making ¢ —
0+, we get

k —2
= —k—1na7—k—1 _27w(m+m,;)N—*—8n(u+m
Lewm it = Lewmji + Hepm ji + 60,27 ¢F I NTH g2mlmami) (b,

(1.147)
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where p is the smallest v such that a,(h) # 0 for some h, |0¢] < 1,

1 (0+) _ 2m(v+my) )
Leymji= = whe™ @ e2rmtmi)e g, (1.148)
Z — 00
and
27T(ml+u)

Heym,ji = 2sin 71'/{5/ the e~ Zrimami)t gy (1.149)

£

Now by (1.135) , (1.124), the fact that SV ¢™! < N and (1.123), we obtain

p
QRN = 30 D Qearye’™ " (i)'
=1

0< -d<c<N
(c,d) =1

2miav
l
>< 6 ¢ a/l(/) (Lc7l/7m7j7l + Hc7y7m7j7l>
v<0

d k
+ E E: e €T (ic)

0< d<c§N
(c,d) =1

2miav

X e ¢ al(/l)G(._)ngC—k—lN—k’—1627r(m+mj)N*2—8ﬂ—(u+ml)

v<0

p
Am .
= ) Y " Qa4 (i)
=1

0<—-d<c<N

(c,d) =1
27rzau l

X E ,, cu,m,j,l + HCMval)

v<0

ko ke GN—2— ) o=

+ Y [all|60,28 N R 2rlmbm ) NTE S (km) > Ze!

v<0 c,d

0<-—d<ec<N
(c,d) =1

P

o 2mid™ (- Nk

= ) Y Qear ™™ (ic)
d =1

0<—-d<c<N
(c,d) =1

2miav
l
>< e ¢ al(/)(LC7V7m7]7l + HC7V7m7j7l)
v<0
_ . -2
+ O(N k+26627r(m+m])N )

)

(1.150)
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where |O2| < 1 and |©1| < 1. Thus by (1.150), (1.113) and (1.125), we have

N p

CL%) — Z(lc)k Z Z Qc,d,l,j62md%

c=1 0< —-d<ec =1
(c,d) =1

(1.151)

2miav

!
x Y e o a(Leymji + Hewmja)
v<0

+ O(ka+25€27r(m+m]')]\772).

Now let N — oo. Since & > 26, by Lemma 1.10 we have that the series

converges absolutely and therefore

o0 p
CL,E%) = Z(ZC)k Z Z CL(VZ)AC,V7m7j7l (Lc,u,m,j,l + Hc,y,m,j,l) ) (1152)

c=1 =1 v<0

where A., . j; is given by (1.107). Now from the theory of Bessel functions

we have that

k+1
2 [ —v —my\ 2 4
L i+ H = I —(—v—m
b ] 2J 7y 2J +1 l
G g L\ m+m; c ( )
27

- c,v,m,j,ls
ck+1 J

N

(m+mj)%)

(1.153)

well defined since m +m; > 0. Here [}41(2) is given by (1.109). This reduces
(1.152) to

o0

A
CL%) =27 g % Z Z a,(jl)Ac,u,m,j,l Bc,u,m,j,la (1154)

c=1 =1 v<0

where B, is given by (1.108). This completes the proof of Theorem 1.9

for the case m + m; > 0.
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In order to complete the proof of Theorem 1.9 for the case m = m; = 0,

we note that

lim lim {Lcymjl + Ji(N,e) + Js(N,e)}

e—=0m,m;—

= lim hm{meﬂ—I—Jl(N e)+ Js(N,e)}

m,m;—0¢e—0

= lim {Lcym]l+HCVm]l}

[SIE
N|=

L (1.155)
™m,m; —>Ock+1 7’)’))—|—7n‘7 <m+m3>

27 27r(ym):1 )
:(k:+1)!( ? l) '

om (—v—m\ * 4
= lim a ( - ml) I (—ﬂ(—V—ml)
c
Also we note that the estimates (1.139), (1.140), (1.142) and (1.143) hold.

Therefore,

Lemma 1.12 Let F(1) be a vector-valued modular form of weight —k, with
k>25>0. Then if mj =0,

=27 Z Z Z a,, c ,,0,7,0 Bc,u,O,j,l (1156)
=1 =1 v<0

where Ac,.01 15 given by (1.107) when m = 0, and

1 27 (—v —my)\ "
Bewoji = . 1.1
N (] ( c ) (1.157)

Theorem 1.9 follows from (1.154) and Lemma 1.12.
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CHAPTER 2

Construction of Vector Valued
Modular Forms of negative

weight

2.1 Introduction

In the first chapter we saw that the Fourier coefficients of vector-valued
modular forms (1.2) of negative weight are given by (1.106). Now the question
is: whether, given a set of column vectors b_y,...,b,, a representation p on
I'(1) and a multiplier system v on I'(1) in weight —k for k£ > 20 (1.42) and
k € Z, the formula (1.106) gives rise to a vector-valued modular form of
negative weight —k. The answer: not necessarily. The transformation law (1.1)
does not necessarily hold, although it does hold up to an aditive polynomial

of degree at most k. This is the content of our next theorem.

Theorem 2.1 Let b_y,...,b, be a set of column vectors such that b, € CP,
b, # 0, p: I'(1) — GL(p,C) a p-dimensional complex representation , v
a multiplier system on I'(1) and weight —k, and k > 20 (see 1.42), with
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k7 _/1/ € Z+. Deﬁne
Zl£<l/<0 bl(’l)ezm(m1+y)7 + Zzzo b%)e%ri(m+m1)7'
e 5 L@
Zu<u<0 b e2milm i) 4 D =0 piP) g2mi(mtmy)

where for m > 0 we define b, as the column vector with components given by

[e.e] -k

b%) = 271'2 % i Z bl(,l)Ac,u,m,j,l Bc,u,m,j,l‘ (22)

c=1 =1 p<v<0

with Acym.ji given by (1.107) and Beym i by (1.108).
Then

1. F(7) is regular in the complex upper half-plane H, and
2. F(1) satisfies

F(r) — v (M)(yr + 8 p Y M)F(M7) = Qui(r, kyv, p),  (2.3)

M:(a ﬁ)er, (2.4)
v 0

where Qu (7, k, v, p) is a column vector of polynomials in T of degree at most

k.

for all

Lemma 2.2 For k > 29 the series

[
27-[_ Z FAC,I/,m,]’,l BC7V7m7j7l (2'5)

c=1

converges absolutely, and as m — oo, we have
> ik 3k 4n(v— 3 + 3
27'('2 _Ac,l/,m,j,l Bc,l/,m,j,l =0 <(m + /q;m) 1" 2¢ m(v—km)2 (m+rar) > : (26)
c=1 ¢

where

Km = min(my,...,my) and ky = max(my,...,my). (2.7)
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Proof 2.2

The strategy is the same as in [5]. First we will show that

o -k 1 1
27 Z %Ac,u,m,j,l Bc,l/,m,j,l S C’(m + mj)*%ezﬂ(mijj)Q (my—m)2 . (28)
c=2

Then we show that as m — oo the summation on c¢ is dominated by the term
for c = 1.

In order to bound A, ;, we use (1.123) to get

27 dm+tav
Acvmidl = D Qeare”™
c,d

0< —d<ec
(c,d) =1

(2.9)

. .mya+m;d . dm+

_ § ,Ufl(v)x(],l)e%rz — e27r1, ey
c,d

0< —d<ec

(c,d) =1

=0 (0254-1) )

On the other hand, from the power series definition of I 11(z) (1.109) we have
that
L1 (2) < ZFsinh 2. (2.10)

Also, we have

sinh z < %sinhB, for 0 < z < B. (2.11)
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Now by (2.9), (2.10), (2.11), (1.108) and the fact that k£ > 24, we have, for

m+m; > 0,

oS Z.k
277— : : zAc7y7m7j7l BC7V7m7j7l
c=2

[o.¢]
1 . .myja+m,;d - dmt-av
< 271'2 i Z U—l(v>x(y,l)€2m ARG, 2t Beymis
C
c=2 d
Ogc—d<c
(c,d) =1
k41 o
—UV—m 2
< Cl% sinh (27r(m + mj)%(_y _ ml)%> Z k201
(m + mj)2 c=2

< Cy(m + mj)*%e%(m*mf)%(’”’ml)%.
(2.12)

Also from (2.9), (1.108) and the fact that £ > 26, we have for m+m; = 0 that

2 i
c=2

The term for c =1 is

1) pO)
ZAC,V,O B

c,v,0,l

< 03% g (263, (2.13)

27TZ'kA17V?m?j?l B(])

1,v,m,l

k41
s 1% (43,1 ,2mi(mia+m;d) 2mi(dm—+av) —v—ny I <4 o % ) %) .
T (V)xVe e —m—i—mj i1 (AT (—v —my)2(m + m;)
(2.14)
Also, by [20], we have
eZ
Ii11(2) ~ (2.15)

2Tz '

Thus, the behavior for the term ¢ = 1 is given by
kE_3 = %
27TikA1,y,m,j,l Bl,z/,m,j,l =0 ((m + mj)_§_1647r(—u—ml)2(m+mj)2) ' (2.16)
Thus we see that the series

o0 .k
2y %Ac,,,,w, B (2.17)

c=1
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converges absolutely, and that
2 OOE ZkA B O (( + ) % 2 edr(-v—r )%(mJF"iAl)%) (2 18
m —Acum,j c,v,m,jl — m R (& m . .
— C b 7.]71 b ) 7]7l )

Corollary 2.3 The series

E E 2mi(m—+m;)T
27T €A67V7m’j’l Bc7u7m7j7l€ ( ]) (2'19>
m=0 c=1

converges uniformly in 7 on I, = {7 : (1) > w > 0}.
Proof 2.3
For m > 0 and Z(7) > w, we have that

i 4 A S VR 5 omi ,
QWZ zAC,V,mJ,l Bc,u,myj,lezm(m—i_mj)‘r < Cl ‘(m + /{m) 4 264#( v=him)? (mtria) eQFZ(m+m])T

c=1
< C2m—%—%e—27rmw+47r,u%(m+l)%
(2.20)
Proof 2.1
Let R,(7) be the matrix function defined by
. 7 ,

