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EXTENSIONS OF CERTAIN GRAPH-BASED ALGORITHMS
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Abstract. The original TPABLO algorithms are a collection of algorithms which compute a
symmetric permutation of a linear system such that the permuted system has a relatively full block
diagonal with relatively large nonzero entries. This block diagonal can then be used as a precondi-
tioner. We propose and analyze three extensions of this approach: we incorporate a nonsymmetric
permutation to obtain a large diagonal, we use a more general parametrization for TPABLO, and
we use a block Gauss-Seidel preconditioner which can be implemented to have the same execution
time as the corresponding block Jacobi preconditioner. Experiments are presented showing that in
many cases, the Gauss-Seidel preconditioner used with the system permuted with the new algorithm
can outperform the best ILU preconditioner.
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1. Introduction. We consider a nonsingular linear system
Ar =b, Aec R"™" x,beR", (1.1)

with n large and A sparse. We do not assume A to be symmetric. Direct methods,
based on Gaussian elimination, have reached a mature state for this general system,
see, e.g., [16], [17], [20]. They may, however, suffer from severe fill-in so that memory
resources may become insufficient and/or execution times may become too large.

Modern iterative methods for the solution of (1.1) work best with a good pre-
conditioner, and at each step, the basic operation is usually one matrix-vector mul-
tiplication with A and one application of the preconditioner. A good preconditioner
contains as much information of the matrix A as possible. Incomplete factorizations
of A (ILU preconditioners) have proven to work well in many cases, [4].

The PABLO (parametrized block ordering) and TPABLO (threshold PABLO)
approaches to preconditioning try to circumvent the difficulties described so far by
proceeding in the following manner: a permutation P € R"*" is computed such that
the permuted matrix A = PAPT has a (relatively) dense block diagonal; see [11],
[12], [25]. Block sizes are determined dynamically. The preconditioner is taken as the

block diagonal D with respect to these blocks, i.e., one solves the permuted system

~

A7 =b, where A= PAPT 7= Pz, and b= Pb,

iteratively using GMRES (or some other Krylov subspace method) with precondi-
tioner D. To solve the preconditioning system Ds = r, a (complete) LU decomposi-
tion D = LU is computed. Since this reduces to an LU decomposition on each of the
diagonal blocks, we can use readily available packages. For small and dense blocks we
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use level 3 BLAS based LAPACK [2] routines and for large and sparse blocks we use
UMFPACK [15]. Moreover, the LU decomposition of D could be done in parallel.

Whereas PABLO determines the blocks for D by just using structural information
of A given through its associated directed graph, the TPABLO variants also take the
numerical values in A into account.

In the present paper, which builds upon [24], we propose three extensions of the
PABLO and TPABLO preconditioners. First, we apply a non-symmetric permuta-
tion to put large entries on the diagonal. We discuss this in section 2. In section 3
we introduce new parametrizations to be used with PABLO and TPABLO. We de-
scribe the resulting algorithmic framework, termed XPABLO, in detail and analyze
its computational complexity. In section 4 we discuss how one can use the whole
block lower triangular part of the matrix as a preconditioner at the same cost as the
block diagonal preconditioner. After reviewing several practical issues related to the
implementation in section 5, we finally give results of extensive numerical experiments
in section 6, including a comparison with ILU-preconditioning. In many cases, the
resulting block triangular preconditioner generated by the XPABLO permutation and
partition outperforms the best ILU variant.

We point out that in addition to the references already mentioned, several authors
have explored reorderings and partitioning techniques to accelerate preconditioning.
Among them, we cite [5], [6], [7], [21]; see also the sections on the effect of orderings
in the survey [4].

2. Nonsymmetric permutations and diagonal scalings. Let o be the per-
mutation associated with the permutation matrix Q € R™*" i.e. for all xz € R™

(Qr)i = 2oy, i=1,...,n.

A maximum transversal of the nonsingular matrix A € R™*" is any permutation
o for which

(QA)ii = a(iy,; 0, i=1,...,n.

A maximum transversal exists for the class of structurally nonsingular matrices which
contains the class of nonsingular matrices; see, e.g., [17].
In [18], two different types of transversals with respect to different notions of a
“weight” were introduced according to the following definition.
DEFINITION 2.1. A mazimum transversal o
(i) is a bottleneck transversal if it mazimizes
2P, sl

over all maximum transversals.
(#) is a maximum product transversal, if it maximizes

n

H |ao'(i),i|

=1

over all mazimum transversals.
The paper [18] proposes and analyzes various algorithms to compute bottleneck
transversals. Extensive testing shows that in practice the computational complexity
of these algorithms is reported to behave like O(n+mnz), where nz is the total number



GRAPH-BASED ALGORITHMS FOR PRECONDITIONING 3

of nonzeros in the matrix, although the theoretical worst case upper bound may be
much larger. Algorithms for computing bottleneck and maximum product transver-
sals have been incorporated in the HSL-library as algorithm MC64; see [18], [19] for
their description. As a by-product, when computing a maximum product transversal,
MC64 also delivers diagonal scaling matrices C and R such that

A=Q(RAC) (2.1)

is an [-matrix, i.e. |Aw| <1 for all 4,5 and Ay = 1,i=1,.

