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AN SVD APPROACH TO IDENTIFYING METASTABLE STATES
OF MARK OV CHAINS

DAVID FRITZSCHE, VOLKER MEHRMANN , DANIEL B. SZYLD , AND ELENA VIRNIK

Abstract. Being one of the key tools in conformationdynamics,the identi cation of metastablestatesof
Markov chainshasbeensubjectto extensve researchn recentyears,especiallywhenthe Markov chainsrepresent
enegy statesf biomoleculesSomeprevious work onthis topic involved the computatiorof the eigevaluecluster
closeto one,aswell asthe correspondingigeivectorsandthe stationaryprobability distribution of the associated
stochastianatrix. More recently sincetheeigewvalueclusteralgorithmmaybe nonrolust,anoptimizationapproach
wasdeveloped. As a possiblelesscostly alternatve, we presentan SVD approactof identifying metastablestates
of astochastianatrix, wherewe only needthe singularvectorassociateavith the secondargestsingularvalue.We
alsointroducea concepf block diagonaldominanceon which our algorithmis based We outlinesometheoretical
backgroundanddiscusshe adantagef this stratgly. Somesimulatedandreal numericalexamplesillustratethe
effectivenessof the proposedalgorithm.

Keywords. Markov chain,stochastianatrix, conformationdynamics metastablegigevalue cluster singular
valuedecompositionblock diagonaldominance
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1. Intr oduction. Theresearctfor this paperhasbeenmotivatedby the work on con-
formationdynamics,or morespeci cally, on the identi cation of metastableonformations
of biomoleculesdoneby Deu hard et al., see,e.g.,[ 7], [8], andthereferencesherein. This
problemarisesfor instancen drugdesignwhereit is importantto studydifferentconforma-
tions of thedrugmoleculein orderto optimizeits shapeor bestpossiblebinding properties
with respecto the targetmolecule[22]. Differentconformationsalsocalled aggreyatesor
metastablstatesof amoleculearesetsof statessuchthatthetransitionwithin the setis very
probablewhereaghetransitionbetweerthesesetsonly rarelyoccurs.

We brie y describethis problemfrom a mathematicapoint of view. Givena stochastic
matrix  representinggomestatesof a biomolecule but including somenoisedueto mea-
surements,nd apermutation sothat , Where is stochasti@andblock
diagonal,and hassmall entries. The diagonalblocksof  correspondo the metastable
statesand consistof the noiseandalsoof the smallprobabilitiesthatthe moleculemight
move from oneaggreyateto another The numberof blocksin s of particularinterestand
it is notknown a priori.

The approactto identify metastableonformationof biomoleculegpresentedn [7] in-
volves the computationof the eigervalue clusterof  closeto one, the so-calledPerron
cluster aswell asthe correspondingigervectors. The numberof eigervaluesin the cluster
then, representshe numberof differentmetastablestates. The algorithmalso usesa sign
structureanalysisof the correspondingpigervectorsto identify the differentsets. Sincethis
algorithmmay be nonrolust,an optimizationapproactwasdevelopedin [8]. The mainidea
of theapproachn [8] isto nd atransformatiorof thecomputedperturbedeigervectorssuch
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thatthetransformedakigervectorsarecontainedn asimplex with unit vectorsasvertices.The

numberof verticesis takento be the numberof diagonalblocks,it may be smallerthanthe

numberof computedeigervectors. In both approacheshe Markov chainis assumedo be

reversiblein orderto exploit thefactthatthetransitionmatrix is thensymmetricwith respect
to aninnerproduct,whichin its de nition requiresthe stationarydistribution of the Markov

chain.

The main drawbacksof thesetwo approachesre rstly, thatthe identi cation of the
Perronclustermay be dif cult or even impossibleif the transitionmatrix of the Markov
chainhasno signi cant spectrabaps;andsecondlyin the rst method the calculationof the
stationanydistribution, althoughusuallywell conditioned 11], [16], [20], [29], maybecostly
andbadly conditionedif the Perronclustercontainsmary eigervaluesvery closeto 1; see,
e.g.,,[25]. In this casealsotheidenti cation of the Perronclustermay be dif cult or even
impossible. We compareour newv methodto thesetwo methodsof [7] and[8], sincethey
seemto bethe stateof theart methodausedto identify conformationsf biomolecules.

In thispaperwe presenadifferentapproacho identifyingmetastablstatesof aMarkov
chain:we nd apermutatiorof a givenstochastidransitionmatrix of a Markov chain,such
thatthe resultingmatrix is block diagonallydominant.We alsointroducea conceptof block
diagonaldominancadlifferentthanthatusedin [ 7], [8]. In ourmethodwe donotneedto know
thenumberof metastablestatesn advancebut insteadit is calculatedn the processHence,
thefunctionality of thealgorithmdoesnotdependon asigni cant gapin the spectrumof the
transitionmatrix of the Markov chain.Furthermoreinsteadof calculatingmary eigervectors
or employing costly optimization procedureswe calculateonly two singularvectorsthat
correspondo thetwo largestsingularvalues.This allows usto useiterative proceduresuch
asLanczosor Arnoldi iterationfor our computationg3]. Sincewe aredealingwith singular
vectorsinsteadof eigervectors,we do not needthe reversibility assumptioron the Markov
chain. Underthis assumptionthe transitionmatrix is symmetricin a non-Euclidearscalar
productde ned usingthe stationarydistribution. Symmetryon the otherhandis neededor
accurag of calculations.In the caseof singularvectors,we do not needthis, sincesingular
vectorsform anorthogonabasis.