RUD(r) =) 2 —Acymji Beym €™ mmaT, 2.21
v (T> Tr;) W; C ti) 7]7l (] 7]7l€ ( )

By Corollary 2.3 and Lemma 2.2, we have that RY"” (7) converges absolutely
in m and in ¢, and therefore we can change the order of summation in (2.1)

and rewrite the j component of F(7) in the form

F(J) (7—) — Z b(]) 2mi(my+v)T + 27 i f: Z Z b AC o B. o l627rz(m+m])7-

n<v<0 m=0 c=1 =1 p<v<0
0o SIS
. 2 .
_ 2mi(m;+v)T 2mi(m—+m;)T
- E bz(/J ( 7 ) + E E b 27T E FAC v,m,j,l c Z/,m,j,le ( J)
pn<v<0 pn<r<0 (=1 m=0 =1
i) 2mwi(m; l j,l
= E b rilm+i)r 4 E E bORUD (1)
pn<v<0 pn<r<0 =1

(2.22)
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Since the series converges uniformly on compacts of H by Corollary 2.3, F(1)

is regular in H. Now by (2.22) we can rewrite the function F(7) as

by
=> T |, (2.23)
n<v<0 b,(/p)
where 7,(7) is the matrix given by
TUD (1) = 6,27 L RUD (7). (2.24)

We will prove the result for 7 = iy and y > 0, and by analytic continuation
the result will follow for all 7 in H.
Now by (2.21), (1.107) and the absolute convergence of the double series

Rl(,j’l) in m and ¢ we have that

Rz(/ Z 27 Z Acum]l B, VM,g, l€27rz(m+m])7
m=0
S S e s i
m=0 c=1 ¢ ¢, d
0< —d<c
(c,d) =1
° ]_ . . ml+u ° . d
-9 - -1y (4,) p2mia—L— -k By 2mi(m4m;)(T+5)
W;C Z v (V)zVe zn;) vmle
0< —d<ec
(c,d) =1
(2.25)
To proceed we need the Lipschitz summation formula.
For n>—-1, 0<m;<1 and Z(7)>0, (2.26)
- n T (m+m; Fn_l—l - TIQM . —n—
> (oo = UL S s ()
m=0 q=—00
If n=0, mj=0 and Z(r) >0, (2.28)
N Jrezrirtmm) — L LSS
Zl(m +m;)"e =—57 o (—i(t—q) (2.29)
m= q=—00

where Y% " = limy .o Z(JIV:_N
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Lemma 2.4 If m; > 0, we have

27 ) o Nrad N o= 1 [ 2mi(—v —my)\"
20§ B e ) 3 G (or g gt 3 L (2TUr Zmo T
WM, g, | —
c = et S ! clet +d — cq)
(2.30)
and if m; = 0 we have
27T k ZBcum]l 27rz(m+m])(7'+ )
_WikB + Z 2m’qmj< +d )k' i 1 (27‘(@'(—y—ml)>n
= ——DBcuo,i e cT +d —cq N\
c el S cler +d — ¢q)
(2.31)
Proof 2.4

The proof is a simple application of the Lipschitz summation formula (2.27),
(2.29), the definition of B, ; (1.108) and of the power series expansion of
Ii+1(2) (1.109). For m + m; > 0, we have:

27T
k 2wi(m+my)(t+ %
ZBcum,g,ze (me+my)(r+2)
m=0

L ) 2n+k+1

Z (—y—ml)+i (42(=v = ) (m + my)

m+m; 22ntk+Hinl(n 4+ k + 1)!

2n+k+1 n+k+1 n
— 2Lk ( ) (m + mj) 2mi(m4m;) (t+4)
- zz( ) = e

62m’(m+mj ) (T-‘r%)

o o (n+k+1)!
00 2n+k+1 n+k+1 ©©
— 2_7TZ/<: Z 2_7T ( v ml) Z(m + mj)n€27ri(m+mj)(7'+%)
¢ =\c nlin+k+1) ==
0 2n+k+1 ntk+1 o] —n—1
:2_7TZ/<;Z 2m (—v —my) I'(n+1) Z€2W2qm] T+£l_q
c “=\c nl(n+k+ 1)1 (2m)+t £~ c
N . =1 [ 27i(—v—m
TIgM k l
- St 5 (R
q=—00 n=k+1 q

(2.32)
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Now for m; = 0, we have that

9 0

. ; ) da

_Zk g Bc,l/,m,j,l€2m(m+mj)(7+ )
¢ m=1

1 1\ 2n+k+1
22 (v —m)tm+my)})

—V —=1my 7
z(mw) S G R

© x> 2n+k+1 n n
_ Q_Wik 3 Z 2m (= =)™ 4 10)" iy )
c Y]

627ri(m+mj ) (’T-‘r%)

— 2—”2’“50: 20\ " ()R
¢ c nl(n+k+1)!

or |1 f2e\*T (—v — my)EH
= —1 —_— —_— - 7
c c (k+1)!

2
00 21 2n+k+1 (_y — ml)n—i-k—H F(?’L + 1) 00 « o P ot
c wigm; [ - a
SR B (1)
= — Bcu 2migm d— 1 2mi(—v —my)

c 041 T Z (e + CC]) Z n! (c(m— +d— cq))

q=—00 n= k+1

(m + mj)n627ri(m+mj)(7'+%)

m=1

(2.33)

Therefore we have that

T —

. ) _ d

_Zk § Bc,l/,m,j,le2m(m+mj)(7—+ ¢
C

m=0

ik x5 =1 2mi(—v —my)\"
= —Bcz/ j Zmigm; d - k N\ 7 N )
c ,,0,7,1 + q:ZOO (& (CT + CQ) n;_l n! <C(CT +d— CQ))

(2.34)

and we are done. (2.25) and Lemma 2.4 imply that

RUD (1) = KU 4 Z Z v f}j g2mia L Z 2T (e 4 d — cq)* x

c=1 deD. q=—00
i 1 (27ri(—u —my) )n
S ! \eler +d —cq) ’

(2.35)
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where

U —

v

ik
(X—) &Ac v,0,7 Bc v,0,7,05 m; =0
{ Ec—l C ’ 707]7l ) 707]7l J , (236)

0, otherwise

and

a b
Dc:{d| EIVQd:< d)EF(l),OS—d<c,O§a<c}. (2.37)

C

Now let d' = d — ¢q and

1 —
Vea = Vea =" " ). (2.38)
0 1 c d

As ¢ runs through all integers and as d runs through the set D,., d’ assumes

exactly once each value in D¢ where

DE — {d/| Wew = < a ;, ) el(1),0<a< c} : (2.39)
c

Now by (2.38) we have that

v (Vea)p (Vi)

(e (4 (e (0 1))

e—27rim1q
-1
=v (Vo) p (Vea)
e—?wimpq
—2mim1q (1.1) . (1.p)
e T g T,
-1 )
=v (Vea)
—2mimpq (p,1) - (p.p)
e P [Ecjd/ {L’c,d,
Therefore
-1 5l -1 —2mim; il
VT (Vea)a%) = 0N (Vg )e2mimaag ). (2.40)

Now put
W,Ej’l) _ 5jl€2ﬂ'i(mj+l/)7' + Rl(,j’l) . ]C,(/j’l)
=T (1) — KUY,

14

(2.41)
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and write W' (7) using (2.35) (with d’ replaced by d):

[e%s) N
WHD(r) = 8e®mtr =37 Jim 3" 0 (Voa)al e (o7 4 d)f x
=1 d=—-N
d e D¢
i 1 <2m'(—y—ml))n
et n! cler +d)
(2.42)
To continue we will show that the series
%) N -1 @D 2mia™ +
v (Vea)zgy'e
li ) %e, 2.43
Neoo Z k1 (ciy + d) (243)
c=1 d=—-N
d € D¢

converges. To do so we write (2.43) as

(J ) 2mia l 2mim;q

Z Z Z Ck+zc Zy-l— q) J (2.44)

c=1 g=—oco0 deD,

and apply the Lipschitz summation formula (2.27), for m; > 0, n = 0 and
T =1y + % to get

[e.9]

-2
e M Y
C

c=1 deD. m=0

For m; = 0, we get a similar result. Now we see easily that (2.43) converges

by applying a modified version of Lemma 2.5 in [6]:

Lemma 2.5 If k> 20 > 0, then the sum

Z Z ,U x Jdl)€27maml+u C*k*Q (246)

c=1 |deD.

converges.
Proof 2.5

In the proof of Lemma 2.5 in [6], Knopp shows that for & > 0

i et (2.47)

c=1 dEDc
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converges. This, combined with the fact that & > 2§ and (1.42), proves the
lemma.

Now we will show that the following series

N ) "
-1 (4,0 2mia L2 + k 1 27TZ(_V — ml)
> Z,}lf;o Y o (Veg)ae (e +d)f = (—C@Hd)

n=k+2 c=1 d=_N
d € D¢
(2.48)
is an absolutely convergent triple sum. To do so we rewrite (2.48) as
© ( ) 27rzaml+u 00 2im.
1 cd e e2mim;q
> Lericv-my e Y >
ol 2n—k d _ \n—k
n=k+2 s c=1 deD. ¢ g=—00 (T + c Q)
(2.49)

Now applying Lemma 2.5 we see that (2.48) is an absolutely convergent triple

sum, and since (2.43) converges we can rewrite (2.42) as

. k+1 oo N -1 (4,1 27ia +
Wﬁj’l) (7_) _ 5jl€27ri(mj+u)r _ (27TZ<_V - ml)) lim Z v (VC7d)$cd €
(k+1)! N—>oo cF ety + d)
c=1 d=—-N
d € D¢
00 N —_—
: —1 ( l) 2mia l
+ ]élinm Z v (Vea)zlye (e + d)* x
c=1 d=—N
d e D¢
i 1 (27Ti(—u—ml))"
S, c(er +d) '
(2.50)

To continue we need Lemma 2.13 in [7], with some modifications to be
aplicable in the vector-valued case.
Lemma 2.6 Let 7 = iy, with y > 0, k > 20, v a negative integer and t a
positive integer. Then
00 —1 (4.1) 27rza(ml+y) (J 1) QWZM
Sam 3 SR Yy S

N->oo ck+1(c7' +d) Koo c’€+1 (et +d)
c=1 de D cez de D°

|d < K 0<c<tK |d<K

(2.51)
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Proof 2.6

Following Rademacher’s proof [17], we will show that

a(my+v)

v_l(VC d)x(Jdl)ezmi
1 1 i = 0. 2.52
gm o >, jfmo ) T P 0. (252)

c€eEZ d € D¢
0<c<tK K<|d <N
Note that

0 (Veae)tly) oy = 07 (Vea)alye?mam. (2.53)

First we will show the result for m; > 0. Replace d by d — cq and rewrite

the inner sum as

1 _ il 71_la(rnl«l»l/)
e Yoo v (Vegale? (S + 3], (2.54)
d € D,
K<|d <N
where o
e2migmy
S, = S 2.55
! <Z Py cT+d—cq ( )
—o0o<g<
and o
e2migmy
Sy = Z _— (2.56)
s e cT+d—cq
Then,
20t + 1)t
|S1] + [Ss| < T simml|cl—sK : (2.57)
where

s:min{l,k;%}. (2.58)

Therefore we have that

_ l m
v 1(‘/cd) (]) 27rz

lim g
N—o0 c’“+1(c7' +d)
d e D¢
K<|d <N

2(t + 1)t
(t+1) ZK|SE

| sin 7wy | c20+2+s

(2.59)

d € D¢

1
<C"'K™* Z o

d € Dc
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where C* is a constant. The rest of the argument is the same as in [7].