The idea behmd these different approaches to obtamlng dlagonals with large
weight is heuristic: Large diagonals tend to decrease the need for pivoting in a direct
elimination method. Moreover, an iterative method with diagonal preconditioner
may be expected to converge more rapidly if the diagonal is large compared to the
off-diagonal part of the matrix.

In this paper, we use maximum product transversals and we always apply the
scaling computed by MC64, i.e., we always transform A to an I-matrix. For our test
problems in section 6 this gave us always better results than using the usually cheaper
bottleneck transversal.

3. XPABLO: an extension of PABLO and TPABLO. PABLO, TPABLO
and XPABLO compute a (symmetric) permutation for A, and a block partition of it,
based on information of the (directed) graph of A and the size of the entries of A. Let
us quickly recall that the directed graph or digraph G(A) = (V, E) associated with A
is given as

V={1,...,n}, E={@7):ay; #0}

Let nz = |E|, the cardinality of E. Using a somewhat non-standard terminology,
we say that vertex ¢ € V is incident with edge e = (k,£), if i = k or ¢ = £. This
terminology makes no distinction between the starting point k£ and the end point ¢ of
the edge e. The two vertices k and ¢ incident to (k,¢) are called adjacent. Given a
set of vertices W C V, the adjacency set adj(WW) contains all vertices which are not
in W but which are adjacent to a vertex from W, i.e.,

adj(W)={j eV :j¢&W and j is adjacent to some i € W}.

To describe the PABLO algorithms, we need additional notation for subgraphs.
If G = (V,E) and V' C V, the induced sub-digraph G|y is G' = (V', E’) with
E' ={(i,j) € E : i,j € V'}. Frequently, we use quantities that refer to an induced
sub-digraph G’ = G|y+. We indicate this using the ‘restriction notation’ |y. For
example, adj|y (W) refers to the adjacency set in the sub-digraph induced by V’. We
write |E|y to denote the cardinality of E’.

PABLO, TPABLO and XPABLO produce a partitioning of V' into m disjoint,
non-empty subsets Vi, k = 1,...,m (the “blocks”). These blocks are built one at
a time. We now describe how this is done, assuming the following situation: Blocks
Vi,...,V,_1 have already been built. Given the current block V, and a candidate
vertex i € adjlg-(V,) with V = V \ J/_} 1 V,., the algorithms decide whether or not
incorporate ¢ into the current block using a criterion 7. The following definitions
describe some basic criteria. They can be combined logically to yield a variety of
different criteria, including, as we shall see, the traditional PABLO and TPABLO
criteria. Algorithm 1 towards the end of the section shows how candidate vertices are
selected; see also [25].
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DEFINITION 3.1. Let G = (V, E) be a digraph, V' CV and G' = (V' E") be the
induced subgraph. The fullness ©(V') of V' is defined as

_El s
p(V) = V'[P = V|
0 if V'] < 1.

The fullness thus defined measures the number of edges in G’ compared to the
maximally possible number [V’|? — |[V’| for a complete digraph. The definition of
o({v}) = 0 follows PABLO in the interpretation that a graph with only one vertex is
empty, but other definitions may be useful depending on the problems to handle.

Given a > 0, in our generic situation, we say (see [25]) that vertex i satisfies the
fullness criterion (with fullness parameter «) if

p(V, U{i}) = ap(VL). (FC)

Note that (FC) can be fulfilled even when « > 1.
DEFINITION 3.2. The degree deg(i) of a vertex i in a digraph G = (V, E) is the
number of all in- and outgoing edges at i:

deg(i) = |{e € E : i is incident with e}|.

If V! CV, we write, in a slight abuse of the restriction notation, deg |y () to denote
deg(i) in the graph induced by V' U {i}.

DEFINITION 3.3. If i is a vertex in a digraph G = (V, E) with deg(i) > 0, and if
V' CV, the connectivity of i with respect to V' is the fraction

deg |V’ (Z)
deg(i)

In our generic situation, given 8 > 0 we say that vertex i satisfies the connectivity
criterion (with connectivity parameter [3) if

deg |v, (i) > B deg [(1). (CC)

The connectivity criterion means that in G|y at least a fraction 3 of all edges
incident with ¢ have their other incident vertex in V,,. The criterion is never met if
B> 1 (and deg(z) > 0).