The basicidea of our algorithmis to calculatethe singularvectorthat correspondso
the secondlargestsingularvalue, sort its entriesand apply the thus obtainedpermutation
to the transitionmatrix. This ideais basedon an obsenationdueto I. Slapnicaf23]. Our
strat@y partlyre ectswell-studiedideasfrom theliteratureon computerscienceanddiscrete
mathematicsln graphpartitioning,theFiedlervector whichis theeigervectorcorresponding
to the secondsmallesteigervalue of a Laplacianmatrix plays animportantrole, see,e.g.,
[12], [2]] for the basicsand[1], [24] for furtherreading. Ideasof usingthe singularvalue
decompositiorfor graph clusteringcan be found, e.g.,in [9], [30], or in the caseof the
seriationandthe consecutie onesproblem,e.g.,in [2].

Our paperis organizedas follows. In Section2 we introducethe notationand some
well-known de nitions andtheoremghat we will usethroughoutthe paper In Section3,
we formulatesometheoreticalresultsfor uncoupledMarkov chainsfollowed by Section4,
wherewe translatetheseresultsto the nearly uncoupledcase. In Section5, we describe
our algorithmin detail. Finally, in Section6, we presentsomeconstructedcand somereal
numericalexampleshatillustratethe functionality of our new method.

2. Preliminaries. We call avector , positiveandwe write
if all its entries  arepositve. A matrix , is called positive
(nonngative) and we write ( ) if all entries  are positive (nonnegative).
Thematrix is calledreducibleif thereexistsa permutationmatrix , suchthat
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, where are square.Otherwiseit is calledirreducible We
call the matrix  (strictly) diagonally dominantif for all

We denoteby thevectorof all ones . For , we denoteby the
Euclideanscalamproduct.

A scalar is called an eigervalue of the matrix if a vector

exists,suchthat . Suchavector is calleda(right) eigervectorof

associateavith . A vector with is calleda (left) eigervector
of .Let have theeigervalues . We call
thespectal radiusof

A processs called nite homaeneousviarkov chainif it has states andthe
transitionprobability is time-independentThe matrix
satis es and for ,i.e.,itis (row) stodasticandit is called
the transition matrix of a Markov chain. We denoteby the probability
distribution vector, where  is the probabilitythatthesystemisin state after stepsWe
have, and for each . A distributionvector is saidto be stationaryif

. A matrix is calledblock stochasticif  is block-diagonalij.e..,

(2.1)

the matrices , , are(row) stochastianatrices,and .
Foreveryblock ,wedenesets of indicescorrespondingotheblock . We have

and for . Wede ne by thesubblock
of thatcontainsentries ,where .

The (adjaceng) graphof a matrix is de ned by letting the vertices
representheunknavns. Thereis anedgefromnode tonode wheneer . Wecall
a graphand, hence the correspondingnatrix simply connectedf for all
thereexistsa pathfrom node tonode orfromnode tonode .

The well-known Perron-Frobeniugheorem(see,e.g.,[4, p. 27]) guaranteeshe exis-
tenceanduniquenessf a stationarydistribution.

THEOREM 2.1 (Perron-FrobeniuFheoren). Let be irreduciblewith spectal
radius . Then is asimpleeigervalueand hasa positiveleft andright eigervector
correspondingo . Anypositiveeigervector of a nonngativematrix correspondso

In this papemwe applythesingularvaluedecompositiorio identify metastablestatesof a
Markov chain.Thefollowing well-known theorem(see.e.g.,[ 14, p. 70]) stategheexistence
of asingularvaluedecomposition.

THEOREM 2.2 (SVD). Let . Then,there exist orthogonal matrices
and , sudh that
(2.2)
whele and .
We call , singular values , left singular vectos and ,

right singularvectosof . Singularvalueswith multiplicity onearecalledsimple

3. Uncoupled Mark ov chains and the SVD. In this sectionwe formulate the theo-
retical basisfor the sign structureapproachtthat we usein our algorithm. In Theorem3.1,
following thelinesof [7, LemmaZ2.5], we shav animportantsign structurepropertyfor sin-
gularvectors. Subsequentlywe explain how we usethis propertyin our approachandstate
theadwantage®f this strateyy.
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If a block stochastianatrix is permutedto thenclearly and have
the samesingularvalues. In the following we presentan approachto obtaina permutation
matrix thatyields where is block-diagonabndrevealsthe hiddenblock-
structureof . We will determinesucha by meansof the singularvaluedecomposition.
Onemotivationfor our approachs thefactthatthe singularvectorsof — areobtainedfrom
thoseof by thesamepermutatiorthatpermutes to

THEOREM 3.1. Let be a blok-stodastic matrix of the form (2.1) with  simply

connectedliagonalblodksof order , denotedby . Let bethesetof
indicescorrespondingo theblock . Let
be a singularvaluedecompositiorof asin (2.2) andlet bethe left singu-

lar vectos correspondingo the largestsingular value of eac of the blocks ,
respectivelyAssociatawith everystate its signstructue

whee
Then,

i) stateshatbelongtothesameblock of exhibitthesamesignstructure, i.e., for any

andall , wehave ;
ii) stateghatbelongto differentblocksof exhibit differentsignstructure, i.e., for any
with andall wehave .
Proof. i) Theleft singularvectorsof amatrix aretheeigervectorsof , sincefrom

(2.2 weget ,seege.g.,[14]. Notethatthesingularvaluesof arethesquare

rootsof the eigervaluesof

Sincewe haveassumed tohave simplyconnectedlocks,thematrix product
isirreducibleandwe have . Hence py the Perron-Frobeniu¥heorem2.1we have
that is a simple eigervalue andthe correspondingight eigervector s strictly
positive. Thus,thevector

(3.1)

is aneigervectorof correspondingo thelargesteigervalueof theblock ,i.e.itis
aleft singularvectorcorrespondingo thelargestsingularvalueof theblock . Thisimplies
thatstateghatbelongto the sameblock exhibit the samesignstructure.

i) Sinceby parti) all stateghatbelongto the sameblock have the samesign structure,
without loss of generality we may assumethat every block consistsof only onestate,i.e.,

. Then, since is orthogonal,therows of  arealso

orthogonaknd,hencenotwo vectorscanhave the samesignstructure. 0

Note,thatthe sameresultscanbe obtainedfor theright singularvectorsby considering
thematrix insteadof

To illustratethe sign structurepropertyestablishedn Theorem3.1 we considerthe fol-
lowing example.
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ExamMPLE 3.2. Considefablockdiagonatransitionmatrix of aMarkov chainwith three
blocksof sizes2, 3, 2. Then,thethreesingularvectors correspondingo thelargest
singularvaluesof eachof the blocksarelinear combinationsof the vectors in (3.1). We
have thatthevectors

arepositive onthe block they correspondo andzeroelsavhere.A possiblelinearcombina-
tion for theorthogonalectors couldleadto thefollowing signstructure.