If m; = 0, write

_ .,l a(m;+v)
0T (Vea)aly) e

1 — 27rza(mlJr ) ! ! /
]\}Lnéo Z Ck'H(CT—l—d) - Ck+1 Z v cd 6 [S +S +S]
d e D¢ deD.
K <|d <N
(2.60)
where
Sp=lim > (ciy+d—cq) ", (2.61)
e Eod g i
Sy = lim > (ciy+d—cg)! (2.62)
N—o00 —1\£+d§q< e
and
Sy= > (ciy+d—cq) (2.63)

K+d K—d
c <¢< c

Now apply the same argument as in [7] using the estimate (1.42) and the fact

that k& > 20.

Now using Lemma 2.6 with ¢t = 1, we can rewrite (2.50) as

(4.1 2ria ml:”

(2mi(—v —my))F

W,Ej’l) (1) — dj, p2mi(m )T
. xcd e
D DEED D
c€EZL d € D¢
0<c<K |d<K
+hm o D e
c€EZ d € D¢
0<ec<K [d<K
i 1 (2m(—y—m1)>"
S\ .
n=k+2 s C(CT + d)
This is
(j’l) _ 5. 27r’i(m‘+1/)7- ERT
W) = o = i 3
c€eZ
0<c<K

2mi(—v—my)
e c(eT+d)

l) 2mia—— l+

et +d)(k+1)!

(cr +d)* x (2.64)
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Put

S/ (7)

R ] _ il . mytv k 2mi(—v—m;)
_ 5ﬂ€2m(mJ +uv)T + E E /‘ v 1 <%7d>$gd)€2maic (CT + d) e clerFd .
c€EL d € D¢

0<c<K |d<K

(2.66)
) a b
Since V.4 = ( i ) € SL(2,Z), we have that
c
a 1 —actT — ad + ad — be
_Z = = —V, 4T, 2.67
c N c(cr +d) c(er +d) A7 (267)
and therefore
ezma’”lj”egwiﬁ;fﬁl) — 2mi(vtmu)Vear (268)
Thus
Sp(r) = Gt R Y 0T (Ve (em + d)t et
c€EZL d € D¢
0<c<K |d<K
(2.69)

Now we include the first term in the summation. Since v(I)p(I) = I, we
have that

5 ‘l627ri(ml+u)‘r

; _ 1}71 (I)xé{il)GZTri(ml+V)IT. (270)
Next we include the pair (¢,d) = (0, 1) and we get
S = > o v (Vea)zly) (er + d)f eritmiVear - (2.71)
c€EZ d € D¢
0<c<K ld| < K
(evd) # (0,-1)

For every transformation V.4, included in (2.71), we next include the trans-

formation —V, 4 = V_._4. Since we have that

v (Vea)pH(Vea) (e + d)f = v (= Vioa)p (= Vea) (—er — )" (2.72)

and

62ﬂ'i(ml+'/)vc,d7 _ 627Ti(m1+V)(—VC,dT)

, (2.73)



46

we see that if we make the summation including the transformations —V, 4 =

V_¢—d, every term of Syll() (1) occurs twice and therefore

S(Jl Z Z (J 1) (CT 4 d)k 2mi(v+my) Ve g (2 74)

c€EZ d € D¢
el <K |d <K

Now let S, x(7) be the matrix with components given by (2.74). Then we
define the matrix Mg, x(7) = v~ 1(S)p 1 (5)7*S, k (ST), given by

(4,0
MS,V,K(T)
1 (s,1) k 27rz(ml+V)V 4ST
E E v () E .rS xch (ST +d)
ceZ d € D¢
el <K |d| < K
(4, k i
E E cdS x\}j )S (dT . C) 627rz(ml+l/)VC,dST.
c€EL d € D¢

lel <K |dl <K

Now we make the transformation ¢ = d, and d = —c. This is a 1-1 corre-
spondence between the pairs {(¢,d)|c € Z,d € D} and the pairs {(¢,d’)|c’ €
Z,d € D}. Then

l
M&JK( )
Z Z /d/ -I(/ﬁi)/( ' + dl)k e27ri(ml+V)VC/,d/T
en d e p¢’
/| < K |d'| < K
_ 5 2mwi(my+v)T + Z Z (]7 ) (CT —f-d)k 2mi(my+v)V, c,dT
c€Z d e D¢
0<c<K |d<K
Now put
1
Us, (1) = U_I(S)P_I(S)Tkwy(—;), (2.75)

where 7,,(7) is given by (2.24), W,(7) by (2.41) and K, is the matrix given by
(2.36). Then we have
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l
Uy (r)
I 1 (.71)
= dim ¢ Mg, k(7) — Yoo > v (VeaS)aysrt

ceEZ d € D¢
0<c<K ld| < K

k . n
b i tmit) 1 2ri(—v — my)
(eST+d) e Z n! ( c(eSt+d)

n=0

_ 5jle27ri(mz+u)7 + lim Z Z ]l) (CT + d)k 627Ti(mz+1/)Vc,dT

K—o0
ceZ d e D°
0<c<K |d<K

— Z Z (V..aS) ZL“V ST (CST—I—d)k

cEL d € D¢
0<c<K ld] < K

a(mﬁ-'/) i i 271'2 —UV — ml)
n! \ ¢(eST+d) '

n=

(2.76)
Also Lemma 2.6 implies
W)
_ 5 2mi(mytu)T : (]7 ) k 2mi(my+v)Ve g7
dje + I}lir(l)o Z Z (cr+d)"e

c€Z d € D¢
0<c<K |d<K

k . n
_ 1 n )b 2w 1 (2mi(—v —my)
zezz 2; v Ved)ald (er 4 ) Z nt \ e(eST +d)

0<c<K |d<K

Therefore
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= lim Z Z (VeaS) mv ST k(cST+d)"

K—oo
ceZ d e D¢
0<c<K |d<K
k n
i 20 Z 1 (27i(—v —my)
n! \ c(cST+d)
n=0

o ALmIEY "1 2mi(—v —my)\"
- X X v Vel (e v a)en” >ZE( (E:Sr+d)l)>

ceZ d e D° n=
0<c<K |d<K

(2.77)
Since the factor 7% combines with (¢ST + d)*", it produces a polynomial of
degree at most k. On the other hand, the limit of a sequence of polynomials
of degree at most k converging at k + 1 points is a polynomial of degree at

most k. Now put
Vs,u(1) =K, — v (S) T p  (S)K,. (2.78)
Clearly ygj)(r) is a polynomial in 7 of degree at most k, and so is

QY (r) = Wi (r) —udy () + V&) (7)

2.
= .99 (r) Z:c” T (7). 279
By (2.24) we see that
F(r) —v™(8)7"p ' (S)F(ST)
(1) (1)
= s | [+ Y ven |
u<v<0 b(yp) p<v<0 b(yp)

is a column vector of polynomials of degree at most k. Now, for all V =

(j ?) e I'(1), put

Uy, (1) =0 X (V)p Y (V) (37 + 8" W, (1), (2.81)
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Wo(7) = Ky =0 (V) (97 +6)*p (V)K, (2.82)
and
O (1) = WED (1) — U (1) + Y (7)
_ TUD(r) — v (V) (v 4+ ) Xp: LDV, (2.83)
o

We want to show that the matrix Qy,(7) = 7,(7) — T, |-k, V(7), given by
(2.83), is a matrix of polynomials of degree at most k. We will prove this by
induction on L(V'), the length of V' when written in terms of S and 7. By
(2.79), we know it is true for S. By (2.24) and the normalization (1.6) it is

b
clear that 7,(7) = 7, |_gw, T(7). Now, assume for M = ( ¢ p ) e I'(1)
c

that Q. (7) is a matrix of polynomials of degree at most k, we want to show

that:

1. T(1)—v Y (MS)p~Y(MS) (dT — c)k T,(MST) = Qs (T), where Qs (7)

is a matrix of polynomials of degree at most k, and

2. T,(1) — v {(MT)p " (MT) (¢t +d + )" T,(MT7) = Qpr,(7), where

Qur,(7) is a matrix of polynomials of degree at most k.

1. Since Qy,(7) and Qg,(7) are matrices of polynomials of degree < k,
we have that
T,(7) = v~ (MS)p™ (M) (dr — o) T,(MS7)
= T,(7) = T (S)p 71 (S) ((eS7 + a)F v (M) (M) T (M(ST)) )
= T,(7) = ™07 (8)p ™ (9) (T(S7) — Qura(ST))

= Q) + 707 H(8)p ™ (8) Qura (7).
(2.84)

The first term is a matrix of polynomials. In the second term 7% combines

with (—%)k_n, for 0 < n < k, forming a matrix of polynomials.
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2. Similarly, using the fact that Qz,(7) = 0, we have

T,(7) — ( ) “YMT) (et + d)" T, (MT7)
= T,(r) = v (T)p (1) (T + a)F v (M)p™ (M) T, (M(T7)))
= Ty(7) — v (T)p  (T) (T(T7) — Qur(T7))
= o (T)p (T) Qur(T7),

(2.85)

which is a matrix of polynomials of degree at most k, sice Q. (7) is.