Figure 3.1 translates the fullness and the connectivity criterion for the digraph
G(A) back to the pattern of the matrix A. The matrix is assumed to be already
symmetrically permuted such that the blocks built up so far (there are 3 such blocks)
appear first. The black diagonal entry corresponds to the candidate vertex to be
included into the third block. The fullness criterion requires that the grey parts of
row ¢ and column ¢ must not be too empty. The connectivity criterion means that
the hatched parts of these rows and columns should not contain too many elements
as compared to the grey parts. Row and column ¢ are only considered together, not
individually, in these criteria. The white parts of row ¢ and column i are not taken
into consideration when deciding on vertex 4.

The PABLO algorithm of [25] adds a candidate vertex i € adjly-(V,) to the current
block V,, if and only if v satisfies the fullness or the connectivity criterion for some
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Fia. 3.1. Illustration of the fullness criterion (FC) and the connectivity criterion (CC).

pre-chosen parameters o and 3. We formulate this by saying that PABLO uses the
criterion 7 defined as

7 =FCVCC. (PABLO)

This combined PABLO criterion only uses structural information of A.

In its threshold counterparts TPABLO1 and TPABLO2 (see [11], [12]), numerical
values of the matrix entries are also taken into account. For a precise statement, and
also to formulate our generalization XPABLO, we introduce additional notation and
terminology. From now on we consider the digraph G(A) as an edge-weighted digraph
where edge e = (i, ) has weight w(e) = |a;;].

DEFINITION 3.4. Given A € R™™™ and v > 0, we write A>7 € R™*"™ for the
matric

(A>7);; = {aij if laiz] >~

0 otherwise.

We use the superscript notation =7 in an intuitive manner at various places. For
example, if G = G(A) is the digraph of A, then G>7 = G(A~7). Another example is
the following definition.

DEFINITION 3.5. Let G = (V, E) be a digraph, V' CV and ~y > 0. The threshold
fullness @7 (V') of V' is the fullness p(V') of V' in the graph G=7.

In our generic situation, given a threshold parameter v > 0 and a threshold
fullness parameter 0 € [0, 1], we say that ¢ satisfies the threshold fullness criterion if

07 (V, u{i}) > 0. (TFC)

In contrast to the plain fullness criterion, the threshold fullness criterion just
measures the fullness the new block V,, U {i} has in A~7 without relating it to the
fullness of V,,.
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DEFINITION 3.6. Let G = (V, E) be a digraph, V' CV and v > 0. If i is a vertex
with deg |y (i) > 0, the threshold connectivity of i with respect to V' is the fraction

deg |7 (i)
deg |y (7)

Threshold connectivity compares the number of heavy edges of i in G|y to all
such edges. As opposed to plain connectivity according to Definition 3.3, it does not
consider any edges going to nodes outside V.

In our generic situation, given a threshold connectivity parameter (, we say that
the threshold connectivity criterion holds if

deg |77 (i) > Cdeg|v, (i). (TCC)

This criterion measures how many of the new entries of the current block are large. An
important choice for the threshold connectivity parameter is ¢ = 1/2n. For this ¢ the
right hand side of (TCC) is always strictly less than one since deg|y, (i) < 2n for all
i € V. Hence the threshold connectivity criterion holds if and only if deg |‘>/;Y(z) > 1.

In addition to the threshold parameter v, XPABLO accepts also an additional
threshold parameter ¢, which is used to filter out nonzero matrix entries with very
small magnitude, both from the graph G(A) and from the threshold graph G(A~7),
i.e., XPABLO really works on the graphs G(A4>%) and G(A>™2x(7:9)). So we have
0 < § < v in any useful application. Note that ¢ only changes the graphs on which
XPABLO is operating and not the underlying matrix.

We now have four criteria at hand upon which we can decide whether to include
a new vertex to a current block or not. These criteria can be logically combined
resulting in various XPABLO criteria, denoted by 7.