Here, the states belongto the rst block and have the sign structure , the
states belongto the secondblock and have the sign structure andthe
states belongto thethird block andhave the signstructure

Theideato sortthesingularvectorcorrespondingo thesecondargestsmguIarvalueand
to apply the resultingpermutationto the matrix is dueto an obsenation by Slapnicar 23].
This methodalwaysworksfor matriceswith only two blocks,seeSection5 for anexample,
andusuallyworks for matriceswith a few blocks. For larger matriceshaving moreblocks,
however, this simpleapproachs notsufcient to revealtheblock structure.

By using the sign structureproperty establishedn Theorem3.1 we modify this idea
into a recursve bisectioningalgorithmthatis suitablefor large matriceswith ary number
of blocks. The main stratgy is to identify two blocksin eachstepandapply the sorting
procedurerecursvely to eachof the blocks. The detailsof the algorithmare presentedn
Sectionb.

The advantage®f this approachn comparisorto the eigervalueapproactpresentedn
[7] arethefollowing:

we do not needto know the numberof blocksin adwance. Instead,we only seta
tolerancehresholdor the sizeof theentriesin the off-diagonalblocks. Thenumber
of identi ed blocksthenre ects thegiventoleranceseeSections;

insteadof computingall eigervectorscorrespondingo the eigervalue 1, we only
calculatetwo singularvectorsin eachrecursionstep;

it is lesscostlythananoptimizationapproachn termsof runtime,sincewe needto
calculateonly two singularvaluesandvectorsper recursion,which canef ciently
be doneby Arnoldi-typeiterative procedure$19];

to computeeigervectorsaccuratelyit is usuallyassumedhatthe transitionmatrix
is symmetricin anon-Euclidearinnerproductde ned usingthe stationarydistribu-
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tion; for the computatiorof singularvectors we do not needthis assumptionsince
singularvectorsareby de nition orthogonal;
theapproachmakesuseof combinatoriabspect®of theproblem.

4. Nearly uncoupled Mark ov chains. In the previous sectionwe have consideredin-
coupledMarkov chains. In applications,dueto perturbationspoiseand actualweak cou-
plings betweeraggreyates the Markov chainsarenearlyuncoupled.Sucha matrix , con-
sistingof  nearlyuncoupledlocks,canbetransformedy a permutatiormatrix to

(4.1)

wherethe elementf each  aresmall. In this case,we arelooking for somepermuta-
tion matrix , possiblydifferentfrom the matrix in (4.1), thatpermutes into a block
diagonally-dominantnatrix of the form (4.1). In orderto de ne diagonaldominancefor
blocks,we needto introducea measurdor the smallnes®f the off-diagonalblocksor, equiv-
alently ameasurdor thelargenes®f the diagonalblocks.

For thispurposein De nition 4.2below, we rst de ne anormthatis moregenerathan
thatof [7, De nitions 2.3,2.4]. Thenormusedin [ 7, De nitions 2.3,2.4]andthe -normthat
we will usein thefollowing, will thenbe specialcasef thegenerahormin De nition 4.2

Let be setsof indices. In the following, we denoteby
thesubblockof  correspondindo the index sets . For simplicity, for ary
,wewrite  for thediagonalblock
DEFINITION 4.1 (Conditionaltransition probability). Let be a
stodhasticmatrix. Let bea positivevectorwith . Let
be setsof indiceswith andlet be

thecorrespondinglodks.. Then theconditionaltransitionprobabilityfrom  to  isgiven
by

(4.2)

Notethatin (4.2), in orderto de ne anormin thefollowing De nition 4.2, we useabsolute
valuesof , althoughin our casetheseentriesareall nonneyative.

DEFINITION 4.2 ( -Norm). For any vector , we de ne the -norm of a matrix
(block) by
(4.3)

DEFINITION 4.3 (Couplingmatrix). Let be setsof indices
sud that and , for all . Let

, bethe diagonalblodks of the correspondingilodk decompositiorof . The
couplingmatrix of the decompositioris givenby the stochasticmatrix de nedby

for .
In [7] and[8] thevector is takento bethe stationarydistribution of the Markov chain,
ie., , Where and . Hencethenormusedin [7] and[8] is called
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the -norm. If we use insteadandrecallingthat  is the cardinalityof , thenwe
obtain

(4.4) —

andwe call thisnormthe -norm. Notethatthe -normis simply the averagerow sumof a
matrix (block).

We discusgthe differenceof the -normandthe normusedin [7] and[8] in Section6.
The advantageof our choiceis that we avoid calculatingthe stationarydistribution of the
Markov chain,which, althoughusuallywell conditioned 11], [16], [20], [29], maybecostly
andbadly conditionedif the Perronclustercontainsmary eigervaluesvery closeto 1, see,
e.g.,[25]. We claimto obtainthesamequalitative resultswith bothnorms,seeSection6. The
following lemmagivesthe factorsfor the equivalencebetweerthetwo norms(4.3) and(4.4)
for adiagonalblock.