Therefore we have shown that if Qp,(7) is matrix of polynomials in 7
of degree at most k, so are Qug,(7) and Qur, (7). We have also shown
that Qg,(7) is a matrix of polynomials in 7 of degree at most k, and that
Or, (1) = 0. It is clear by (2.85) that Qm ,(7) = 0, and therefore if L(V') =1,
we have that either V =S or V = T", in either case we have that Qy,(7) is
matrix of polynomials in 7 of degree at most k. Assume that for L(V) = r,
we have that Qy,,(7) is matrix of polynomials in 7 of degree at most k. Then
since Qyg,(7) and Qyrn,(T) are also matrices of polynomials in 7 of degree
at most k, we have that the result is also true for L(V') = r 4 1. Therefore for
all vV = ( “ ? > € I'(1), we have that

Y

Qvu(7) =T(7) = T |k, V(7), (2.86)
which is a polynomial of degree at most k. Thus by (2.83) and (2.23), we have

F(r) = v (V)(yr +8)"p (V) F(V7)

bl(}) bz(/l)
= Z W, (7) — Uy (7)) : + Z Wu(T)
p<v<0 pP) psv<0 bP)
b(l) (2.87)
== Z QMV(T)
n<v<0 bl(/p)
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which is a vector of polynomials of degree at most k, since the right hand
side is a linear combination of polynomials of degree at most k. The proof of

Theorem 2.1 is complete.

2.2 Construction of a vector-valued modular

form of negative weight —k

So far we have that

F(r)—v" (M)p~ (M) (7 + 0)* F(M7) = Qui(r, k,v,p), M = ( 7 5 ) eT(1),
(2.88)

where Qp (T, k,v,p) is a column vector of polynomials of degree at most k.
We ask whether we can construct a vector-valued modular form of negative
weight —k by choosing appropriately the coefficients of the principal part in
(2.1). It turns out that if there are enough coefficients in the principal part,

this is in fact possible. Note that the number needed depends on k.

11 0 -1
Let T = ( ) and S = ( ) By (2.22) , it is easy to see that
01 1 0

for n € Z we have
2minmy

F(T"r) = F(r) = o(T™)p(T™)F(r).  (2.89)

e27rinmp

This implies that Q- (T, k, v, p) = 0.
Since all the elements of I'(1) can be written as a product of 7" and S for

n € Z, we want to find b(_ji, e b,(f) such that

v H(S)p H(S)TF(ST) — F(1) = 0, (2.90)
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or what is the same

v () (S)TEF(ST) = Fr) = Y Qsu(7)

= : (2.91)

If we do so, by the proof that the right hand side of (2.83) is a polynomial of de-
gree at most k, we will have a function F(7) with the following transformation

law, for all M € I'(1),
F(r)=v Y (M)p " (M) (y7 + 8)F F(M7). (2.92)

Also since F'(7) is regular in H, and has the Fourier expansion at co given by

(2.1):

F(]) (7_) = Z bl(/j)QQM(mj—i_V)T_'_i Z ibg)Qﬁi %Ac,u,m,j,l Bc,u,m,j,le27ri(m+mj)77
c=1

pn<v<0 m=0 u<v<0 I=1
(2.93)
it follows that F'(7) is a vector-valued modular form of weight —k.
Now if we replace 7 by S7 in (2.91), we see that
g)(%l7k7v7p) _Q.(S‘l)(Tv k7vvp)
v H(S)p () T* : = : . (294)
Q,(S?)(%lvk7v7p) _Q,(S?)<T7 ]{?,’U”O)
or, what is the same,
pH p
r 1 —s r -5
-1 -1 k - ; _ :
v S)p ()Y Qs ( - ) : > Q)|
s=1 b(f) s=1 b(f)

(2.95)
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By (2.94), we see that the zeros of Qg) (7, k,v, p) occur in pairs, except for
T = =4, since det(p~1(S)) # 0.

Now, since
o QY (r1, k,v,p)
Qs 1(m) Qs a(m) ... Qs (m) \ | Y QY (r1, k,v.p)
Qs-1(m2) Qsalra) ... Qs—(m) || 09 | | QY (rk.v.p)
Qs 1(m) Qsa(m) o Qs ol(m) ) | 05 QY (72, kv, )
o) QY (a0, p)
(2.96)
we set up the following system of equations:

Qs 1(n) Qs a(r) ... Qs_r(m) o)

Qs,—.1(72) Qs,—2(m) Qsa—f(ﬁ) b(—lg =1 :|. (297

Qs1(1)  Qso(r) -.. Qs_r(7) )

It is clear that if n > k and r > n, then this system is a homogeneous system
with a nontrivial solution since the number of unknowns, pr, is bigger than
the number of equations, pn. Also if n > k, we have that all polynomials

(Sj)(T, k,v,p) have n > k roots and therefore they are identically zero. How-
ever we can use the fact that the zeros of ng)(ﬂ k,v, p) occur in pairs, so that
if 7, is a root of ng)(T, k,v,p) , sois —%. So let S be a set of distinct points,
S ={m,...,T.}, such that if 7, € S, then —T—ls is not in S. Now we set up the

linear equation (2.97) using exclusively elements in S. Then if n = [g] + 1,
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we will have that all polynomials Qg) (7, k,v, p) have more than k zeros, and
therefore are identically zero.

We can now state the following theorem:

Theorem 2.7 Let r be an integer greater than [k/2] + 1. If we define F(7)
as in (2.1) with k > 20 and b_y,...,b_, column vectors of length p satisfying
(2.97), then F(7) is a vector-valued modular form of weight —k.

2.3 The supplementary series

Let m! and v/ be defined by

mi;=1-my, vV =-1-v, ifm;>0 (2.98)
mj = —my, V= —u, if m; = 0.
Note that m} +v' = —(m; + v). Further we can define
V'(V)=v(V) and p(V)=p(V). (2.99)

Since k is an integer and v is a multiplier system in weight —k for I'(1), it
follows that v' is also a multiplier system for I'(1) in weight —k. On the
other hand, since p is a representation for I'(1), we have that p’ is also a

representation. Note that

()X (68)R .
v P = 5 . (2.100)
01 01 2mimy,

Now we define the series supplementary to Ry G l)( ) as

— ., N
R(Jl ZZWZFACijl Bcumjl62ﬂl(m+mj)7; (2101)
m=0 c=1
where
Acvmit = 3 Qo™ 5, (2.102)
c,d
0< —d<ec
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k41
~ (:;nml) * Do (4 (= —m))?2 (m+m;)%>, m+ml >0
Bevmjr = i X oo —mt) ) EH1 /
(k‘+1)! < c > ) m = m] - 0
(2.103)
and
Qc,d,l,j = Qe (2.104)

Note that RS (7) is given by (2.21),and Qecay; by (1.96) but with ', o/, v/
and m/ replacing v, p, v and ms respectively Similarly we can define the
supplementary series 7,7 (r) (2.24), KY" (2.36), W' (r) (2.41), YLD (7)
(2.82) and U (1) (2.81).

Using exactly the same arguments as before, we see that:
1. ’?,,(j’l)(T) is regular for 7 € H.

a B

2. For every M =
v 0

) € I'(1) we have
T,(r) — v (M)p (M) (y7 + 0)* T,(M7) = Quro (7). (2.105)
3. The polynomials @5{/1),(7) are given by formulas analogous to those in
(2.83):
Qlff(r) = WO (1) — Uz (r) + Vs (7)

. (2.106)
= TUV(r) =Y (M) (y7 + ) Z (3.5 T(Sl (MT).
—1

Here we have some facts:

1. From (2.42) we see that Wb (1) = Wb (7).

2. From (2.81) we see that LA{‘(/],,Z) (1) = UL (7).

3. From (2.102) we see that ﬁcy,jjow = Acv0,i-



4. From (1.108) we see that éc,u,(],j,l = (=1)*'B.,0,.-

5. From (2.36) and the above results we see that K9P = —icih.

6. From (2.82) and the above results we see that j)\‘(},jl) (1) =—

7. From (2.106) and the above results we see that

R i) — i) —
Uy = QN (7) — 2000 (7).

Vi

o6

(D)

(7)-

(2.107)

Nowlet b_4, ..., b, be aset of column vectors such that b, € C?, bff) £ 0, for

some 1 < j<p, p:I" — GL(p,C) a p-dimensional complex representation,

v a multiplier system, and k > 2§, k,—u € Z*. Let F(7) be defined as in

Theorem 2.1. Then by (2.23), we have that

by
F(r)= > T,(7)
HSy<0 @)

~

We define the series F'(7) supplementary to F'(7) by
E(l)
Fry=> T.(m| :

p<r<0 —()

For M € T'(1) we have that
F(r) = o™ (M)p~" (M) (v7 +8)" F(M7) = Qui(7, k, v, p),

where by (2.87),

(2.108)

(2.109)

(2.110)

(2.111)
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Similarly,

E(l)
= > (W) =) + Da0)) |
u<v<0 b_(p)
E(l) (2.112)
= Z @M,V(T) :
p<v<0 b—(p)

= Q\M(Ta ka Ula P,)

We are now interested in studying the relationship between @ s(T, kv, p')
and Qg(7,k,v,p). As discussed before, if Qg(7,k,v,p) = 0 then F(7) is a
vector-valued modular form on I'(1) of weight —k, multiplier system v and
representation p. Also, it is trivial that if F(7) is a modular form then
Qs(1,k,v,p) = 0. Analogously we see that if @5(7’, kv’ p") =0, then ﬁ(T) is
a modular form on I'(1) of weight —k, multiplier system v" and representation
P, and vice versa.