Once XPABLO has determined a partitioning of V' into blocks Vi,...,V,, let &

be a permutation that groups the vertices 1,...,n, from V into these blocks, i.e. V; =
{r(@), ... m(k)}, Vo =A{m(ks + 1), ... w(h2)}s oo Vin = {7 (ko1 + 1), w(km) },
with k; = >°7_,|V;|. Then the permuted matrix PAPT is naturally partitioned

into m blocks of size |V}, the j-th diagonal block corresponding to the vertex set
V;. The threshold criteria may now be interpreted as placing large entries on these
diagonal blocks. This is made more precise in the following proposition which follows
immediately upon inspection of the various criteria.
ProOPOSITION 3.7.
1. If T = (FCV CC)V TCC and ¢ = 1/(2n), then all entries in the off-diagonal
blocks of PAPT have modulus less than .
2. If = (FCVv CC)ANTCC and ¢ =1, then all nonzero off-diagonal entries of
every diagonal block of PAPT have modulus > .
Our next proposition explicitly states how XPABLO extends TPABLO1 and
TPABLO2 from [11] and [12].
PROPOSITION 3.8.
1. With T = FCV CC, XPABLO is equivalent to PABLO.
2. With T = (FCV CC) AN TCC and ¢ = 1/(2n), XPABLO is equivalent to
TPBALOI.
3. With T = (FCV CC)ANTFC and 8 =1, XPABLO s equivalent to TPABLO2.
Proof. 1. FCV CC is precisely the criterion used in PABLO. 2. With ¢ = 1/(2n),
the threshold connectivity criterion is equivalent to deg |‘>,j(z) > 1. So we add vertex i
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to V' if and only if (FC Vv CC) A (degl{, (i) > 1), which is the criterion used in
TPABLO1. 3. With # = 1, the threshold fullness criterion is fulfilled if and only if
deg |‘>,j(z) = 2|V,|. This is exactly the TPABLO2 criterion, which says that all 2|V, |
new off-diagonal entries should have modulus > ~. O

Algorithm 1 now describes the XPABLO algorithm in more detail. It uses three
data structures C, @, and B to manage the vertices. The set B denotes the current
block being built. During the algorithm, quantities needed for 7 such as deg |y (i),
deg |17 (4), etc., are always updated immediately. The notation mult(i, j) ( € {0,1,2})
for two nodes i, j refers to the number of directed edges between 7 and j.

input: a digraph G(A) = (V, E) and a criterion 7
output: a partitioning {Vi,...,V,,} of V
set C:=V,Q:=0, B:=0 and set x := 1
set deg |p (i) := 0 and deg |3 (i) :== 0 for alli € V
while C # () do
remove a vertex ¢ from C, and place it in B
set |E|p =0, |E|;” =0, ¢(B):=0, ¢>7(B) =0
for all vertices j adjacent to ¢ do
move j from C to Q if j € C
deg|p(j) := deg|p(j) + mult(i, j)
deg |57 (j) = deg |3 () + mult”7 (i, )
end for
while @ # () do
remove a vertex ¢ from @)
if 7 fulfills the XPABLO criterion 7 then
insert ¢ into B
set |E|p = |E|p + deg|p(7)
set |E|;" = B3 + deg 57 (7)
update ¢(B) and 7 (B) {this requires |E|z and |E|;"}
for all vertices j adjacent to i do
move j from C to Q if j € C
deg|p(j) := deg|p(j) + mult(i, j)
deg |37(j) 1= deg |77 (7) + mult>" (7, )
end for
else
insert vertex i into C'
end if
end while
set Vi, :=Band k :=rk+1 {finish current block}
for all vertices ¢ € B do
for all vertices j adjacent to i do
set deg |5 (j) := 0 and deg |37 (j) := 0
deg(y) := deg(j) — mult(, j) {needed for (CC)}
end for
end for
set B := ()
end while

Algorithm 1: XPABLO with criterion 7 based on (CC), (FC), (TCC), and (TFC)
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The time complexity of Algorithm 1 is given in the following result.

ProrosITION 3.9. The XPABLO algorithm can be implemented with time com-
plexity O(n + |E|) whenever an evaluation of criterion T has cost O(1).

Proof. We assume that G = G(A) is given stored in an adjacency list represen-
tation including the values for mult(, j); see, e.g., [17]. Note that for the common
sparse matrix formats G(A) can be obtained with cost O(n + |E|).

Scanning the adjacency list representation, we build up G>7 and mult”7 (i, 5)
with complexity O(|F|). Taking @ as a queue, C' as a doubly linked list with an
external index and B as a singly linked list, all insert and remove operations we use
with these lists as well as their flushing can be done with cost O(1). As was already
shown in [25], the entire PABLO algorithm has then complexity O(n + |E|). The
main observation to obtain this result is to realize that each node i is inserted into
at most deg(i) times.