LEMMA 4.4. Let be a stodasticmatrix. Let bea
setof  indicesand the correspondingorincipal subblo&. Furthermoe,
let bea positivevectorand , theminimumandmaximunvalues
of the entriesin . Then,wehave

Proof. We have

Since for all , we have that
Similarly,
a
Note,thatif wetake to bethestationanydistribution of theMarkov chain,then can

bearbitrarily closeto zero.
In the numericalexamplesin Section6, we can seethat for the diagonalblocks the

-normis usuallylargerthanthe -norm. Lemma4.4 indicatesthatevenif is larger
than , theformer cannotexceedthe latter by morethanafactor . However
is notalwayslargerthan asthefollowing exampledemonstrates.

ExAMPLE 4.5. Considerthe stochastianatrix

The stationarydistribution of  is givenby . For the rst
block wehave
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We now usethe -normto introducea measuref thelargenes®f diagonalblocks.
DEFINITION 4.6 (Nearlyuncoupled. We call two or more diagonalblodksof a stodhas-
tic matrixnearlyuncoupledf the -normofead of theblocksis largerthana giventhreshold
for somesmall . Wecall amatrix  with

nearlyuncoupledf its  diagonalblocksare nearly uncoupledandthe correspondingsou-
pling matrix (seeDe nition 4.3) is diagonallydominant.

Ouralgorithmis designedo determinghe possiblymaximalnumberof blockssuchthat
thecouplingmatrix is diagonallydominant.

In the previoussectionwe have shovn thatsingularvectorsthatcorrespondo thelargest
singularvaluesof eachof the blockshave a speci ¢ signstructure.Stateshatbelongto the
sameblock exhibit the samesign structureand stateghat belongto differentblocksexhibit
differentsignstructuresSinceouridenti cation algorithmis basedn this signstructurewe
needto shav thatundercertainconditionsthe assertion®f Theorem3.1 arestill true under
perturbations.

4.1. Perturbation theory. In this sectionwe considerromponentwis@erturbatiorthe-
ory of singularvectorg(or equivalentlyeigervectorsof symmetrionatricesiaccordingo [ 17],
sincewe areinterestechot only in the size of the componentwis@eviation of the perturbed
singularvectorfrom the unperturbedut alsoin its sign. For the normwiseperturbatiorthe-
ory for singularvectorssee,e.g.,[26]. A suney of componentwisgerturbationtheoryin
absolutevaluescanbe foundin [15]. Perturbationtheoryin termsof canonicalanglesof
singularsubspacess discussede.g.,in [5], [10], [27].

Considetthe perturbedstochastianatrix

for some . Hereboth and arestochastic.For sufciently smallreal , the matrix
is alinearsymmetricoperatorthatcanbe written as

(4.5)
where is theunperturbeaperatorand isalLyapunw
perturbationoperator;see[17, pp. 63, 120]. For all real , the matrix-valuedfunction

is aproductof astochastianatrix with its transposethatis symmetricandnonneyative.
Note,thatthe perturbationherearealsosymmetric.Accordingto [ 17, Section6.2], for such

a thereexistsanorthonormabasisof eigervectors thatareanalyticfunctionsof .
In particular theeigervectors dependsmoothlyon andadmita Taylor expansion
(4.6)

where  arethe orthonormaleigervectorsof the unperturbedperator , i.e., linearcom-
binationsof thevectors in (3.1), and is the (vector)coefcient of the rst ordererror
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thatwe will derivein thefollowing; seealso[17, Section6.2] for details. Thefollowing is a
generalizatiorirom eigervectorsto singularvectorsof [ 7, Theorem3.1] and[8, Lemma2.1].
Notethatin [8, Lemma2.1] atermis missing.

THEOREM 4.7. Let asin (4.5 havethe two largesteigervalues
Supposehat the unperturbedmatrix asin (4.5 canbepermutedo
sud that has uncoupledrreducibleblocks. Let be thelargest
eigernvaluescorrespondingo ead of the blocks. Then the perturbedorthonormaleigenvec-
tor correspondingo the perturbedsingularvalue is of theform

(4.7)

whee aretheeigervectosin (3.1) and are suitablecoefcients.
Proof. Assumethat has uncoupledrreducibleblocksandsupposehat
arethelargesteigervaluescorrespondindgo eachof theblocks,i.e., the correspondingigen-

vectors  arelinearcombinationsof the vectorsin (3.1). For ,let  bethe
orthogonalprojectiononto the eigenspacef the eigervalue . Then,by [17, Sec.ll.2.1],
theperturbedorojection is analyticin andadmitsa Taylor expansion

where is thecoefcient of the rst ordererrorasde nedin [17, Sec.ll.2.1(2.14)],i.e.,
Let be the orthogonalprojectiononto the eigenspaceorrespondingo the distinct
eigervalues . Then,

(4.8) _—

sincethetermsfor cancelout. For the correspondingigervectors ,
we have that

(4.9)

By plugging(4.6) and(4.8) into theright handsideof (4.9), we obtain
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Comparingthe coefcients correspondingo , we get

Since is the orthogonalprojectioncomplementaryto , which is the
projectionontothe eigenspaceorrespondingo the eigervectors , We obtain
(4.10) _—

with somecoefcients . By inserting(4.10) into (4.6), we obtain

(4.11) _—

with somecoefcients , sincetheeigervectors  arelinearcombination®f the

vectors in (3.1).
Following thelines of the proof of [8, Lemma2.1] we canrewrite the secondsummand
in (4.17) asfollows. First, for , we expandthe perturbeceigervalues

andrewrite the secondsummandasa projectionin termsof the Euclideanscalamproduct

Now we needanexpressiorfor . For we have

We insertall expansionsaandobtain

(4.12)

Comparingthe coefcients for the zeroordertermsin (4.12) yields

For the rst ordertermsin (4.12 we get

which transformgo
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Now, we canrewrite the scalarmproductexpression

Thelasttermvanisheglueto the orthogonalityof theunperturbeaigervectorsof asymmet-
ric operator For the rst term,since is symmetricwe obtain