By the definition of @S(T, kv, p') (2.112), we have that

E(l)
Q\S(Ta ka U,7 ,0/) = Z @SJ/(T) 5

p<v<0 7—(p)

by

and by (2.107) we can rewrite Qg(7, k, v/, o) as

(1)
by
Qs(r. k', p) = ( Z Qs.,(T) — 23}5,1,(T)> :
u<v<0 b_(p)
0 (2.113)

= QS(?7 kvvap) —2 Z yS,V(?)

p<r<0 —(®)
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Now we have that if F'(7) is a modular form then

ng’l)(ﬂ k,l},p) = ngl)(?’ k?,'U,p) = O’ (2114)

and by(2.113), we have that

@S(T>k7vlapl) =-2 Z yS,l/(F) . (2115)

p<v<0 —()

On the other hand, we have that if @g(T,k,v’ ,p') is given by the equation
(2.115), then we have that

QA(S'jvl)(T7 kﬂ)?p) = ng’l)(?, k?v’p) = O (2116)

We have already shown that Q(Tj’l) (1,k,v,p) = 0. On the other hand , for Mj,
M, € T'(1), such that for

* k k k k *
M1 = y M2 = and M3 = M1M2 = y
Mo 02 Y2 02 Y3 03

(2.117)

we have that

Qi (T, k0, p)
— F(1) — v Y(M M) p~ (M Ms) (37 + 65)° F(M; Mar)
= v (Mo)p™ (M) (o7 + 62)" (F(MQT) — o7 (My)pH(My) (1 MoT + 1) F(MIMQT))
+ F(1) — v (My)p~ " (My) (o + 65)" F(Myr)
= v~ (Ma)p~ (M) (o7 + 62)" Qury, (MaT, k, v, p) + Qary (7, K, v, p)
= Qu, (7, k,v,0) + Qg ko Ma(T),
(2.118)

where the slash operator |, , was defined in (1.3). Thus, by (2.118), we have
that for every M € T'(1)
Q5 (ry kv, p) = 0, (2119)
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and therefore F'(7) is a vector-valued modular form on I'(1) of weight —k,
multiplier system v and representation p.

Now we can state the following theorem:

Theorem 2.8 The function F(7) defined in Theorem 2.1 is a vector-valued
modular form on I'(1) of weight —k, multiplier system v and representation p
of and only iof

@5(7—7 k7v/apl) = -2 Z yS,V(?) . (2120)

p<v<0 —()
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CHAPTER 3

Eichler cohomology and vector

valued modular forms

3.1 The cohomology group H, (', )

(,ji,...,b&j) in

In Chapter 2 we indicated how to choose the coefficients b
formula (2.1) to obtain a vector-valued modular form of negative weight —k.
However, in general formula (2.1) does not give rise to a vector-valued modular

form, since for all V' € I we have that
F(7) = Flogwo(VT) = Qu(7), (3.1)

where Qv (7) is a polynomial on 7 of degree at most k. The vector polynomials
Qv (1) are called period polynomials.

Let k >25>0,keZ,  F(, k+2,v,p), the space of vector-valued modular
forms of dimension p, weight k£ + 2 and multiplier system v, with the represen-
tation p over I' = I'(1), that are holomorphic in H. Let f(7) € F(I', k+2,v, p),
and let F'(7) be any (k + 1)-fold indefinite integral of f(7). Then, since F(7)
is differentiable, it satisfies Bol’s identity:

k1
(7 +8)FF(MT)) = (v7 + §) k2 (M)

& 32)

= (y7 +0) "2 f (M),
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*

for 7 € H and all M = *
v 0

) € I'(1). Therefore,
v X V) (er + d)Fp (V)E(VT) = F(1) + py (1), (3.3)

forre€Handall V = |
c d

degree at most k. The vector polynomials py (7) are called period (or Eichler)

) € T', where py(7) is a vector polynomial of

polynomials of f(7). We call F(7) a vector-valued Eichler integral of weight
—k with respect to I'.

As before, put (F|_4.,V)(r) = v (V)(er + d)fp~ (V)F(VT). Then we
have

F| v,V =F +py. (3.4)

% %
Let Vi,Vo € I', Vs = V1 Vs, and V, = ( ) Then by (3.3), we see that

C; dz
v (Va)(es7 + ds) o (Va) F(VaT) = F(7) + pys (7). (3:5)

Also by the consistency condition (1.4) we get that

v (Va)(esT + d3)"p~ (V) F(Var) (3.6)

= v~ (V)o (Vo) (e Vot + dy)*(ear + da)*p ™t (Vi) F (V) (3.7)

= v (Vo) (car + do)*p~ ' (Va) (0™ (VA) (erVar + dy)*p ™ (VA) F(V57))3.8)

= v~ (Vo) (car + do)*p~ ' (Vo) (F(Var) + pv, (Var)) (3.9)

= F(7) + pw(7) + (pvi | =k0,pV2) (T). (3.10)
Therefore,

Piva(T) = P (7) = pua(T) + (Pva [0, V2) (7)- (3.11)

Now suppose that {py : V € I'} is any collection of vector polynomials of
degree at most k satisfying (3.11). Then we call {py : V € T'} a cocycle. A
coboundary is a set {py : V € I'} of vector polynomials of degree at most k

such that
pv(7) = (a] -k, V) () = a(7), (3.12)
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for all V' € T with ¢(7) a fixed vector polynomial of degree at most k. The
cohomology group H&ﬁpﬁp(F,Pk) is defined as the vector space obtained by
forming the quotient of the cocycles by the coboundaries, where p is the length
of the vector of polynomials and P; is the vector space of vector polynomials
of length p and degree at most k.

Note that given f(7) € F(I', k+2,v, p), then F(7), a (k+ 1)-fold indefinite
integral of f(7), is determined up to a vector polynomial of degree < k. Then
if we replace F'(1) by F(7) + ¢q(7) we find that the cocycle {py(7) : V €
I'} associated to F(7) is replaced by the cocycle {p{,(7) : V € I'}, where
Py (1) = pv(7) + ((q]=kw,V)(T) — q(7)), so the cocycle {py(7) : V € I'} is in
the same cohomology class as is the cocycle {p},(7) : V € I'}. Thus f(7) €

{T",k + 2,v, p, p} determines uniquely an element of Hi’p’p(I’, Py).

3.2 The supplementary function

Knopp and Mason [12] defined the vector-valued Poincaré series P(T, p, k,v, v, ', 1)

in the following fashion. Fix v an integer and r, 1 < r < p, and put

1 e27ri(l/+mr)M'r .
P(T,p,k,U,V,F,T'> = 5 Z U(M)(CT—l—d)kp (

MeTl

M)e,, (3.13)

where e, is the column vector consisting of zeros except for the r** component

a b

which isal. Here M =
c d

) ranges over some set of coset representatives

for T \I.
A normal representation p is a representation that satisfies two conditions
(12, p.1351]:

1. p(T) is diagonal, and
2. p(S*) =1.

Let us list some facts about vector-valued Poincaré series. Let p be a

normal representation of I'(1) and k& > 2J (1.42). Then,
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1. P(r,p,k+2,0,v,T,r) € F(I',k+2, p,v) is a vector-valued modular form
of weight k + 2 [12, p1355].

2. The space of cusp forms S(T', k, p,v) is spanned by Poincaré series [12,
p.1360].

3. The Fourier expansion for a Poincare series P(1) = P(7, p,k+2,v,v,T',1))
is given by:
P(r)="T)(1)e,. (3.14)

Here e, is a column vector of zeros, except for the r* component which is a

1, and 7 (1) is a matrix defined by

/];*(jJ) (7_) _ 5jle27ri(mj+'/)7' + R;(jvl) (7—), (315)
where
. L iE :
RIG(7) = 3020 3 At Blygu™ . (3.16)
m=0 c=1

In (3.16) B, ;; is given by

k41

(;@‘:ﬂ’z_l) - I (47”(—1/ — ml)%(m + mj)%> , v+m; <0
o\ B
vl = (k—’l—l)! <2 ( j ])> , v=m; =0
7% 1 1
(ﬁ) Tkt (47”(1/+ml)§(m+mj)i> , v+m; >0,
(3.17)
with Ij41(z) defined by (1.109) and Jy41(z) by
(=D"(3)
J, = R 3.18
b (2) =2 Wnrkr 0l ©F (8.18)

n=0
[12, pp. 1355-1356].
Suppose that g(7) € S(I', k+2, p,v), and let s = dim S(I', k+2, p,v). Then

there exist complex numbers by, ..., bs, along with a set of positive integers
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vi,...,Vs, not necessarily distinct, and a set of positive integers ri,...,rs,

where 1 < r; < p, such that

s

g(r) =Y biP(r,pk+2,0,,T,1,). (3.19)

i=1
Now we are going to define the function supplementary to a cusp form in a

way similar to the definition in Section 2.3:

v=—-1—-v ifm; >0,
(3.20)
V=-—v if m; =0,
and
mj =1- m; if m; > 0, (321>
ﬁlj = —m; if m; = 0.
Also as we did in Section 2.3, let
v(M) =v(M), p(M)=p(M) (3.22)
and define g(7), the function supplementary to g(7) as
g(r) =Y bP(r.pk+2,5,0,,T, 7). (3.23)

=1

Note that, although the values for ¥, m;, v and p are the same as v/, mj, v'
and p’ in Section 2.3. Here we form a nonentire vector-valued modular form
given a cusp form, while in Section 2.3 we formed an Eichler integral given an
Eichler integral.