By assumption, the cost for testing criterion 7 is O(1) as it is in PABLO. There-
fore, the additional work in XPABLO as compared to PABLO is that we have to
update the new quantities |E|3”, ¢>7(B) and deg|3” used in (TCC) and (TFC).
These updates follow the ones to be done for |E|g, ¢(B) and deg|z by PABLO. In
total, this means O(n) extra operations to update |E|;” and ¢>7(B) and O(|E|)
extra operations to update deg|7”. So this is an additional cost of O(n + |E|), which
establishes the proposition. 0

Let us note that in our practical implementations we indeed build up G~7 explic-
itly. This is in contrast to the implementation of TPABLO in [11]. As is explained in
[11], the implementation there is not more than d times as costly as PABLO when d is
the maximum degree in G. We prefer to build up G~7 explicitly, since then TPABLO
requires only about twice the work that PABLO does, so that our implementation is
in most cases faster than that in [11].

We defer a discussion on how to choose an XPABLO criterion 7 and the various
parameters («, 3, v, 6, ¢) to the sections on practical issues and on numerical results
(sections 5 and 6).

4. Efficient Block Gauss-Seidel Preconditioning. Let A denote the matrix
obtained after the preprocessing steps and after applying the XPABLO permutation P
of section 3, i.e., A — PQ(RAC)PT. Then A has a block structure

A o A
A= , Aij € R™*™
Aml o Amm

with n; = |V;| being the size of the blocks corresponding to the XPABLO permuta-
tion P. Each diagonal block D; = A;; in the block diagonal D = diag(D1, ..., Dy)
should be (relatively) full and should have (relatively) large nonzero entries.

We can compute the (row pivoted) LU factorization D; = II; LU/ for each block,
so that D = IIL'U’', II = diag(1l;), L' = diag(L}), U’ = diag(U/), and use this LU
factorization of D when it comes to solving linear systems of the form

Ds=r (4.1)

in a preconditioned iterative method with preconditioner D. This block diagonal
preconditioning approach (with PABLO and TPABLO1, TPABLO2) was used in [12],
where the numerical results were quite encouraging. Note that when diagonal block
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D; is dense, we can use the optimized dense matrix linear algebra code from LAPACK
to perform these factorizations very efficiently [2]. When they are sparse, a sparse
factorization is performed; we use the package UMFPACK [15].

Besides using a maximum transversal transformation, the new idea is to include
the whole lower block triangular part of A into the preconditioner, i.e., to use block
Gauss-Seidel preconditioning. Thus the preconditioner is

D, 0 - 0
M= A D2 (4.2)
: . 0
Aml AmQ Tt Dm

The usual interfaces for (left) preconditioned sparse iterative solvers separate
the operation z = M ~'Az into a matrix vector multiplication y = Az and a solve
operation z = M ~'y. Viewed in this way, computing M ~! Az seems to be much more
expensive than computing D~!Axz. But it is not more expensive at all, if we do not
separate the operations, as we show in the next result.

PROPOSITION 4.1. Let A € R™™ be a matriz with a m x m block structure
such that all diagonal blocks D; = Ay, i = 1,...,m, are nonsingular. We denote
D = diag(D;) to be the block-diagonal part and M to be the lower block triangular
part (including the diagonal) of A. The preconditioned matriz-vector multiplications
D~ YAz and M1 Ax take exactly the same number of operations.

Proof. Let z = M~'Az and 2 = D! Ax. For any vector w € R" we write w; to
denote the i-th block, reusing the block structure of A. We split Aas A=D—-L—-U
into the block diagonal part D = diag(D;) (same as before), the block lower triangular
part L with L;; = —A;; for ¢ > j and the block upper triangular part U with
Uij = —A;j for i < j. Both L and U have a zero block diagonal.

Using this notation the block-triangular preconditioner is M = D — L and we can
rewrite the preconditioned matrix-vector multiplication as

M 'Az=(D-L)" " (D—-L-U)x
=(D-L)yYD~-L)x—(D-L) U=
=z—(D—-L) 'Ux.

If weset y=Ux and v = (D — L) 'y we get 2; = x; —v;, i = 1,...,m, where
i1 m
v; = Di_l(yi + ZLijUj) and Y = Z Uijz;.
j=1 j=it1

We can further simplify the formula for v; to

1—1
j=1

Following the same procedure, we write Z = D Az = o — ? and get Z; = x; — ¥;
where

i Aijxj). (4.3)

j=i+1

i—1 m
V; = _Di_l (Z Aijjzy + Z AijCL‘j). (4.4)
j=1

j=i+1
But the computations (4.3) and (4.4) use the exact same amount of operations if we
assume that dense vectors are used. O
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5. Practical issues. Before reporting on our numerical experiments, we address
some practical issues when using XPABLO in a preconditioning framework. We con-
centrate on the two main issues, namely numerical stability and the choice of a good
set of values for all the different XPABLO parameters.