Finally, we canwrite (4.11) as

which for andsetting and , istheresult(4.7). d

The rst sumin (4.7) doesnotspoilthesignstructureaslongas havethesamesign
or, in caseof differentsign, is smallenoughsuchthat holdsfor
respectiely. The third term depend®n the orthogonalityof the rst orderperturbatlonof
the secondsingularvector with respectto the singularvectors L fitis
closeto orthogonalthis termwill be closeto zero. However, the largenes®f the third term
essentiallydependsn the gapbetweerthe secondandthe -st unperturbedsingular

values. One canseethis by considering , which on the subspaceorrespondingo the
singularvectors yields

The smallerthis gap, the smallerthe perturbationof the operatorhasto be in ordernot to
spoil the sign structure.However, in mary practicalexamplesthis gapis largerthanthe gap
betweerthe rst  eigervaluesandtherestof the spectrumwhich intuitively explainsthe
betterperformanceof the proposedmethodover the existing methodsbasedon the Perron
cluster In theworstcase,f the secondsumof (4.7) hasa differentsignthanthe rst sum,
thenalso

hasto hold. In thiscaseupto rst ordererror, the signwill notbespoiled.

5. The algorithm. In this sectionwe proposean algorithmto determinea permutation
of a stochastianatrix that permutest into block diagonallydominantform (4.1) by recur
sively identifying diagonallydominantblocks.We rst presengnidenti cation proceduren
the caseof two blocks. Then,we imbedthis procedurento a recursive methodthat works
for any numberof blocks. Note thateverythingthatis statedfor left singularvectorsin this
sectionappliesto right singularvectorsaswell.
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Considerthe caseof two nearlyuncoupledblocks. Let be a matrix
of the form (4.1) that consistsof two blocks ( ), where is notknown. Since is
not uncoupled, is irreducibleand from the Perron-Frobeniugheorem2.1, we know
that hasasimplelargestsingularvalue andacorrespondingositive left singularvector

. Considemow the secondargestsingularvalue  andthe correspondindeft singular
vector

Sincesingularvectorsare orthogonal(or by the Perron-Frobeniusheorem),  must
have a changein sign,i.e., thereexist two indeces and suchthat . From
Theorem3.1 we assumehat statesthat correspondo valuesof differentsignin  belong
to differentblocks. We sortthe secondsingularvector, e.g.,in increasingorderandusethis
permutatiorto permutethe matrix . Then,we split the permutedmatrix such
thatthe rst block s of sizeequalto thenumberof negative valuesin ~ andthe second
block s of sizeequalto the numberof positive valuesin . We obtaina matrix  that
revealsthe hiddenblock structureof ,i.e., hasthesamediagonalblockstructureas up
to a permutatiorof the blocksandof the entrieswithin a block.

Thefollowing exampleillustratestheidenti cation proceduren the caseof two blocks.

ExAMPLE 5.1. Considertherow stochastianatrix

Thesingularvectorsof aregivenby

We canseethatthe singularvectorsareonly nonzeroon the oneblock they correspondo.
Now considetthe perturbedmatrix , Where

is chosersuchthatthe matrix

is againrow stochastic.Here,the error matrix hasbeenobtainedasfollows. We chose
arandommatrix of samesizeas , wherethe entriesthat correspondo the diagonal
blocksareuniformly distributedin andthe entriesthatcorrespondo theoff-diagonal
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blocks are uniformly distributed in . Then, we computedthe matrix , with
, andthis matrix is no longerstochastic We thenscaleeachrow by dividing each
of its elementdy therow sumandobtainthe stochastienatrix . We have and
haszerorow sums.
Furthermoregonsidera permutedmatrix , where is arandomsymmetric

permutatiormatrix. We obtain

Thematrix is of aform in which we usuallywould getthesematricesfrom applications.
Theleft singularvectorsof —aregivenby

We now sorttheseconcdcolumn,i.e., theleft singularvectorcorrespondindo the secondsin-
gularvalue,andobtainthe permutation , which correspondso the permutation
matrix

We applythepermutatiorto thematrix ~andobtain

which exhibits the original block structureof

Oncewe know how to permuteonelarge block thatcontainsat leasttwo subblocksinto
two blocks,we canemploy this proceduraecursvely.

We computea left singularvectorcorrespondingo the secondsingularvalue,sortit in
increasingorderandapplythe permutationThen,we checkif the -norm(averagerow sum)
of the potentialblocksis above a giventhreshold,seeDe nition 4.6. In this casewe have
foundtwo blocksandproceedecursvely with eachof thetwo blocks. Sincewe measurghe
sizeof theentriesin thediagonalblocksandnotin the off-diagonalblocks,thethresholdcan
staythe samefor all recursve calls. If the normof the potentialblocksis not above a given
thresholdwe cannotsplit the block ary furtherandstop.

Note, that for the bisectioningprocedurewe useonly the secondsingularvalueanda
correspondingingularvector;we do not computeothersingularvectors.It would be natural
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Algorithm 1: Identi cation of nearlydecoupledlocks

Input: Matrix , threshold
Output: Number andsizes , of identi ed blocksin , a
permutatiormatrix ~ suchthat

Computethesecondeft singularvector  of
Sortit in increasingprderandusetheresultingpermutation to permutethe matrix

N

Identify two potentialblocks and by usingthechangéan signin
Thesizeof the rst blockis thenumberof negativevaluesin  , thesizeof the
secondlockis thenumberof positive valuesin

if thenormof thediagonalblocksis largerthan  then

L We have foundtwo blocksandseparat¢éhem.

A W

N o a

Proceedecursvely with stepl. appliedto eachof the blocks.

else
L Thecurrentblock cannotbefurtherreduced.

©

Increasehe counterof blocksby one.

to considemot just the the secondsingularvector but ~ singularvectors,if therewere
diagonalblocks. We do not considersuchan approach.Onereasonis that , the number
of blocksis notknown in advance.Also, nding a singularvectorcorrespondingust to the
secondsingularvalueis lesscostly.