Now let G(7) be the (k 4 1)-fold integral of §(7), defined by integrating
term-by-term in the expansion at ico. Note that G(r) is the (k + 1)-fold

integral of the function
ST (enb, (3.24)
i=1

normalized so that

627rzm1

Q)

G(TT) =5(T)p(T)G(r) = (1), (3.25)

2mimy,
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1 1
with T = ( ) . Also we have
01

7 (V) (er +d)*p T (V)G(VT) = G(7) + Py (1), (3.26)

for all V € T', where py/(7) is a vector polynomial of degree at most k. Now let
G(7) be the (k 4 1)-fold integral of g(7), defined by integrating term-by-term

in the expansion at ioco as we did before with g(7). We see that
v (V) (er + d)f ot (V)G(VT) = G(7) + pu(T), (3.27)

forall V eI

Now we want to consider the relationship between py (7) and py (7). To do
so we take the same steps as we did in Chapter 2. Let R;(j & (1) be defined as
the (k+1)-fold integral of R;(j & (7). Therefore after changing the order of the

summation as we did in (2.25), we have that

—k oo . oo * 27ri(m+fﬁj)(7+é)
*(]J) — (27{-) 1 ~ —1 A( 7l) 27Fiaml+u Bcva’m’jale ©
R; () = 2+ Z - Z v (V)zle ‘ Z (m + iy )EHT
c=1 c.d m=0
0< —d<ec
(c,d) =1
(3.28)
Applying the Lipschitz summation formula (2.27), as we did in Lemma 2.4,
we get that
(2ﬂ_)kiB:gmjl(eZwi(m-i-ﬁwj)(T-i-'Z)
ci2k+1 o (m + i )b+

_ (2m) 2_7T . (v — )" (m + ;) 62m(m+m]-)(r+§)
ci2k+1 ZZ c nl(n+k+1)!

m=0 n=0

_ (277-)7’C - 2m ath (_l//\_ml)n - ~ \n_2mi(m4im;)(t4+2)
ikl Z c nl(n+k+1)! Z(m—l—mj) ‘ o

& 2\ (D) T ) & ([ d
ikl Z c nl(n+k+ 1) (2m)n+! Z ¢ T\ c 1!

n=0 g=—00

_(@2m) i 24 (cr 4 d — cq)” i 1 <2m'(—ﬁ—ml)>"

i3k+1 Rt (—U — my)k+1 et n! \ c(et +d — ¢q)

(3.29)

)
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(Note that in this case we do not get a different formula if m = m; = 0,
because P(,p, k + 2,v,v,1',r) is a cusp form. Thus either the the coefficient
for m = 0 is zero, or m; > 0 and therefore if we follow the same steps as we
did in Chapter 2, we get a result similar to (2.107). The difference here is that
we do not have the term 2)7](\?2 (T) (2.36, 2.82), that comes from applying the

Lipschitz summation formula.) Therefore we have that
pv(T) =pv(7), forall V €T. (3.30)

Now following Husseini-Knopp [4] we can state the following theorem which

is proved exactly in the same way as Theorem 3 in [4].

Theorem 3.1 Let k > 20, g(7) € ST,k + 2,p,v) and G(7) the function
supplementary to g(t). Then g(1) =0 if and only if @(7) e F(I',—k,p,v).

Proof 3.1

If g(t) = 0, then its (k+1)-fold integral G(7) is also identically zero, and
therefore py(7) = 0 for all V€ I". Thus by (3.30), we have that py(7) = 0,
and therefore

TN (V)(er +d)*p TH(V)G(VT) = G(7). (3.31)
Also, since g(1) € F(I',k + 2,p,v), we have that g(7) is holomorphic on H
and meromorphic at ico. Therefore G(7) € F(I', —k, 5, 7).

On the other hand, if G(7) € F(T', —k, p,?), then py(r) =0 for all V € T,
and by (3.30), we have that py(7) = 0 for all V € T, and therefore G(7) €
F (', =k, p,v). Now since g(7) is a cusp form, then it is holomorphic on H
and at ioo, and so is its (k+1)-fold integral G(7). By Lemma 4.1 in [11], we
have that G(7) = 0.

3.3 Eichler cohomology and a mapping
of H' (T',P)

V,p,p

Definition 3.1 A parabolic cocycle {py : V € T'} is any collection of vector
polynomials of degree at most k and length p satisfying (3.11), in which for
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every parabolic class B in T' there exists a fized polynomial pp(T) of degree < k

such that
QB(T) = DB |fk,v,p B(T) — pB(T), VB € B. (332)

(Note that coboundaries are parabolic cocycles.)

Definition 3.2 The parabolic cohomology group f[gjpjp(lﬁ, Py) is defined as the
vector space obtained by forming the quotient of the parabolic cocycles by the

coboundaries.

In I'(1) the only parabolic class is the class of T'. Note that in I:L} oL Pr)
we can always find a cocycle in which Q7 (7) = 0. For, suppose that Qr(7) # 0;
then there exists a polynomial py(7) such that (3.32) with B = T'. Therefore

the following polynomial is also in the same cohomology class:

Qr(1) = Qr(7) = (pr |-k, T(7) = pr(7))
=0.

(3.33)

Theorem 3.2 Let k a positive integer such that k > 26, v a multiplier system

in weight k and p a normal representation of ' = T'(1). Then,

S, k+2,5,0) &S, k+2,p,0)=H (I P, (3.34)

U7p7p

with the same mapping as in Theorem 3.1.

Theorem 3.3 Let k a positive integer, such that k > 2«, v a multiplier system

in weight k and p a normal representation of I' = T'(1). Then,

ST k+2,0,0) @M, k+2,p,0) = H (T,P), (3.35)

U7p7p

and the construction of the mapping is independent of I', k, v and p. Moreover

the map is the same as in Theorem 3.2.

Following Husseini and Knopp [4], we define the mapping

p:S(k+2,0,0) @M, k+2,p,0)— H (T,P) (3.36)

v7p7p
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by
u(g(7), f(7)) = alg(r)) + B(f(7)), (3.37)

where ((f) is the cohomology class of the cocycle of the the vector of period
polynomials {py : V € I'} of the (k + 1)-fold integral F(7) of f(7), while
a(g) is the cohomology class of the cocycle of the vector of period polynomials

{qv : V €T} of G(7), the (k + 1)-fold integral of the supplementary function
of g(7).

Remark 3.1 To avoid confusion note that
1. g(1) e S(I'k+2,p,0),
2. 9(r) e F(T,k+2,p,v),
3. G(1) is the (k + 1)-fold integral of g(T),
4. {qv : V € T'} is the cocycle of vector polynomials corresponding to G(7),
5. @(T) is the (k + 1)-fold integral of g(7) and
6. {qv : V €T} is the cocycle of vector polynomials corresponding to @(T)

It may seem that the map o depends on the choice of the basis for S(I', k + 2, p, v).
However our mapping is in fact independent of this choice, since the periods,
{qv : V €T}, of the (k + 1)-fold integral of g € S(T',k + 2,p,v), G(7), are
related to those of G(7), the (k + 1)-fold integral of §(7), the function sup-
plementary to g(7), by (3.30):

qv(7) = qv(T), (3.38)

regardless of the choice of the basis.

To show that the map is 1-1 it is enough to show that the kernel of p
is (0,0). Suppose that u(g, f) = 0. Then there exists a vector polynomial
p(7), of degree smaller than or equal to k, such that F(r) + G(7) + p(r) €
F(T, =k, p,v). This is holomorphic on H, and since F(7) is the (k + 1)-fold
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integral of f(r) € M(T',k + 2, p,v) and p(7) is a vector polynomial, we have
that the principal part of F'(7) + @(T) + p(7) is the same as the principal part
of G(7), the (k + 1)-fold integral of §(7). This principal part is

S b
i —(u¢+mri)er_ ) 3.39
ZZI (—2mi(v; +my ) 1 (3:39)

Since k42 > 2426, the Fourier coefficients of F(7)+ @(7) +p(7) are given by
the formula (2.2) and when we apply it to (3.39) we get the Fourier coefficients
of G(7) as stated by Knopp and Mason [12, Theorem 3.2]. Therefore G(r) =
F(7) 4+ G(7) + p(7), so F(r) = —p(7). Since the degree of p(r) is less than or
equal to k, the (k + 1) derivative is zero, and therefore f(7) = 0. Also since

~

G(r) € F(I', =k, p,v), we have that g(7) = 0 by Theorem 3.1. Thus px is 1-1.
Now let zz be the map p, restricted to the space of cusp forms S(I', k + 2, p, v).
We want to show that

I:S8T k42,50 &SI, k+2,p,0) — H. (T, P). (3.40)

v,p,p

Let f(r) € S(I',k + 2, p,v), then

)= aQem T for 1< j<p, (3.41)
m+m;>0
and the (k + 1)-fold integral is
()

(4) — am 2mi(m4m;)T @) .
FOr) = 3 Gt (), for 1< <
m~+m; >0 J

(3.42)
Here pU)(7) is a polynomial of degree at most k. We saw at the end of Section
3.1 that the cohomology class of F(7) is the same as the cohomology class of
F(7) — p(7), so we can assume without loss of generality that p¥)(7) = 0. It
is clear that if p(7) = 0, we have that

F | kw, T(T) = F(1), (3.43)
which implies that pr(7) = 0. Therefore B(f) € ITI&W(F, Py). On the other
hand if g € S(T', k + 2, p,v), then

g(r) =Y biP(r,pk+2,5,5,T,1), (3.44)

i=1
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and .
G(r) = biP(r,pk+2,0,v,T,1,). (3.45)

i=1
In all the expansions of the Poincare series P(7, p, k+2,v,0;, ', r;) € S(I', k+
2,p,v), we have that m +m; > 0, for all 1 < j < pandal 1 <i < s.
Therefore in the expansions of P(7,p, k + 2,v,v;, ', ;) we will also have that

m+m; >0, forall 1 <j<pandall 1l <i<s. Thus

()= ) ettt for 1< j<p, (3.46)

m~+m;>0
and the (k + 1)-fold integral is

(7)
G0 (1) = Cm
Gm= 2. (2mi(m + my))F+1

m~+m;>0

627ri(m+mj)7' + q(j)(7'>, for 1 < ] < D-

(3.47)
Here ¢U)(7) is a polynomial of degree at most k. We assume without loss of

generality that ¢ (7) = 0. It is clear that if ¢(7) = 0, we have that
G |-y T(r) = G(7), (3.48)

which implies that g7 (7) = 0. Therefore a(g) € H. (T, P;). Thus

Alg(7), f(r)) = alg(r)) + B(f (7)) € H},, (T, Pe). (3.49)

Therefore we have shown not only that z# maps the given spaces into the Eichler
cohomology f{’;,p,p(r, Py), but also that 1z is 1-1, since p is.
It remains to show that the maps p and ;i are onto. We use the vector-

valued generalized Poincaré series, to show that g is onto.

3.4 The vector-valued generalized Poincaré se-
ries V(7; {py(7)},r, w)

Lehner [13] defined a vector-valued generalized Poincaré series. Let {Qy(7)}

be a parabolic cocycle of vector polynomials of degree < k on I'(1), with
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k € Z*, v a multiplier system in I'(1) and p a normal representation. Assume
also that Qr(7) = 0. We define the vector-valued generalized Poincaré series

as
U (717) Z _ [ b (3.50)
& (er + d c d )’

where 7 is a large positive even integer and £ is any set in I'(1) containing
all transformations with different lower rows. Now we note that if M and M*

have the same lower row, then we can write M = T'M* and therefore

Qu(7) = Qpuar-(T)
= Q71 |k M (1) + Qi+ (T) (3.51)
= Qu+(7),
so that \I/(j)<7'; r) does not depend on the choice of coset representatives.