5.1. Numerical Stability. We consider the issue of numerical instability (or
even the singularity) of the diagonal blocks D, in the block-triangular precondi-
tioner M. If A is a general nonsingular matrix, there is no guarantee that all the
blocks D; are nonsingular, nor that M is nonsingular. We mention that we never
encountered difficulties with singular blocks in all our numerical experiments, except
in some extreme cases with very badly chosen parameters (non of these extreme cases
appeared using the recommended parameters, as described in section 5.2). In the
event that we really would get problems with singular or nearly-singular blocks, we
suggest to modify the factorization routines such that pivots which are lower than a
given threshold are replaced by that threshold value. This approach is routinely taken
in incomplete LU factorizations and it is, at least partly, justified by the fact that we
may view this approach as just producing a slightly different preconditioner.

The problems described cannot occur for the class of H-matrices. Recall that a
matrix A is termed an H-matrix, if there exist weights u;, 7 = 1,...,n, u; > 0 such
that forall j=1,...,n

il - wi > Y aig] - uy.
Jj=1,...,n
J#
The class of H-matrices contains the class of M-matrices, and they arise, e.g., in
certain discretizations of (elliptic) boundary value problems; see, e.g., [8]. We have
the following result.

PROPOSITION 5.1. Assume that A € R™"*" is an H-matriz or that A is symmetric
and positive definite. Then M in (4.2) is nonsingular, i.e., D, is nonsingular for each
v=1,...,m.

Proof. Assume first that A is an H-matrix. Then M is also an H-matrix (with the
same weights u; as for A). Therefore, the diagonal blocks D, of M are H-matrices
as well and they are thus non-singular. Moreover, their LU-factorizations can be
performed without pivoting; see, e.g., [1].

If A is symmetric positive definite, each of the blocks D,, which are principal
submatrices of A, are symmetric positive definite as well. In particular, they are
all non-singular and they admit a Cholesky-factorization and an LU-factorization
without pivoting. O

In view of the maximum transversal transformation A — Q(RAC) and the two-
sided XPABLO permutation A — PAPT it is important to notice that the H-matrix
property, symmetry and positive definiteness are preserved under the XPABLO per-
mutation. In general, however, these properties will not be conserved under the
transversal transformation, although the I-matrix scaling of MC64 will have a ten-
dency to preserve the H-matrix property.

5.2. Choosing Parameters. We also have to consider carefully the choice of
the XPABLO parameters and the actual criterion 7. A first important point in
practice is that of fixing a maximum block size in Algorithm 1. Indeed, it may happen
that with the criteria and the parameters in use, the algorithm would produce only one
block, the whole matrix, and this is clearly not useful. We therefore fix a maximum
block size, and we modify Algorithm 1 so that it closes the current block B as soon
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as it reaches this maximum size. We often also fix a minimum block size. This block
size is achieved by merging adjacent blocks which are too small. Note that we do
not merge blocks if we would exceed the maximum block size, even if we retain small
blocks. For block Jacobi or block Gauss-Seidel preconditioning we recommend to set
the minimum block size to 200 and the maximum block size to 1000.

The next, very crucial issue is that of finding adequate parameters and a suitable
XPABLO criterion 7. Good parameters for each given matrix could be found by
trying a variety of different parameter settings and then choosing the best one (with
respect to the resources being used, time and storage). Of course, this is too costly
in practice. We performed a long series of computations on many test problems, and
we can give suggested values for most of the parameters resulting in run times of
the preconditioned iterative methods which are quite close to the individually best
ones. The suggested choices are & = 1.1, § = 0.6 (for block Jacobi preconditioning)
and 8 > 1 (for block Gauss-Seidel preconditioning), v = > |a;j|/nz, 6 = 0.05, and
¢ = 1/2n to be used with 7 = FC v CC vV TCC. Note that for block Gauss-Seidel
preconditioning the connectivity criterion is disabled, as it can never be fulfilled with
8> 1.

As a last issue, we further discuss our choice for «y, the threshold parameter used in
(TCC) and (TFC). Of all the parameter recommendations the one for v is the weakest
in the sense that it is the most likely candidate for not being a particularly good choice
for a particular problem. Therefore we present a different recommendation, which also
gives good overall results and for some problems even better results than the default
choice. After having scaled (and permuted) the matrix according to (2.1), it seems
reasonable to use 7 as a ‘percentage’ parameter, i.e., we chose v such that a given
fraction 7/ € [0, 1] of the nonzero elements are dropped when passing from A to A~7.
Since we know the number |E| of nonzeros in A, finding the corresponding ~ is an
instance of the k-th largest element problem: -y is the value of the k-th largest element
of A with k = |7/|E||. Note that the k-th largest element problem can be solved with
linear complexity, i.e., its cost is O(|E|); see, e.g., [13]. In practical computations,
finding the average of the magnitudes of the nonzeros is much simpler and faster.
Experiments have shown that 4/ = 0.7, i.e., using a 7 such that 70% of the nonzero
entries of the matrix have magnitude below +, is a good choice for many problems.