A problemmay ariseif the secondandthird (or even more) singularvaluesare equal
or not well separatedvithin the perturbationrangedue to round-of errors. In this caseit
is not clearwhat the singularvectorassociatedvith the secondsingularvalueis andthus
we cannotdecideon the sign-structure. In this case,it may be necessaryo carry out a
re nementstep,which considerdinear combinationsof the correspondingingularvectors
in the decisionprocessCurrently we do notknow how to handlethis situation.However, in
the examplesthatwe have testedso far (seeSection6) the secondandthird singularvalues
arewell separatedvithin the perturbatiorrangedueto round-of errors.We expectthisto be
generallythe casefor thediscussedpplications.

Anotherproblemmayariseif thethesecondargesteigervaluein modulusof thetransi-
tion matrix is negative.

ExAMPLE 5.2. Considetthefollowing stochastianatrix

thatobviously hastwo metastablélocks.

The eigervaluesof  are , i.e., the secondargesteigen-
valuein modulus is nggative. If we calculatethe singularvaluedecomposition,
we obtain

Here,the left andtheright secondsingularvectorsexhibit a sign structurethatwould break
up thetwo by two block. Thisis dueto thefollowing fact. Thetwo by two block consistsof
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two stateswherewith a high probabilitythe chaindoesnot staywithin the samestate.With
a high probability, it cyclesbetweerthetwo states.This meanghatonecouldactuallyview
thetwo statesasone.

In therealworld exampleghatwe havetestedthis problemdoesnotoccur However, we
proposean algorithmthathandleghis possiblesituation. |t is basedon the Tarjanalgorithm
[28], that nds strongly connecteccomponentgcycles)of a graphthat we constructfrom
comparatiely “large” entriesof thetransitionmatrix. For this we usetheimplementatiorby
T. A. Davis [6]. Theideaisto nd stateghatareconnectedby “large” probabilitiesin acyclic
way, and considerthemin a singleblock. At leastfor the applicationof our identi cation
algorithmsuchcliquesof statescanbe viewed asonestate,sincethesestatesbelongto one
block.

Notethatin thecaseof diagonallydominantmatriceghis problemdoesnotoccur There-
fore, beforelooking for potentialcycles,we remove diagonallydominantstatesj.e. states
wheretheprobabilityof stayingis largerthanthesumof probabilitiesfor leaving thestate.As
a secondstep,we remove comparatiely “small” entriesin the matrix, sincewe areonly in-
terestedn cycleswith “large” weights.We meigethestateswithin eachfoundcycle by using
thenormsfor matrix blocksde nedin Sectiond. We addthe previously remoseddiagonally
dominantstatesandrun Algorithm 1 to nd the metastabldlocks. Finally, we redistritute
the stateswithin the cyclesto recoverthe original numberof statedn

The main procedures outlinedin the following algorithmthat forms an outerloop for
Algorithm 1.

Algorithm 2: Identi cation of nearlydecoupledlocksin the presenc®f cycleswith
“large” weights
Input: Matrix , threshold .
Output: Number andsizes , of identi ed blocksin ,a
permutatiormatrix  suchthat

Find andtemporarilyremove diagonallydominantstatesn

Temporarilyremove “small” entriesin

if thecurrentmatrix hasstrongly connectedcomponentshen
Temporarilymemgethe stateswithin every stronglyconnecteadcomponentnto
onestate.

Add thepreviously removeddiagonallydominantstateso

RunAlgorithm 1 onthecurrentmatrix —andapplypermutation.

Redistrilute the stateswithin every stronglyconnectedcomponent.

(53] A W N P

~N o

A nicesideeffect of this procedurds thatthe transitionmatrix to which Algorithm 1 is
applied,is typically muchsmallerthanthe original matrix if mary cycleshave beenmerged.
Notethattheadditionalpreprocessingnh Algorithm 2 hascompleity of , Where

is the size of the transition matrix without the diagonallydominantstatesand the
numberof “large” nonzeroentries. Thus, it is comparatiely cheapto perform,andwould
addvery little computationatompleity to Algorithm 1, wheresingularvaluesandvectors
of thewholetransitionmatrix arecalculated.

6. Numerical tests. In this section,we presenthreetypesof numericalexamples.In
Section6.1 we discussexamplesconstructedn a mannersimilar to Example5.1, with a
x edblock structurewith randomentriesrandomaddedhoise andpermutedvith arandom
permutationyesultingin matricesfor which we know the hiddenstructure.We illustratethe
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ability of thealgorithmto recover a hiddenstructureanddiscusdimitations of the algorithm
in the presencef large perturbations.

In Section6.2, we shaw resultsfor the moleculen-pentanethatwasalsousedasa test
examplein [7], andin this casewe obtainthe sameresults. In Section6.3, we presentwo
slightly more challengingexamples,wherethe algorithmsin [7] and [8] have dif culties
identifying the metastablestates.

For numericaltests,Algorithm 1, wasimplementedn MATLAB ® Version7.0andrun
on aPCwith anintel(R) Pentium(R}4 CPU 3.20GHzprocessar The relative machinepre-
cisionwaseps . In all example gures, we denoteby the numberof
unknovnsandby  thenumberof nonzercelementsn thematrix.