To study the convergence of ¥ (7;7), we need the following facts:

1. Lemma 4 in [9]: For real numbers ¢, d and 7 = = + iy, we have

2

%W@? + @) <er+dP < 2P+ y)(E+d).  (3.52)
2. Let a(()j), . ,a,(cj) be the coefficients of Qg)(T) Then if
(3.53)
j=1 t=0
we have that
‘Q ‘<K1(|T’ +y '), forreH and 1<j<p. (3.54)

3. Since Q7 (7) = 0, we have that

Qrm () = Q1 | kg T"HT) + Q1 | kg T™2(7) + .. 4 Qr(7)
— 0.
(3.55)
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4. Since Qrm (1) = 0, we have that

Qrmv(T) = Qrm |-k, V(T) + Qv (T)
= Qv (7).

(3.56)

5. Let q1,...,qs € ZT, n € Z,
s s—1 b
V = STV e gp-T e pae g gt — ( ¢ ; > (3.57)
c
and for 0 < j < s define the matrix

M; = TCVasTEY g pegp-a g — ( ¥ ? ’ ) . (3.58)
Vi 95

with My =T" and SMy, =V, then
lef = Jayl, el = |yl ldl =185 and  [d] = 5. (3.59)
6. For V € I'(1), by (3.11) we have that

Q-v(1) = Q-1(7) + Qv [k, (=1(7))

= o7 (=Dp (=D(=1)"Qv(r) + Qs(7) (3.60)
= Qv(T).
7. Finally,
Qi(1) =Q_1(r) = 0. (3.61)
Note that by (3.55), we can rewrite (3.50) as
(4)
NN v (7) [ a
VO (7yr) = VZ e rdr v_<c d). (3.62)

Now we want to find a bound for the cocycle Qv (1) for V€ T'(1). By
(1.37), we have that

b :
V= ( : d > = ST e g T g TR ST R ST (3.63)
C
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Recall (Lemma 1.1) that s is the number of steps in the Euclidean algorithm
applied to the pair ¢, d.

From the definition of a cocycle and by (3.55), (3.11), (1.37) and (3.60) we
have that

QV( ) Q:I:T’”ST( 1)Sqs gT (=17 1‘13*15,..T‘12ST*‘115T"(7-)

- QST(%)S%ST“US”%%s...qusT—q1STn (T)

= Qs (7)

= QS |—k:,v,p MS<T) + QMS( )

= QS |—k,v,p MS(T) + QT( D¥qs SM,_ 1( )

= Qs |-kwp Ms(7) + Qo (T)

= Qs [-kwp Mu(T) + Qs [-kw,p Msa(7) + Q. (7)

= QS |fk,v,p Ms(7—> -+ QS ‘fk,v,p Ml(T) + QS ‘fk,v,p MO(T) + QMO (T>

= Q5 |-twp Mi(7) + Qra(7)

h=0
=" Qs |—kwp My(7)
h=0

= ZU “HM) (T + 81) Qs (My7).

(3.64)
Now by (1.42) and the fact that |y,| < |¢| (3.59), we get
P s
Q@] < 303 6 M) b+ 6t | QY (M) |
I=1 h=0
p
KT bl b + 80 QY (47). (3.65)
I=1 h=0
p S ;
<K > lwt +6nl" | QY (M) |,
I=1 h=0
and from (3.54) we obtain
T + 0" ‘Q(l) MhT)‘ < K3 |yt + 0 <|MhTVC +y T + 5h|2>

(3.66)

= K; <’04h7' + "y T + 5h\k+2> :
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By (3.52) we have that

kE
2

lant + Bl" < 23 (|71 +y72) 2 (o + 57)

[ME

(3.67)

and

k42 k+2
S = N (T I CF RN Y I (3.68)
Thus, (3.66) becomes
kt2 k k42
o+ 8l [ QP (M| < K5 (172 +y72) > ((od +80) 4y (R +87) 7 ),
(3.69)
and by (3.59) we have that
kt2 k kt2
VT + 0" ’Q Mm’)’ <Kj; (7P +y ) 2 <(C2 +d) +yt(E+d) )

<K (@+d) T (rP+ry ) (+y).

(3.70)
Therefore we rewrite (3.65) applying (3.70) as
26 2 2 B2 1
’Q ‘<K* Zc+d) SRy (LY
h=0 (3.71)
k+2
< Ki(s+1)c® (¢? +d2) (|7’|2—|—y N (1+y Y.
Also, by (1.39) we have that
s+1<2(F+d?) (3.72)
and clearly
B (Pt d?) (3.73)
Thus, we rewrite (3.71) as
h25+4 k+2
QU@ <K (@) (TP +y ) (g, (3.74)
Now by (3.52) we rewrite (3.74)
14 4|7’|2 k+25+4 oo
< K: cr+d2—) Py (T4y?

A7) |er + d|FF2
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Here,

k42544
1+ 47| 2 kt2
A7) =K (+T’T|> (17\2 +y*2) 3 (1 +y’1). (3.76)

Thus, by (3.62), (3.75) and (3.76) we have that

‘\p(j)@.;r)} < )\(T) Z ’CT+d’k+25+4—r_

i (3.77)
c#0
Now we want to show that W) (7;r) converges uniformly on
, 1
S:{T:$+zy:|x|§§,y2M>0}. (3.78)
First we note that for 7 € & we can bound the function A\(7) (3.76),
M1) < Ki(S)(1+y5), (3.79)

where K;(S) is a constant that depends on S. Also, since ¢ # 0, we have that
ler 4 d|f T2 > |2y > R 2 (3.80)
By (3.79), (3.80) and (3.77) and for 7 € S we have

. 1 k+2
9O (7)< Ki(S) e S Jer 4 d O

)
y vVecr
< Ks(S) Z leT + d|2k+25+6_r .
Vel

Since the summation converges absolute-uniformly on S for r > 20 42k + 8 [1,
pp. 15-16], so does W) (7;7). Therefore ¥ (7;7) is holomorphic on H and at

100. Moreover we have that

() 8)(7)
1 J . — ] —
lim ¥ (rir)= > Tli%o( 0 (3.82)

T—100 cT + d)r -
vecL

c#0

since we can put the limit inside the summation by the uniform convergence

on S.
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Note that for every M in I'(1) there is a one-to-one correspondence between

8
absolute convergence and the fact that r € 2Z7", we have

L and LM . Therefore, M = ( i ; ), VM = ( i ;) e I', and using the
Y

U | o, M(7) (3.83)
= v N (M) (yr 4 8)Fp H (M)W (MT;7) (3.84)
=Y v (M)(y7 +6)Fp  (M)Qu(Mr) (M7 +d)™  (3.85)
Vel

=" (Qv |-ty M(7)) (cMr +d)™" (3.86)
Vel

= (Quu(r) = Qu(r)) (cMr +d)™" (3.87)
Vel

= (70 Y Quu(n) - Qu) (Gr+3) T (38)

VMeL
= (Y7 +6)" (U(r37) = »(1;7)Qu(7)) - (3.89)

Here ¢ (7;7) is the classical Eisenstein series

U(r;r) = Z(CT +d)™", (3.90)

Vel

which converges absolutely for » > 2. Also we have the transformation law
Y(MT;r) = (y7 4 0)"Y(7;r), for all M €T, (3.91)

provided r is an even integer bigger than 2.
Now we define the vector valued function

(3.92)
By (3.89) and (3.91) we get

F |, M(7)
_ _\IJ | k0,0 M(T)
Y(MT;r)
__Y(mn) i
= "m0
= F(7) + Qu(71).
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Since W(7;r) converges absolute-uniformly on compacts of H for r sufficiently
large, it is holomorphic on H and therefore ¥ (7;7) does not have any pole on
H.

In order to avoid a pole in F(7) at 7 = i, and at 7 = LEY3

2

, we can choose
a convenient 7. Basically we want to avoid a zero of ¢(7;r) at those points.

To do so note that by (3.52) for 7 = 1, %‘/‘% we have that

1 1
- |« -
Z (ecr+d)r| — Z (et +d)r
vec vecL
le] > 1 le| > 1

<2} % Z

c=2 0<d<e m=—
(c,d) =1

1+4|7‘] Z Z Z 1 T

=2 og<d<c m=—o0 (" <1+(m+%)2>§

CT—I—cm—I—d)

(c,d) =1
T4y &N 1 (S 1 L 1
<k Y Gt L e
v S G mr e ((m+1)+1)
(14+4P) X 1 & 1
=2K T
yr ; Cr—l mZ:O (mQ + 1)5
(3.93)
and we can choose an 7 large enough to make the above summation less than
1 for 7 =1, %\/‘;” We can also choose r large enough so that
= 1 = 1
. <1, — <1 3.94
dz (i +d)r dz (—i+d)r (3:54)
a0 a%0
and
- 1 - 1
> ————— <L | Y —————| <1 (3.95)
d=— <%\/§n+d)r d= -0 (_%\/\;ﬂ_'_d)r
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, 1 1 > 1 1
Vi) =1+ Z Citdy Z (ci+d)
d¢o d#0 le] > 1
> 1 > 1 1
=4+ A T
_Z (it+d Z Civar VZ (ci 1+ d)
d#0 d#0 le] > 1
(3.96)

and therefore [1(i)| > 0. Also ,

1++/3i 1 1 1 > 1
—_1)r i i +v/3i r
2 (—1) <li£/§> <_1i£/§> (B )
d#0
1
© Y CEATyt
lifz i r
+d) ver <c(1i5/§>+d)
d¢o c>1
> 1 > 1
~+ Y mE Tt Y CmaTh
d = —oo (%\/&—i_d)r d = —oo (_%\/&—i_d)r
d#0 d#0
5> :
e (e () +a)

and therefore ‘w (%ﬁ”)

(3.97)

> 0. Thus for r a large integer divisible by 12, we

have that F(7) does not have a pole at 7 = or %\/31

3.5 Construction of a convenient vector val-
ued modular form of negative weight —k <

—26 on I'(1)

Next we want to modify the function F(7) by substracting a form with

the same principal part at all poles of F(1) on H, so that we get an Eichler
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integral with poles only at ico and the same periods as F'(7). To do so, we
want to construct a function I .(7) which has a pole of order s at 7y in the
fundamental region of I'(1) and possibly at ico, and which is holomorphic
everywhere else on the fundamental region.