6. Numerical Experiments. In this section we present numerical results using
XPABLO as a tool for preconditioning. We start by showing the improvements of
XPABLO over PABLO and TPABLO, and then provide a detailed comparison of
XPABLO and ILUT as a tool for preconditioning. All experiments were run on a
Hewlett-Packard 3 GHz Pentium 4 computer with 1 GB of RAM running Linux. The
test programs are written in C, C++ and Fortran and were compiled using the GNU
Compiler Collection (GCC). Identical optimization flags were used in all cases. This
allows us to compare the execution times and not only the iteration counts. Another
application of XPABLO is described at the end of the section. Most of our test
matrices are from the University of Florida Sparse Matrix collection [14]. The matrices
M_XC and M_XCRCX were provided by Infineon Technologies AG. Some basic properties
of our test matrices are summarized in Table 6.1. For all matrices we use the provided
right hand side b. Preliminary tests had shown that the XPABLO framework performs
good for matrices stemming from circuit design problems. Therefore the test matrices
presented in this paper were specifically chosen from this field of application. We note
that PABLO was not designed specifically to solve circuit design problems and may
work well for other application areas which we did not test. More information on
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solving systems from semiconductor device and circuit simulation can be found in

[27].

Matrix n nz  Application

CIRCUIT_4 80209 307604 circuit simulation

HCIRCUIT 105676 513072 circuit design

IGBT3 10938 130500 semiconductor device simulation
MEMPLUS 17758 99147 circuit design

MULT_DCOP_01 25187 193276 circuit simulation
MULT_DCOP_02 25187 193276 circuit simulation
MULT_DCOP_03 25187 193216 circuit simulation

NM0S3 18588 237130 semiconductor device simulation
SCIRCUIT 170998 958936  circuit design
M_XC 35819 188564 circuit design
M_XCRCX 119193 593608 circuit design
TABLE 6.1

Summary information on the test matrices

As an illustration of the different phases of the XPABLO framework, we present
in Figure 6.1 matrix plots of the matrix MULT_DCOP_01 during four different phases.
The bottom right plot shows the matrix of the system we are actually solving. As the
preconditioner we use the lower block triangular part. The diagonal blocks found by
XPABLO are usually too small to be seen in the picture.

Table 6.2 shows the improvements in execution time and iteration counts achieved
by using the XPABLO framework compared to PABLO and TPABLO1 based pre-
conditioning. The following scaling and permutation algorithms are used:

P: RCS + PABLO

T: RCS + TPABLOL1

X: RCS + XPABLO
MX: MC64 + XPABLO

All parameters are set to the values described in section 5, in particular v is
set to the average of all non-zero entries. Only the criterion 7 is varied. For MX
we additionally prescribe XPABLO by MC64. In all other cases a simple row-column
scaling (RCS) is used which scales the largest entry in each row and column to one. We
use GMRES(50) as the solver and block Gauss-Seidel for preconditioning, using the
blocks found by (T/X)PABLO. A dash indicates that we did not observe convergence
after 20 cycles of GMRES(50), i.e., after 1000 iterations. More details on the stopping
criterion are given later when comparing XPABLO- and ILUT-based preconditioners.
The robustness of XPABLO can be observed. Note also that in the instances that X
is faster than MX, this is so by no more than 20%, but MX can be up to seven times
faster than X.

We now describe how we compare XPABLO with ILUT as a tool for precondition-
ing. Using ILUT as a reference preconditioner is motivated by the experiments in [27].
We prescribe both XPABLO and ILUT with MC64; see section 2. We prescribe ILUT
additionally with a Reverse Cuthill-McKee ordering (RCM); this follows the recom-
mendations in [5], [6] and [27]. We mention here that RCM is the default ordering
in several software packages, e.g., in [28]. We use ILUPACK [9] for our experiments
with ILUT. We do not use RCM together with XPABLO as our experiments have
shown that it does not further improve the convergence.
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F1a. 6.1. Matriz Plots of MULT_DCOP_01 during four different phases of the XPABLO framework
for preconditioning. Top left: The original matriz. Top right: The matriz scaled by MC64, but not
yet permuted to be an I-matriz. Bottom left: After scaling and permuting by MC64. The matriz is
now an I-matriz. Bottom right: The matriz after the XPABLO permutation. Note the difference
in scale between the top left and the other plots.