6.1. Constructed examples. The rst exampleillustratesthe ability of our methodto
recover a hiddenblock structure. It is constructedn the samemanneras Example5.1 in
Sectionb, is of size andhas nonzercentries.

original matrix

A

100 | 100
200§ 200 [z
300 300
100 200 300 100 200 300
n=338 nz=113906 n=338 nz=113906

after one run after recursive application

z ST =

100 200 300 100 200 300
n =338 nz=113906 n =338 nz=113906

FIGURE 6.1. Randomexamplerevealing8 blodks

In Figure 6.1, the upperleft matrix is the original block diagonallydominantmatrix,
wherewe clearly candistinguishthe diagonalblocks. The correspondingoupling matrix
is diagonallydominantwith valuesslightly largerthan  on the diagonal.Hence the per
turbationhereis quite large. The upperright matrix is a randomsymmetricpermutationof
the rst matrix. Here,no structurecanbe seen.Thelower left matrix depictsthe recovered
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blocksafter the calculationof one singularvectorandthe applicationof the corresponding
permutation Onecansee thattheblock structurds to alargeextentrecoveredbut someparts
arenot fully restoredyet. The lower right matrix now depictsthe recoveredstructureafter
recursve applicationof the algorithm. We canseethatwe have obtainedthe sameblocksas
in the original matrix up to permutatiorof the blocksandthe entrieswithin ablock.

For someexampleswith sucha large perturbatiorasin the previous example,the algo-
rithm mayfail aswe canseein therandomexamplein Figure6.2. Here,the structurecannot
berecovered.

original matrix after random permutation
100 100
200 200
300 300
100 200 300 100 200 300
n=338 nz=113906 n =338 nz=113906
after one run after recursive application
100 100
200 200
300 300
100 200 300 100 200 300
n =338 nz=113906 n =338 nz=113906

FIGURE 6.2. Randomexamplewheee the algorithmfails dueto a verylarge error

In generalpnecansaythatthe smallerthe perturbatiorthe betterthealgorithmrecovers
the hiddenstructure. We have tested3 typesof randomlygeneratedxamples. In the rst
typethediagonalentriesof thecouplingmatrix areslightly largerthan0.5,in thesecondhey
arebetweer0.6 and0.7,andin thethird typethe diagonalentriesof the couplingmatrix are
about0.9. We have run 1000examplesof eachtype. The structurecould berecoveredin the
rst casein 57,6%,in thesecondcasein 85%andin thethird casein 98,1%o0f all cases.

For comparisorreasonsye have alsorun our algorithmusingthe right singularvectors
insteadof the left singularvectors. For the same3 typesof examplesasin the previous
paragraphthe optimal solutionwasfoundin the rst casein 61,3%,in the secondcasein
84,9%andin thethird casein 98,1%of all cases.

The performancecould be slightly enhancedy running the algorithm a secondtime
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usingtheright (left) singularvectorsin casethatit failedto nd the optimalsolutionin the
rst runusingleft (right) singularvectors.In this casewe obtainedheoptimalsolutionin the
rst casen 65,2%,in thesecondcasen 87,8%andin thethird casein 99,5%of all cases.

Fromthis we mayalreadyconcludethatasfor someotherproblems(seee..g.,[ 18] and
the referencegsherein)the choiceof left versusright singularvectormay be important;see
further our experiencewith harderproblemsin sections6.2 and6.3. At this point it is not
clearthatleft or right singularvectorshouldbe preferredsinceboth producegoodresults.
This issuestill needsto be further studied. Unlessspeci ed otherwisewe have usedleft
singularvectorsfor our computations.

6.2. n-Pentane. The exampleof n-pentanevaspresentedn [7, Section5.2]. We will
usethis exampleto discusghedifferenceor theequivalenceof the -normusedn [ 7] andthe

-normproposedn Section4. This exampleis of size andhas nonzero

entries.
original matrix recovered block structure

50 50
100 100
150 150
200 200
250 250

50 100 150 200 250 50 100 150 200 250
n =255 nz=6464 n =255 nz=6464

FIGURE 6.3. Algorithm 1 usingthe -normfor n-Pentane(Ph300)revealing7 blodks of sizes46, 24, 36, 20,
42,47,40.

In Figure 6.3 we illustrate the resultsof our algorithmusingthe -norm. We obtain7
blocksof sizes46,24,36,20,42,47,40. Both couplingmatrices and  arediagonally
dominant;see[13] for thevaluesof theirentries.

To comparethe norms,we now run our algorithmusingthe -norm. The resultthat
we obtainis depictedin Figure 6.4. We seethat we obtainthe sameblock structureup to
permutatiorof theblocks.Thecouplingmatrices and  arethesameasfor Algorithm 1
runwith the -norm. In this exampleit doesnot make ary differencewhich normwe usefor
calculationsexceptfor thecost,asalreadydiscussed.

Ournext exampleis thesamemoleculebut in adifferenttemperatursetting. This exam-
pleis of size andhas nonzereoentries.Again,we rst runthealgorithm
usingthe -norm. In this casewe obtainonly 5 blocksdepictedin Figure 6.5. The corre-
spondingcouplingmatrices  and areboth diagonallydominant;see[13] for details.
If we alsorunthealgorithmusingthe -norm,thenwe obtainthe six blocks,onemorethan
with the -norm. Theresultis depictedn Figure6.6.

We seethatwe have the sameblocksexceptthatthe block of size88 is subdvidedinto
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original matrix recovered block structure

50 50
100 100
150 150
200 200
250 250

50 100 150 200 250 50 100 150 200 250
n =255 nz=6464 n =255 nz=6464

FIGURE 6.4. Algorithm 1 usingthe -normfor n-Pentane(Ph300)revealing7 blocks of sizes46, 24, 36,47,
20,42,40.

original matrix recovered block structure
50 50
100 100
150 150
200 200
250 250
300 300
100 200 300 100 200 300
n =307 nz=19116 n =307 nz=19116

FIGURE 6.5. Algorithm 1 usingthe -normfor n-Pentang(Ph500)revealing5 blods of sizesd8,37,71,51, 60.

two blocksof sizes45 and43. If we look at the couplingmatrices we canseethe reason.
The -normcouplingmatrix
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original matrix recovered block structure
50 50
100 100
150 150
200 200
250 250
300 300
100 200 300 100 200 300
n =307 nz=19116 n =307 nz=19116

FIGURE 6.6. Algorithm 1 usingthe -normfor n-Pentane(Ph500)revealing6 blodks of sizes37, 45,43, 71,
51,60.

is diagonallydominant.Yet,the -normcouplingmatrix

hasonevaluesmallerthan0.5 on thediagonal.Hence with bothnormswe obtainthe same
qualitative results,meaningthat the additionalblock thatwe obtainusingthe -normis not
diagonallydominantin the -norm.