In Theorem 2.7 we showed how to construct a vector-valued modular form
H(7) on I'(1) which is analytic in H. We define H(7) as in (2.1), with k& > 26
and g sufficiently large.

Now we want to modify the function H(7) so that we have a pole of order
s at 7p.in the 7" component. Let h the order of the zero of H(7) at 7y in the

r*" component. We can consider the function

. HO)(T) if j#vr
9= g (3.98)
()= Tm) T J
It is easy to see that I, (7, s) € F(I', —k, p,v), since H(1) € F(I', -k, p,v),
and J(7) is invariant under the action of |_j, ,.

Since J(7) attains every complex value only once in the fundamental region,

we see that J(7) — J(7m9) will be zero of order 1 in the usual variable 7 — 7,

1+/36
2

except for 7 =i, , where the function J(7) — J(7p) does not have a zero
of order 1 in the usual variable 7 — 7.

The function defined in (3.92)
v(r)
»(7)

could have poles at H. Those poles correspond to zeros of ¥ (7), since we chose

F(r)=— (3.99)

r large enough to make W(7) converge in H. Also we chose r = 0 (mod 12),
to make sure that ¢ (7) has no zeros at 7 = 1, %\/‘3’2 Therefore F(7) will not
have a pole at 7 =i, %ﬁ” Now if F'(7) has a pole of at 7y at the compoonent

r, and the principal part of F/(7) at the component r is given by

Y, A=) (3.100)

no<n<0

we will construct a form I, ,(7) with the same principal part as F(7) in the
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component. Put

)
Ly (1) = > e LGl (3.101)

no<n<0 To, 1, T
where a(1y, n,r) is given by
lim I (r,n) (1 — 7)", (3.102)

and Iﬁg,)r(T, n) is given by (3.98). We note that the principal parts of F(7) and
I, () are the same in the component 7.

We repeat the process as many times as necessary to construct an auto-
morphic vector-valued form Q(7) € F(I', —k, p,v), such that both F(7) and
Q(7) have the same poles with the same principal parts on a fundamental
region for I'(1). Therefore,

F(1) —Q(7) (3.103)

is holomorphic on H and for all M € I'(1) we have that

(F = Q) |-k, M(T) 3.104
=F | o M(T) = Q | k0, M(7)

= F(r) —~ Q(r) + pu(7).

3.105
3.106

o~ o~ o~ o~
~——  — ~—  —

3.107

Now let W (7) be defined as

Wir) = L (F(7) - Q). (3.108)

where the derivative can be calculated term-by-term on the expansion at i00,
since it is analytic everywhere else. By the discussion in section 1 we see that
W(r) e F(T,k+2,p,v). Now let Z;jl:_uo b)) e2mivitms) he the principal part

of WU(7) at ico, where b)’s are a complex numbers. Then we can write

V4 -1
W(r)=>_ > bP(rpk+2v,0:T, )+ B(r), (3.109)

i=1vj=—nn
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where P(7,p,k + 2,v,v;,I',j) is a Poincare series with v; + m; < 0, and
therefore the first term has the same poles as W (7). B(7) is therefore in
M, k+2,p,v). For all j, v; +m; < 0, and thus the function supplementary
to P(,p,k + 2,v,1,T,i) is a cusp form. So let 3(B(7)) be the cohomology
class of the cocycle of the the period vector polynomials {py : V' € I'} of the
(k + 1)-fold integral of B(7). Now put

P -1 ,
A =30 3 B P Ak +2,0.5,0,5) € Sk +2.5,0),  (3.110)
J=1 v=—po
and let a(A(7)) be the cohomology class of the cocycle of the the period vector
polynomials {qy : V € T'} of the (k + 1)-fold integral of

p -1
SN WP p ki +2,0,15,T ). (3.111)

J=1lv=—po

It only remains to show that the function B(7) is indeed a cusp form in
S(T,k+2,p,v). We already saw at the end of Section 3.3, that the cohomol-
ogy class a(A(7)) is parabolic. We will show that if B(7) is not a cusp form,
then S(B(7)) will not be parabolic, and therefore a(A(7)) + 3(B(7)) will not
be parabolic, which is a contradiction, since we started with a parabolic coho-
mology class and showed that o(A(7)) + B(B(7)) equals the given parabolic
cohomology class.

Suppose that B(1) € M(I',k+2,p,v) — S(I', k + 2, p,v), then for some j,

we have that m; = 0 and
BU(7) =3 alemmm,a) £0, (3.112)
m=0

and its (k + 1)-fold integral will be

) 00 a(j)627rim7' aéj)Tk’—i-l )
CVN(r) = = J 3.113
(7) n;] 2mim + (k+1)! +p(7), ( )
and
G )
(C(7) = C by T(7))V = STt o #0. (3.114)
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Therefore all cocycles of the cohomology class of (3.113) will have a polynomial

of degree k, in which the coefficient of 7 in the j"* component will never be zero

since the coefficient of 7% of p¥/)(7) cancels with the coefficent of 7 of pi¥) (7+1).

And therefore 3(B(7)) is not parabolic. Thus B(7) € S(T', k + 2, p,v).
Therefore the map

IS8T k+2,5,0) ®ST, k+2p,v) — H. (T, P). (3.115)

V,0,p

is onto. The proof of Theorem 3.2 is complete.

3.6 End of proof of Theorem 3.3

Now we want to show that the map p of theorem 3.3 is onto. We have

already seen that

S, k+2,0,0) &SI, k+2,pv)— H. (T P,). (3.116)

v,p,p
is onto. Let {Qy(7) : V € I'} be a cocycle in a nonparabolic class, with the
polynomial corresponding to the translation given by

D) = b7k 4o P b o). (3.117)

We will construct a vector-valued modular form I(7) € M(T', k + 2, p,v), such
that the cohomology class of the (k + 1)-fold integral, L(7), will give rise to a
cocycle {py (1) : V € I'}, where

pr(T) = Qr(7T). (3.118)

Let )
i(r) = =k 0 P(r,p.k+2,0,0,T, ), (3.119)

i=1

where b,(f) is given by (3.117), and P(7,p,k + 2,v,0,T,7) by (3.13). Now the
(k + 1)-fold integral of I(7) is given by
LY (1) = —k!p\9) Z (2mi(m + mj))fkf1 e2milmam)r 4§kl pU) (),

m>mg;

(3.120)
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where c,,, are the Fourier coefficients of P(r, p, k+2,v,0,T, 5), p¥)(7) is a poly-
nomial of degree at most k, whose coefficients can be chosen at our convenience

and ¢; is given by

p()

— A m; =0

;= { (k1) 7 : (3.121)
O, m; 7é 0

Now we choose the coefficients of p/)(7):

p(j)(T) _ al(cj)Tk + ag)lkal +ot agj)T + a(()j)_ (3_122)

If m; # 0, we want to choose the coefficients so that
D(r) = (p(r) |ty TP = QP(7) (3.123)
p T PAT) |—kw,p T 7 \T)- .
Note that

PO (T) = (p(7) |y TP = p9(r) — 727 mapD(r 4 1)

k h
, . h ‘
— p(J)(T) _ o~ 2mim; § :E : ( > aglj)Thfs
S

h=0 s=0
(3.124)
Therefore we can set up the following linear system:
1 — e—2mimy  g(1.2)  4(1.3) J(LR+1) a(()j) b(()j)
0 A2 q23) d(2k+1) agj) bgj)
0 0 d®3 ... Bk : = : :
: al(cj—)l bl(cj—)l
0 0 0 ... 1—e2mim al?) bt
(3.125)

where d! is given by

(
(-1
1_6—2mm]~ <l h) h=1
A = B (3.126)

(-1
—e2mim; h#1.
\ I—h

This linear system has a unique solution for the a/)’s, and satisfies (3.123).
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If m; = 0, we want to choose the coefficients so that
57 4 pD(7) = (5,75 4 p(7) |k, TN = QP (7). (3.127)

Note that

5j7_k+1 . (6j7_k+1 |—k,v,p T(T))(j)

k
k+1
—6; Ths, (3.128)
g; ( s+1 )

Now we can set up the system of equations

b5 + 6,
1,2 1,3 1,k+1 (4)
0 d32 dt® o dtkD ag b g [ KT
0 0 d®¥ ... JeFD ot b
0 0 0 ... dBkD : = : :
: (4)
: ay”’ 4 k+1
k()l bl(cj—)1+5j
0 0 0 0 ay 2
b +6,(k +1)
(3.129)
where

-1
J0D — < . ) _ (3.130)

This system of equations has a solution for the a\9)’s, since by (3.121) we see

that
b7 +6;(k +1) = 0. (3.131)

And by the choice of the coefficients we have that (3.127) holds. Note that
this solution is unique except for aéj ), which can be chosen to be whatever
we want since m; = 0. Sumarizing, we have found a vector-valued modular
form I(1) € M(T',k + 2, p,v), such that the cohomology class, 3(l), of the
(k+1)-fold integral, L(7), has the same cocycle for T" as the given nonparabolic
cohomology class. Therefore we can say that a given nonparabolic cohomology

class can be written as

B +p, (3.132)
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where 7 is a parabolic cohomology class in H? (T, Py). We saw in Theo-

v7p7p
rem 3.2 that

S k+2,790) @S k+2,pv)2H  (T,B): (3.133)

v?p7p

therefore, there exists g € S(I', k + 2, p,v) and h € S(I', k + 2, p,v) such that

p = a(g) + B(h). (3.134)
Hence the given nonparabolic cohomology class in Hgy oL Pe) 18
a(g) + B(h) + B(1), (3.135)
or, what is the same,
a(g) + B(h +1), (3.136)

where g € S(T',k+2,p,0) and h+1 € M(T',k + 2, p,v). Therefore the map

p:S(k+2,0,0) @M, k+2,p,0)— H (T,F) (3.137)

U7p7p

is onto and the proof is complete.
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