As already mentioned, we use GMRES(50) as the iterative solver in all our exper-
iments. The stopping criterion is ||rg||/]|b|| < v/€ where ry is the residual at the k-th
iteration and e is the machine epsilon, i.e., v/€ ~ 1078 since we use IEEE 754 double
precision arithmetic. We also did tests with the alternative stopping criterion

[EAIE
<Ve,
VAol Allx 1z ll2 + [[6]]2

which is the default criterion in ILUPACK [9], based on the analysis in [3]; see also
[26]. Since the results were very similar and the full test can not be done at each
iteration we only show results using the relative residual stopping criterion. The
solver was stopped if no convergence is reached after 20 cycles of GMRES(50), i.e.,
after 1000 iterations. We use the following preconditioners:

J: MC64 + XPABLO + block Jacobi

MX: MC64 + XPABLO + block Gauss-Seidel
I1: MC64 + RCM + ILUT(1072,5)
I2: MC64 + RCM + ILUT(1073,10)

The results are summarized in Table 6.3. For XPABLO-based preconditioners we
use the recommended parameters described in section 5.

As it can be observed, the XPABLO-based preconditioners can perform better
than the ILUT-based ones in many cases, and in some cases much better. In some
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Times in seconds Total Iterations
Matrix P T X MX P T X MX
CIRCUIT_4 - 3.1 0.86 0.89 - 85 17 14
HCIRCUIT 7.2 5.9 1.2 1.3 | 127 97 8 8
IGBT3 - - 0.94 1.2 - - 145 171
MEMPLUS 0.28 0.28 0.16 0.19 | 40 40 11 11
MULT_DCOP_01 | 0.54 - 3.5 047 | 2 - 397 15
MULT_DCOP_02 | 0.47 0.47 0.76 0.24 9 8 50 8
MULT_DCOP_03 | 0.46 0.47 044 0.2 2 4 2 5
NM0S3 - 8.2 1.3 1.3 - 996 100 96
SCIRCUIT - - 41 43 - - 425 425
M_XC - - 0.39 048 - - 4 17
M_XCRCX 7.6 7.5 12 2.9 | 102 101 183 33
TABLE 6.2

XPABLO compared to PABLO and TPABLO

Times in seconds Total Iterations
XPABLO ILUT XPABLO ILUT
Matrix J MX I1 12 J MX | I1 12
CIRCUIT_4 - 0.89 | 11 4.4 - 14 | 381 128
HCIRCUIT 1.5 1.3 | 0.92 0.59 | 16 8 20 8
IGBT3 3.5 1.2 | 0.34 0.24 | 605 171 | 73 23
MEMPLUS 0.22 0.19 | 0.15 0.1 22 11 31 13

MULT_DCOP_O1 | 0.46 0.47 | 0.75 0.8 19 15 7 5
MULT_DCOP_02 | 0.22 0.24 | 0.68 0.69 8 8 7 5
MULT_DCOP_03 | 0.21 0.2 | 0.66 0.68 8 5 7 5

NMOS3 4.1 1.3 |1 037 0.35| 389 96 34 17

SCIRCUIT - 43 40 25 - 425 | 467 277

M_XC 0.85 0.48 | 0.61 0.51 | 37 17 41 21

M_XCRCX - 2.9 20 11 - 33 | 310 150
TABLE 6.3

Total CPU times for solving a linear system using preconditioned GMRES(50) including all
preprocessing and the corresponding iteration numbers.

examples the XPABLO-based preconditioners perform better, although the iteration
count of the ILUT-based preconditioners are lower. The reason for this is that times
for finding and, more importantly, factorizing the preconditioner are not the same
in both cases. As an example we give the factorization times for preconditioners for
MULT_DCOP_01; see Table 6.3 for the iteration count and total times. For precondi-
tioner MX the factorization takes 0.18 seconds, less than 40% of the total time. For
the ILUT-based preconditioners I1 and 12 the times are 0.39 seconds and 0.45 seconds.
In both cases this is over 50% of the total time and more than twice as long as the
factorization time for preconditioner MX.

We should mention that XPABLO-based methods can also be used as a method
to find blocks with large entries in dense or sparse matrices. Specifically, in [22] and
[23] XPABLO is used to find such blocks to build up preconditioners for the CSYM
method [10] for solving systems with complex symmetric matrices. The catch here
is that an efficient preconditioner has to be factorized into its complex symmetric
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singular value decomposition, so that block diagonal preconditioners seem to be the
only practical way. In the examples presented in [22] the iteration count is reduced
by up to 30% when using this approach.
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