Usingright insteadof left singularvectorsfor theseexampledeadsto the samenumber
of blocksin the rst example,althoughof differentsizeand,hence with a differentdiago-
nally dominantcoupling matrix. A slightimprovementcanbe achieved with right singular
vectorsin the secondexample,wherewe obtainthe six blocksdepictedin Figure 6.7 with
both couplingmatricesbeingdiagonallydominantwhereaswith theleft vectorswe obtain6
blockswith only beingdiagonallydominant,see[13] for detalils.

6.3. Two more dif cult cases.In this sectionwe presenttwo caseswherethe algo-
rithmspresentedn [7] and[8] have dif culties identifying metastableonformations.

For the rst matrix, thatis of size andhas nonzeroentries,the
dif culties arethatthe algorithmsin [7] and[8] identify the numberof blocks by looking
at spectralgaps. In this example,the spectrumof the matrix doesnot have ary gaps. Our
algorithm, on the contrary doesnot needto know the numberof blocksin advancebut it
is calculatedin the process. Using right singularvectors,which is the betterchoicehere,
we obtain8 blocks depictedin Figure 6.8. Here, both couplingmatrices  and are
diagonallydominant;seg[13] for thevaluesof their entries.

The secondexamplewhichis of size andhas nonzeroentriesis
problematidn a differentway. Here,we have a very large clusterof eigervaluesvery close
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original matrix recovered block structure
50 50
100 100
150 150
200 200
250 250
300 300
100 200 300 100 200 300
n =307 nz=19116 n =307 nz=19116

FIGURE 6.7. Algorithm 1 run usingright singularvectos for n-Pentane(Ph500)revealing6 blods of sizes
99, 33,36,23,53,63.

original matrix recovered block structure

20
40
60
80
100 100
120
140

50

150

50 100 150 50 100 150
n =158 nz = 24806 n =158 nz = 24806

FIGURE 6.8. Algorithmrun usingright singularvectos for a matrixwithouta spectal gap (Pmatrix2)reveal-
ing 8 bloks of sizes34,20,18,14,31,14,19, 8.

to 1. This makesthe matrix very badly conditioned,especiallyasfar asthe calculationof
the stationarydistribution is concerned Also, the algorithmsin [ 7] and[8] have dif culties
identifying the right numberof blocks. In Figure 6.9, we depictthe resultscalculatedwith
the -normandusingleft singularvectors. This is the maximumnumberof blocksthatwe
canidentify, suchthatthe couplingmatrix is diagonallydominant.Yet, blocksof very small
sizesprobablydo not make a lot of sensdrom the chemicalpoint of view. However, this is
not a problem,sincesmallerblockscanalwaysbe memedinto largerblocks. An alternatie
stratgyy could be to restrictthe minimal block sizein advance.In this case we would only
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original matrix recovered block structure
500 500
1000 1000
1500 1500
500 1000 1500 500 1000 1500
n=1772 nz=289432 n=1772 nz =289432

FIGURE 6.9. Algorithm1 usingthe -normfor a badlyconditionedmatrixwith alarge eigenvalueclustervery
closeto 1, revealing77 blocksof sizes2, 2,2, 2,3,3,3,3,3,3,3,3,3,3,3,3,4,4,4,4,4,4,5,5,5,5,5,5,5, 6, 6,
6,6,6,7,7,9,11,12,12,12,13,20,21,21,23,23,23,25,26,27,29,29, 29,33, 34,34,46,46,56,59, 60,69, 74,
81,81,88,90,91,100,116sortedin ascendingrder

split up into blocksif they areof requiredsize.Usingright singularvectorsin this casdeads
to only 55 blocks.

Fromtheexamplespresentedh thissectionwe concludethatif theperturbatiors nottoo
large, a block diagonallydominantstructurecanbe recoveredor identi ed by the proposed
algorithm. Both norms,the -normandthe -norm canbe usedfor calculations.Qualita-
tively, one obtainssimilar results. Sincefor the real examplesthe “correct” answeris not
known, we cannotdecide,which normis the “better” one. However, it is muchcheapeto
usethe -norm,andfor alargeeigervalueclusteraround , the calculationof the stationary
distribution may be badly conditioned.Also, we may concludefrom theseexamplesthatto
optimizetheresultsit makessenseo useleft or right singularvectorsdependingnthe prob-
lem. The questionof whetherto choosdeft or right singularvectorsis aninterestingissue
thatneeddurtherinvestigation.

7. Conclusions. In this paper we have presentec bisectioningalgorithmfor identify-
ing metastablestatesof a Markov chain basedon the calculationand sorting of a singular
vectorcorrespondingo the secondargestsingularvalue. The algorithmdetermines num-
ber of blocks,suchthatthe couplingmatrix is diagonallydominant.Hence we do not need
to know the numberof blocksin advancebut it is calculatedn the processThisis themain
differenceto mostothermethodghatusethe SVD or spectrabnalysis Anotheradvantageof
our approachs thatit doesnot dependn asigni cant spectralgapbetweerthe Perronclus-
ter andtherestof the spectrumin the transitionmatrix of the Markov chain. Thus,matrices
withouta spectralgapor with avery large Perronclustercanbetreated A third advantages
thatwe calculateonly two singularvectorsinsteadof mary eigervectors.This allows to use
iterative proceduresuchaslLanczosor Arnoldi iteration. We suggesto abstainfrom using
the stationarydistribution in the norm neededo determinethe diagonallydominancesince
its calculationmaybecostlyandbadlyconditioned We shav thatthe samequalitatve results
canbeachievedusinganalternatve norm. Thisis illustratedby numericalexperiments.
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